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Abstract. We derive upper bounds for the eigenvalues of the Kirchhoff Laplacian on a
compact metric graph depending on the graph’s genus g. These bounds can be further
improved if g = 0, i.e., if the metric graph is planar. Our results are based on a spectral
correspondence between the Kirchhoff Laplacian and a particular combinatorial weighted
Laplacian. In order to take advantage of this correspondence, we also prove new estimates
for the eigenvalues of the weighted combinatorial Laplacians that were previously known
only in the unweighted case.
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1. Introduction

The spectrum of quantum graphs — self-adjoint differential operators, typically
Schrodinger operators, defined upon metric graphs — has been studied very ac-
tively in recent years. In this article, we are in particular interested in the spectral
properties of the Kirchhoff Laplacian A. If the metric graph is equilateral, i.e.
all edges have the same length 1 the spectral properties of A are well-known: in
[39, 10] it was proved that the spectral problem of the Kirchhoff Laplacian on an
equilateral metric graph can be reformulated explicitly as a spectral problem of
the associated, so-called normalized Laplacian Lynom. A detailed discussion of
the spectral properties of the normalized Laplacian can be found in [11]. For in-
stance, von Below proved that, if the metric graph is additionally connected and
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compact, the spectral gaps — the lowest positive eigenvalues — of A and Lyorm are
related via

A2(A) = arccos(l — A2(Lnorm)) 6]

if A2(Lporm) € [0,2). Unfortunately, the techniques leading to (1) cannot be
extended to arbitrary graphs and no analogous expression for non-equilateral
graphs is known. This is why one is particularly interested in estimates for the
eigenvalues of A on general compact metric graphs that depend on combinatorial
or metric quantities of the graph. Several bounds on the eigenvalues of A have
been shown for general graphs since the Faber—Krahn-type bounds proved in [32]
for the spectral gap and [14] for arbitrary eigenvalues: in [20] it was discussed
which combinations of specific metric and combinatorial quantities allow for
lower and upper bounds on the spectral gap of A; while many of these bounds
are sharp, it is known that improved bounds hold for special classes of graphs,
like trees [34], highly connected graphs [4, 6], or pumpkin chains [9].

In this article, we discuss the spectral properties induced by the lowest genus g
of an oriented and closed surface the metric graph can be embedded in: if for
instance g = 0, then the metric graph is planar, i.e., it can be drawn on the
surface of a ball, or equivalently the Euclidean plane without self-crossings. More
precisely, we are going to derive upper bounds for the eigenvalues of the Kirchhoff
Laplacian on metric graphs of arbitrary genus.

While planar graphs are fundamental objects of topological graph theory (see
for instance [28]), to the best of our knowledge the influence of planarity — or,
more generally, embedding features — on the spectrum of quantum graphs has
never been studied so far. This is in sharp contrast to the theory developed by
Spielman and Teng in [36] — we refer especially to their bound

dmax
A2(L) <8 . 2
(L) < 8750 @

on the spectral gap for the unweighted Laplacian £ on combinatorial planar graphs
[35, Theorem 3.3] where dnyax is the maximum degree of the vertices of G. Their
work had ground-breaking impact on numerical computing and machine learning
and was followed by a vast amount of research [18, 8, 19, 1] extending their
results to higher order eigenvalues and graphs of higher genus. As it is going
to be important for later discussion, we specifically single out the spectral bound
obtained by Amini and Cohen-Steiner in [1]: they proved existence of a generic
constant C > 0 so that

dmax (g + k)

Ak (Lnorm) = C |VG|

L k=1, |Vl 3)
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holds for the k-th ordered eigenvalue of the normalized Laplacian Lnorm On a
combinatorial graph of genus g and a generic constant C > 0 and — as we will
see in Remark 4.7 — their estimate can be seen as a normalized higher genus and
higher order analogue of the estimate (2).

Before we are going to state our main results, let us also remark that eigenvalue
bounds in dependence of the genus are also well-established in the spectral theory
of Laplacians on manifolds: following previous works [16, 40, 22], it was shown
by Hassannezhad [15] that the k-th eigenvalue of the Laplace—Beltrami operator

Ap = —divys o Vyr on a Riemannian surface (M, g) of genus g admits the upper
bound
(g +k)
AMc(Ay) < C—=———, 4
k(Aym) < Vol, (M) )

where C > 0 is a generic constant and Volg (M) denotes the measure of M with
respect to the Riemannian metric g.

1.1. Statement of the main results and structure of the article. Let§ = (G, {)
be a compact and connected metric graph with underlying combinatorial graph
G = (Vg, Eg) and a weight function ¢ that assigns to each edge e € Eg its
length £,. For a vertex v € Vg let E, denote the set of edges initiating and
terminating in v. The Kirchhoff Laplacian Ag on § is the operator acting edgewise
as the negative second derivative on the space of functions that are continuous and
satisfy Kirchhoff conditions in every vertex v € Vg; see Section 2.1 for details.
We say that G is of (fopological) genus g > 0 if so is its underlying combinatorial
graph G. If G is of genus g, we shall show that the first |V | eigenvalues A (Ag)
of Ag satisfy

di (g + k)
V2

min

A(Ag) < C k=1,...,1Vsl, 5)
where C > 0 is some generic constant, {nin = mineecg,; . is the minimal edge
lengthof G, L = 3 ,c,, Le is the total length of G and Ao = MaXyevg Y pep, Lo
is the maximal degree of the vertices of G with respect to the edge lengths. We
also derive an upper bound for the eigenvalues of Ag of higher order: if G is of
genus g we shall show that

d k—1 k L

A(Ag) <C
k(Ag) < 2 S~

where additionally to the previously mentioned combinatorial and metric quan-
tities dmax is the maximal combinatorial degree and B is the first Betti number
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of G, i.e., the number of independent cycles in G. The estimates (5) and (6) can be
thought as quantum graph versions of the estimate (4) and, in fact, (4) will be an
important ingredient for the proof of the estimates. They are going to be proved
in Theorem 4.8 and Theorem 4.9 respectively.

We are particularly interested in the choice g = 0, i.e. G is planar. Section 3
will be mainly devoted to proving, in the planar case, the stronger bound

did
Aa(Ag) = C=F 7

for the spectral gap of Ag. Here dr[n’é]x denotes the maximum degree of the vertices
of § with respect to the inverse weight ju = 1, that is dls := maxyey ¥, By T
In the planar case, we are able to deliver an explicit estimate on C, see Theo-
rem 3.11. While our estimate on C is itself certainly not optimal, we show in
Remark 3.12 that the asymptotic bound

d (] d (]

Aa2(Ag) = 0( fza) as % o

is sharp. Let us also point out that the maximum degree dr[n“a]x, which to our

knowledge has not yet been considered as a parameter in spectral estimates for
metric graphs, tends towards co when the length of one edge shrinks to 0. This
suggests that our spectral estimate (7) is rather rough when the graph’s edge
lengths vary strongly. However, in Section 3.3 we will discuss a number of
examples to show that, in fact, (7) qualitatively improves known spectral estimates
for some classes of metric graphs if the edge lengths are bounded from below.

In order to prove estimates (5), (6), and (7), we make use of a spectral corre-
spondence between the Kirchhoff Laplacian and a particular weighted combina-
torial Laplacian to reduce the spectral problem to the combinatorial case. This
correspondence has been studied very extensively by Exner, Kostenko, Malamud,
and Neidhardt [13] in the case of infinite graphs. Although, for non-equilateral
graphs, there this no explicit formula of the form (1) relating the eigenvalues of Ag
and this combinatorial Laplacian, there are estimates comparing their eigenvalues.
Such an estimate was recently discovered by Kostenko and Nicolussi in [23] for
the bottom of the spectrum of the Kirchhoff Laplacian on infinite graphs and, in
fact, we will improve and extend their result in Section 2.3. This will allow us
to reduce the spectral estimates (5), (6) and (7) to spectral estimates for weighted
combinatorial Laplacians.

The combinatorial setting we are going to consider is the following: given a
finite graph G = (V, E), the weighted combinatorial Laplacian £, , associated
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with a vertex weight m and an edge weight p on G is the operator given by

L ) = —— S p@(f0) = @), veV,
m(v)

e={u,v}eEy

defined on the space of functions f: V' — C —see Section 2.2 for a short introduc-
tion to the weighted combinatorial Laplacian. We also refer to [5] for Cheeger-type
estimates, [25] for estimates in dependence of the graphs diameter and references
given therein for further recent research results on spectral estimates for weighted
combinatorial Laplacians. If G is planar, we show in Theorem 3.9 that the spectral
gap A2(Lm,,) satisfies the upper bound

d (]

A2(Lmu) = 8m(V) ()

provided m does not concentrate too strongly in small regions of G; more pre-
cisely, we have to assume that

2 (m(u) +m(v)) <m(V) €))

holds for any pair of adjacent vertices u,v € V —here m(V) = Y, o m(v) de-
notes the total measure of G and d[[n’f,]x = MaXypeV I _,c E, u(e) denotes the maxi-
mum degree of the vertices of G with respect to the weight . The condition (9),
which we regard as a kind of smoothness of the weight function m, seems to be
new in the literature. We will see that a spectral bound (26) cannot hold for gen-
eral vertex weights (see Remark 3.10). However, in the special unweighted case
m = 1 and © = 1 — where the estimate (8) coincides with the estimate (2) by
Spielman and Teng [35, Theorem 3.3] — the condition (9) does not need to be
imposed, as we will discuss in Remark 3.10. The proof of (8), which is strongly
inspired by the techniques used in [35], uses a representation for planar graphs
via so-called circle packings (see Section 3.1) on the unit sphere in R®. The main
idea in the proof is to deform this circle-packing using a conformal map on the
sphere to construct a sufficiently good test function in the Courant—Fischer theo-
rem for A(£,, ;). During this deformation process our main task is going to be
the identification of the condition (9) as a geometric condition for the existence of
a certain type of circle packing that represents the weighted graph structure of G
with the vertex weight m (see Lemma 3.5).

In the higher genus case — in Section 4 — we consider a special version of the
weighted Laplacian £,, ,: for an edge weight w on G, we consider the weighted
normalized Laplacian on G given by

o N0) = 7 Y0 = fw). veV

vV e={u,v}€Ey
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(where d,Ew] = ) ecp, @ is the weighted degree of the vertex v with respect
to the edge weight w) and show in Theorem 4.5 that its ordered eigenvalues
0 = A1(Liorm) < A2(L5om) = Ay (Lhom) satisfy

re(co ) < ¢ g +K)

— ., k=1,...,|Vgl, 10
norm/ = ZeeE a)(e) | G| (10)

with the maximal degree di%k = maxyey @i°! and a generic constant C > 0.
In the proof of this estimate, we construct — inspired by the techniques used by
Amini and Cohen-Steiner in [1], and extending them to the weighted case — a
Riemannian metric on a closed and oriented surface of genus g and a certain
topological double cover of the surface, so that the vicinity graph associated with
this double cover (see Section 4.2 for details) reflects not only the combinatorial
structure of G but also the weighted structure induced by @. From there we can
exploit a transfer principle that was introduced in [1] to reduce the estimate (10)
to the estimate (4) by Hassannezhad. The main difference in the construction
compared with the one by Amini and Cohen-Steiner lies in the choice of the
Riemannian metric, as we need to make sure that the Riemannian measure of the
single double covering elements — which are chosen so that they are isomorphic
to compositions of Euclidean triangles — correspond of the weight @ while still
preserving a certain convexity condition of the covering elements — see Section 4.3
for this construction.

2. Preliminaries on combinatorial and metric graphs

2.1. Compact metric graphs. A compact metric graph G is the object obtained
after gluing the end points of a finite number of bounded intervals in a graph-
like way — see [30] for a rigorous definition. Usually, the set of intervals is
referred to as the edge set of § whereas the set of glued end points is referred
to as the vertex set of G. As this gluing process naturally defines a combinatorial
graph structure, we shall write § = (G, {), where G = (Vg, Eg) is a connected
combinatorial graph with finite vertex set V' = Vs and finite edge set £ = Eg
and £: E — (0,00), e — £, is a length function that assigns the length ¢, to
a given edge e € E. We point out that this representation of G is not unique
since adding vertices on the edges changes the underlying combinatorial graph
whereas the metric graph remains the same. Throughout this paper we assume
that G is connected as a topological space since the study of disconnected graphs is
usually reduced to the study of its connected components. For notational purposes,
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we shall also fix an orientation on the combinatorial graph G — let us however
emphasize that the analytic and spectral properties of the objects considered in
this paper do not depend on the choice of this particular orientation. For a given
edge e € E, we write ejpj for its initial vertex and e for its terminal vertex and
for each vertex v € V' let £, and EJ, . be the sets of edges initiating from v and
terminating in v respectively. Then the metric degree dlEZ] of avertex v € V is

given by
A= 0+ 30,

v v
eeEinit eEEterm

(Note that ejnii = ererm holds if and only if e is a loop, so loops incident to v are
counted twice in the sum above.) The Hilbert space of square-integrable functions
on G is
L*(9) :== P L?(0. L)
ecE

equipped with the scalar product given by

le

@V = X [ oeteoiere) dx,

eckE |

for ¢ = (pe)ece and ¥ = (Ye)ecg in L2(G). The Kirchhoff Laplacian Ag in
L?(9) is the operator acting edgewise as the negative second derivative, i.e.

Agp = (=9, )ecE
defined on the space of functions ¢ = (¢@e)ecE, S0 that ¢, € H?(0,1,) for all
e € E and the following two conditions are satisfied for every vertex v € V:

an

@ is continuous at v,
DeeEl,, Pelle) = Lecpr #0(0) = 0.

The Kirchhoff Laplacian is a nonnegative self-adjoint operator in L2(G) with
discrete spectrum. The constant functions lie in the null space of Ag and, as §
is connected, 0 is an eigenvalue of Ag of multiplicity 1. For a proof of these facts
and further information on the analytic properties of the Kirchhoff Laplacian, we
refer to the text books [7, 29]. We shall denote the ordered eigenvalues of Ag,
counted with multiplicities, by

0=241(Ag) <A2(Ag) <A3(Ag) <--- —> oo
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The quadratic form Qg associated with Ag is given by
Le

0st9) = 3 [ ool dx.

ecE |,

and its domain is the space consisting of all functions ¢ = (¢e)ecg With ¢, €
H'(0,¢,) for all e € E that are continuous in every vertex v € V.

2.2. Weighted combinatorial graphs. Let G = (V, E) be a connected graph
with finite edge and vertex sets. In the combinatorial setting we shall assume that
the graph G is simple. This assumption simplifies some notation and is actually
no restriction in the case of metric graphs, since — as we mentioned before — we
may always add “dummy” vertices on loops or parallel edges to obtain a simple
graph, which does not change the spectral properties of the Kirchhoff Laplacian
(see [7, Remark 1.4.2]). We may thus identify each edge ¢ € E with the two
element set {u, v} of its incident vertices u, v € V. Suppose m: V — (0,00) is a
positive weight functions on the vertex set. We think of (V, m) as a finite measure
space setting m(U) := Y_,cy m(u) for subsets U C V. Let £2 (V) denote the
vector space of complex valued functions f: V' — C equipped with the weighted
scalar product given by

LDy = 2. mu) f)Egw).

veV
and its induced norm given by
1715 5y = D m@If @) (12)
velV

Moreover, let u: E — (0, 00) be a positive weight function on the edge set. The
weighted degree of a vertex v € V' with respect to u is dIE“ I = > ecE, M(e) and
we set i 1= maxyey d/. On 2, (V) we consider the nonnegative, self-adjoint

operator Ly, , : £2,(V) — €2,(V) given by
1

Emp /) = s

> @) (fw) = f(v) (13)

e={u,v}eEy
for u € V. We refer to £, ,, as the weighted combinatorial Laplacian. Its associ-

ated quadratic form ¢: €2, (V) — [0, 00) is given by

a(f) =) w@)fw) - f)*. (14)

e={u,v}eE
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The ordered eigenvalues of £, ;,, counted with multiplicities, shall be denoted by
0=241(Lmu) <A2(Lmy) < A3(Lmp) < ... < Ay (L)

(Note that 0 is an eigenvalue of £ of multiplicity 1, as G is connected.) It will
also be convenient to consider vector-valued functions. For d € IN let £2,(V; )
be the space of vector-valued functions f:V — C%. On ¢ (V;C%) we consider
the norm || - || @2,(v.cd) and the quadratic form ¢ given by the expressions in (12)
and (14), where we replace the absolute value on C with the Euclidean norm on
C? respectively. For the spectral gap A»(Lpm. ;) of L., We have the formula

. q(f)
A2 (L) = mf{W e BieD\ (0}, Y mw) f(v) = 0}.
£2,(v;c9) veV
15)
For d = 1 this is the classical Courant-Fischer principle for the spectral gap

of Ly, Spielman and Teng [35, Lemma 3.1] proved that this variational principle
can be extended to vector-valued test functions in the unweighted case (m = 1,
w = 1) and their proof can easily be generalized to the weighted case.

2.3. Spectral correspondence between metric and combinatorial graphs.
For simplicity of notation we will again restrict ourselves to simple graphs in this
section. As we mentioned in the introduction, the proof of our main results in
this paper make use of the correspondence between Kirchhoff and a related com-
binatorial Laplacian. If the metric graph G is equilateral (¢ = 1), this duality is
well-known [39, 10], where the vertex and edge weights of the related Laplacian
— the unweighted normalized Laplacian — are given by m(v) = d, = |Ey| and
u(e) = 1. For general connected and compact metric graphs we consider the
weighted combinatorial Laplacian £,, ,, with the weight given by

) =dl =Y te )= (16)

eekE, ¢

We can refer to [13, 23] for further details on the common analytical and spectral
properties of Ag and £,y . Our aim is to derive an optimal estimate that compares
the eigenvalues of these two operators. Our proof is based on the following abstract
result: it is probably already known, but we could not find an appropriate reference
for it.
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Proposition 2.1. Suppose Hy, H, are two Hilbert spaces and J: Hy — H is an
injective linear bounded operator. For j = 1,2, let A; be a lower semibounded
self-adjoint operator on H; with associated quadratic form q; and suppose that A,
has discrete spectrum. Furthermore, we assume that there are constants o, § > 0,
so that

) 1 x1I3;, = ellx||3, for all x € Hy,
(i) Jx € D(q2) and q2(Jx) < Bq1(x) for all x € D(q1).

Then A1 has discrete spectrum and we have
Ar(4y) < gkk(Al), k=1,2,... a7

for the ordered eigenvalues A1(A;) < A2(A;) < ---, counting multiplicities, of A;
for j = 1,2 respectively.

Proof. After restricting ourselves to the closed subspace H, := J(H,) and the
self-adjoint operator A, associated with the quadratic form g, := 92| p(g)n i, ON
H, we may assume that J is surjective and, thus, an isomorphism by (i). (Note
that passing to H, and A, preserves the discreteness of the spectrum and only
increases the eigenvalues of A4,.)

Then, by (i) and (ii),

D@1 la) 229 (D(ga). |- lg2)

I 2

(- ) —— (o 1)

is a commutative diagram of linear bounded operators, where | - |4, denotes the
norm induced by the quadratic form ¢; as well as the scalar product on D(gq;)
and /;: D(q;) — H; is the canonical embedding for j = 1,2 respectively. As
A, has discrete spectrum, /, is a compact embedding. This implies — using the
commutativity of the diagram above and the fact that J is an isomorphism —
that /; is compact, which in turn implies that A; has discrete spectrum. Finally,
the eigenvalue estimate (17) follows from the Courant—Fischer theorem for the
eigenvalues of A; and A, and the injectivity of J. O



Eigenvalue bounds for the Laplacian on embedded metric graphs 1867

Corollary 2.2. Let § = (G, £) be a connected, simple and compact metric graph.
Let L,y be the weighted combinatorial Laplacian on G with respect to the vertex
weight m and the edge weight p defined in (16). Then the eigenvalues of Ag and
Lo,y satisfy the inequality

2
s

Ae(Ag) =< 7Ak(£’m,u)’ k=1,... V| (18)

Proof. We consider the linear embedding J: £2,(V) < L?(§) that assigns a given

function f € €2,(V) the edgewise trigonometric function Jf = (@e)ece €
D(Qg) given by

@e(xe) = J(€ini) + f(€term) + S (emit) — f(€term) cos <Xe_7T>

2 2 Le

for e € E and x, € [0,£,.]. After deriving the respective L2-norms of ¢, and ¢/,
one obtains

Le e —
”Jf”iZ(g) = Z §(3|f(eterm)|2 + 2Re( f(eterm) f (€init)) + 3|f(einit)|2)

ecE
1
> Z Z Ee(|f(eterm)|2 + |f(einit)|2)
ecE
1 1
=72 NP =217l
veV
and
_riy L EPNCIE
Qs5(Jf) ==Y 7|/ (ewerm) = flewi) P = —q(f).

ecE ¢

We can hence apply Proposition 2.1 with the operators A; = £, ,, and A, = Ag,
and applying (17) with @ = % and = %2 proves the claim. O

Remarks 2.3. (i) Our estimate (18) is in line with von Below’s formula (1). As
arccos(l — 1)? < ”TZA holds for each A € [0, 2], (1) implies that A,(Ag) <
”TZAZ(Lnorm) if G is equilateral.

(ii) A slightly weaker version of (18) was recently proved by Kostenko and
Nicolussi [23, Lemma 2.10] in the setting of infinite metric graphs: they have
showed that the estimates

info(Af) <6info(L) ) and infoes(Af) < 6infoess(L] )

m
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hold for the bottom of the (essential) spectra of the Friedrichs extensions Ag and
LQ, . of compactly supported versions of the Kirchhoff Laplacian and discrete
Laplacian respectively. To obtain this result they have chosen edgewise linear
functions in the Courant-Fischer theorem, rather than edgewise trigonometric
functions. Our proof also applies to this case. Indeed, it can be shown that the
estimates

2 2
info(Ag)f%info(LZ,M) and infoess(Ag)f%infoess(ﬁi,u)

hold. Furthermore, the statement of Corollary 2.2 also holds for the eigenvalues
of Af and £}, on infinite graphs if Af has discrete spectrum.

(iii) The estimate (18) is in fact sharp for all k. In order to see this, we consider
the equilateral star graph 8, with n edges of constant length £ = 1. The smallest
n + 1 eigenvalues of Ag,, are 0, ”Tz (of multiplicity n — 1) and 72. The eigenvalues
of the corresponding normalized Laplacian are 0, 1 (of multiplicity » — 1) and 2.
Thus, equality is achieved in (18) for k = n + 1.

3. Eigenvalue bounds for planar graphs

3.1. A technical tool: circle packings for planar graphs. We recall that a fi-
nite graph G = (V, E) is called planar if there exists a drawing of G in the plane,
such that every edge in E is represented by a Jordan curve and any two of these
Jordan curves only intersect at their respective endpoints if the associated edges
are incident. Although this classical definition of planarity is based on topological
concepts, a purely combinatorial characterization of planarity is available: Kura-
towski’s theorem [24] states that a finite graph G = (V, E) is planar if and only
if a subgraph of G is a subdivision of the complete graph K5 or of the complete
bipartite graph K3 3. Here, a subdivision of some graph G is a graph obtained af-
ter successively inserting vertices on the edges of G. A different, more geometric
concept to characterize planar graphs is stated in the circle packing theorem by
Koebe, Andreev, and Thurston [21, 2, 3, 37]:

Theorem 3.1. A simple, finite graph G is planar if and only if there exists a family
(Dy)vev of closed disks D, C R2, such that the following holds for any two
verticesv ZuinV:

(i) if v and u are adjacent, the disks D, and D, intersect in exactly one point,
(ii) if v and u are not adjacent, the disks D, and D, are disjoint.

In this case, we call (Dy)yey a univalent circle packing of G in the plane.
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An example of a circle packing for the complete graph K4 is depicted in
Figure 1. Let us transfer the concept of circle packings to the unit sphere:

Definition 3.2. A subset k of the unit sphere S? C R3 is called a circular line, if
it is the non-trivial intersection of S2 with a hyperplane H C R3. (By non-trivial
we mean that k is neither empty nor just one point). A connected, closed subset
C C S?is called a spherical cap, if its boundary in S? is a circular line.

Figure 1. A univalent circle packing for the complete graph K4.

Remark 3.3. If C is a spherical cap bounded by a circular line k, there exists
exactly one point p(C) € C with equal Euclidean distance to any point in k. We
call p(C) the center and r(C) the radius of C. Let us emphasize that r(C) is the
Euclidean distance in R3, not the geodesic distance on the sphere. The surface
area of C is given by 7 - r(C)?2.

The notation introduced in Definition 3.2 and Remark 3.3 is depicted in Fig-
ure 2.

A circle packing in S? is a family € = (C,)yey of spherical caps in C, C S?
over some finite index set V. It is called univalent if the interiors of the caps in
@ are mutually disjoint. Given a circle packing € = (Cy)yey in S? we define its
intersection graph as the simple graph G = (V, E) with edge set

E ={{u,v}|u,veV,uz#vand C,NC, # 0}.
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Figure 2. A spherical cap on S2.

The stereographic projection maps disks in the plane to spherical caps in
the sphere and vice versa (see Section 3.1.1). Therefore, the Koebe—Andreev—
Thurston theorem can be reformulated by means of circle packings in the sphere
in the following way:

Corollary 3.4. A simple, finite graph is planar if and only if it is the intersection
graph of a univalent circle packing in the unit sphere.

This reformulation of the circle packing theorem is a strong tool in the con-
struction of good separators for planar graphs (see [26, 27]). In our case we will
use the circle packing representation to construct a test function in the Courant—
Fischer theorem (15). Note that the circle packing € in Corollary 3.4 is certainly
not unique, since any bijective and conformal map f: S? — S2 maps C to a differ-
ent circle packing with the same intersection graph G. We will benefit from this
non-uniqueness, as it enables us to adjust the circle packing to the vertex weight
m. The main task of this subsection will be the proof of the following technical
lemma:

Lemma 3.5. Let C = (Cy)yey be a univalent circle packing in S* and let
m:V — (0, 00) be a positive weight function on V with

2(mu) + m@)) <m(V) forallu,v € V with C, N C, # @. (19)
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Then there exists a homeomorphism f:S? — S?, that maps spherical caps to
spherical caps, such that the (univalent) image circle packing C = (f(Cy))yer
satisfies

> m@)p(f(Cy)) =0. (20)

veV

3.1.1. Circle-preserving maps and the proof of Lemma 3.5. The aim of this
section is to prove Lemma 3.5. We begin by introducing some notation: for 8 € S?
let Hg denote the affine hyperplane in R? tangential to the unit sphere S? at the
point 8, that is

Hg:={y e R*|(y —B.B) = 0}.
Furthermore, let mg: Hg — S2 \ {—p} be the stereographic projection of Hg onto
§2, that is

4

|ﬁ+y|2(ﬁ+y)—ﬂ

g(y) =

for y € Hg and

i) = —— (B2 -

1+ (z. B)
for z € S2\ {—B}. Here (-, -) denotes the Euclidean scalar product on R3. With the
usual convention wg(c0) = —p the projection g extends to a homeomorphism

mg: Hg U{oo} — S§2. The stereographic projection is circle-preserving in the
following sense:

(la) if k is a circular line in Hpg, then mg(k) is a circular line in § 2;
(I1b) if g is a straight line in Hg, then 7g(g) U {—p} is a circular line in S2;

(2) if k" is a circular line in S2, then either w4 (k') is a circular line in S2, if
—B ¢ k', or mg (k') \ {oo} straight line in Hg, if —f € k.

A geometric proof of these facts can be found in [17, §36]. Additionally, for A > 0

we consider the dilation D;} on Hg with centre 8 and factor A, i.e.

D5(y) =B +A(y —B)
for y € Hg. Again we extend Dg to a homeomorphism

D:‘}: Hg U {oo} — Hpg U {oo}
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via Dg(oo) = o0, that maps straight lines to straight lines and circular lines to
circular lines. For arbitrary A > 0 and 8 € S? we set

gg = JTEI ODQ omp: S — S2.

Then gé is ahomeomorphism, that maps circular lines to circular lines. Moreover,
the map

(0,00) x 82 x S —> 82, (A, B.2) — g5(2)
is continuous.

Next, we shall study the behavior of g;} asA — 0:

e for B,z € §? with z # —p and for sequences (B,), C S2, (zu)n C S? and
(An)n C (0, 00) with
(BnsAnszn) — (B0, 2),

we have
g5 (zn) > B
asn — oo;
e contrariwise, for z = —f8 we have gﬁ (z) = =B forall A > 0.

Therefore we define the limit map gg: §> — 2 for f € S? by

0 _ —B ifz=-p,
&5 @)= {/3 else,

for z € S2. With this extension the map [0, 00) xS?x S? — §2, (A, B,z) g% (2)
is continuous on the relatively open subset [0, 00) x SZx S2\{(0, 8, —B) | B € S?}.
An immediate conclusion of this continuity is the following

Lemma 3.6. Let K, L C S? be compact subsets, such that z # —pB holds for all
(B.z) € K x L, and let ¢ > 0. Then there exists a § € (0, 1) with

g5 — Bl <e
forall (A,B,z) €[0,8] x K x L.
As we are primarily interested in circle packings in S2, our next step will be
to study the behavior of gg on a fixed circular cap C C S2. First, note that gg (C)

is a circular cap for A > 0, since gé is a circle-preserving homeomorphism,
and therefore the centre p(gg (C)) is well-defined. Because of the continuous
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dependence of gé on (A,B) € (0,00) x S? the centre p(gk1 (C)) also depends
continuously on (4, 8). Moreover, applying Lemma 3.6 to K = C and L = {f}
yields p(gg (C)) — BasA — 0for B € §2 with —B ¢ C. That is why we define

B if —B¢C,

0 o
p(gg(C)) = {—ﬁ it _gec.

With this convention the map
[0.00) x §2 — 5%, (A.B) — p(g5(C))

is continuous on the set [0, 00) x $2\ ({0} x —C). Let us finally consider the maps

1-la|
= ga/lo?l if e #£ 0,
Idgo ifa=0.

for « € B3. The corresponding result for g% yields that ¢ +— p (fo(C)) is
continuous on B3\ (=C). Also note that

puucnz{“ f-agC @1)

—o if —a €C,

for o € $2. The main tool of the proof of Lemma 3.5 is the following conclusion
of the fixed-point theorem of Brouwer.

Lemma 3.7. Let ®: B> — R?3 be a continuous map and assume that for any
a € S? the image ®(a) lies on the ray initiating at the origin and passing through
a. Then there exists some & € B> with ®(&) = 0.

Proof. 1f there were no such &, the map —%: B3 — B3 would be well-defined
and continuous, but because of our assumptions on @ it would not have any fixed
point in B3 — a contradiction to the fixed-point theorem of Brouwer. O

Given a weight function m: V — (0, o0) and a univalent circle packing ¢ =
(Cy)yey we would like to apply this Lemma to the map & given by

() = Y m)p(fu(Cy)). o€ B>, (22)

veV
and, in fact, one easily checks that ® satisfies the ray condition required in the
previous lemma provided that (19) holds; but unfortunately ® will be discontin-
uous on —C,, for v € V. This is why we will smoothen ® close to the caps —C,
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without changing ® too much in the interior of B3. The following lemma ensures
that we have some kind of control of the behavior of the caps f,(C,) for o near
S2. Roughly speaking, it states that *most’ of the caps converge in some sense
uniformly to /|| as o gets closer to the boundary of B3. To classify what we
mean by most’ we shall define the system

vei={ucv| N £}
velU
Note that, since the circle packing is univalent, Ve only consist of the one element
subsets of V' and the two element subsets {u,v} C V with C, N C, # @. In
particular, (19) is equivalent to

2-m(U) <m(V) forallU € Ve. (23)

Lemma 3.8. Let ¢ € (0, 1). Then we find some § € (0, 1), so that for any a« € B3
with 1 — 6 < |a| < 1 we have

VZ:=V\V,) € Ve,

where
V) :={veV| fu(Cy) C Be(a/|a])}.

Proof. For arbitrary B € S? let W C V be the set of v € V with —8 ¢ C, and
let Lg be the union of all the caps C, with v € Wg. Note, that V' \ Wp € Ve.
Since Lg is compact we find an open neighbourhood Ug C S2 of B € Ug with
(=Ug) N Lg = 0. We Lemma 3.6 to Lg and K = U to find some 85 € (0, 1),
such that g]%(Lﬂ) C Bg(y) forall A € (0,8p) and all y € Ug. In particular,
fa(Cy) C Be(ar/|a|) holds for v € Wp and for all @ € R® with 1 — 85 < |a| < 1
and o/|a| € Ug.

Using the compactness of S2 we find finitely many 8; € S2, so that S? is
the union of the associated neighbourhoods Upg,. We set § = min; §;. Now, for
arbitrary @ € R3 with 1 —§ < |a| < 1 there is some B; with a/|a| € Ug,. By
construction

W, C{v eV | fo(Cy) C Be(e/lal)} =V,

holds. Since V7 = V \ V! is asubset V \ Wp, € Ve, the set V2 is also in the
system Ve. O

Proof of Lemma 3.5. Let (Cy,)yey be a circle packing and m: V' — (0, 00) be a
positive function. We assume that (19) holds. As mentioned before, the main
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strategy of the proof is to insert a term in (22), that properly smoothness ® close
to the boundary of B3, and then apply Lemma 3.7 to this new function.

For (a yet to be chosen) ¢ € (0, 1) choose § € (0,1) as in Lemma 3.8. For
v € V we consider the maximum distance function given by

dist(er, C,) = max |a — z| fora € B3.
zeCy

Moreover, we define the continuous function w,: B®> — [0, 1] given by

2 — dist(a, Cy)
wy (o) = 8
1 else.

if dist(er, Cy) > 2 -6,

Obviously the distance function can be bounded using
dist(ar, Cp) < 1 + |« (24)

for any @ € B3\ {0} and, more precisely, equality holds in (24), if and only if
—a/|a|isin Cy. Thus wy(e) = 0 fora € B3, if and only if —a € C,. In particular,
w, vanishes in the discontinuity points of the bounded map o +— p (fo(Cy)).
Therefore, the assignment

a = wy(@)p (fu(Cy)), a € B?

defines a continuous map on B3 for any v € V and the map ®: B3> — R3 given by
®(@) = ) mEwy(@)p (fa(Co)) . @ € B,
veV
is continuous. Using (21) we get
d(a) = Z m(v)wy(o)o
veV

—a¢Cy

for all « € S2, so ®(a) # 0 is on the ray starting in 0 and passing through .
Applying Lemma 3.7 we conclude that there exists some o € R3 with |a| < 1 and

0=0() =) m@wy(@)p(fu(Cy)).

veV

Now, we shall prove that « satisfies || < 1 — § if we choose ¢ sufficiently small
since — if this holds — we obtain

dist(er, Cy) < 1 + || <2— 8
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and thus wy (o) = 1 for all v € V. Using (24) this would imply
=Y m)p (fa(Cy)).
veV

so choosing f = f, would prove Theorem 3.5.
Let us contrarily assume that 1 —§ < || < 1 holds. Recall that V2 = V\ V! €
Ve by the choice of § in Lemma 3.8, where

Vy ={v eV | fu(Cy) C Bs (a/|a])}.

By definition of the sets V! and V2 we have dist(c, fo(Cy)) < dist(a, fo(Cy))
for v € V! and u € V2. Now, it can be seen that dist(e, C,) < dist(a, C,). This
follows from the fact that f, corresponds to a dilation on the hyperplane tangential
to S2 at «/||. We thus obtain wy, (a) > wy () for v € V! and u € V2. Setting

Cy = mm wy (o) > 0,
veV

we obtain wy () > Cy > wy(a) for v € V! and u € V2. Note that

ﬁ —p(Ja(Cy))| < ¢
holds for all v € Val, SO we may estimate
|2 m@wu@)p (fulCo) |
veVol
= Y mwue) —| Y m(v)wv(a)(ﬁ ~ p(fa(C)|
veVy veVy
> (1—¢) ) m@wy(@) = Ca(l—¢) Y m(v)
vevy veVy

= Co(1 —&)m(Vy)
and
|2 mwa@)p ()| = Co Y m(v) = Cam(V2).
vevg vev2
The previous two estimates yield

0(@)] = | Y m@uwy@p(faC)| - | 3 meyws@p(fa(C)

UEVD} UEVD%
> Ca((1 = )m(Vy) —m(Vy))
> Co(m(V) —2m(V}) —em(V)).
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We shall finally choose
m(V)—=2m(U)

g:= min ———= > 0.
UeVe 2m(V)

Indeed, ¢ is positive due to the assumption (19). Using Vm2 € Ve we conclude

Coem(V) -
2

in contradiction to ®(«) = 0. This completes the proof. O

|P()| = 0

3.2. Bounds on planar combinatorial graphs. We are now in a position to
prove the estimate (8):

Theorem 3.9. Let G = (V, E) be a finite, simple, connected and planar graph.
Let m:V — (0, 00) be a vertex weight

2(mu) +m)) <m(V) (25)

for any pair of adjacent vertices u,v € V. Then, for any edge weight u: E —
(0, 00), the spectral gap A»(Lm, ) of the weighted combinatorial Laplacian L, ;,
associated with the weights m and pu admits the spectral bound

A (L) < 8% (26)
HE = vy’
Proof of Theorem 3.9. Since G is planar and the condition (25) is satisfied, we
can apply Lemma 3.5 to choose a univalent circle packing ¢ = (Cy)yev, so that
G is the intersection graph of G and

> m@)p, =0
veV

is satisfied for the centre points p, of C, for v € V. For v € V let r, be the radius
of C,. We define the function f:V — §2 by means of f(v) = p,. Then, f isa
viable test function in (15). It remains to estimate the quotient ¢( f)/| f HL%%L V)"
First of all, since every centre point p, is in $2, we have

1713 ey = D m@)pol> = m(V).
velV
Moreover, if v and u are adjacent, the caps C, and C,, intersect, so |p, — py| <
ry + ry holds by triangle inequality. Using the Young inequality implies |p, —
pul? < 2(r2 + r2) and thus
a() =D 1@lpu—pol? <23 w2 <248 312 @7)

e={u,v}eE veV e€kE, veV
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To estimate the last term we recall that the surface area of a cap C, is equal to
b4 r%. Furthermore, C is univalent, so the sum of the surface areas of the caps in C
is at most equal to the total surface area of the unit sphere, i.e. Y, o nr2 < 4m.
Plugging this into (27) yields g(f) < 8dr[n’§l]X and altogether we obtain

4(f) g dnix

AZ(Lm,M) =< m(V)

J— 2 J—
|| f ||er2n (V;C3)

This proves the claim. O

Remark 3.10. (i) The estimate (2) by Spielman and Teng in the unweighted case
i = 1and m = 1 is included in Theorem 3.9. In that case (19) states that G has
at least 5 vertices. If G however has less then 5 vertices, (2) is trivially satisfied,
since

2|E| < dmaX|V| < dmax

A2(L) = < <
Vi-17= [V[-1 Vi

for |V| = 2,3,4. Therefore, Spielman and Teng neither had to impose the
condition (19) nor had to consider it in their proof in [35], whereas it plays an
important role in our proof of Lemma 3.5.

(ii) Note that not every graph satisfies the condition (25): indeed, consider the
edge and vertex weights u and m associated with the (unweighted) normalized
Laplacian on G, i.e. u(e) = 1 and m(v) = dy, = |Ey|fore € E andv € V.
Then (25) means that d,,+d,, < | E| holds for any pair of adjacent verticesu,v € V
which, for instance, is not satisfied for star graphs with at least two edges.

(iii) The following example shows that the condition (25) cannot be omitted:
let K4 be the complete graph with vertex set Vg, = {v1, va, v3, v4}, constant edge
weight 4 = 1 and the vertex weight m given by m(v;) = a for some constant
a > landm(vj) = 1 for j # 1. The corresponding Laplacian has the eigenvalues
A =0, 2 =93 )3 =4 Ay = 4 Note that m(V) = 3 + a and dlfe = 3, so
for an estimate of the form (26) to hold, there must exist some constant C > 0 so
that <22 < C % for all ¢ > 1. Obviously such C does not exist. And, in fact, the
condition (25) is not satisfied since 2(m(vy) + m(vz)) =2a+2>a+3 =m((V)
holds.

3.3. Bounds on planar metric graphs. Using the results of the previous section
and Corollary we can finally prove our main theorem in the planar setting:
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Theorem 3.11. Let G = (G, {) be a connected, finite and compact metric graph,
whose underlying combinatorial graph G = (V, E) is planar. Then, the first pos-
itive eigenvalue A, (Ag) of the Kirchhoff Laplacian satisfies the spectral estimate

Cd[l/«]x
ha(Ag) = = (28)

Here L := Y, Le is the total length of G, dhax is the maximal weighted degree
corresponding to the inverse weight of £, that is

dMl - — max —, (29)
v

and C > 0 is a generic constant that does not depend on the metric graph G. In
fact, we may choose C = 162 for general planar metric graphs and C = 2n? if,
additionally, G is simple and

d9 + a9 < L (30)
holds for every pair of adjacent vertices u,v € V.

Proof. Let us first assume that G is simple and satisfies the inequality (30) for
all pairs of adjacent vertices u, v € V. We consider the combinatorial Laplacian
L, associated with the weight functions given by (16). Note that we have

m(V)y=> df =2L
veV
with this choice of weights by the handshaking lemma. We conclude that the

inequality 2(m(v) + m(u)) < m(V) is equivalent to a’y] + a’y] < Lforu,veV.
So, we may apply Theorem 3.9 to £,, ;. Together with Lemma 18, we obtain

A (A )< 7[21 (L )<4 Zdr[nitl]x 2 2dI[Illél])(
— nt——— =27 .
PR = myEm =T ) L

This proves the statement of Theorem 3.11 if G is simple and (30) is satisfied.

Now consider an arbitrary metric graph G, that is not necessarily simple or
does not necessarily satisfy (30). Without loss of generality we may assume that
G has at least two edges. Otherwise G is either an interval or a loop. Then the
spectral gap would be either

n? _ 2dr[n/{:1]x 4? _ 2dr[nlél]x
— =g°— o — =27°"—
L2 L L2 L

and in both cases (28) holds for C = 1672.
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Now, let § = (G’, £’) be the (metric) subdivision graph obtained after dividing
each edge of G into four edges of equal length (see Figure 3). We shall write

VG’ = Vold U Vaews

where Vq is the set of old vertices coinciding with Vg and Vjey is the set of new
vertices that are added on the interior of the edges.

Figure 3. Subdivision of a non-simple graph. The old vertices are marked black, whereas
the newly added vertices are marked white.

Note, that G’ is simple. Moreover, the total length of the graph and the spectral
gap of the Kirchhoff Laplacian remain the same after subdividing the graph, since
we only add vertices of degree 2. For v € Vg we have

g4

v

d[e/] ifv e Vold,

v
{
?e if v € Vhew and v is on the edge e.

Since G has at least two edges, this implies d,E“ + dy/] < L for any adjacent
vertices u,v € Vg, thus G satisfies the condition (30). We conclude that &’
satisfies (28) for C = 272, i.e.
(']
Aa(Ag) < 2n2%

where 1 is the inverse weight of £’. Also, note that

o 4dMif v € Vo,
al'l = I

R if v € Vhew and v is on the edge e,
e

which yields dll < gqlid Using this and the spectral bound for §’ we conclude

(]

dmax
Aa(Ag) = Aa(Ag) < 1672 fza ,

which completes the proof. O
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Let us finish this section by considering a number of examples to discuss the
spectral estimate (28) and to compare it with other known results.

Example 3.12 (star graphs). The spectral gap of the Kirchhoff Laplacian on an
equilateral star graph of total length L > 0 with n edges is

nn?

412"
The maximal degree associated to the inverse weight is attained at the center vertex
of the star and is given by

Aa2(As,) =

2
W _ "
max L 4
thus "
772dmigx
Iar(Ag ) =
2( Sn) 4

(]
Therefore, for equilateral star graphs, the growth rate in (28) with respect to d%lé"

is correct up to the constant in front of the metric quantities on the right hand-side.

Example 3.13 (complete graphs). For n € N let X, be the equilateral, complete
graph on n vertices with edge weight / = 1. By Kuratowski’s theorem [24] the
underlying combinatorial graph is not planar for n > 5. The combinatorial graph
has @ edges and, since the metric graph is equilateral, its total length is equal
to the number of edges. Moreover, the degree of every vertex is n — 1. The first
positive eigenvalue of the associated normalized Laplacian is ;% forn > 2, so
we may use von Below’s formula (1) to derive the spectral gap of the Kirchhoff
Laplacian:

1 2 72
Aa(Ax,) = arccos(— —1) — R asn — oo.
n —

However,
d[M] 2
X —Z 50, asn— oo. (3D
L n

Therefore an estimate of the form (28) cannot hold for general metric graphs.
More precisely, there exists no C > 0, so that (28) holds for any finite, compact
and connected metric graph.

Example 3.14 (trees). Rohleder [34] has proved that the spectral gap of a compact
metric tree T — a compact metric graph without cycles — admits the estimate

7.[2

A2(Ag) < W,
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where diam(7") denotes the metric diameter of the graph, which is the maxi-
mal distance between two points in J. To compare this estimate with our spec-
tral estimate (28) we restrict ourselves to binary trees of exponential volume
growth/decay.

Let By, denote the (combinatorial) complete rooted binary tree of height 2 € IN,
i.e. By is simple, By, has only one vertex o € Vp,, of degree 2, the so called root of
By, and every other vertex v € Vp, has either degree 1 or degree 3 and is connected
to o via a unique path in Bj, whose (combinatorial) length is at most 4. The length
of this path is called the generation gen(v) of v. The level of v is equal to 4, if v
has degree 1, and it is strictly less than 4, if v has degree 3. If an edge e € Ep,
connects two vertices of generation k — 1 and k we set gen(e) = k. Note that By,
has exactly 2% edges of level k fork = 1,..., h.

We consider two edge weights on By,. First, let B, = (By, £) be the associated
metric graph of equilateral length £ = 1. In this case the diameter of By, is
diam(Bj;) = 2h, the total length is L = 2(2" — 2) and the maximal degree is

dr[n‘f,]x = 3, so estimate (31) gives the upper bound A;(Ag,) < ﬁ, whereas our
estimate (28) yields A2(Az,) < 52%. So, our estimate gives asymptotically a

much sharper bound in the equilateral case.

Now, we consider the edge weight / given by I(e) = 272 je. [ is of
exponential decay with respect to generation of edges. Then we have diam(By) =
21— 2", L = hand dl = 5.2" From (31) we obtain Ay(Ag,) <
2(1+§—h)’ whereas our bound (28) leads to A (Ag,) < %. Thus, (31) gives an
asymptotically sharper bound for /(e) = 272(¢) which supports the conjecture
that the estimate (28) gives an asymptotically sharper bound, when the edge
lengths do not vary too much.

4. Eigenvalue bounds for graphs of higher genus

4.1. The weighted normalized Laplacian. LetG = (Vg, Eg) be a simple finite
graph and let w: E — (0, 00) be an edge weight. We recall that the normalized
Laplacian £ is the operator acting on the space of functions f: Vg — C given
by

ComN0) = —7 Y0~ fw). ve Vs,

v e={u,v}eEy,

so in the language of Section 2.2 we have £% . = L, , with u(e) = w(e) for
e € Eg and m(v) = dlE“’] for v € Vg. For our analysis it will be useful to

understand the behavior of the spectrum of £& . under subdivision of the graph.
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Let G’ = (Vg/, Eg’) be subdivision graph of G obtained after adding a new vertex
on each edge, i.e.

Vor =VegUEg, Eg ={{v,e}|veVg, ec Ey}}
with the edge weight @’ given by
o'({v,e}) =w(e), veVg, eckE,.

Lemma 4.1. Let A € [0,2]\{1}. Then A is an eigenvalue ofﬁ%rm(G/), if and only

if R(A) := 4X — 222 is an eigenvalue of L2, (G). In that case, X and R()) have
the same multiplicity.

A proof in the unweighted case (w = 1) is given in [12] and it can easily be
extended to the weighted case. The lemma immediately yields

A (Lo (G)) = 4Ak(L§(;rm(G/)) - 2Ak(L§(;rm(G/))2, k=1,...,|Vqgl,
and, in particular,

A (L2,m(G)) < dA (L, (G, k=1,....|Vgl. (32)

4.2. Measured manifolds and the theorem of Amini and Cohen-Steiner. Let
M be a closed, oriented, connected and compact smooth surface with a conformal
class ¢ of Riemannian metrics on M. For g € ¢ let uy denote the Riemannian
measure on M induced by the metric g and let V; denote the gradient defined on
the space of smooth functions on M.

Definition 4.2. Let U C M be an open subset and let  be a finite Radon measure
on M that is absolutely continuous with respect to p4 for some — or equivalently
all — g € ¢. For k € IN we define the generalized eigenvalues

V F|?d
AU, u) :=inf  sup fU'*’—M,
Ak Feaor  Ju |F12dp
where Ay varies over the family of k-dimensional subspaces of C*°(U) N Li(U ).
We point out that [;; [V F|*dug = [;; |VyF|*duy holds for g, b € ¢, so the

previous definition does not depend on the choice of the Riemannian metric g € .
Also, note that

0=11(M, p) <A(M,p) <As(M,p) <--- —> 00

are in fact the eigenvalues of the Laplace—Beltrami operator A; = —divg o V4 on
M if we choose i = g for g € c.
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Definition 4.3. Let  be a finite and absolutely continuous Radon measure on
M . A double cover of M is a finite family (U;);<; of open and connected subsets
U; C M, so that for almost every point p € M there are two indices iy # i in [
with p € U;, N U;, and p ¢ U; for j ¢ {i1,i»}. The vicinity graph I" associated
with (U;);er is the simple graph with vertex set / where iy # i, are adjacent if
and only if (Ui, NU;,) > 0. The measure u induces an edge weight on I', which
by abuse of notation shall be denoted with u as well, given by

win, iz}) = M(Uil N Uiz)-

Let £4om be the associated normalized Laplacian on T.

The following theorem by Amini and Cohen-Steiner [1] compares the general-
ized eigenvalues with the eigenvalues of the normalized Laplacian on the vicinity
graph.

Theorem 4.4. Let 1 be a finite and absolutely continuous Radon measure on M
and let (U;)iecy be a double cover of M. Then we have the eigenvalue estimate
A (M,
Ak (LM S 2 M ,

norm

k=1,...\1

where
n = minA,(U;, p).
iel

It was already observed in [1] that Theorem 4.4 also holds for double covers
of metric graphs and the eigenvalues of the Laplacian on metric graphs. This idea
was further developed by Mugnolo and the present author [31] and it turns out
that, if one chooses suitable double covers of the graph, Theorem 4.4 generally
provides sharper lower bounds for the eigenvalues of the Laplacian compared to
previously known abstract results.

4.3. Bounds on embedded combinatorial graphs. Our main result of this
section will be the following:

Theorem 4.5. Let G = (V, E) be a finite, simple and connected graph of genus
g and let w: E — (0, 00) be an edge weight. Then the corresponding normalized
Laplacian satisfies
diel(g + k
ZeEE w(e)

forallk =1,...,|V|, where C is a generic constant that does not depend on G.

(33)
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This theorem improves the main result by Amini and Cohen-Steiner in [1] to
the weighted case. The main idea of their proof was to construct a double cover
on a surface of genus g that represents the combinatorial structure of G. To adapt
their proof we recall this construction.

Consider an embedding of G on a oriented, closed, connected and compact
surface M of genus g. For the sake of notation, we identify the vertices and
edges of G with their drawings on M. Let F denote the set of (open) faces on
M enclosed by G. Since M has the same genus as G, every face f € F is
simply connected (see for instance [28, Proposition 3.4.1]). Thus, there exists
a homeomorphism ¢r: Dy — f on the open unit disk that can be extended to
surjective and continuous map g7: Dy — £, since the boundary of f is the finite
union of its incident edges in E. Let z}, s 2N eap + be the preimages of the
vertices of G on the boundary of f under the surjection ¢ appearing in clockwise
order and let v}, e v}vf denote the associated vertices on df . (Note there might
be vertices of G in this list that appear multiple times.) Finally, we can extend the
graph G to obtain a triangulation of M. We add the vertex vy = ¢r(0) and the
edges e} = {vy, v}} for j = 1,..., Ny that are identified with the images of the
lines connecting 0 and z}. Let H = (Vy, Eg) be the graph obtained from the
described construction, i.e.

ivJi=1,...,
Vi = Ve U{vrlrer, Eg = EgU {e}}}eF

By construction, the graph H is embedded in M and the boundary of each face
enclosed by H consists of three edges of H, where exactly one edge e belongs to
the original graph G. Let T}, i = 1,2 be the two faces that are incident to e; we
think of 7/ as a triangle in M. However, note that, in general, H does not define
a triangulation of M, as two faces may share multiple edges of H (see Figure 4),
but for our purpose the decomposition of M given by H is sufficient to define an
appropriate Riemannian metric on M.

Following the construction in [38], we can choose a flat Riemannian metric b
on M \ Vg with conical singularities in the vertices of Vg so that every triangle
T} is isometric to an isosceles triangle in the Euclidean plane, where the edges of
T} that do not correspond to e have length 1 and the angle enclosed by e and the
two other edges is

A = %arcsin( T We ) (34)

2411



1886 M. Pliimer

zr

Figure 4. Construction of the extended graph H. The white vertex is the vertex added on
f and the dashed edges are the added edges.

respectively (see Figure 5). For v € Vg let 6, be the total angle of the correspond-
ing conical singularity. We have

[w]
0y, =2 Z e = Z arcsin(%) < Z TWe _ ﬂ <. (35)

d[w] d[w]
eckEy eckEy max ecE, “max max

for all v € V. Now, one can show that there exists a Riemannian metric g on M
that is conformally equivalent to h on M \ Vg (we refer again to [38] for details).
Our aim is to apply Theorem 4.4 on M with the conformal class ¢ generated by g
and the Radon measure u = . It remains to define a double cover that represents
the combinatorial structure of G.

For every e € Eg let D, be the diamond
D.:=T}UTZ

We decompose D, into two triangles by cutting through the diagonal of D,
perpendicular to e. Every vertex v € Vg that is incident to e is contained in
exactly one of the mentioned triangles; let S, , be this triangle. Finally, we define
the cone

Cy == Sew.

eekE,

The construction of the diamond D, and the cone C,, is illustrated in Figure 6.
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e
4
e ~
,/Nae ae\[s\
o o

e

Figure 5. The metric b on a single triangle Tei.

Figure 6. The covering elements D, and C,.

Lemma 4.6. The family (D¢)ecE; U (Cy)vevy; is a double cover of M. Moreover,
two covering elements are adjacent in the corresponding vicinity graph T, if and
only if one element is a diamond D. and the other one is a cone C,, where v is
incident to e in G. In particular, the vicinity graph I is the subdivision graph of
G obtained after adding one vertex on each edge of G. Finally, we have

Tw
va(De NCy) = :uh(Se,v) = i

4dl@l

(36)

if e is incident to v.

Proof. The claimed statements follow from the construction of the sets D., Cy,
and S.,. We point that the volume of S., is given by (36), since S, , is an
isosceles triangle where the two edges of equal length have length 1 and the angle

enclosed by these two edges is 2a, = arcsin (2’; Le) by (34). O

We are ready to complete the proof of Theorem 4.5. To do so, we apply
Theorem 4.4 with the double-cover (D¢)ecr; U (Cy)vevy. Let L#of’rm denote
the normalized on the vicinity graph I" with respect to the edge weight induced
by (36). We obtain

Ak(M, py)

Ak (Lhorm) < 2 k=1,....|Vg| +|Eg]| (37)
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where
n = min(min A>(Cy, ip), min A>(De, y)).
veVg ecEg

As I is the subdivision of G and the edge weight given by (36) is a scalar multiple
of w (the normalized Laplacian is scale-invariant), (32) yields

A (L8 .) < 4 (Lhorm)s k=1,...,|Vg]. (38)

norm

It remains to estimate the right-hand side of (37). We start by cutting C, through
one the new edges of H, that we previously added to G, we obtain a new open
subset P, of M. Note that this procedure only decreases A,. The set P, is — by
construction of the Riemannian metric ) — isometric to a polygonal domain in the
Euclidean plane. As the angle 6, of the conical singularity v is less or equal than &
(see (35)), this polygonal domain is convex (see Figure 7). Similarly, each D, is
isometric to an actual diamond in R? which again is convex.

Figure 7. Cutting (along the red line) and unfolding of the cone C, onto the Euclidean
plane.

By choice of the metric h all the side lengths of P, and D, are 1, so the diameter
of P, and D, is bounded from above by 2. It is known that the spectral gap of the
Laplacian (with Neumann boundary conditions) on convex domains of uniformly
bounded diameter is uniformly bounded from below (see [33]). More precisely,
we obtain

72 72
A2(Co. o) Z Aa(Po. piy) = ==, Aa(De. piy) = == (39)

4
forallv € Vg, e € Eg. Next, we consider Ax (M, y). A theorem of Hassanezhad
[15, Corollary 1.2] yields

g +k
o (M)
for some generic constant C > 0; we point out that the result in [15] was not stated
in the setting of manifolds with a Radon measure, but — as it was already observed

Ae(M, pig) < C

(40)
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in [1] — the proof given in [15] can be adapted to this setting. By choice of the
metric h we have

meM) = 33w See = 33 T2 = 3 T2

[0] [w]
veVg ecEy veVg ecEy 4dmax ecEg 2dmax

Plugging (38), (39), (40), and (41) into (37) we obtain

dl (g + k)

(L2 )< C
ZeEEG We

norm

with C = 6;:—35, which finally proves the claim of Theorem 4.5.

Remark 4.7. (i) If one choose the weights given by m(v) = d,Ew] and p(e) = we
in Theorem 3.11 one obtains the estimate

dael

Ao (L2 ) < C—Smax
ZEGEG We

norm’/ —
for planar G. Therefore, Theorem 4.8 generalizes Theorem 3.11 to higher genus
and higher order eigenvalues in the normalized case.

(ii) To our knowledge, no explicit upper bounds are known for the constant C
appearing in Hassanezhad’s bound (40). This is why we cannot give any explicit
upper bounds for the optimal constant C > 0 in (33) or the constants appearing in
the following section.

4.4. Bounds on embedded metric graphs. In this final subsection we prove the
estimates (5) and (6) mentioned in the introduction:

Theorem 4.8. Let G = (G, £) be a connected and compact metric graph of genus
g. There exists a generic constant C > 0 that does not depend on G, so that the
ordered eigenvalues Ay (Ag) of the Kirchhoff Laplacian on G satisfy the estimate

A (g + k)
2. L

min

A(Ag) = C . k=1,...,|V| (42)

where L 1= ) g Le is the total length of G, {min = mineeg L, is the minimal
length of the edges of G, and

dlY = maxal¥
veV

is the maximal degree of the vertices of G.
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Proof. By asubdivision argument similar to the one in the proof of Theorem 3.11
we may assume that G is simple. Let £, , be the combinatorial Laplacian
associated with the edge and vertex weights given by (16). Using the Courant—
Fischer theorem one can show that

1
ML) < (L

min

Thus, Corollary 2.2 and Theorem 4.5 yield that

k=1,...V|.

orm) ’

2 4
22 Ak(Lnorm) =C maez L ’

min min

Ak(Ag) =
This proves the claim. t

Theorem 4.9. Let § = (G, £) be a connected and compact metric graph of genus
gandlet § = |Eg| — |Vg| + 1 be its first Betti number. There exists a generic
constant C > 0, so that

dmax(,B + k — 1)(g + k)

Ae(Ag) < C =

(43)

holds for all integers k € IN with k > ﬁ —-B+ L

Proof. For given k € IN with k > ﬁ — B+ 1, we set
n=k+p—-1=k+|Eg|—|Vgl|.
Then, for e € E let m, be the unique integer with

_ ntl,

me — 1

< me

and let m := Y,z me. Let § = (G, {) be the metric subdivision graph obtained
after dividing each edge e into m, edges of the same length ,f;—‘; Note that, by the
condition on k and the choice of n, we have % > 1. Therefore m, has to be at
least 2. Then, by choice of m,, we have m — |E| <n < m and

me — 1 ' £ - Le L

Me n - me n
The latter implies
L
— < — < — 44)
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since m, > 2 for e € E. By construction, the underlying combinatorial graph G
of G has
Vel =1Vel +m—|Eg| > [Ve| +n—|Ec| =k
vertices. Thus, we obtain
e
dina (8 + k)

Ak(Ag) = Ak(Ag) = C 7 7

min

by Theorem 4.8, where Zmin is the minimal lepgth and dr[nza]lx is the maximal degree

of § Using (44) we obtain £ > % and dr[lﬂx < dmax%, which again yields

dmaxn(g + k) — 4C dmax(B + k —1)(g + k)
L2 - L2 ’

Ak(Ag) = 4C

As k was arbitrary, this completes the proof. O

References

[1] O. Amini and D. Cohen-Steiner, A transfer principle and applications to eigenvalue
estimates for graphs. Comment. Math. Helv. 93 (2018), no. 1,203-223. MR 3777129
Zbl 1383.05192

[2] E. M. Andreev, Convex polyhedra in Lobacevskii spaces. Mat. Sb. (N.S.) 81(123)
(1970), 445-478. In Russian. MR 0259734 Zbl 0217.46801

[3] E. M. Andreev, Convex polyhedra of finite volume in Lobacevskii space. Mat. Sb.
(N.S.) 83(125) (1970), 256-260. In Russian. MR 0273510 Zbl 0252.52005

[4] R. Band and G. Lévy, Quantum graphs which optimize the spectral gap. Ann. Henri
Poincaré 18 (2017), no. 10, 3269-3323. MR 3697195 Zbl 1431.81055

[5] F.Bauer, M. Keller, and R. Wojciechowski, Cheeger inequalities for unbounded graph
Laplacians. J. Eur. Math. Soc. (JEMS) 17 (2015), no. 2, 259-271. MR 3317744
Zbl 1309.05059

[6] G. Berkolaiko, J. B. Kennedy, P. Kurasov, and D. Mugnolo, Edge connectivity and
the spectral gap of combinatorial and quantum graphs. J. Phys. A: Math. Theo.,
50:365201, 2017. Zbl 06790036 MR 3688110

[71 G. Berkolaiko and P. Kuchment, Introduction to quantum graphs. Mathematical
Surveys and Monographs, 186. American Mathematical Society, Providence, R.I.,
2013. Amer. Math. Soc., Providence, R.I., 2013. MR 3013208 Zbl 1318.81005

[8] P. Biswal, J. R. Lee, and S. Rao, Eigenvalue bounds, spectral partitioning, and met-
rical deformations via flows. J. ACM 57 (2010), no. 3, Art. 13, 23 pp. MR 2665882
Zbl 1327.05199


http://www.ams.org/mathscinet-getitem?mr=3777129
http://zbmath.org/?q=an:1383.05192
http://www.ams.org/mathscinet-getitem?mr=0259734
http://zbmath.org/?q=an:0217.46801
http://www.ams.org/mathscinet-getitem?mr=0273510
http://zbmath.org/?q=an:0252.52005
http://www.ams.org/mathscinet-getitem?mr=3697195
http://zbmath.org/?q=an:1431.81055
http://www.ams.org/mathscinet-getitem?mr=3317744
http://zbmath.org/?q=an:1309.05059
http://zbmath.org/?q=an:06790036
http://www.ams.org/mathscinet-getitem?mr=3688110
http://www.ams.org/mathscinet-getitem?mr=3013208
http://zbmath.org/?q=an:1318.81005
http://www.ams.org/mathscinet-getitem?mr=2665882
http://zbmath.org/?q=an:1327.05199

1892 M. Pliimer

(9]

[10]

(1]

[12]

[13]

[14]

[15]

[16]

[17]

(18]

[19]

(20]

(21]

(22]

D. Borthwick, L. Corsi, and K. Jones, Sharp diameter bound on the spectral gap for
quantum graphs. Proc. Amer. Math. Soc. 149 (2021), no. 7, 2879-2890. MR 4257802
Zbl 1465.81038

C. Cattaneo, The spectrum of the continuous Laplacian on a graph. Monatsh.
Math. 124 (1997), no. 3, 215-235. MR 1476363 Zbl 0892.47001

F. R. K. Chung, Spectral graph theory. CBMS Regional Conference Series in Math-
ematics, 92. Published for the Conference Board of the Mathematical Sciences,
Washington, D.C., by the American Mathematical Society, Providence, R.I., 1997.
MR 1421568 Zbl 0867.05046

F. Comellas, P. Xie, and Z. Zhang, The normalized laplacian spectrum of subdivisions
of a graph. Appl. Math. Comput. 286 (2016), 250-256. MR 3499947 Zbl 1410.05144

P. Exner, A. Kostenko, M. Malamud, and H. Neidhardt, Spectral theory of infinite
quantum graphs. Ann. Henri Poincaré 19 (2018), no. 11, 3457-3510. MR 06968477
7Zbl 06968477

L. Friedlander, Extremal properties of eigenvalues for a metric graph. Ann. Inst.
Fourier (Grenoble) 55 (2005), no. 1, 199-211. MR 2141695 Zbl 1074.34078

A. Hassannezhad, Conformal upper bounds for the eigenvalues of the Laplacian
and Steklov problem. J. Funct. Anal. 261 (2011), no. 12, 3419-3436. MR 2838029
7Zbl 1232.58023

J. Hersch, Quatre propriétés isopérimétriques de membranes sphériques ho-
mogenes. C. R. Acad. Sci. Paris Sér. A-B 270 (1970), A1645-A1648. MR 0292357
Zbl 0224.73083

D. Hilbert and S. Cohn-Vossen, Geometry and the imagination. Translated by P.
Neményi. Chelsea Publishing Company, New York, N.Y., 1952. Translated from
Anschauliche Geometrie. Springer, Berlin, 1932. MR 0046650 Zbl 0047.38806

J. A. Kelner, Spectral partitioning, eigenvalue bounds, and circle packings for graphs
of bounded genus. SIAM J. Comput. 35 (2006), no. 4, 882-902. MR 2203731
Zbl 1096.05048

J. A. Kelner, J. R. Lee, G. N. Price, and S. H. Teng, Metric uniformization and spectral
bounds for graphs. Geom. Funct. Anal. 21 (2011), no. 5, 1117-1143. MR 2846385
7Zbl 1229.05094

J. B. Kennedy, P. Kurasov, G. Malenova, and D. Mugnolo, On the spectral gap of
a quantum graph. Ann. Henri Poincaré 17 (2016), no. 9, 2439-2473. MR 3535868
Zbl 1354.34057

P. Koebe, Kontaktprobleme der konformen Abbildung. Ber. Verh. Scichs. Akad.
Leipzig, Math.—Phys. Klasse 88 (1936), 141-164. JFM 62.1217.04 Zbl 0017.21701

N. Korevaar, Upper bounds for eigenvalues of conformal metrics. J. Differential
Geom. 37 (1993), no. 1, 73-93. MR 1198600 Zbl 0794.58045


http://www.ams.org/mathscinet-getitem?mr=4257802
http://zbmath.org/?q=an:1465.81038
http://www.ams.org/mathscinet-getitem?mr=1476363
http://zbmath.org/?q=an:0892.47001
http://www.ams.org/mathscinet-getitem?mr=1421568
http://zbmath.org/?q=an:0867.05046
http://www.ams.org/mathscinet-getitem?mr=3499947
http://zbmath.org/?q=an:1410.05144
http://www.ams.org/mathscinet-getitem?mr=06968477
http://zbmath.org/?q=an:06968477
http://www.ams.org/mathscinet-getitem?mr=2141695
http://zbmath.org/?q=an:1074.34078
http://www.ams.org/mathscinet-getitem?mr=2838029
http://zbmath.org/?q=an:1232.58023
http://www.ams.org/mathscinet-getitem?mr=0292357
http://zbmath.org/?q=an:0224.73083
http://www.ams.org/mathscinet-getitem?mr=0046650
http://zbmath.org/?q=an:0047.38806
http://www.ams.org/mathscinet-getitem?mr=2203731
http://zbmath.org/?q=an:1096.05048
http://www.ams.org/mathscinet-getitem?mr=2846385
http://zbmath.org/?q=an:1229.05094
http://www.ams.org/mathscinet-getitem?mr=3535868
http://zbmath.org/?q=an:1354.34057
http://zbmath.org/?q=an:62.1217.04
http://zbmath.org/?q=an:0017.21701
http://www.ams.org/mathscinet-getitem?mr=1198600
http://zbmath.org/?q=an:0794.58045

(23]

(24]

[25]

[26]

(27]

(28]

[29]

(30]
(31]

(32]

(33]

(34]

[35]

(36]

(37]

(38]

Eigenvalue bounds for the Laplacian on embedded metric graphs 1893

A. Kostenko and N. Nicolussi, Spectral estimates for infinite quantum graphs. Calc.
Var. Partial Differential Equations 58 (2019), no. 1, Paper No. 15, 40 pp.
MR 3891807 Zbl 1404.81111

C. Kuratowski, Sur le probleme des courbes gauches en topologie. Fund. Math. 15
(1930), no. 1, 271-283. JFM 56.1141.03

D. Lenz, M. Schmidt, and P. Stollmann, Topological Poincaré type inequalities and
lower bounds on the infimum of the spectrum for graphs. Preprint, 2018.
arXiv:1801.09279

G.L. Miller, S.-H. Teng, W. Thurston, and S. A. Vavasis, Separators for sphere-
packings and nearest neighbor graphs. J. ACM 44 (1997), no. 1, 1-29. MR 1438463
Zbl 0883.68100

G. L. Miller, S.-H. Teng, W. Thurston, and S. A. Vavasis, Geometric separators for
finite-element meshes. SIAM J. Sci. Comput. 19 (1998), no. 2, 364-386. MR 1618871
Zbl 0914.65123

B. Mohar and C. Thomassen, Graphs on surfaces. Johns Hopkins Studies in the
Mathematical Sciences. Johns Hopkins University Press, Baltimore, MD, 2001.
MR 1844449 Zbl 0979.05002

D. Mugnolo, Semigroup methods for evolution equations on networks. Understanding
Complex Systems. Springer, Cham, 2014. MR 3243602 Zbl 1306.47001

D. Mugnolo, What is actually a metric graph? Preprint, 2019. arXiv:1912.07549

D. Mugnolo and M. Pliimer, Lower estimates on eigenvalues of quantum graphs.
Oper. Matrices 14 (2020), no. 3, 743-765. MR 4154797 Zbl 1460.34036

S. Nicaise, Spectre des réseaux topologiques finis. Bull. Sci. Math. (2) 111 (1987),
no. 4, 401-413. MR 0921561 Zbl 0644.35076

L. E. Payne and H. F. Weinberger, An optimal Poincaré inequality for convex domains.
Arch. Rational Mech. Anal. 5 (1960), 286-292. MR 0117419 Zbl 0099.08402

J. Rohleder, Eigenvalue estimates for the Laplacian on a metric tree. Proc. Amer.
Math. Soc. 145 (2017), no. 5, 2119-2129. MR 3611325 Zbl 1367.34029

D. A. Spielman and S.-H. Teng, Spectral partitioning works: planar graphs and finite
element meshes. Linear Algebra Appl. 421 (2007), no. 2-3, 284-305. MR 22943420
Zbl 1122.05062

D. A. Spielman and S.-H. Teng, Spectral partitioning works: Planar graphs and finite
element meshes. Proc. Amer. Math. Soc. 145 (2017), no. 5, 2119-2129.
Zbl 1367.34029 MR 1450607

W. Thurston, The geometry and topology of 3-manifolds. Princeton Lecture Notes,
1980. http://library.msri.org/books/gt3m/

M. Troyanov, On the moduli space of singular Euclidean surfaces. In A. Papadopou-
los (ed.), Handbook of Teichmiiller theory. Vol. I. IRMA Lectures in Mathematics
and Theoretical Physics, 11. European Mathematical Society (EMS), Ziirich, 2007,
507-540. MR 2349679 Zbl 1127.32009


http://www.ams.org/mathscinet-getitem?mr=3891807
http://zbmath.org/?q=an:1404.81111
http://zbmath.org/?q=an:56.1141.03
http://arxiv.org/abs/1801.09279
http://www.ams.org/mathscinet-getitem?mr=1438463
http://zbmath.org/?q=an:0883.68100
http://www.ams.org/mathscinet-getitem?mr=1618871
http://zbmath.org/?q=an:0914.65123
http://www.ams.org/mathscinet-getitem?mr=1844449
http://zbmath.org/?q=an:0979.05002
http://www.ams.org/mathscinet-getitem?mr=3243602
http://zbmath.org/?q=an:1306.47001
http://arxiv.org/abs/1912.07549
http://www.ams.org/mathscinet-getitem?mr=4154797
http://zbmath.org/?q=an:1460.34036
http://www.ams.org/mathscinet-getitem?mr=0921561
http://zbmath.org/?q=an:0644.35076
http://www.ams.org/mathscinet-getitem?mr=0117419
http://zbmath.org/?q=an:0099.08402
http://www.ams.org/mathscinet-getitem?mr=3611325
http://zbmath.org/?q=an:1367.34029
http://www.ams.org/mathscinet-getitem?mr=22943420
http://zbmath.org/?q=an:1122.05062
http://zbmath.org/?q=an:1367.34029
http://www.ams.org/mathscinet-getitem?mr=1450607
http://library.msri.org/books/gt3m/
http://www.ams.org/mathscinet-getitem?mr=2349679
http://zbmath.org/?q=an:1127.32009

1894 M. Pliimer

[39] J.vonBelow, A characteristic equation associated to an eigenvalue problem on c2-net-
works. Linear Algebra Appl. 71 (1985), 309-325. MR 0813056 Zbl 0617.34010

[40] P.C. Yang and S.T. Yau, Eigenvalues of the Laplacian of compact Riemann surfaces
and minimal submanifolds. Ann. Scuola Norm. Sup. Pisa CI. Sci (4) 7 (1980), no. 1,
55-63. MR 0577325 Zbl 0446.58017

Received April 27, 2020

Marvin Pliimer, Lehrgebiet Analysis, Fakultidt Mathematik und Informatik,
FernUniversitit in Hagen, 58084 Hagen, Germany

e-mail: marvin.pluemer@fernuni-hagen.de


http://www.ams.org/mathscinet-getitem?mr=0813056
http://zbmath.org/?q=an:0617.34010
http://www.ams.org/mathscinet-getitem?mr=0577325
http://zbmath.org/?q=an:0446.58017
mailto:marvin.pluemer@fernuni-hagen.de

	Introduction
	Preliminaries on combinatorial and metric graphs
	Eigenvalue bounds for planar graphs
	Eigenvalue bounds for graphs of higher genus
	References

