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A theorem on the multiplicity of the singular spectrum
of a general Anderson-type Hamiltonian
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Abstract. In this work, we study the multiplicity of the singular spectrum for operators of
the form A® = A+ ), ,C,, on a separable Hilbert space H, where A is a self-adjoint
operator and {C }, is a countable collection of non-negative finite-rank operators. When
{wn }n are independent real random variables with absolutely continuous distributions, we
show that the multiplicity of the singular spectrum is almost surely bounded above by the
maximum algebraic multiplicity of the eigenvalues of the operator /C,,(A® — z)~'/C,
for all n and almost all (z, w). The result is optimal in the sense that there are operators for
which the bound is achieved. We also provide an effective bound on the multiplicity of the
singular spectrum for some special cases.
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1. Introduction

Spectral theory of random operators is an important field of study, and within
it, the Anderson tight binding model and the random Schrédinger operator have
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gained significant attention. Over the years considerable attention has been de-
voted to the nature of the spectrum of these operators. But to completely charac-
terize the structure of the operator, information on the multiplicity is also impor-
tant. Here we pay attention to the multiplicity of the singular spectrum for certain
classes of random operators.

One of the well-studied classes of random operators is represented by the
Anderson tight binding model. Many results about its spectrum are known, for
example, the existence of pure point spectrum for the Anderson tight binding
model over the integer lattice [1, 5, 12, 18]. Absolutely continuous spectrum is
known to exist for the same model on the Bethe lattice [3, 11, 19] and anti-trees
[31]. Other models where the pure point spectrum is known to exist include the
random Schrodinger operator [4, 7, 13, 22], the multi-particle Anderson model
[2, 6, 21] and magnetic Schrodinger operators [8, 35].

There are important results which also deal with the multiplicity of the sin-
gular spectrum. For the Anderson tight binding model, Simon [34], Klein and
Molchanov [20] have shown the simplicity of the pure point spectrum. For
Anderson-type models when the randomness acts as rank-one perturbations,
Jaksi¢ and Last [15, 17] showed that the singular spectrum is simple. For the
random Schrodinger operator, in the regime of exponential decay of Green’s func-
tion, Combes, Germinet, and Klein [9] and Dietlein and Elgart [10] showed that
the spectrum is simple. Other work includes [32], where Sadel and Schulz-Baldes
provided a multiplicity result for the absolutely continuous spectrum for random
Dirac operators with time-reversal symmetry. However, no general results con-
cerning the multiplicity of the spectrum are known. One of the difficulties hin-
dering the derivation of multiplicity results for random Schrodinger operator or
multi-particle Anderson model is that the randomness acts as perturbation over an
infinite rank operator.

Randomness acting through perturbation by a finite-rank operator is an in-
termediate model between the Anderson tight binding model and the random
Schrodinger operator. Examples of such a random operator are the Anderson
dimer/polymer model, the Toeplitz/Hankel random matrix, and the random con-
ductance model. Here we will deal with Anderson-type operators and provide a
multiplicity result for the singular spectrum when the randomness acts through
perturbation by a non-negative finite-rank operator. This work is similar to that
by Jaksi¢ and Last [15, 17] and is a generalization and extension of the work by
Mallick [25]. The paper does not answer the question about the multiplicity of sin-
gular spectrum for the random Schrodinger operator, but it is a step towards it. The
technique involved in the proof does not distinguish between point spectrum and
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singular continuous spectrum, so the stated results are true for the entire singular
spectrum.

For a densely defined self-adjoint operator A with domain D(A) on a separable
Hilbert space J and a countable collection of non-negative finite-rank operators
{Cy}nex, define the random operator

4° = A+ 0. )
neN

where {w, }nen are independent real random variables with absolutely continuous
distributions. Let (2, B, IP) denote the probability space such that @, are random
variables over Q2. We will assume that

A:Q —> $(H)

is an essentially self-adjoint operator-valued random variable.! This is a necessary
assumption because otherwise there can be multiple self-adjoint extensions for
the symmetric operator A®. The assumption itself is not too restrictive and a
large class of operators satisfies this condition. For example, if A is bounded self-
adjoint, {C, },, are non-negative finite-rank operators satisfying C,, C,, = C,, C;, =0
for any n # m, and the distributions of the random variables w, are supported in
some fixed compact set [ K, K], then the operator A® is almost surely bounded
and self-adjoint. The Anderson polymer/dimer model falls into this category of
operators.
For the main result we need to focus on the linear maps

G2, (z) i= Pu(A® — )7 Py Py3C —> P,

for z € C\ R, where P, is the projection onto the range of C,. Using functional
calculus, it is easy to see that the linear operator G, (z) can be viewed as a matrix
on P,H (after fixing a basis of P,J{) that belongs to the set of matrix-valued
Herglotz functions. Using the representation of matrix-valued Herglotz functions
(see [14, Theorem 5.4]), we can extract all the properties of the spectral measure
over the minimal closed A®-invariant subspace containing P, .

Let Mult; (z) denote the maximum multiplicity of the roots of the polynomial

det(C, Gy, (2) — x1)

in the variable x, for z € C \ R, where C, and G}, (z) are viewed as a linear
operator on P,J(, and so I denotes the identity operator on P,J. Since C,, > 0

1 An “essentially self-adjoint operator” is an operator with a unique self-adjoint extension.
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on P,H, we have

det(C, Gy, (2) — xI) = det(v/C, G, (2) VCu — X1,

because the similarity transformation preserves the determinant. This is the reason
why the algebraic multiplicity of /C,, (4% —z)~!{/C, can also be used instead of
Cn Gy, (2). With these notations, we state our main result:

Theorem 1.1. Let A be a densely defined self-adjoint operator with domain D(A)
on a separable Hilbert space H and {Cp}n,en be a countable collection of non-
negative finite-rank operators. Let P, denote the projection onto the range of Cy
and assume that ), P, = I. Let {wp}nen be a sequence of independent real
random variables on the probability space (2, B, P) with absolutely continuous
distributions. Let A® given by (1) be a family of essentially self-adjoint operators.
Then

(1) forany fixedn € N,

ess sup Mult?; (z)
zeC\R

is constant for almost all w, and we denote its value by My;

(2) if sup,ex My < oo, then the multiplicity of the singular spectrum of the
operator A® is bounded from above by sup,, . M,, for almost all w.

Remark 1.2. A few observations are in order.

(1) Ifrange(C,) C D(A) for all n, then the subspace

N
D:= {Z¢il¢i e range(Cy,),n; € Nforalll1 <i <N, N € ]N},
i=1
is dense and is the domain of A®. If either A is bounded or sup,, |w,| ||Cy || is
finite, then it is easy to show that A® is essentially self-adjoint.

(2) Note that although {C,}, are finite-rank operators, a universal upper bound
on their ranks does not necessarily exist. A simple example of such an
operator is

oo
H? = A+ )" on f{xilxloo=n}
n=0

defined on the Hilbert space £2(Z%), where A is the discrete Laplacian and
Xix:lxlloo=n} i the projection onto the subspace £*({x € 79 ||x |l o = 1}).
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(3) We assume that ), P, = I to ensure that the subspace ), Hp is dense
in J. Here we set

Hp, = (f(A2)¢: [ € Cc(R). ¢ € P,T),

where (S') denotes the closed linear span of the set S. Without this condition,
infinite multiplicity could easily be achieved. For example, consider the
Hilbert space @2 (%(Z), and define the operator

nez nez

where {x, }»ez is a fixed sequence and {wj, }, ez are independent real random
variables with absolutely continuous distributions. Notice that the first oper-
ator is an Anderson-like operator with simple point spectrum, but the second
operator can have arbitrary multiplicity depending upon the sequence {x, }.

Remark 1.3. To understand the conclusion of the theorem, consider the following
examples.

(1) Consider the operator
H® = A+ Py,

nez

on the Hilbert space £2(Z x {0, ..., N}), where
(Au)(x,y) =u(x + 1,y) +u(x—1,y) forall (x,y) € Zx{0,...,N}
and the projections P, are given by

~Ju(x,y) ifx =n,
(F)(x, y) = {0 if x # n.

First observe that the subspace
He ={uel?>(Zx{0,....N):u(x,y)=0forall x € Z,y # k}

is H®-invariant and {(H?, fJ-Ck)},iV:O are all unitarily equivalent. So any
singular spectrum has multiplicity N. When the random variables {w,},
are i.i.d., there are results [24, 23, 33] which show that (H“, Hy) has pure
point spectrum (hence singular spectrum). It is easy to show that the matrix
G, ,(2) is of the form f(z)I, where f is a Herglotz function and / is the
identity on CV.
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Figure 1. The operator described in the remark is visualized here for N = 3. The operator
A is the adjacency operator of the graph Z x {0, .. ., 3}, where the edges are denoted by the
dark lines. The shaded region denotes the support of the projections.

(2) Consider the operator

H? = A + Zw(n,m)P(n,m)

(n,m)elN?

on the Hilbert space £2(IN x IN), where

X u(zv y) if x = I,
(Au)(x,y) = for all (x, y) € NxNN,
u(x+1,y)+ulx—1,y) ifx #1,
and the projections P, ) are given by
2nm_1
Piumy = Y 18nde)) (S|
k=2n(m—1)

(where |¢)(¢| denotes the projection on the one-dimensional subspace gen-
erated by ¢).

In this example P, ) (H® —z)7! P,m) is diagonal (with respect to the Dirac
basis {8, m): n,m € IN}), and it is readily seen that

sup M(n,m) = OQ.
(n,m)elN

Similarly to the previous example, the subspaces

Hy = {u e ?(NxN):u(x,y) =0forallx e N,y #k} forallk € N,

are invariant under the action of H®. The operators {(H®, H-Ck)},%’g,z_l are

unitarily equivalent for any m € IN. Consequently, the singular spectrum of
H?® has infinite multiplicity.
Thus, the conclusion of the theorem is optimal in the sense that there are random
operators A“ such that the multiplicity of their singular spectrum is sup, ey Mp.
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L.

Figure 2. The operator described in the remark is visualized here. The operator A is the
adjacency operator of the graph IN> where the edges are denoted by the dark lines. The
shaded region represents the support of the projections.

The main technique in the proof is the study of the behavior of the singular
spectrum under a perturbation by a single non-negative operator. This is done via
the resolvent identity, and so properties of matrix-valued Herglotz functions play
an essential role. The steps of the proof will be further explained in Section 1.1.
In general, this kind of result fails to hold without perturbation, and spectral
averaging [7, Corollary 4.2] plays an important role. Since matrix-valued Herglotz
functions are the primary tool, Poltoratskii’s theorem [29] is used to obtain and
characterize the singular measure.

It should be noted that our result (Theorem 1.1) extends the work of Jaksi¢ and
Last [15, 17], Naboko, Nichols, and Stolz [27], and Mallick [26] in the following
way. In the case of JakSi¢ and Last [15, 17], since the rank of each operator
P, is one, the theorem above establishes the simplicity of the singular spectrum.
Naboko, Nichols, and Stolz [27] showed the simplicity of the point spectrum for
certain classes of Anderson-type operators on Z?, and Mallick [26] provided a
bound on the multiplicity of the singular spectrum for a similar class of Anderson-
type operators on Z¢. In general, it is not possible to compute G ,(2), and so
other methods have to be devised to calculate M,,. The following corollary is a
possible way to bound M, for certain classes of random operators.

Corollary 1.4. Suppose that the operator A® defined by (1) satisfies the hypothe-
ses of Theorem 1.1 on a separable Hilbert space H. Let range(C,) C D(A) for
alln e N, and let M € R be such that 6 (A) and o (A®) are subsets of (M, co) for
almost all w.
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(1) If C, is a finite-rank projection for all n, then the multiplicity of the singular
spectrum of the operator A® is bounded from above by

max max dim(ker(C,AC, — xI)),
neN xeo(C, ACy)

where C, AC,, is viewed as a linear operator on P,X.
(2) If C, is a non-negative finite rank operator for all n, then the multiplicity of
the singular spectrum of the operator A® is bounded from above by

max max dim(ker(C, — x1I)),
neN xeo(Cy)

where Cy, is viewed as a linear operator on P,H.

Remark 1.5. It should be noted that the above bound is not optimal, but in many
cases it can be computed easily. As an example, for the case of Remark 1.2 (1), all
we have to do is count the multiplicity of the eigenvalues of the operator ys, Axs, ,
where S, = {x € Z%:|x|l,, = r}. For d = 2, this operator is same as the
Laplacian on a set of 8n points arranged on a circle, so the multiplicity of the
operator can be at most two. Another simple example is when C, has simple
spectrum; then the singular spectrum of A% is almost surely simple.

The corollary should be considered as a generalization of the technique devel-
oped in Naboko, Nichols, and Stolz [27]. There the authors used the simplicity
of P, AP, to conclude the simplicity of the pure point spectrum for a certain type
of Anderson operators on £2(Z%). Another similar work is [26], where the au-
thor bounded M,, by considering the first few terms of the Neumann series while
keeping track of the perturbation.

Using an approach similar to [26], we can show that the singular spectrum of
the Anderson-type operator on a Bethe lattice is simple. Let B = (V, E) denote
the infinite tree with root e where each vertex has K neighbors. Set K > 2 so that
the tree is not isomorphic to Z. Consider random operators of the form

Ha) = A'B + waxx(x)’ (2)

xeJ

where Ag is the adjacency operator of B, and
A(x) ={y e V:id(e,x) <d(e,y) and d(x, y) < I},

for some /.: V' — IN. One assumes that the indexing set J C V is such that
Uyes A(x) =V and

AX)NA(y)=90 forallx #yeJ.
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The random variables {w, }res are real-valued and independent, with absolutely
continuous distributions. With these notation we have:

Theorem 1.6. On a Bethe lattice B with K > 2, consider a family of random
operators H® given by (2), where {wx}xes are i.i.d. random variables with an
absolutely continuous distribution with bounded support. Then the singular spec-
trum of the operator H® is almost surely simple.

It can be seen that the spectrum of y z Az x5, has non-trivial multiplicity

(is exponential in terms of the diameter of A(x)). So, the above result is not a
consequence of the previous corollary.

1.1. Structure of the proof. The rest of the article is divided into four parts.
In Section 2, we set up the notations and collect the results that will be used
throughout. Section 3 deals with single perturbation results. Section 4 contains the
proof of Theorem 1.1, which is divided into Lemma 4.1 and Lemma 4.2. Finally,
in Section 5, we prove Corollary 1.4 and Theorem 1.6.

The proof of Theorem 1.1 is divided into three parts. First, we look at the
operator H) := H + AC, where H is a densely defined essentially self-adjoint
operator and C is a non-negative finite-rank operator. Since all the results are
obtained by resorting to properties of the Borel—Stieltjes transform, there is a set
S C R, independent of A, of full Lebesgue measure, where all the analysis will be
carried out. As a consequence of spectral averaging (see Lemma 2.1), it is enough
to concentrate on S as long as we are working on the subspace

He = (f(Hp)p: f € C(R) & ¢ € CH).

By spectral averaging, the spectrum of H, restricted to J{é is contained in S
for almost all A. In Section 3, we establish a certain inclusion relation between
singular subspaces. We show that for any finite-rank projection Q, the closed
H) -invariant Hilbert subspace 9~CAQ - ﬂ-(’é, such that the spectrum of H), restricted

to iCAQ is singular and is contained in S, is a subset of the singular subspace of ﬂ-(é.
This inclusion is shown in Lemma 3.1. This is the reason why the multiplicity of
the singular subspace for ﬂ-(“i N does not depend on N. Lemma 4.2 uses this
i=14n;
fact to get a bound on the multiplicity of the singular spectrum for H ,, for
i=1%n;
any finite collection of numbers {#; };. Finally, a global bound on the multiplicity
of the singular spectrum is obtained by observing that the set |y ¢ fJ-C% N p is
i=11tn;

dense for any enumeration of N.
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Lemma 4.1 provides the first conclusion of the theorem and also establishes the
relationship between M, and the multiplicity of the singular spectrum for Hfp .
The proof is mostly a consequence of properties of polynomial algebra where
the coefficients of the polynomial under consideration are holomorphic function
on C \ R. Part of the work is to establish a relation between the multiplicity
of the singular spectrum and the multiplicity of the spectrum of the operators
VC,G?,(2)/Cy, which is achieved through the resolvent equation. After choos-
ing a basis, we end up with matrix equations for functions that are holomorphic on
C\R. Since we are only dealing with matrices, the multiplicity of the spectrum of
JVCy Gy .y (z)+/C,, can be computed through its characteristic equation, and so we
have polynomial equations where the coefficients are polynomials in the matrix el-
ements. Most of the work is to show that it is independent of a single perturbation.
The preceding argument also proves the independence on z. Indeed, the matrix
elements are holomorphic functions on C \ R, and so any non-zero polynomial
can vanish only on a set of Lebesgue measure zero. Then by induction we show
that Mult;; (z) is independent of any finite collection of random variables {wp, };.
The Kolmogorov 0-1 law provides the stated result.

Finally, in Section 5, we prove Corollary 1.4 and Theorem 1.6. This is mostly
done by writing the matrix G, , () in a particular form. For the corollary, using

_1 1
the fact that range(C,) C D(A), the matrix C, > AC, ? is well defined on P,
and we have to estimate the number of eigenvalues of

_1 _1
C,2AC, > +uC™!

that lie at a distance of at most O(1/u) one another for & >> 1. The corollary just
deals with two extreme cases. For Theorem 1.6, most of the work is to show that
for a tree (of finite depth), the adjacency operator perturbed at all the leaf nodes
has simple spectrum. Then the particular structure of G, (z) yields the desired
conclusion.

Even though G,?, (z) are defined over C\ R, part of the proof of Lemma 3.1 is
carried out on C7 itself. The main problem that can arise upon restricting to C*
come from F. and R. Riesz’s theorem [30], which states that if the Borel-Stieltjes
transform of a measure vanishes on C*, then the measure is equivalent to the
Lebesgue measure (see [17, Theorem 2.2] for a proof). This problem is avoided
by using the fact that in case G,’,,(z) vanishes z € C™, one can repeat the proof
by switching to z € C™ and replacing E + te by E — e whenever necessary.
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2. Preliminaries

In this section we introduce the notations and results used in the rest of the work.
Mostly we will deal with the linear operators

Gy p(2) := Pp(A® — 2) 7' Ppy: Py —> P,H foralln,m € N,

which are well defined because of the assumption that A“ is essentially self-
adjoint. Here P, denotes the orthogonal projection onto the range of C,,. We
denote by

:H(f;n = (f(A?)¢: f € C.(R) & ¢ € P,H),

the minimal closed A®-invariant subspace containing P,J3{. All the results are
stated in a basis-independent form, but sometimes an explicit basis is fixed so that
G, ,n(2) can be viewed as a matrix-valued functions.

We mostly focus on a single perturbation, proceeding as follows. For p € N
we set A2* = A% 4+ AC, and define

GOt (2) = Py(A%Y —2)' Py,

as before. Using resolvent equation we have

Gy p(2) = Gy ()T +AC,Gy ,(2)) ™, 3)
GO (2) = G2,.(2) = AG? ,(2)(I + ACpG? ,(2)) ' Cp G2, (2). (4

Another way to write (3) and (4) is

(I =2Gp Gy (DU +ACp Gy (2) = 1. )

25294
GOt (2) =GP, (2) = AG? (2)Cp G2, (2)

p.n.m
+ 226G ,(2)CpGo (2)CpGY, (2).

(6)

Either of these equations will be used, depending on the situation. It should be
noted that the identity operator in equations (3), (4), and (5) is the identity map on
P,3H{. For a fixed basis in each of the subspaces P,J{, using [15, Proposition 2.1]
(which follows from a property of the Borel-Stieltjes transform) for every matrix
element of G;?, (z), the limit

Gy m(E £10) := liﬁ)l Gy m(E £ te)
€
exists for almost all £ with respect to Lebesgue measure and for any n,m € N.

Therefore, the linear operator G, ,,(E =+ 10) is well defined for almost all £ and
any n,m € N.
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Using (5) we observe that for any E' € R such that G ,(E = 10) exists and for
any function f: (0, 00) — C such that lim¢ o f(¢) = 0, we have

. ’A( _
161&1 fEOU =ACpGpy ,(E £1€))(I + AC,Gp ,(E £1€)) =0

. A -1 w _
= (1€1¢r101 fOC, Gy (E £1e)Cp)(C, " + AG, ,(E £10)) = 0,

and similarly

(G + G, (E £ 0)(lim f()CyGpy., (E & te)Cp) = 0.

This implies that

. w,A -1 w
range((lelfl(} S(©OC, Gy, (E £1€)Cp)) C ker(C, " + AG, ,(E £10))
C ker(3G, ,(E £10)),

which is used to determine the singular spectrum. One of the consequences of the
fact that £3G, ,(E £ 10) > 0 is the equality

GP (E £10)p = G2, (E £10)*¢ forall ¢ € ker(£3G2 ,(E £10)), (8)

which plays an important role in the proof of Lemma 3.1.

Since most of the analysis is done using a single perturbation, one of the
important results concerns the spectral averaging; we refer to [7, Corollary 4.2]
for its proof. Here we will use the following version:

Lemma 2.1. Let E)(-) be the spectral family for the operator A) = A + AC,
where A is a self-adjoint operator and C is a non-negative compact operator. For
any set M C R of Lebesgue measure zero, ~/C Ey(M)~/C = 0 for almost all A,
with respect to Lebesgue measure.

Since the set of points E where lime o G, (E & t€) does not exist for
some n, m € N, has Lebesgue measure zero, Lemma 2.1 guarantees that we can
ignore this set in our analysis as long as we are only focusing on Aj;”)k -invariant
subspaces containing P,J(. Another important result is

Lemma 2.2. For a o-finite positive measure space (X, B, m) and a collection of
B-measurable functions a;: X — C and b;: X — C, define

L+ 3 an()A"

A) = .
T L+ Y0 ba(x)An
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Then the set
A ={AeCm(x e X: f(A,x) =0) >0}

is countable.

Its proof can be found in [25, Lemma 2.1]. This lemma ensures that the
linear operator Gl‘,",}i p(z) is well defined for almost all A. This is the case be-
cause G,‘,",’,i p(z) and G ,(z) are related through the equation (3), and so the set
{E:det(I + ACpGp ,(E £+ 10)) = 0} should have Lebesgue measure zero, other-
wise the analysis will fail. This is also the set which contains the singular spectrum
of the operator A;‘,”’1 restricted to ?Cﬁp (it is easy to see that the space ﬂ-(%p is in-
variant under the action of A2"%).

The next result is Poltoratskii’s theorem, which is the main tool allowing us to

handle the singular part of the spectrum. Since we only deal with finite measures,
we will denote the Borel-Stieltjes transform F,: C* — C™ of a Borel measure u

by
d
Fu(s) = / p(x)

xX—z

For f € L'(R,du), let fuu be the unique measure associated with the linear
functional C.(R) > g — [ g(x)f(x)du(x). The version of the Poltoratskii’s
theorem we will use reads:

Lemma 2.3. Let u be a complex-valued Borel measure on R and let f €
LY (R, du). Then
lim FfM(E + lé)

elo Fu(E + te) = /(5

Jor a.e. E with respect to the singular part of .

The proof of this lemma can be found in [16]. With these results at hand, we
can now prove our results.

3. Single perturbation results

This section is devoted to the case of a single perturbation. Lemma 3.1 will play
an important role in proving the main result. For this section, we adopt a different
notation, because it is not necessary to keep track of all the random variables
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Let H be a densely defined self-adjoint operator on a separable Hilbert space
JH and C; be a non-negative finite-rank operator. Set H, = H + ACj and let P;
be the orthogonal projection onto the range of C;. For any projection Q, let

35 = (f(HD)Y: ¥ € OH & [ € C.R)),

be the minimal closed H)-invariant subspace containing the range of Q. Let Uf
denote the trace measure tr(P; Ef1()), where EH2 () is the spectral projection
for the operator H,. The subscript “sing” will be used to denote the singular part
of a measure whenever necessary. The main result of this section is the following:

Lemma 3.1. Let Q be a finite-rank projection and let {e;}; be an orthonormal
basis of QH + P1H. Consider the set

S ={E € R:(e;,(H — E T 10)"'e;) exists and finite},

and denote Eing the spectral measure on the singular part of the spectrum of the
operator Hy. Then

smg(S)g_C)L < E?mg(s)g{%’]

Sor almost all A with respect to the Lebesgue measure.

Remark 3.2. The spectral averaging result (Lemma 2.1) shows that of(R \
S) = 0 for almost all A with respect to the Lebesgue measure, so it is actually
not necessary to write S on the right-hand side of the above inclusion. But
(R\ S )ﬂ-(’1 can be non-trivial.

smg

Proof. In view of Lemma A.2, it is enough to show that

Efo($)HE € EL o (S)HE,

sing

where fJ-C" is the minimal closed H,-invariant subspace containing e;. This is
because applylng Lemma A.2 for the operator EX (S)H, will then give the
singular subspaces in the conclusion of the lemma.

Using the resolvent equation

sing

(Hy—2)7' = (H—2)7' = —A(H, —2)"'Ciy(H —2)7!
and similarly
(Hy—2)"'=(H —2)"' = MH —2)7'Ci(H; —2)7"

=H-z)'—MH-2"'C;(H-2)"!
+A*(H —2)"'Ci(H) —2)7'Ci(H — 2)7,



A theorem on the multiplicity of the singular spectrum 1967

we have
(eis (Hy—z)ei) = (ei, (H —z)'e;) — Mei, (H —z) ' C1(H — z) " e;)

+ A% ei, (H —2)7'Ci(Hy —2) ' Ci(H —2)7ey). )

Let {ey; l’ 1=1, where r; = dim(P;JH), be an orthonormal basis of P;JH (so that the
elements ey; are linear combinations of {e; };); hence G{‘,l (z) = P1(Hy —2)7' Py

is a matrix for this basis. Also, set

(ei, (H —2)"leqy) {e11.(H —2)"e;)

(ei. (H—2z)""ern) (e12. (H —2)7'e;)
Gii(z) = : and Gy,;(z) = .

t

(eiy(H_Z)_lelrl) (elrl,(H—z)_lei)
Then equation (9) can be written as
(ei, (Hy—2)""e;) = (ei, (H —2)"'e;) = 1Gi,1(2)C1G1,i(2)
+22Gi,1(2)C1G1 1 (2)C1Gr,i (2).

Using the fact that the left-hand side is the Borel-Stieltjes transform of the measure
(e; EH(.)e;), the support of the singular part lies in the set of points E € R where

lim ! 0

i =0.

elo {e;, (Hy — E —te)71e;)
We don’t need to consider the case when (e;, (H; —z) 'e;) = Oforall z € C*
because by F. and R. Riesz’s theorem [30], the measure (e¢;, E H;, (+)e;) is absolutely
continuous. But by the definition of the set S, we have that G;;(E £ (0),
G1,;(E £10), and (e;, (H — E F 10)"!¢;) exist for all E € S. So the singular
part of (e;, EHx(-)e;) can lie on the set R\ S or on the set of points E € S where
lime o (tr(G1 , (E + 1€)))™! = 0.

For the points E € S where limew(tr(G{l’l(E +1e)))" ! =0,

(e;,(Hy — E —1e) Le;)
o (Gl (E + te))

G?, (E + 1)
= A2G; 1(E + 10)Cy ( lim —2 C1G1.i(E + 10).
i,1( ) 1(6w tr(Gﬁl(E+Le))) 1G1,i( )
Using (8), we have
(ei, (Hy — E —1e)7Le;)

o w(GY(E +1€))

(10)

G} (E + e
= A%[C1G1i(E + LO)]*<lim L )

ewm@uE+@QWﬁuw+mn
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Since Gﬁl(-) is a matrix-valued Herglotz function for a positive operator-
valued measure (it is the Borel transform of P; EHx (-) P1), the Herglotz repre-
sentation theorem for matrix-valued measures (see [14, Theorem 5.4]) provides a
matrix-valued function M} € L' (R, 0f, Myank(p,)(C)) such that

G11() = [ —=MPdotw)

for all z € C\ R. Using Poltoratskii’s theorem (Lemma 2.3),
. 1
lim
€bo tr(G} | (E + 1€))

G, (E + 1€) = M}(E)

for almost all E with respect to crﬁ sing Since the measure Py E Hi (- Py is non-
negative, the matrix-valued function Ml’l (E) = 0 for almost all £ with respect
to ol

1,sing"

Let Ul’1 (E) be the unitary matrix which diagonalizes M 1’1 (E),ie.,
UL (E)M{ (EYUNE)* = diag(ff:1 < j <),

where some of the fj’L can be zero. Using the Hahn—Hellinger theorem (see [28,
Theorem 1.34]), U 1* can be chosen to be a Borel measurable unitary matrix-valued
function. Since we are only interested on the singular part, we set U 1’1 (E) =0 for
E not in the support of crfl’ sing and define w,’l = U} (Hj)*e1;. Now observe that

(Wi, (Hy— 27y}
- / Ly R (vl

X —Z

B / X iZ (U () err, EM*(dx)UT (x)*enr)

X —z
p:q
1

= Z/ X _Z<U1A(x)*elk’elp)<elq, Uf(x)*ell)(elp, EHA(dx)elq),
p:q

— [ = Wk e enlen Ui euery. E% @eay)

and so using Poltoratskii’s theorem (Lemma 2.3) we get

(W} (Hy— E — &)y}
m
€l0 (G (E + te))

= Z(U{X(E)*elkv elp)<elq, U{X(E)*ell)(lelﬁ)l
p.q

= (e1x. UME)M{ (E)UME)*en) = fH(E)Sks

(e1p, (Hy — E — 16)_161[1))
tr(GT(E + 1))
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for almost all £ with respect to oﬁ sing*

(1//1’1 EHx )y f) is purely singular with respect to the Lebesgue measure, so above
computation implies (w,ﬁ, (Hy —z)7! wl ) = 0 for all z for k # [, which implies
that the measure (1//,’3, EHx (-)wl ) is zero, and in particular we have fJ-C" 1L 9{3

l

fork # 1.
Next, using the resolvent equation, we obtain
im (i, (Hy— E —16)"'e;)
o tw(GT,(E + e))
) (w,?,(H;L—E—Le)_ICI(H—E—Le)_lei) (11)
= lim—A
€lo (Gt (E + te))
= —AfH(E) (e, UH(E)C1G1i(E +10)),

By construction of wf, the spectral measure

for a.e. E with respect to af‘ Using Lemma A.1 and (11) in equation (10), we

,sing”
conclude that
) _E—ie)le
im (.el,(H;L/1 E — )
€l0 tr(Gy (£ + lE))

Z |(Qwel)<E>|2f,-*(E>

for almost all £ with respect to o}

‘sing> Where Qf” A e; is the projection of e; on the

Hilbert subspace ﬂ-(:; 2+ So for g € C.(R), we can write

J

(ei, Edg(S)g(Hp)es) = Z [ €BQ}, e B 1 (ENo g B,

which implies that the projection of E;ling (S)e; onto 9(%,1 is an isometry, hence

Smg(S)J{* C Egng(S)J{},I.

The lemma follows by an application of Lemma A.2. |

4. Proof of Theorem 1.1

The proof of the main result is divided into Lemma 4.1 and Lemma 4.2. It should
be noted that the conclusion of Lemma 4.1 is similar to the conclusion reached by
combining [26, Lemma 2.2 and Lemma 2.1]. This section deals with the operator
A? itself and so the notations introduced in Section 2 will be used. Following the
notations from the previous section, set H% to be the minimal closed A“-invariant
subspace containing the range of the projection P.
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Lemma 4.1. Foranyn € N,

M := ess supMult;; ()
zeC\R
is almost surely constant, denote it by M,. The multiplicity of the singular
spectrum for Hp is bounded above by M.

Proof. First we prove that M% is independent of w. This is done using the Kol-
mogorov 0-1 law. So the first step is to show that M$ is independent of any finite
collection of random variables {wp, };.

Following the notations from Section 2, set A;‘,”A =AY+ AC, for p € N\ {n},
we have the equation (4)

GOt (2) = G2, (2) = AGY ,(2)(I + ACpG ,(2)) ' CrG2, (2).

p.n,n

Looking at G?”;(z) as a matrix, observe that

gy, (x) = det(C, G2, (2) — xI)
= det(C, G, (2) —ACyG? ,(2)(I + ACpG2 (2)) ' C, G2, (2) — xI)
P+ pP @)X 4 pR(z, )
- det(C, 1 + AGE,(2)) ’

where [ = rank(P,). Here {p;’(z, A)}ﬁ —o are polynomials in the elements of the
matrices {G’;(2)}i,je(n,py and A. We are not interested in the denominator, so let
us set

g5, (x) = pP Dx" + pPy (2, )X o 4 PR (2, ).

The maximum algebraic multiplicity of G,‘,",;,’E n(z) is at most k if the function
d'e;.
dxk

gy,

Ts (x) = ged (gi",z(x), —= (),

is constant with respect to x. Using the fact that

ged(f1(x). ..., fm(x)) = ged(f1(x). ..., fm—2(x), ged(fm—1(x). fm(x)))

and Euclid’s algorithm for polynomials, we get

)

FoE) = qPo(.2) + g2 (A Dx + -+ qP (A 2)x”,

where {g7; (A, z)}_, are rational polynomials of { pj°(z, 1) };. We need to examine
the numerators of ¢;’;, which we denote by g;’,. Since {g} .} are polynomials in
the matrix elements {G”;(z)};,jefn,py and A, we can write

Gpi(hz) = ag, (2,
J
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where {a,‘é”i" j }k,i,j are holomorphic functions on C \ R. Hence, for each i the
functions {‘?l?, ;1 are well defined for (A,z) € R x (C\ R).

Now suppose M¥ = k. Then q,‘é”O(O, ) # 0 and ¢{(0,-) = 0 identically,
which implies a,‘f’ i,o(') = 0 for i # 0. On other hand, the assumption MY = k
implies that 3”8’, f_l (x) is a non-constant polynomial (with respect to x), hence
‘11?—1,1'1 (0,) # O for some i; > 0. Hence, there exists indices iy, j; such that
ap_yi 5,0 # 0, which implies that ?‘/{’,’f_l(x) is a non-constant polynomial
(with respect to x) for almost all A. This implies Gl‘j’,;f’,, (z) have multiplicity strictly
greater than k — 1. Setting @7 to be such that c?),f = wy fork # pand®) = wp+A,
gives M@ < M®” for almost all A. Since M®” can be at most rank(P,), this
implies M%” is independent of A.

For the case p = n, we can follow above argument, but a simpler reasoning is
available. Indeed, observe that

gy, (x) = det(C, G2y, (2) — x1I)
= det(Cu Gy, (2) I + ACy Gy, (2)) ™" = xI)
_det((1 = xV)C, G, (2) — x1)

det(I + AC,G2,(2))

w.z

which implies that the roots of g7’ (x) are given by 1437’ where x{”** are the
roots of g, (x). The multiplicities of the roots are also preserved in this process.
We conclude that M?" is independent of A.

Now repeating the proof inductively for a collection of sites { Pi},N=1 proves
the independence of M from the random variables {w), }),. Hence, using the
Kolmogorov 0-1 law, M¢ is independent of w.

Assume that M,, = k, which implies that the maximum multiplicity for the
matrix G,’,(z) is k for almost every z. Using above argument for the polynomial

g2 (x) = det(C, G2, (z) — xI) = (—x)" + (=x) "' pf*_ (2) + - + pg (2).

we see that the function
k

o 987 d"g?
ged (82(0). S (). —F ()

is a rational polynomial in the matrix elements of G?, (z), and so the numerator is
holomorphic on C\ R. Since it is non-zero for a set of positive Lebesgue measure,
it is non-zero for almost all z € C \ R, which implies

k = ess sup{maximum multiplicity of roots of

ESR det(Ca G2, (E £ 10) — x1)}. (12)
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Now we address the second assertion of the lemma, i.e., that multiplicity of
the singular spectrum on H%  is bounded by M. Consider the set

S = {FE € R: maximum multiplicity of the roots of

1
det(Cy G2, (E +10) — xI) is k}, (13)

which as shown above has full Lebesgue measure.
Using the spectral theorem (see [25, Theorem A.3]) for the operator Ai,"”1 =
A® 4+ AC, gives

w, A
(FHEH" ASH) 22 (L2(R, PuE4T () Py, Pa), Mig).

Here E4%" is the spectral measure for A2 and }C‘é”l " is the minimal closed
A2 invariant space containing the subspace QX for a projection Q. Since the
measure P, E A () P, is absolutely continuous with respect to the trace measure
oy A () = tr(PrE At (-) Pp), after a choice of basis, there exists a non-negative
matrix-valued function M2 € L1(R, 02", Miank(p,)(C)) such that

P EM (dx) Py = MP (1)o 2 (d),

and applying Poltoratskii’s theorem (Lemma 2.3) we see that

1
lim G2t (E +1e) = MPH(E)
l0 (G (E + 1))

for almost all £ with respect to o Here we are assuming that o,;” * has a

Oy smg
non-trivial singular component, so Gn,n,n (z) # 0 for almost all z € C*. In much
the same ways as in (5), we also have

(I +ACaG2 (N~ ACaGLity(2) = 1.

which implies (using steps involved in the derivation of (7)) that

1
10 w(GL3E L (E + 1e))

(I + ACpG® ,,(E+10))[c lim ,,,,,,(E+Le)]

for E such that lim¢ ¢ = 0. Consequently,

I B
(G n (E+€))

I + AC,G? (E + 10))C,M®*(E) =0
n,n n

for almost all E with respect to o7 Smg

Using the fact that o, (R \ §) = 0 for
almost all A and the above equation, which implies that the rank of My” A(E) is
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bounded above by the dimension of the kernel (I + AC,, G, ,(E + 10)), which in
turn is bounded above by k over the set S (as it follows from (13)), we conclude
that the multiplicity of the singular spectrum for Ai‘,”’1 is bounded above by k
over }C‘Iﬂ;’l’”.

This completes the proof, as the conclusion is true for almost all (w,A). O

Note that the above lemma establishes a bound for the multiplicity of the
singular spectrum for the subspace H% , and not on the entire Hilbert space.
Lemma 3.1 is used to obtain the final result, which is as follows:

Lemma 4.2. Under the hypotheses of Theorem 1.1, assume that M, < K for
all n € N. Then the multiplicity of the singular spectrum of the operator A® is
bounded above by K almost surely.

Proof. The proof carried out in two steps. First we show that for any finite
collection {p;}¥_, C N, the multiplicity of the singular spectrum of the operator
A® restricted to the subspace }C‘i N op is bounded by K

i=14pP;
Then the proof is completed using the denseness of |J3_, Z »
i=1 171

The first part uses induction, so let {p; };ev be an enumeration of the set N.
The induction statement Sy is: the multiplicity of the singular spectrum of A®
restricted to the subspace 9(‘% Nop, is at most K.

For N = 1, the conclusion_folléws from Lemma 4.1, i.e., the multiplicity of
the singular spectrum over ﬂ-(“’p is at most K.

Now assume Sy is true, i.e., the multiplicity of the singular spectrum on

Z N o p is bounded by K. Before going on to show that 8 4+ holds, note that
i=1+Dr;

H® = H®y + HP ,
YN Py, YN Py Ppy 41

It is obvious that the right-hand side is a subset of the left-hand side; for the
opposite inclusion observe that the right-hand side is dense and closed in the left-

hand side.
Now consider the operator A;‘,’,’Vﬁl = A® + ACpy,,. By Lemma 4.1, the

PN +1
Sy, the multiplicity of singular spectrum for

®,A, PN +1 w,A
COe v

multiplicity of singular spectrum of A2:* on U—Cﬁ;}v’i ’;’ *! is bounded by K. By

is at most K. Next, by Lemma 3.1, there exists a set S of full Lebesgue measure

such that
. A . A

Apn w,A A A

+1/qw sPN+1 PN+1/cw w PN+1

Eqng T (SYHENNE € gV (5©)3G)
i=1Pp; N+1
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Spectral averaging implies that

w.A

EGi 7T (RA S@)IC 0 = (o)

smg

for almost all A (with respect to the Lebesgue measure). Now the decomposition

GNPV = EAR (9O @ EARN (R S9)30 P

YL Py YL Py Yi=1 Pp;
gives
AP A A® w. A
ECPNAL g APNHT E PN+1j_Cw/1 sPN+1 +E I’N—H @,A,DN +1
sing Z{Vz-iil Py, sing Zl | P, sing PpN_H
Ap w,A,p ;) % w,A,p
_ E N+1 R Sa) j_c N+1 @ E N+1 Sa) N+1’
sing ( \ ) Zl P sing ( ) Ppniq

where both subspaces have multiplicity at most K. The supports of the singular
spectrum of Aj; N + restricted to the two subspaces are disjoint, and so assertion
Sn+1 holds. This completes the first part of the proof.

With the induction completed, note that

(0} (0}
}CZZ Py, C SN+ p, forall N € IN,

which implies that 5 =,y H is a linear subspace of }(, and it is

Zl 1 P,
dense because ), Pp = I. Clearly, H is invariant under the action of the
operator A®. For any finite collection {gbl}N | € F®, there exists M € N such
that ¢; € }C“Z’ M p for all i. Therefore, the multiplicity of the singular spectrum

Jj=14p;
for H{* is bounded by K. Finally, since H{® is dense in J{, we conclude that the
multiplicity of the singular spectrum is bounded by K. O

5. An application

To prove Corollary 1.4 and Theorem 1.6, we need some results about the multi-
plicity of the matrix /C, Gy .(2) /'C,. These are obtained by using the resolvent
equation for a special decomposition of A%.

Fix n € N. Then using the fact that range(C,) C D(A), the operators P, APy,
(I — P,)AP, and P,A(I — P,) are well defined, and since they are finite-rank
operators, they are bounded. Hence, using the resolvent equation connecting the
operators A“ and

A® = PyAPy + (I — P)A(I = Py) + > omCp,

meN
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we see that

Gy, (2) = [PuAPy 4+ 0, Cp — 2Py — Py A(I — Po)(A® — )7V — Py)AP,] 7",
(14)

where the right-hand side is viewed as a linear operator on P,J.

Thus, the maximum algebraic multiplicity of the eigenvalues of the matrix
VCruGP,(2)/Cy is the same as the maximum algebraic multiplicity of the eigen-
values of the matrix

_1 1 _1 ~ 1
C,2AC, 2 —zC; ' —C, 2A(I — Py)(A® —2)™' (I — P,)AC, 2. (15)

Notice that (15) is independent of w,. The basic difference between the proof of
Corollary 1.4 and that of Theorem 1.6 is in how the term

Nl—=

_1 ~ _
C, 2A(I — P,)(A® —2)"Y(I — P,)AC,

is handled. Since the norm of this operator is O((Jz)™1), it is clear that we can
ignore this term by choosing Iz large enough, but it is this term that provides the
simplicity of the spectrum in Theorem 1.6.

We will be using the following lemma:

Lemma 5.1. Suppose the operators A® and A satisfy the hypotheses of Corol-
lary 1.4. Let I C (—oo, M) be a bounded interval such that the maximum alge-
braic multiplicity of the eigenvalues of \/C_,,G,‘,"’n (E)+/C, is bounded by K for all
E € 1. Then for almost all z the maximum algebraic multiplicity of the eigenval-
ues of /C, G2, (2)/Cy is bounded by K.

Remark 5.2. The main advantage of this lemma is that instead of looking for a
bound in C \ (M, c0), we can work with z € R \ (6(4A%) U 6(A4)) and so the
operator P,(A® — E)~' P, = lim¢ o P,(A” — E — 1) ! P, is self-adjoint, hence
the algebraic and geometric multiplicities coincides.

The proof follows the same steps as the proof of Lemma 4.1 and is omitted.
Now we are ready to prove our other two results.

5.1. Proof of Corollary 1.4. Using Lemma 5.1 and the fact that the algebraic
multiplicity of \/C, G}, (E)+/Cy is same as the algebraic multiplicity of

_1 _1 _1 ~ _1
C,?AC, 2 —EC;' —C, 2A(I — P))(A® —E)"'(I — P)AC, 2, (16)

it suffices to boud the multiplicity of this last matrix for £ < M.
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First we handle the case when C,, are projections. The maximum algebraic
multiplicity of (16) is same as that of

Py AP, — Py A(I — Py)(A° — E)™Y(I — P,)APy; (17)

the term EC,! can be ignored because it is the identity operator, and so it does
not affect the multiplicity. Let
8= min |x —y|.

x,yeoc(PnAPy)
x#y

Then for £ < —M — % | PnAI — P,,)||2 we have
~ _ )
”PnA(I_Pn)(Aw_E) 1(I_Pn)APn“<§-

Hence, viewing P, A(I — P,,)(ff‘" — E)~Y(I — P,)AP, as a perturbation, we see
that any eigenvalue of (17) is in the g-neighborhood of the set of eigenvalues of
P, AP,. So the multiplicity of any eigenvalue of the operator (17) cannot exceed
the multiplicity of the eigenvalues of the operator P,AP,. This completes the
proof for the case of a projection.

For general C,, the maximum algebraic multiplicity of (16) is same as the
maximum algebraic multiplicity for

1 _1 _1 _1 ~ _1
-C '+ E(C” 2AC, %2 —C, 2A(I — P,)(A® — E)"Y(I — P,)AC, %), (18)

so setting

§= min |x —y|
x,yea(Cn_l)
x#y

and choosing
3 0 -1 1 1 )
E <-2M — g(”cn 2Acn 2“ + ”Cn ZA(I - Pn)” )7

we see that the eigenvalues of (18) are in the %-neighborhood of the set of
eigenvalues of C, 1. So, following the argument for the projection case, we
conclude that the multiplicity of any eigenvalue of (16) is bounded above by the
multiplicity of the eigenvalues of C, L.

5.2. Proof of Theorem 1.6. Since P,As P, has a non-trivial multiplicity, the
previous argument does not give us the desired result. So we have to concentrate
on (17), which in this case is

PyAg P, — PyAs(I — P,)(H” — E)"'(I — Py)As Py, (19)
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where
H® = PyAgPy+ (I — P))As(I — Pp) + Y wx Px.

xeJ

Here we denote Px = yx3,,- For simplicity of notation, we set

IA(x) = {(p.q) € Ax) x A(x)“:d(p,q) = 1},

i.e., we pair all the leaf nodes of the tree K(x) with their neighbors outside the
tree.

Figure 3. A representation of the rooted tree with three neighbors. Observe that removing
the sub-tree A(x) divides the graphs into nine connected components.

Using the Dirac bra and ket notation, we observe that
PuAs(I = P)(H® — E)™'(I — Pa)As Py
= " [8)(8p] (84 (H® — E)7'8,).
(p.q)€dA(x)
This holds because
1 if (p,q) € dA(n),

84,1 — P)AgP,5,) =
. ( n) A2 Pudp) {0 otherwise,

and
(84, (H*)¥5,,) =0 forallk € N,
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for (p1,q1), (p2.¢2) € dA(n) and g1 # ¢». This s also the reason why the random
variables

{<8£1’ (H~w - E)_154>}(p,q)eax(x)

are independent of each other. The random variable (§,, (H® — E)718,) is real
for E € R, and has an absolutely continuous distribution, which follows from the
continuos fraction expression

(84, (H — E)™'8,)

’

Wq — E— ZXIENq

1

- ZXIENX/_I aSCU[ (E)

where {af (E)} are independent of w,, and the distribution of w, is absolutely
continuous with respect to the Lebesgue measure. Now Theorem 1.6 follows from
Theorem 5.3.

But first a few notations are needed. Let T, denote a rooted tree with root Og,
and such that every vertex has K + 1 neighbors, except for the root 07, (which has
K neighbors) and the vertices in the boundary

X1 E— szele

07 :={x € T.:d(0,x) = L},
which have one neighbor each.

Theorem 5.3. Let Ag, denote the adjacency matrix of the tree T and set

B, = th |8x> <8x

x€0T

for T = {tx}xedr, € RY7L. Then, for almost all T with respect to the Lebesgue
measure, the spectrum of H = Ay, + By is simple.

Proof. The proof is done by induction on L. Let H,; denote the operator

‘L’l_A‘T/ fo|5

x€dT;

where Ag, is the adjacency operator of the rooted tree 7; with root 0;.

The induction is done over the statement: for almost all T, H.; has simple
spectrum with the property that all the eigenfunctions are non-zero at the root,
and o (H. ;) No(H, ) = 0 for almost all w.
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For ! = 0, the statement is trivial because H g is the operator of multiplication
by the random variable 7y, on C.
Suppose that the induction statement holds for / = N — 1. Observe that

Hew =) (18oy ) (8x| 4 18x)(Soy ) + D Hex,

x:d(O0pn,x)=1 x:d(Opn,x)=1

where H; x := xg,H.x7, for the sub-tree

Ty :={y € 71:d(On,y) = d(On, x) + d(x, y)}.

Figure 4. The tree 7; can be viewed as a union of K disjoint trees {Ty,}; which are
connected through their roots {x1,...,xg} to a separate node 0;.

First notice that H; , is unitarily equivalent to H; y_;, where 7 is restriction
of 7 to the d7x. Next note that the {z,}, that appear in H. y, are disjoint for any
two subtrees Ty, and Ty, with x; # x,. Hence, by the induction hypothesis,
0(Hrx) No(Hyy) = O for x # y and the spectrum of the operator H; x is
simple, with the property that the eigenfunctions corresponding to the eigenvalues
are non-zero at the root, for each x.

Since we are working on tree graphs, we have

1

—z- Zx:d(ON,x)=l<5x’ (HT,X - Z)_lgx)
1
N (e8> 20
7,x,E-0x
-z Zx:d(ON,x)=1 ZEEG(H,;,X) E—

(Son s (Hen —2)"'80y) =

where Y x g is the eigenfunction of H; , corresponding to the eigenvalue E. By
the induction hypothesis we have (Y; x g, Sx) # O for each E € 0(H; ) and x a
neighbor of Ox. Next, using the fact that 0 (H,x) N 0 (H,y) = @ for x # y, we

get that
|(Wr,x,E’5x)|2
RO DD D

x:d(0py,x)=1 E€o(H¢ x)
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has ) .. 0 .x)=1 #0 (Hz x) poles, and consequently equation (20) has

1+ Z #O(Hr,x)

x:d(0pn,x)=1

roots, that is, |T | roots. But using functional calculus we also have

_ (Yo, B, Son )|
(Son - (Hen —2) '80y) = Z E——ZON’
Eeco(H; N)

where ¥ n,£ is the eigenfunction of the matrix H. y corresponding to the eigen-
value E. So each pole (8o, , (Hy ny —2) 180, ) corresponds to an eigenvalue, and
the previous computation shows that there are [T | many poles, which establishes
the simplicity of the spectrum of the operator H. x. Finally, the eigenfunction
Ve, N,E is non-zero at the root Oy, because if (Y n,£.80,) = 0, then the pole
corresponding to £ will not be present in the above expression.

Finally, we have to prove that o(H.;) N o(H, ) = @ for almost all 7, w. But
first we need the following claim:

Claim. For any solution y € C7! \ {0} of the equation H,;y = EV for E € R,
there exists x € 077 such that W, # 0.

Proof of the claim. 1f for some E € R there exists ¥ € C”/ such that H, ;¢ =
Ev and
Yy =0 forall x € 977,

then, for any x € 977,

(Hr,l‘,”)x = wa =0 = 1,”Px +tx¢x =0
= 1)”Px =0,

where Px is the unique neighbor of x satisfying d(0;, x) = d(0;, Px) + 1. So
we get that ¥, = O for all x € T; such that d(0,x) = [ — 1. Repeating this
argument for x satisfying d(0,x) = I — 1 shows that ¥, = 0 for all x such that
d(0;, x) = I —2. Repeating the last step recursively gives ¥ = 0, a contradiction.
This completes the proof of the claim. A

Now, to prove that o (H,;) N o(H,,) = 9, for almost all 7, w, denote © =
{TxfxedT;» @ = {wx}xeay,, and let {E7}; and {7} denote the eigenvalues and
the corresponding eigenfunctions for H,;, and similarly for H, ;. Using the
Feynman—Hellmann theorem for rank-one perturbations, we have

dE?

—L = [(yf.8x)* forall x € 9T; and all i,
dty
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and similarly

dE®

o = (¥, 8x)|> forall x € 3T; and all i.

For each i, by the previous claim, there exists x; € d7; such that (7, 8,r) # 0,
and similarly for . Now using the implicit function theorem over the function
g(w,7) = Ef — E? = 0, we conclude that the dimension of the manifold

d 07;.
{(t,w) e R x R ET = E?}
is smaller than 2|d7;|. In particular, the Lebesgue measure of the set
3 377
{(t,w) e R x R Ef = E?)

is equal to zero, which completes the proof of the induction step. |

A. Appendix

Lemma A.1. Let H be a separable Hilbert space, and let H be a self-adjoint
operator on H, and for ¢, € H set 04(-) = (¢, Ex(-)¢) and oy 4 () =
(. EE(-)V¥). Let f be the Radon—Nikodym derivative of o y with respect to o.
Then f(H )¢ is the projection of ¥ on the minimal closed H -invariant subspace
containing ¢.

Proof. Let J(4 denote the minimal closed H -invariant subspace containing ¢.
Then, the pair (}g, H) is unitarily equivalent to (L?(R, 04), Mia), where Myq is
multiplication by the identity map on R. Consider the linear functional

gr— (g(H)p, v — f(H)P)
for g € L?(R, 04). Observe that
(&(H)$, ¥ — F(H)G) = (), ¥) — (g (H), f(H))
— [ s@dopy )~ [ £00) fdop () = 0.

Since g(H )¢ are dense in Hy for ¢ € L?(R, 04), we have

v — f(H)p L Hy,

hence f(H )¢ is the projection of ¥ on to Hy. |
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Lemma A.2. Let H be separable Hilbert space, H be a self-adjoint operator H,
and Q be a finite-rank projection. Let {e;}ien be an orthonormal basis for the
subspace QH and denote

Hi = (f(H)ei: f € Ce(R))

and

Ho = (f(H)¢: f € Cc(R) & ¢ € QKH).

Ho = Hi.
i

where ) ; H; denotes the closed linear span of 3.

Then

Proof. Since H; € o for any i, we always have
> 3 < Ho.
i

For the other way round, note that we only have to show f(H)¢ € >, H;
whenever ¢ € Q3. Since {e;}; is a basis, we have

(,25 = Zaiei.
Using it, define
N
yn =) ai f(H)e,
i=1

which satisfies Y5 € ) ; 3; for any N € IN. Now the conclusion of the lemma
holds, since ), H; is closed. O

Acknowledgement. Anish Mallick thanks ICTS-TIFR for a postdoctoral fellow-
ship. Dhriti Ranjan Dolai is partially supported by the J. C. Bose Fellowship grant
of Prof. B. V. Rajarama Bhat.

References

[1] M. Aizenman and S. Molchanov, Localization at large disorder and at extreme en-
ergies: an elementary derivation. Comm. Math. Phys. 157 (1993), no. 2, 245-278.
MR 1244867 Zbl 0782.60044

[2] M. Aizenman and S. Warzel, Localization bounds for multiparticle systems. Comm.
Math. Phys. 290 (2009), no. 3, 903-934. MR 2525644 Zbl 1186.82055


http://www.ams.org/mathscinet-getitem?mr=1244867
http://zbmath.org/?q=an:0782.60044
http://www.ams.org/mathscinet-getitem?mr=2525644
http://zbmath.org/?q=an:1186.82055

(3]

(4]

(5]

(6]

(7]

(8]

(9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

A theorem on the multiplicity of the singular spectrum 1983

M. Aizenman and S. Warzel, Resonant delocalization for random Schrédinger op-
erators on tree graphs. J. Eur. Math. Soc. (JEMS) 15 (2013), no. 4, 1167-1222.
MR 3055759 Zbl 1267.47064

J. Bourgain and C. E. Kenig, On localization in the continuous Anderson—-Bernoulli
model in higher dimension. Invent. Math. 161 (2005), no. 2, 389-426. MR 2180453
Zbl 1084.82005

R. Carmona, A. Klein, and F. Martinelli, Anderson localization for Bernoulli and
other singular potentials. Comm. Math. Phys. 108 (1987), no. 1, 41-66. MR 0872140
Zbl 0615.60098

V. Chulaevsky, A. B. De Monvel, and Y. Suhov, Dynamical localization for a multi-
particle model with an alloy-type external random potential. Nonlinearity 24 (2011),
no. 5, 1451-1472. MR 2785977 Zbl 1222.82046

J. Combes and P. Hislop, Localization for some continuous, random Hamiltonians in
d-dimensions. J. Funct. Anal. 124 (1994), no. 1, 149-180. MR 1284608
Zbl 0801.60054

J. Combes and P. Hislop, Localization for 2-dimensional random Schrédinger opera-
tors with magnetic fields. In M. Demuth and B.-W. Schulze (ed.), Partial differential
operators and mathematical physics. Proceedings of the International Conference on
Partial Differential Equations held in Holzhau, July 3-9, 1994. Operator Theory: Ad-
vances and Applications, 78. Birkhduser Verlag, Basel, 1995, 61-76. MR 1365318
7Zbl 0833.35116

J.-M. Combes, F. Germinet, and A. Klein, Poisson statistics for eigenvalues of contin-
uum random Schrodinger operators. Anal. PDE 3 (2010), no. 1, 49-80. MR 2663411
7Zbl 1227.82034

A. Dietlein and A. Elgart, Level spacing for continuum random Schrodinger operators
with applications. Preprint, 2017. arXiv:1712.03925

R. Froese, D. Hasler, and W. Spitzer, Absolutely continuous spectrum for the Ander-
son model on a tree: a geometric proof of Klein’s theorem. Comm. Math. Phys. 269
(2007), no. 1, 239-257. MR 2274470 Zbl 1117.82024

J. Frohlich, F. Martinelli, E. Scoppola, and T. Spencer, Constructive proof of local-
ization in the Anderson tight binding model. Comm. Math. Phys. 101 (1985), no. 1,
21-46. MR 0814541 Zbl 0573.60096

F. Germinet and A. Klein, Bootstrap multiscale analysis and localization in random
media. Comm. Math. Phys. 222 (2001), no. 2,415-448. MR 1859605 Zbl 0982.82030

F. Gesztesy and E. Tsekanovskii, On matrix—valued Herglotz functions. Math.
Nachr. 218 (2000), 61-138. MR 1784638 Zbl 0961.30027

V. Jaksi¢ and Y. Last, Spectral structure of Anderson type Hamiltonians. Invent.
Math. 141 (2000), no. 3, 561-577. MR 1779620 Zbl 0962.60056

V. Jaksi¢ and Y. Last, A new proof of Poltoratskii’s theorem. J. Funct. Anal. 215
(2004), no. 1, 103—-110. MR 2085111 Zbl 1070.47012


http://www.ams.org/mathscinet-getitem?mr=3055759
http://zbmath.org/?q=an:1267.47064
http://www.ams.org/mathscinet-getitem?mr=2180453
http://zbmath.org/?q=an:1084.82005
http://www.ams.org/mathscinet-getitem?mr=0872140
http://zbmath.org/?q=an:0615.60098
http://www.ams.org/mathscinet-getitem?mr=2785977
http://zbmath.org/?q=an:1222.82046
http://www.ams.org/mathscinet-getitem?mr=1284608
http://zbmath.org/?q=an:0801.60054
http://www.ams.org/mathscinet-getitem?mr=1365318
http://zbmath.org/?q=an:0833.35116
http://www.ams.org/mathscinet-getitem?mr=2663411
http://zbmath.org/?q=an:1227.82034
http://arxiv.org/abs/1712.03925
http://www.ams.org/mathscinet-getitem?mr=2274470
http://zbmath.org/?q=an:1117.82024
http://www.ams.org/mathscinet-getitem?mr=0814541
http://zbmath.org/?q=an:0573.60096
http://www.ams.org/mathscinet-getitem?mr=1859605
http://zbmath.org/?q=an:0982.82030
http://www.ams.org/mathscinet-getitem?mr=1784638
http://zbmath.org/?q=an:0961.30027
http://www.ams.org/mathscinet-getitem?mr=1779620
http://zbmath.org/?q=an:0962.60056
http://www.ams.org/mathscinet-getitem?mr=2085111
http://zbmath.org/?q=an:1070.47012

1984 D. R. Dolai and A. Mallick

[17]

(18]

[19]

(20]

(21]

(22]

(23]

(24]

[25]

(26]

(27]

(28]

[29]

(30]

(31]

V. Jaksi¢ and Y. Last, Simplicity of singular spectrum in Anderson-type Hamiltoni-
ans. Duke Math. J. 133 (2006), no. 1, 185-204. MR 2219273 Zbl 1107.47027

S. Y. Jitomirskaya, Metal-insulator transition for the almost Mathieu operator. Ann.
of Math. (2) 150 (1999), no. 3, 1159-1175. MR 1740982 Zbl 0946.47018

A. Klein, Extended states in the Anderson model on the Bethe lattice. Adv. Math. 133
(1998), no. 1, 163-184. MR 1492789 Zbl 0899.60088

A. Klein and S. Molchanov, Simplicity of eigenvalues in the Anderson model. J. Stat.
Phys. 122 (2006), no. 1, 95-99. MR 2203783 Zbl 1152.82010

A. Klein and S. T. Nguyen, Bootstrap multiscale analysis and localization for multi-
particle continuous Anderson Hamiltonians. J. Spectr. Theory 5 (2015), no. 2,
399-444. MR 3355457 Zbl 1330.82029

F. Klopp, Localization for some continuous random Schrddinger operators. Comm.
Math. Phys. 167 (1995), no. 3, 553-569. MR 1316760 Zbl 0820.60044

S. Kotani, Ljapunov indices determine absolutely continuous spectra of stationary
random one-dimensional Schrodinger operators. In K. 1t6 (ed.), Stochastic analysis.
Proceedings of the Taniguchi international symposium held in Katata and in Kyoto,
July 1-10, 1982. North-Holland Mathematical Library, 32. North-Holland Publishing
Co., Amsterdam, 1984, 225-247. MR 0780760 Zbl 0549.60058

S. Kotani, Lyapunov exponents and spectra for one-dimensional random Schrodinger
operators. J. E. Cohen, H. Kesten, and Ch. M. Newman (eds.), Random matrices
and their applications. Proceedings of the AMS-IMS-SIAM joint summer research
conference held at Bowdoin College, Brunswick, Maine, June 17-23, 1984. Contem-
porary Mathematics, 50. American Mathematical Society, Providence, R.I., 1986,
277-286. MR 0841099 Zbl 0587.60054

A. Mallick, JakSi¢—Last theorem for higher rank perturbations. Math. Nachr. 289
(2016), no. 11-12, 1548-1559. MR 3541823 Zbl 06639288

A. Mallick, Multiplicity bound of singular spectrum for higher rank Anderson mod-
els. J. Funct. Anal. 272 (2017), no. 12, 5162-5190. MR 3639525 Zbl 1432.81031

S. Naboko, R. Nichols, and G. Stolz, Simplicity of eigenvalues in Anderson-type
models. Ark. Mat. 51 (2013), no. 1, 157-183. MR 3029341 Zbl 1269.82030

M. G. Nadkarni, Spectral theory of dynamical systems. Birkhauser Advanced Texts:
Basler Lehrbiicher. Birkhduser Verlag, Basel, 1998. MR 1719722 Zbl 0921.28009

A. G. Poltoratskii, Boundary behavior of pseudocontinuable functions. Algebra i
Analiz 5 (1993), no. 2, 189-210. In Russian. English translation, St. Petersburg
Math. J. 5 (1994), no. 2, 389—-406. MR 1223178 Zbl 0833.30018

F. Riesz and R. Riesz, Uber die Randwerte einer analytischen Funktion. Math. Z. 18
(1923), no. 1, 87-95. MR 1544621 JFM 49.0225.01

C. Sadel, Anderson transition at two-dimensional growth rate on antitrees and spectral
theory for operators with one propagating channel. Ann. Henri Poincaré 17 (2016),
no. 7, 1631-1675. MR 3510466 Zbl 1347.81041


http://www.ams.org/mathscinet-getitem?mr=2219273
http://zbmath.org/?q=an:1107.47027
http://www.ams.org/mathscinet-getitem?mr=1740982
http://zbmath.org/?q=an:0946.47018
http://www.ams.org/mathscinet-getitem?mr=1492789
http://zbmath.org/?q=an:0899.60088
http://www.ams.org/mathscinet-getitem?mr=2203783
http://zbmath.org/?q=an:1152.82010
http://www.ams.org/mathscinet-getitem?mr=3355457
http://zbmath.org/?q=an:1330.82029
http://www.ams.org/mathscinet-getitem?mr=1316760
http://zbmath.org/?q=an:0820.60044
http://www.ams.org/mathscinet-getitem?mr=0780760
http://zbmath.org/?q=an:0549.60058
http://www.ams.org/mathscinet-getitem?mr=0841099
http://zbmath.org/?q=an:0587.60054
http://www.ams.org/mathscinet-getitem?mr=3541823
http://zbmath.org/?q=an:06639288
http://www.ams.org/mathscinet-getitem?mr=3639525
http://zbmath.org/?q=an:1432.81031
http://www.ams.org/mathscinet-getitem?mr=3029341
http://zbmath.org/?q=an:1269.82030
http://www.ams.org/mathscinet-getitem?mr=1719722
http://zbmath.org/?q=an:0921.28009
http://www.ams.org/mathscinet-getitem?mr=1223178
http://zbmath.org/?q=an:0833.30018
http://www.ams.org/mathscinet-getitem?mr=1544621
http://zbmath.org/?q=an:49.0225.01
http://www.ams.org/mathscinet-getitem?mr=3510466
http://zbmath.org/?q=an:1347.81041

A theorem on the multiplicity of the singular spectrum 1985

[32] C.Sadeland H. Schulz-Baldes, Random Dirac operators with time reversal symmetry.
Comm. Math. Phys. 295 (2010), no. 1, 209-242. MR 2585996 Zbl 1190.47040

[33] B. Simon, Kotani theory for one dimensional stochastic Jacobi matrices. Comm.
Math. Phys. 89 (1983), no. 2, 227-234. MR 0709464 Zbl 0534.60057

[34] B. Simon, Cyclic vectors in the Anderson model. Rev. Math. Phys. 6 (1994), no. 5A,
1183-1185. Special issue dedicated to E. H. Lieb. MR 1301372 Zbl 0841.60081

[35] W.-M. Wang, Microlocalization, percolation, and Anderson localization for the mag-
netic Schrodinger operator with a random potential. J. Funct. Anal. 146 (1997), no. 1,
1-26. MR 1446374 Zbl 0872.35137

Received December 21, 2019

Dhriti Ranjan Dolai, Department of Mathematics, Indian Institute of Technology,
Karnataka 580011, India

e-mail: dhriti @iitdh.ac.in
Anish Mallick, Facultad de Matematicas, Pontificia Universidad Catdlica de Chile,

Edificio Rolando Chuaqui, Campus San Joaquin, Avda. Vicuiia Mackenna 4860, Macul,
Chile

e-mail: anish.mallick @mat.uc.cl


http://www.ams.org/mathscinet-getitem?mr=2585996
http://zbmath.org/?q=an:1190.47040
http://www.ams.org/mathscinet-getitem?mr=0709464
http://zbmath.org/?q=an:0534.60057
http://www.ams.org/mathscinet-getitem?mr=1301372
http://zbmath.org/?q=an:0841.60081
http://www.ams.org/mathscinet-getitem?mr=1446374
http://zbmath.org/?q=an:0872.35137
mailto:dhriti@iitdh.ac.in
mailto:anish.mallick@mat.uc.cl

	Introduction
	Preliminaries
	Single perturbation results
	Proof of Theorem 1.1
	An application
	Appendix
	Acknowledgement
	References

