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Uniform resolvent estimates
for the discrete Schrodinger operator in dimension three

Kouichi Taira

Abstract. In this note, we prove the uniform resolvent estimate of the discrete Schrodinger
operator with dimension three. To do this, we show a Fourier decay of the surface measure
on the Fermi surface.
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1. Introduction

We consider the three-dimensional discrete Laplacian
Hou(x) = =) (u(y) = u(x)).
lx—yl=1
We denote the Fourier expansion by Fy:
() = Fu) =y e u(x), £eT?=R*/Z
x€z3

Then it follows that
3
FaHou(€) = ho(§)Fqu(§). ho(§) =4 sin®(x&)). (1)
j=1
We denote the set of the critical points of /¢ by Cr(hy):
Cr(ho) = {§ € T | Vho(§) = 0} ={§ € T | § €{0,1/2}, j = 1,2,3}. (2

We call & € Cr(hy) an elliptic threshold if £ attains maximum or minimum of %
and a hyperbolic threshold otherwise. We set M, = hy'({A}) for A € [0, 12]. The
set M) is called the Fermi surface.
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In this note, we show the uniform resolvent estimates for discrete Schrodinger
operator with dimension three. In case of the continuous Laplacian —A on R,
the following uniform resolvent estimates are known [9, 6]:

_ dcl_1y_
I(=A = 2)"" fllLagay < Clz12P~ D7 fll L pgay forz e C\[0.00), (3)

where d > 3, and
2

<

d+1"~

2d 1 2d 2d 1 2d

—<_ —_—

<

E, —_— << .
-d d+3 p d+1 d-1 g¢q d-3

1
q
It turns out that (—A — z)~! is uniformly bounded in B(L?(R9), L? (R?)) with
respect to z € C \ [0,00) if and only if p = 2d/(d + 2). On the other hand,
in [13, Theorem 1.7 (iii)] (see also Lemma A.1), it is shown that the resolvent
Ro(z) = (Hy — z)~! for the discrete Schrodinger operator is not bounded from
17(Z4) to [P (Z%) with p = 2d/(d +2), p’ = p/(p — 1) and with d > 5. The
result in [13, Proposition 3.3] shows that the resolvent Ry(z) satisfies

2d
d+3

|-

,d > 4.
4

IRo(2) f Ny zay = CIfllipzay forz e C\[0,4d],1 < p <

The natural questions are the following:
e is the estimate (4) optimal?
e what about the case of d = 3?

For the latter, the authors in [8] showed that (4) hold for p € [1, %) and for
d = 3 (see also Lemma A.1). In this paper, we improve their results and give the
resolvent estimates which is sharp away from the threshold energies.

The proof of (4) in [13] depends on the endpoint Strichartz estimates ([11]).
We point out that the endpoint Strichartz estimates for discrete Schrodinger op-
erators might not be used for the sharp resolvent estimate with dimension three
since the Strichartz estimates in [11] are sharp. This is different from the case
of the continuous Laplacian —A (in this case, the endpoint Strichartz estimates
implies the sharp resolvent estimate (3) with p = 2d/d + 2 and with ¢ = p’).
Instead, we use the strategy in [1] and calculate the Fourier decay of the surface
measure for the Fermi surface. In [2], the Fourier decay away from the umbilic
points (the points where all principal curvatures vanish) are studied. In this paper,
we improve this result and also deal with the Fourier decay near the umbilic point.
For its application to the random Schrddinger operators, see [2] and references
therein.

The main result of this paper is the following theorem.
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Theorem 1.1. (i) Resolvent estimates away from the thresholds. Let p € [1,2]
andr € [1, %] For e > 0, set

3
D=z €C||z—4k| > &}.
k=0

Then the resolvent Ry(z) = (Hy — z)™! satisfies

sup ||RO(Z)||B(1p(Z3),1p/(Z3)) < o9,
zeDA\R

sup [W1Ro(2)W2| a2 z3y) < 0°.
z€D\R, ”VVj”lr(Z3)=1

(i) Resolvent estimates near the thresholds. Let p € [1,%] and r € [1,3]. Then
we have

sup [|Ro(2)ll pur(z3y,10' z3y) < 0°
zeC\R

sup [W1Ro(2)W2| pu2z3y) < oo
ZEC\Ra ”W] ”1}’(Z3):1

Remark 1.2. [13, Theorem 1.11 (iii)] shows that the range of p and r in (i) are
optimal.

Remark 1.3. The above results are proved in [8] for p € [1,12) and r € [1, 12)
(see Lemma A.1).

Remark 1.4. More generally, it follows from [14, Theorem 1.2 (i)] that the
uniform resolvent estimates away form the diagonal line hold, that is,

sup [[Ro(2)l B r(z3).19(z3)) < 00
ze€D\R

for

5 1 1 2
—< =, —-<-=.
7 p qg 7

=

() NN

1
q 9

SE I

Moreover, [14, Theorem 1.2 (ii)] implies that Ro(z) is Holder continuous on
B(1P(Z3),17 (Z?)) for 1 < p < 5/4. From this result and the proof of [13,
Theorem 1.9], it is expected that the wave operators Wi = lim;_, 1o, e'H ¢=1?Ho
exist and is complete for H = Hy + V with V €/ 3 (Z3). We omit the detail.
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Finally, we state a possible conjecture on the resolvent estimates near the
threshold energies. The author expects that for p € [1, %], the following estimates
hold:

3
3¢l _1y_
1R0(2) f Nl 23y §C(1'[|z—4k|2‘p 7 1)||f||,p(Z3), forz € C\ R. (5)
k=0

By virtue of Proposition 2.1 and [1, Proposition A.11], in order to prove (5), we
only need to prove

3
3(L_1Hy_
Ix(D)Ro(2) f Nl z3) < C( [11z—4k1z 2" 1)||f||,,,(Z3), forz € C,
k=0

where y € C(T?) is supported around &, with & € (M4 U Mg) \ Cr(ho). The
estimates (5) can be applied with the Keller type eigenvalue bounds for three-
dimensional discrete Schrodinger operators with complex potentials (see [3] for
the continuous Laplacian).
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lowship for Young Scientists, KAKENHI Grant Number 17J04478 and 20J00221.
Moreover, it is also supported by the program FMSP at the Graduate School of
Mathematics Sciences, the University of Tokyo. The author would like to thank
Kenichi Ito and Shu Nakamura for encouraging to write this paper. The author is
grateful to J. C. Cuenin and I. A. Ikromov for pointing out a mistake of the earlier
version of this manuiscript.

2. Preliminary, reduction to the Fourier decay of the surface measure

2.1. Uniform resolvent estimates near thresholds. To obtain uniform resolvent
estimates near thresholds, we only need to the argument in [13, Proposition 3.3]
slightly.

Proposition 2.1. Let d > 3 and T:T? — R be a smooth function with a non-
degenerate critical point &y with corresponding energy Ag. Then there exists § > 0
such that for y € C2°(Bs(§0)) and for r € [1,d], we have

W1 x(DYX(T (D) — 2)"' Wallpazczayy < ClIWilir@ayIWallirzay (6

with a constant independent of Wy, W € 1"(Z%) and z € C \ R.
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Remark 2.2. In [1, Proposition A.11], it is proved that
_ d_
W1 x(DY(T (D) — 2) "' Wallp2y < Clz — Aol " "' Gr () |WillLr W2l e
forr € [d,d + 1], where

Gr(z) =

|log|z — Aol| if & is a saddle point and if r = d,
otherwise.

Proposition 2.1 improves this result when & is a saddle point and when r = d,
although in [1, Proposition A.11], the Shatten norm estimates are shown. For the
results on exact ultrahyperbolic operators, see [5].

Proof. We shall slightly modify the argument in [13, Proposition 3.3]. We may
assume Im z < 0. Since [71(Z%) c 172(Z4) for p; < p», we may assume r = d.
We take § > 0 small enough such that the Hessian of 7'(£) does not vanish on
Bjs(£o). Then for y € C(Bs(&p)), the stationary phase theorem implies

_d
2
b

”X(D)e_itT(D)||B(11(Zd)’loo(Zd)) < C(Z)

where we note that the singularity at 1 = 0 does not occur by virtue of the com-
pactness of supp y (see the proof in [11, Theorem 3]). Applying [7, Theorem 1.2]
with U(t) = ljo.1y(t)x(D)e™*TP) it follows that the unique solution u(#, x) to

idu(t, x) — T(D)u(t,x) = g(t,x), u(0,x) = up(x) € 12(2%) @)
satisfies
(DYl 120 7y.02* 2y < C ol r2gzay + CliglLzqo .2+ 2y

where 2* = 2d/(d —2) and 2, = 2d/(d + 2).
Let f be a finitely supported function. Set

gt,x) =" f(x), up(x) =(T(D)—2)"" f(x), u(t,x)=e" u(x).
Since u(¢, x) and g(t, x) satisfy (7), we have
YD) x(DY?uol 2+ gay < Clluollzzzay + Cy (D f 12« zay,

where y(T) = (fOT le’t?|2dt)"/2. Since Im z < 0, we have y(T) > +/T. By
letting T — oo, we obtain

||X(D)2(T(D) - Z)_1f||12*(zd)) = C||f||l2*(Zd)-

Now Lemma A.1 implies (6) for Im z < 0. |
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2.2. Uniform resolvent estimates away form thresholds. We use the following
propositions essentially due to the arguments in [1, Proposition A.5] and [14,
Theorem 1.2]. Although [1, Proposition A.5] is stated only for a hypersurface
in R, its proof there can be applied with a hypersurface on T¢.

Proposition 2.3. Letd > 1 and M C T be a hypersurface with normalized
defining function p: T¢ — R. For y € C®(T%) and k > 0, assume that

sup (1 + |x)* xdoy (x) < oo, (8)

xezd

where doy denotes the canonical surface measure on M. Then forr € [1,242k],
we have

IW1x(D)(p(D) — 2) " Wallpazzay < ClIIWillir za)llWallir za)-

with a constant independent of Wy, W € 1I"(Z%) and z € C \ R.

By using a partition of unity, to prove Theorem 1.1, it suffices to prove the
following theorem.

Theorem 2.4. Let A € (0, 12). We denote M = M and p(§) = ho(§) — A.

(i) Let A € (0,4) U (8,12) and & € M;. Then for any y € C*®(T3) supported
close to &, (8) holds for k = 1.

(i) Let A = 6 and £ € My. Then for any y € C*(T?3) supported close to &, (8)
holds for k = %

(iii) Let A € (4,8)\ {6} and £ € M. Then for any x € C>°(T3) supported close
to &, (8) holds for k = %.

(iv) Let A € {4,8} and € € M \ Cr(hg). Then for any y € C*®(T3) supported
close to &, (8) holds for k = %

Remark 2.5. In [2, Theorem 2.1], (iii) is proved for r = % —¢forany ¢ > 0

(more precisely, the estimates with a logarithmic loss). Our result (iii) improves

the result in [2].

Proof of Theorem 1.1. Proposition 2.3, Theorem 2.4 (i), (ii), and (iii) imply
Theorem 1.1 (i). Moreover, Proposition 2.1 and Theorem 2.4 imply Theo-
rem 1.1 (ii). O

In the rest of this paper, we will prove Theorem 2.4.
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3. Some oscillatory integrals

In this section, we collect the results on the decay rate of some oscillatory integrals.
It is regarded as generalization of the Van der Corput lemma in higher dimensions.
Oscillatory integrals of the following forms are studied in [15]:

/X(n)emf(")dn as A — oo.
R2
For our purpose, we need the decay rates for the Fourier transform of the surface

measure. To do this, we use the recent result by Ikromov and Miiller [4]. To prove
the decay of such integrals, we need the following elementary lemma.

Lemma 3.1. Let o, B € R\ {0} and define

fio oo f3:8S={neR*||n=1}->C
by

fi) = anina + Bmns,  fo(n) = an} + Bni.  f3(n) = anin. + Bni.

Then any zeros of the functions f1, f>, f3 are simple.

Proof. We denote n; = cos6 and 7, = sinf. Let ¢ € [0,27) \ {0, Z, 7, 2Z} be

satisfying cos ¢ = oﬂi;fﬂ and sing = Then we write

f1 = cos B sinB(acosb + Bsinb) = a2 + B2cos O sin b sin(f + @),
fo=acos® 6 + B(1 —cos®h),
f3 = —asin®6 + Bsin? 6 + a.

Since the zeros of cos 6, sin 6 and sin(6 + ¢) are simple and since these zeros are

distinct, it follows that the zeros of f; are simple. A simple calculation gives

d
d—J;2 = —sin 6 cos 0(3a cos 6 —20).

Thus,
d
50 = L5y =0 = cost = £V3
Since | cos 8] < 1, then the zeros of f, are simple. Finally, we have

_ . . B B . i B>
f3——(XSln9(Sln0—£— r“z‘l-l)(sln@—%‘l- r“z‘l-l)

which only has simple zeros. |
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The next proposition is a consequence of [4, Theorem1.1].

Proposition 3.2. Let f be a real-valued smooth function near 0 € R2. For
xecCx (R¥) supported near 0, define

I(x) = / X(n)ehi(mm+xznz+x3f(n))d,7’ x e R3.
R2
If the support of y is close to 0, the following holds.
(i) Suppose that f can be written as

2
f) = fO) + Y 3y, fO; + ar2minz + aaimn + O(nl*) as Inl -0

Jj=1

with a12, 021 € R\ {0}. Then we have 1(x) = 0(|x|_%) as |x| — oo.

(ii) Suppose that f can be written as

2
) =FO) + ) 8y, SO + c2m3 + Y cijeninmk
j=1

itj+k=3
i<j<k
5
+ ) ijemmininenm + O(nl®)  as | > 0
i+j+k+m=4
i<j<ksm

with ay € R\ {0} and a;ji, oijkm € R. We assume
o111 =0 = o112 75 0 and o1111 = 0.

Then we have

O(x[78) as|x| > o0 ifans #0,
0(|x|_%) as |x| - oo otherwise.

I(x) = {

Remark 3.3. The results in [15] imply that the above estimates are sharp for
x1 = x2 = 0 and |x3| — oo at least if f is analytic.

Proof. We may assume f(0) = 0. Moreover, changing of the variable x]/. =
Xj + 9y, f(0)x3 (j = 1,2) and x} = x3, we may also assume 9, f(0) = 0 for
j=12.
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(i) We use some notations and definitions from [4, before Theorem 1.1]. Let
Jpr be the principal part of f, 7(f) be the principal face, d( /') be the Newton
distance, i ( f) be the height of f and v(f) be Varchenko’s exponent of f. By a
simple calculation, we have

n(f)={meR*|m=1Ln=2mn

For() = araning + aximin3, d(f) =

Moreover, it turns out that the coordinate 7 is adapted in the sense of [4]. In fact, it
follows that 7 ( /) is the compact edge and m( fyr) = 1 < % = d(f) (this follows
from Lemma 3.1), where m( f,) is the vanishing order of f,|g1. This implies that
f satisfies the condition (a) in [4, before Lemma 1.5] and hence the coordinate
is adapted. This implies 2(f) = d(f) = % Since h(f) < 2, we have v(f) =0
by its definition. Now our claim follows from [4, Theorem 1.1].

(ii) First, we assume o117 7 0. By Lemma 3.1, we have

n(f) = {neRz‘m ZO,nzzO,nzz—ngrZ},
Jor(n) = @ani + a1,

af)=h(f) =%
m( for) = 1.

Since h(f) < 2, we obtain v(f) = 0 and I(x) = O(|x|_%). Next, we assume
o111 = 0. Since a1111 = O, we have
5 1
7(f) = {ne R m = 0m = 1 = —Sm + 2},
for(m) = a2n3 + 201121372,
4
d(f)=h(f)=§,
m(fpr) = 1.

Since h(f) < 2, we obtain v(f) = 0and I(x) = O(|x|_%). O

Remark 3.4. When «;11 = 0in (ii), the condition ;117 = 0 is necessary since
in general, the principal part is written as fj:(7) = a2 n% + 20(11277%7;2 + 06111177?.
As is pointed out by J. C. Cuenin and I. A. Ikromov, the optimal decay of [ is
O(|x|_%) for the phase function f(n) = (92 — rﬁ)2 = 77% — 277%772 + 77‘2‘.
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4. Geometry of hypersurfaces
In this section, we study the geometry of the Fermi surface M for A € [0, 4d].

4.1. General theory. Let M C T3 or M C R3 be an embedded hypersurface
of codimension 1. Let ¢ € M. We may assume that there exist an open
neighborhood U C T3 or U C R3 of ¢, an open set V C R? and a smooth
function f:V — Rsuchthat M N U = {(&, f(&§')) | & € V}. We compute the
induced Riemannian metric g on M, the unit normal v, the second fundamental
form A(§") = (A (é/))l.z’j=1 and the Gaussian curvature K (§'):

2
g=> (140 f(EN)dE} + 20¢, f ()0, [(§dE1dE,,

j=1

" 1 —Ve f(g’)) Ay = 0% TE)
Ve \/1+|Vs/f(é/)l2( 1 - A VI+ Ve fFE?
K, (&) = S5 6 _ det dg, 0, f(§)) o)

detg(§) — (1+|Ve f(E)?)?*

Lemma 4.1. We denote the Gaussian curvature at § € M NU C T3 by K(§),
that is K1(§") = K&, f(&)) for & = (&, f(§")) € M NU. Then it follows that
Ve Ki(§') # 0 if and only if

(Veho x VeK)(E', f(§)) # 0.
Proof. We recall Vhy is the unit normal of M, and is parallel to the vector
(_851 fs _aé’zf’ 1).

We learn

Ve K1) = (Ve K)E, f(§) + 0, K)E, f(ENVe f(E)

—0¢, f —0g, K0, [ — 0g, K
(—3szf) x VeK (' f(§) = ( g Kg, f + 0, K ) :
1 —0¢, [0, K + 0, 05, K
It follows that (Veho x VeK)(&', f(§')) = 0 implies Ve K{(§') = 0. A simple
calculation implies that Ve K1 (§') = 0 gives —0d¢, f0g, K + 0, f 0, K = 0 at
&€ = (¢, f(&)). This completes the proof. O

and
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It is useful to calculate the Taylor expansion of f in terms of information about
the Hessian of f:

Lemma 4.2. Let V C R? be an open set and f € C®(V:R). Moreover, the
2 x 2-matrix B(') is defined by B(§') = (0¢, ¢, f(E/))]z’kzl. Suppose that there
exist smooth functions A+ (§") € C*°(V; R) and a orthogonal matrix

UE) = (u+E) u-(&)), ux)eC>(V:R?)

with
ug(€') - up’) = 8ap, a.b e{£}
such that
n—1 4 A )H-(‘i:/) 0
UE) BEE) = ( 0 L(E/))'
Let p € V. Set U = U(p) and introduce the variable

n=U""(¢—p).
Then we have
1
fE) = f(p)+ 3 f(p)-Un+ E(M(P)rlf +A-(p)n3)
1
+ §(u+(p) - (Verd)(p)ni +u—(p) - (Ve Ao)(p)n3)

1
+ 5(3u—(p) ~(Verd ) (P)ninz + 3us(p) - (Ve d-)(p)nin3)
+ o(Inl*

asn — 0.
Proof. We note

(& —p)- 35 f(P)E — p) = n-"UB(p)Un = A1(p)*ni + A-(p)*n53.
Thus, it suffices to prove

0 f(p) =us(p)- (Verr)(p). 87,05, f(p) =u—(p)- (Vedi)(p).
Iy 02, f(p) = uy(p)- (Ve )(p). 05, f(p) = u—(p)- (VA )(p).

To see this, we observe

U(p)~' 9z f(ENU(p) = 33 f(§).
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This implies

AE) 0\ o
( 0 A_(g/)) = UE) ' U(Pp)&, fEU(P) T UE)

Differentiating in £ and substituting £’ = p, we have

(3s’k+(p) 0 )
0 dg'A—(p)

= 0x02 f(§) + U(p) " U(p)3; f(p)U(p) ' (3:U)(p)
—U(p)~ @ U)(p)U(p) " U(p)d5 f(p)U(p) "' U(p)
= 0g02 f(&') + 92 f(P)U(p) ' (3:U)(p)
—U(p)~' @ U)(p)d; f (p).

(In

Using
Qg lus(E))g=p = 31 =0
and
gt (8) - u—(€))]gr—p = 80 = 0,
we have
ut(p) - dgut(p) = u—(p) - dgu—(p) =0,
uy(p) - dgru—(p) + dguy(p) -u-(p) = 0.
This implies

- _ fuy(p)-0gus(p) uy(p)-dgu—(p)
Up)~ 0 U)p) = (u—(p)-asfm(p) u_(p)-ag/u_(p))

_ ( 0 u+(p)- 8sfu—(p))
u—(p) - dgru(p) 0 '

Setting a = u4(p) - dgru—(p) = —u—(p) - dgus(p), A = 33 f(p) and B =
97, f(p), we have

02 f(PU(p)~ @ U)(p) —U(p) ™' (0 U)(p)d; f(p)
(A O 0 a 0 a\(A 0\ _ 0 a(A—B)
(0 )% 8- D6 ) =lals 4 7)
(12)
It follows from (11) and (12) that

de At (p) = (07 ) f(p), BerA—(p) = (3:93,) f(p)
Using 0, = u4(p) - 0¢ and 9y, = u_(p) - ¢/, we complete the proof. O
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4.2. Geometry of the Fermi surface. In the following, we consider the Fermi
surface M = M, = hy'({A}). We fix some notations. For j = 1,2, 3, we set

aj = a;(§) =cos2n;, b; =bj(§) = sin2n§;.
Set
E)=3-1/2€(-3,3) for0< A < 12.
From the expression (1), we have

MA:{%'GT?’ |a1+a2+a3:E,1},

, (13)
Cr(ho) ={£ €T’ |bj =0,j =1,2,3},
where we recall that Cr(/y) is defined in (2). We define

K(£) € C®(T3\ Cr(ho);R): the Gaussian curvature of Mj, at &,
p(€) € C®(T3\ Cr(ho); R®): the unit normal of M; at &,

where the smoothness of K follows from the implicit function theorem. For

§ € M; N {0gh0(5) # 0} = {b3 # 0}

we write

§=ELE). KE, NLED) = K@)

We note that the map (¢, 1) — f; (§') is smooth by virtue of the implicit function
theorem.
We can calculate K and v explicitly:

Lemma 4.3. We have

47r2(a1a2b§ + a2a3bf + a3a1b§)
(b + b3 +b3)?

1
/b3 + b2 + b2

Proof. Let & € T3\ Cr(ho) and U be a small neighborhood of £&. We prove (14)
at &. Set A = ho(&o). By permutating the coordinate, we may assume b3(§) # 0.
By the implicit function theorem, U N M, has a graph representation:

UnM,={E. LE)}

K(§) =

’

(14)

v(é) = (b1,b2,b3).
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Differentiating ho(§', f1(§')) = A twice, for j = 1,2, we have

/ bj
de; fa (&) = _b_]’ (15a)
3
2 !/ 2” 2 2
a;:j fl(é) = —ﬁ(ajb3 + a3bj), (15b)
3
, 2nb1bra
dg, 0g, f2(§") = _%. (15¢)
3
This implies
(b2 + b2 + b2)?
(1419 fE)P)? = ——5——,
3
det 93, f3.(&) := 03, f (€03, f(§)) — (0, 0g, f(§))°
2
= %(alazbi + a2a3bf + a3a1b§).
3
Substituting these relations into (9) and (10), we obtain (14). O

Now we determine all points where the Gaussian curvature vanishes.

Proposition 4.4, Let 0 < A < 12.
(i) We have

K~1(0) N M, ={a1az + azas + aza, = arazas(a; + ax + as)}
={a; =a>» =0} U{ay = a3 =0} U{asz = a; = 0}
Ul{ay +az +az =1/ay + 1/az + 1/asz, ay,az,as # 0}.
(16)
Moreover, if K(§) = 0with & € M) \ Cr(ho), then 4 < A < 8 holds.
(ii) All principal curvatures of My \ Cr(ho) at & vanish if and only if §; €
{1/4,3/4}for j =1,2,3and A = 6.
(iii) The Gaussian curvature K(§) on Mg vanishes if and only if §&; € {1/4,3/4}
for j =1,2,3.

Proof. (i) The first part immediately follows from the representation (14) and the
relations a7 + b7 = 1for j = 1,2,3.

Next, we prove that K(¢§) = 0 with § € M, implies 4 < A < 8. Let
£ € K~1(0) N M, and set

f([) =13 E,llz + (Eka1a2a3)t —aiajas.
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Then (13) and (16) imply that a;, a, and a3 are all zeros of f. Since
lim f(t) = o0
t—too
and a; € [-1, 1], we have f(1) > 0 and f(—1) < 0, which implies
(I - EN( —arazasz) =0, (1+ E3)(1+ aiazas) <0.

These inequalities with |ajazas| < 1 gives —1 < E, < 1, which is equivalent to
4<A<8.

(ii) Let ¢ € M) \ Cr(ho) with 4 < A < 8. By permutating the coordinate, we
may assume that b3 (&) # 0 and that we can write U N M), = {(&', f1(¢'))}. Then
all principal curvatures of M), at £ vanishes if and only if 0, ¢, f(§") = 0 for each
k,l = 1,2. This is also equivalent to

Ski(1—a3)a + brbyy/1 —a2 /1 —ala3 =0, k.l =12. (17)

Since it is easy to see that §; € {1/4,3/4} for j = 1,2,3 imply (17), then we
prove that (17) implies &; € {1/4,3/4} for j = 1,2, 3. Recall that |a3| # 1 since
we assume g, hog # 0 on M,

If we suppose a3 = 0, then (17) with k = [ = 1,2 imply that a = 0 for
k =1,2and hence & € {1/4,3/4} fork = 1,2,3.

If we suppose a3z # 0, then (17) with k = 1 and / = 2 imply that either |a |
or |a,| is equal to 1. Then it follows from a3 # 0 and from (17) with k =1 =1
or k = [ = 2 that |az| = 1. Thus we obtain |ax| = 1 for k = 1,2 by (17) with
k =1 =1, 2. However, this contradicts to VA (§) # 0 and hence a; = 0.

(iii) We note that A = 6 is equivalent to £, = 0. (13) and (16) implies
ay +az +az = ayay +azaz +aza; =0 (18)

at & € M. Then, it follows that a;, a,, as are the solutions to the equation
1? —ajazaz = 0. (19)

If ajaraz = 0, then we have a; = a» = az = 0 and hence & < {1/4,3/4}
holds for j = 1,2,3. We suppose ajazaz # 0 and deduce a contradiction.
Substituting (19) into ¢ = ay, a» and as, we have a} = a3 = a3 = ajazas.
This gives a? = asas, a3 = asza; and a3 = aja. Combining these relations
with (19), we obtain a; = a, = az. Thus (18) implies a; = a, = a3 = 0. This is
a contradiction. O
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Lemma4.5. Let4 < A < 8with A # 6 and &« € M; N K~1(0). Then we obtain

Veho(£+) x VeK(5:) # 0. 20)
In particular, from Lemma 4.1, we have (Ve K1) (§},) # 0, where &, = (&, fi(€)).

Proof. We set
V(E) = (b1,b2,b3), K(§) = arazb3 + arasb} + aza1b3.
Using K (,x) =0, Vhy || v and (14), we see that (20) is equivalent to
v(§x) x VeK(E) # 0.

A direct computation gives

~ babs(az —az)(1 —ay(ay + a2 + as))
v(§) X VeK(§) = —2m | bsby(az —a1)(1 —az(ar +az +az)) | .
biba(ay —az)(1 —az(ay + az + as))

We note that (a; + a> + a3)(é«) = Ej,. Moreover, it follows that A € (4, 8) is
equivalent to E; € (—1,1). These relations with —1 < a; < 1 imply that for
& e My, v(E) x VeK(§) = 0is equivalent to

b2b3(a2 — a3) = b3b1(a3 — al) = blbz(al — az) =0 at ‘i: (21)
Since & € M; N K~1(0) with A € (4,8) \ {6}, (14) implies that (21) does not
hold at &,. This completes the proof. |

4.3. Concrete description of the Fourier transform of the surface measure.
Now we set

a1b§ + a3b% b1bras
b3 b3
2 f(E) =—2n > ? =: B(&)). 22
2 /() S E )
b3 b3

Proposition 4.6. Let £, € M; N K~1(0) with A € (4,8) with b3(£x) # 0
and U C T3 be a small neighborhood of & such that U N My has a graph
representation: U N M = {(§', fA(E")}.

(1) If A = 6, then f, has the following Taylor expansion near &, = (€, f1(EL)):
HE) = fu) + Qg fL)ED -0+ aeninz + aaimn; + R(),  (23)

where n = (n1,1m2) = & — &, and a real-valued function R satisfies
|0y R(n)| < C|n|max@=1v1.9) Here ay5, a1 € R\ {0}
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(ii) Suppose A # 6. We regard &' — £, as a vector in R2. Then there exists a2 x 2

(iii)

unitary matrix U such that
€)= fLED + B L)ED - Un + eany + aanj
+ (a111m; + 321120102 + 321220115 + 022073)

+ ) jkm i Menm + R(),
i+j+k+m=4
i<j<k=m

where we set
n=(m.n)=U"E-§)

and a real-valued function R satisfies |0y R(n)| < C|n|™*G=I"L0) " Here
oy, 02,0 € R fori, j = 1,2 satisfies (a1, a2) # (0,0) and

a1 #0 = (x122,0222) # (0,0),
ar #0 = (aq11.a112) # (0,0).

Moreover, it follows that if (a1, a111) = (0,0) or (a2, @222) = (0,0) hold,
then we have

(al(g*)’ 612(5*), 613(5*)) € {(07 O’ El)? (0’ E/l’ O)’ (EA’ Ov 0)} (24)
Suppose A # 6. Let &, satisfying
ai(§«) = a3(6) =0, azx(6x) = Ey.

Then we have
AE) = [rE) + Qg [)E) & + oné] + a2k
+ (111§} + 3126762 + 301226165 + 022263)
+ Y dijembibiErEm + R(E),
i+j+k+m=4

i<j<ksm

where

ar =ain =111 =0, o2 #0,

hold and a real-valued function R satisfies |7, R(§')| < C|g/|maxG=Iv].0),

Proof. (i) Let &« € Mg N K~1(0). Proposition 4.4 implies that (§.); € {1/4,1/3}
foreach j = 1,2, 3 (which automatically implies b3 (£x) # 0). We prove (23) only
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for (£x); = 1/4, j = 1,2, 3. The other cases are similarly proved. Differentiating
ho(&', f1(§")) = 6 three times, we have (15) and

’ 42 bbby
¢, 0g, 0g, [2(§)) = b—s((8k181mbk — P2 )
- Z—i(r?kzakbmb§ + 81maby b3 (25)
3

+ Smrkambib3 + 3bmbkbla3)>
for j, k,l = 1,2. Substituting this into &, = (1/4, 1/4, 1/4), we obtain
03 fLED =0, 32,0, f1(EL) = 03, 0, fu(E1) = —4m>.

for j = 1, 2. Taylor expanding f;, we obtain (23).

(ii) We recall B is the matrix defined in (22). We denote the eigenvalues of B
at & by A (&') and A_(¢). Now (10), (22), and Lemma 4.5 imply

Ver det B(%‘;) # 0.

Thus,
(Ve A1) (EDA-(E) + (V) (EDA+(E) # 0.
Since A4 (§,)A— (&) = 0 and (A4.(§,), A-(£})) # (0,0), we have
A6 =0 = Vegd_(&§) #0, (26)
A-(§) =0 = Vehi(§) #0. (27)
Note that A (&,) and A_(&,) are distinct by virtue of Proposition 4.4. Then
[10, Theorem XII.4] implies that A4 (¢) and A_(&’) are analytic near £, and the
corresponding unit eigenvectors u 4 (§') and u_(§’) can be chosen to be analytic
near £,. Now our claim follows from Lemma 4.2, (26), and (27). (24) will be
proved in Appendix B.
(iii) It suffices to prove o112 # 0and o; = o111 = 1111 = 0, that is,
02 06, fu(E) # 0. 02 flE)) = 0 i) = 3 fu(E)) = 0.
The relations 8?1 dg, f2(£L) # 0 and 8?1 fiEl) = 821 f1(EL) = 0 directly follow
from (15) and (25). Differentiating ho(&’, f;(§')) = A four times in &;-variable,
we have
— 87 ay + (3%, f1)bs + 87 (0, f2) (3¢, f2)as + 67 (37, f1) a3
— 247> (33, f1) (0, f1)?b3 — 127° (g, f2)*as = 0.
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Substituting

ai (&) = asz(€x) = 03, f1(52) = 82, fa(EL) =0,
we obtain agl frE) =0. O

5. Proof of Theorem 2.4

By permutating the coordinate, we may assume dg,/19(§) # 0 on supp y. We use
the following representation:

dg’
|Vho(€, f2(EN|

xdow, (§) = / H(E . fuE e rfrrRitn i)
T3
where & = (&1, &) and we write M), = {(&', f1(§'))} locally.

Theorem 2.4 (i) and (iv) directly follows from Proposition 4.4 (i), (ii) and
the stationary phase theorem. See [12, Chapter VIII, §3, Theorem 1]. Theo-
rem 2.4 (ii) follows from Proposition 3.2 (i) and Proposition 4.6 (i). Moreover,
Proposition 3.2 (ii) and Proposition 4.6 (ii), (iii) imply Theorem 2.4 (ii) (if neces-
sary, permuting the coordinate). We finish the proof.

Appendices

A. Equivalence of uniform resolvent estimates

Next elementary lemma follows from the Holder inequality and the duality argu-
ment.

Lemma A.1. Let p € [1,2] and r € [2, o] satisfying

L1l
p 2 r
Set p’ = p/(p —1). Then
1Al par@ayir @zdy <€ (28)

is equivalent to
W1 AWall g2 (zayy < CIWillirgay|Wallirgay  for Wi, Wa € 17(2%)  (29)

with a same constant C > 0.
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Proof. Letu € 1?(Z%). The Holder inequality with (28) implies
W1 AWaullj2(zay < (Wil zay | AW2ull; 0 (za)

< ClWillyrzayllWaull 1o za)
< ClIWillyr zayIW2llyr zay lull 1224y

Thus we have (29). Conversely, assume (29) and fix W, € I” (Z?). First, we prove
IAW2| g2 (zdy 10 zayy < CIWallir zay- Let u, w be finitely supported functions.
Then (28) implies

y2 _P
|(U), AW2M)12(Zd)| :|(|U)| Zsgnw, |U)|1 2 AW2M)12(Zd)|
L _p
<Cll|w|2 ll2zay 11w ™2 [l czay IWallir gy [ 2z

=C|Wall;rzayllwlipzaylulli2zay-

Thus we have |AWz| pg2zay,1r' zay = ClIW2ll;r(zay. Similar argument also

implies (28). O

B. Proof of (24)

In this appendix, we prove (24). We introduce the notation

. bj
aj = a‘,-(E) = COSZJTE]', bj = b](%') = SIHZJTE]', ¢ = Cj(E) = tan2n§,- = a—]
J

and recall My = hy'({A}) and E; = 3 — 1/2. We note
Eie(=1,1) < e (48).
For £ € M) with b3(§) # 0, we write

§=( 1®).

We recall
alb_% + a3bf b1b2613
B() = 0 f1(§) =2 b b
= , = 2
A b1bras a2b§ + a3b§
b3 b3

and denote the eigenvalues of B(§’) by A4 (§') and A_(£’) and the corresponding
eigenvectors by u 4 (£§’) and u_(¢’).
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In order to prove (24), by permuting the coordinate, it suffices to prove

A (E) = up(5) - 0gAs(E,) =0
= (al(g*)’ aZ(E*)’ 613(5*)) € {(0’ 0’ E/l)’ (O’ El’ 0)’ (E/h O’ O)}

if we suppose E; € (—1,1) \ {0}. We recall A_(&,) # 0if A+(£,) = 0 by
Proposition 4.4 and by the condition £, # 0. Since

aj =0 forsomej =1,2,3
= (a1,a2,a3) €{(0,0, E;), (0, E3. 0), (E;,0,0)},

at £ € K~1({0}) N M;, we only need to prove

aj #0 forallj =1,2,3 and A;(&)=0

/ (30)
— wi (8- DA (E) # 0.

First, we compute the null eigenvector of B(£.).
Proposition B.1. Suppose E; € (—1,1) \ {0}. If

Ee = (51 S2(E)) € Mu N KTH{ON \ (fa1 = 0} U {az = 0} U {b3 = 0})

satisfies Ay (§L) = 0, then we have

e 1 (06)

c2(5x)

We will prove this proposition in the next subsection. It follows from this
proposition that under the condition A4 (€,) = 0, the equation

Ui (§)) - dgrAs(5)) = 0
is equivalent to

(61 (§+)
c2(8x)

if a1(&«) # 0 and ax(£x) # O are satisfied. Since det B(§,) = 0, this equation is
also equivalent to

) @sder e =0

4

(ﬁ;gi;) (se et (528) ) e =0 G1)
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Lemma B.2. Suppose E; € (—1,1)\ {0}. For & = (¢, f,.(§')) € M), we have

bi(az —ay)(1 — Ekaz))'

—bg‘
i det(FB) = —2n (52(a3 —ax)(1 — Ejap)

Proof. We set
_ b3
2w

M
A direct calculation gives
M =a1a2b§ + a1a3b§ + a2a3bf.
Since

8§:ja3 = —27Tb3(8§:j f,\) = 27Tbj
and
ngb3 = 27m3(85j f)L) = —2nbja3/b3

(recall (15)), we obtain

dg, M(§) =2mb1 (a1 —a3)(1 —az(ay + az + as))
dg, M(§) =2mba(az — a3)(1 —ay(ay + az + as)).

This completes the proof. O

Now we compute the left hand side of (31). We assume a; # 0, a, # 0 and
as # 0. Using the relations a;b;c; = b7, we have

4
(o) (60 (58))
= (b1c1 + bacr)as — b% - b%
+ Ej(araz(bic1 + baca) —az(bicraz + aibacz)).
Since 213 —1 bjcj = 0 which is proved in Lemma B.3 below, we obtain
X _p4
5e(c) (veaet(579)
= —asbszcz — bf - b%

— Ej(ajazbscs + az(bicraz + aybacs))

2 2 2
_ —b2 _ b2 —b2 _ El(a1a2b3 + a2a3b1 + a3a1b2)
1 2 3 as a ar
ala? + a3a3 + a3a?
— 3a1a2a3 .
aaszas

= b} — b2 — b3 — Ex
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From the relations (see (16))
ay +az+asz = E,, ajaz+azas+aza; = Eyarazas,
we obtain

aia3 + a3a3 + a3ai = Ejarazaz(Ejaiazas —2),
bt + b3 + b3 =3 — E; + 2Ea1a2a3.

Thus we have
1 C1 —b§
— . —>B
2w (Cz) (8S det( 21 ))
= E/% —3— ZEAalaza3 — EA(EA(EAa1a2a3 — 2) — 3611612613)

= —a1a2a3Ef + 3E§ + ajarazE) —3
= (E)2L — ) (—ayazasE) +3) #0

since £, € (—1, 1). This proves (30).
B.1. Proof of Proposition B.1. We need the following lemmas.

Lemma B.3. Suppose E) € [—1,1]. Then, for
§ € My \{a1 =0} U{az =0} U{az = 0},
K(&) = 0 holds if and only if

b(§) = (b1(5),b2(8),b3(8)) L c(§) = (c1(§), c2(8), c3(§)),

where we recall that K(§) is the Gaussian curvature at ¢ € M) which is defined
in Lemma 4.1.

Proof. By virtue of (14), K(§) = 0 if and only if
a1a2b§ + a2a3bf + a3a1b§ =0 até.
Since b]? = a;jbjc;, this equation is equivalent to
ayazasz(bici + bacor + bzc3) =0 até.

This is also equivalent to b(§) L ¢(&) under the conditions a; # 0, a, # 0 and
as 75 0. O
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Lemma B.4. Suppose E;, € (—1,1). If§ € K '({0}) N M,, then we have
(b1(§),b2(8)) # (0,0). In particular, we obtain (c1(€), c2(§)) # (0,0).

Proof. 1f b1(§) = ba(§) = 0, then we have |a;(§)] = |ax(§)] = 1. It follows
that a1 (§) = a»(§) = =1 does not hold since these imply a3(§) = E; F2 ¢
[—1, 1], which is a contradiction. Thus we have (a;(§),a2(§)) = (£1,F1) and
asz(&) = E; by (13). Using (16), we conclude Ei = 1, which is contradicts to
E; € (—1,1). O

Lemma B.5. Suppose E; € (—1,1). For§ € K~'({0)NM;\{a; = 0}U{a, = 0}
with bz (§) # 0, we have

B(#) (Z) =0, (32)

where we write § = (¢, f,(§))) € M;,. In particular, the vector (c1,c2) is
the eigenvector of the matrix B with 0-eigenvalue at &', where we note that
(c1(&"),c2(&")) # (0,0) by virtue of Lemma B.4 (and by E; # 0).

Proof. By virtue of (22), it suffices to prove
cl(a1b§ + a3bf) + cab1braz =0, c1bibras + Cz(azb:,% + a3b§) =0.
Using the relation c¢ja; = b; and Lemma B.3, we have

C1 (dlbg + a3bf) + Czb1b2a3 = bl (b% + (b1C1 + b2C2)a3)
= bl (b% — a3b3C3) =0.

The equation c1b1bras + cz(a2b§ + a3b§) = 0 is similarly proved. O

Now Proposition B.1 immediately follows from Lemma B.5.
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