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Berezin—Toeplitz quantization associated with
higher Landau levels of the Bochner Laplacian

Yuri A. Kordyukov

Abstract. In this paper, we construct a family of Berezin—-Toeplitz type quantizations of a com-
pact symplectic manifold. For this, we choose a Riemannian metric on the manifold such that
the associated Bochner Laplacian has the same local model at each point (this is slightly more
general than in almost-Kéhler quantization). Then the spectrum of the Bochner Laplacian on
high tensor powers L? of the prequantum line bundle L asymptotically splits into clusters of
size @(p3/*) around the points pA, where A is an eigenvalue of the model operator (which can
be naturally called a Landau level). We develop the Toeplitz operator calculus with the quantum
space, which is the eigenspace of the Bochner Laplacian corresponding to the eigenvalues from
the cluster. We show that it provides a Berezin—Toeplitz quantization. If the cluster corresponds
to a Landau level of multiplicity one, we obtain an algebra of Toeplitz operators and a formal
star-product. For the lowest Landau level, it recovers the almost Kihler quantization.

Dedicated to the memory of Misha Shubin

1. Introduction

The main goal of our paper is to construct a family of Berezin—Toeplitz quantizations
based on appropriate eigenspaces of the Bochner Laplacian under a certain condition
on the Riemannian metric on the symplectic manifold (which is slightly more general
than the almost-Kéhler one). More precisely, let (X, B) be a closed symplectic mani-
fold of dimension 2n. Assume that there exists a Hermitian line bundle (L, h%) on X
with a Hermitian connection V% such that

B = iRL, (1)

where RL is the curvature of the connection VL defined as RL = (V1)2.
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Let g be a Riemannian metric on X and (E, h%) be a Hermitian vector bundle of
rank  on X with a Hermitian connection VZ . For any p € N, let L? := L®P be the
pth tensor power of L and let

VLP®E. coo(X [P Q E) > C®(X,T*X ® L? ® E)

be the Hermitian connection on L? ® E induced by VL and VE . Consider the induced
Bochner Laplacian AL”®F acting on C®(X, L? ® E) by

ALP®E — (VLP®E)* VL[)@E , (2)

where (VL ®EY*. (X, T*X ® L? ® E) - C*®(X,L? ® E) is the formal adjoint
of VL®F,

For an arbitrary x € X, one can introduce a second order differential operator
acting on C*°(Tyx X, E) (the model operator), which is obtained from the Bochner
Laplacian ALP®E by freezing coefficients at x (see (19) below and [22] for more
details). It is the Bochner Laplacian on a constant curvature Hermitian line bundle
over the Euclidean space Ty X. It can be also considered as the magnetic Laplacian
with constant magnetic field. We consider the skew-adjoint operator By: Tx X — T X
such that

B.(u,v) = g(Bxu,v), u,veTyX.

Its eigenvalues have the form +ia;(x),j = 1,...,n, with a;(x) > 0. The spectrum
of the model operator consists of eigenvalues of the form Z;’l=1 (2kj + 1)a;j(x) with
(k1,....kn) € Z" . Each eigenvalue has infinite multiplicity and is called a Landau
level.

We assume that the functions a; can be chosen to be constants:

aj(x)=aj, xeX, j=1,...,n. 3)

This is a condition on the Riemannian metric g, which can be satisfied for any sym-
plectic manifold X . In this case, the spectrum of the model operator is independent of
x and coincides with the countable discrete set

5= {Aki= Y@k + Dajik = (ki k) € 1), @)

j=1

IfJ = ﬁB is an almost-complex structure (the almost Kahler case), then a; = 2,
j=1,...,n,and
=212k +n):k € Z4}. (®)]

As shown in [22] (see also [14]), for any K > 0, there exists ¢ > 0 such that for any
p € N the spectrum of AL”®E in the interval [0, K] is contained in the ¢p3/4-neigh-
borhood of pX. In other words, the spectrum of AL"®E asymptotically splits into
clusters around pX of size @ (p3/4).
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Next, we fix one of these clusters associated with A € ¥ and develop the Toeplitz
operator calculus associated with the eigenspace of the Bochner Laplacian corres-
ponding to eigenvalues from this cluster. Consider an interval / = («, 8) such that
(o, B) N X = {A}. By the above mentioned fact, there exist pg > 0 and pg € N such
that, for any p > po,

o (AF"®F) C (=00, p(A — 10)) U (par, pB) U (p(A + juo), 00).

The spectral projection of the operator AL P®E associated with (pa, pPB) is independ-
ent of the choice of I and will be denoted by P, 4.
For f € C*°(X,End(FE)), we define the associated Toeplitz operator to be the

sequence of bounded linear operators
Trp = PpafPpa:L*(X.LP® E) > L*(X,L? ® E), peN.

Theorem 1.1. Let f,g € C*®°(X,End(E)). Then, for the product of the Toeplitz oper-
ators {Ty,p} and {Tg p}, we have

TtpTep = Trg,p + O(p™H. 6)

Moreover, if f, g € C®°(X), then, for the commutator of the operators {Ty,,} and
{Tg,p}, we have
(Tp Te.0) = ip~ ' Tisgho + O(p~'72), (N

where { f, g} is the Poisson bracket on the symplectic manifold (X, B).

Thus, the Toeplitz operators provide a Berezin—Toeplitz quantization for the com-
pact symplectic manifold (X, B). The limit p — 400 for Toeplitz operators can be
thought of as a semiclassical limit, with semiclassical parameter # = % — 0. The-
orem .3 shows that this quantization has a correct semiclassical limit.

In the case when the set K := {k € Z' : Ax = A} consists of a single element,
we construct the algebra of Toeplitz operators associated with A.

Definition 1.2. A Toeplitz operator is a sequence {7} = {7, }pen of bounded linear
operators Tp: L2(X,L? ® E) — L*(X,L? ® E), satisfying the following conditions.

(1) For any p € N, we have
T, = Py ATy Pp.A.

(ii) There exists a sequence g; € C°°(X, End(E)) such that

o0
Tp = PpA (Z P_lgl>Pp,A +0(p™™),
1=0
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i.e. for any natural k there exists Cx > 0 such that

k
H Tp — Pp.a (Z p_lgl)Pp,A“ < Cep FL
1=0

Theorem 1.3. Assume that K consists of a single element. Then, for any f, g €
C*(X,End(E)), the product of the Toeplitz operators {Ty,,} and {Tg p} is a Toep-
litz operator in the sense of Definition 1.2. More precisely, it admits the asymptotic
expansion

o0
TrpTep = Z P Te (fe)p +O(P™), ®)
r=0
with some C,(f, g) € C*°(X,End(E)), where the C, are bidifferential operators. In
particular, Co(f, g) = fg and, for f,g € C*(X), we have

Ci(f.9)—Ci(fg) =ilf gl €))

The idea to use Toeplitz operators for quantization of Kéhler manifolds was sug-
gested by Berezin in [4]. We refer the reader to [3, 12,24, 35] for some recent surveys
on Berezin—Toeplitz and geometric quantization. For a general compact Kihler mani-
fold, the Berezin—Toeplitz quantization was constructed by Bordemann, Meinrenken,
and Schlichenmaier [5], using the theory of Toeplitz structures of Boutet de Monvel
and Guillemin [6]. In this case, the quantum space is the space of holomorphic sec-
tions of tensor powers of the prequantum line bundle over the K&hler manifold. For
an arbitrary symplectic manifold, Guillemin and Vergne suggested to use the kernel
of the spin® Dirac operator as a quantum space. The corresponding Berezin—Toeplitz
quantization was developed by Ma and Marinescu [25, 26]. It is based on the asymp-
totic expansion of the Bergman kernel outside the diagonal obtained by Dai, Liu, and
Ma [11]. Another candidate for the quantum space was suggested by Guillemin and
Uribe [17]. It is the space of eigensections of the renormalized Bochner Laplacian cor-
responding to eigenvalues localized near the origin. In this case, the Berezin—Toeplitz
quantization was recently constructed in [19,21], based on Ma and Marinescu’s work:
the Bergman kernel expansion from [27] and Toeplitz calculus developed in [26] for
spin® Dirac operator and Kihler case (also with an auxiliary bundle). We note also that
Charles [8] proposed recently another approach to quantization of symplectic mani-
folds and Hsiao and Marinescu [18] constructed a Berezin—Toeplitz quantization for
eigensections of small eigenvalues in the case of complex manifolds.

In our paper, we follow the approach to Toeplitz operator calculus developed
in [19,21,25,26]. Asymptotic expansions of the kernels of spectral projections, which
we need in our case, are proved in [22]. When A = Ay is the lowest Landau level, our
results are reduced to the results obtained in [19,21], which hold for any Riemannian
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metric g (not necessarily satisfying the condition (3)). We mention that, in two sim-
ultaneous papers [9, 10], Charles studies the same subject, using the methods of [8].

There are several papers devoted to Toeplitz operators acting on spectral sub-
spaces of the Landau Hamiltonian in R2n (see, for instance, [7, 15,28-30,32,33] and
references therein). For constant magnetic fields, such operators are related with the
Toeplitz operators acting on Bargmann—Fock type spaces of polyanalytic functions
(see, for instance, [1,2,13,16,20,34,36] and references therein). In particular, in [20],
quantization schemes defined by polyanalytic Toeplitz operators are discussed.

The paper is organized as follows. In Section 2, we introduce an algebra U of
integral operators on X defined in terms of conditions on their smooth Schwartz ker-
nels. In Section 3, we show that Toeplitz operators in the sense of Definition 1.2
belong to 2. In Section 4, using the results of the previous sections, we prove the first
part of Theorem 1.1 and reduce the proof of its second part to a similar statement in
the Euclidean case. The proof of this statement is given in Section 5. In Section 6, we
prove that the set of Toeplitz operators coincides with the algebra 2 in the case when
K A consists of a single element, which gives a characterization of Toeplitz operators
in terms of their Schwartz kernels in the form introduced in [26, Theorem 4.9]. Using
Theorems 6.1 and 1.1, we easily complete the proof of Theorem 1.3.

2. Algebra of integral operators

In this section, we introduce an algebra 2 of integral operators on X defined in
terms of conditions on their smooth Schwartz kernels. Our motivation comes from
the description of Toeplitz operators in terms of their Schwartz kernels introduced
in [25,26]. Later, we will show that Toeplitz operators in the sense of Definition 1.2
belong to this algebra, and, if K5 consists of a single element, the set of Toeplitz
operators coincides with 2I.

We introduce normal coordinates near an arbitrary point xo € X. We denote by
BX (xg,r) and BTx0X (0, r) the open balls in X and T, X with center x¢ and radius r,
respectively. Let ry > 0 be the injectivity radius of X. We identify B7x0X (0, ry)
with BX (x, rx) via the exponential map expffoz Ty, X — X.Furthermore, we choose
trivializations of the bundles L and E over BX (x0, rx), identifying their fibers Lz
and Ez at Z € BTx0X(0,ry) 2= BX (x¢, ry) with the spaces Ly, and Ey, by parallel
transport with respect to the connections VL and VE along the curve yz:[0,1] 5 u —
expX (uZ). Denote by VL ®F hL"®E
on the trivial bundle with fiber (L? ® E)y, induced by these trivializations.

We choose an orthonormal base {e;: j = 1,...,2n} in T, X such that

and the connection and the Hermitian metric

BX()eZk—l = dareézk, BX()eZk = —Adk€zk-1, k = 17 cee, N (10)
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Thus, we have

n
By, =Y ardZox—1 NdZx. (11)
k=1
We introduce a coordinate chart yy,: B(0,c¢) C R*" — X defined on the ball
B(0,c):={Z e R?":|Z| < ¢} with some ¢ € (0,rx), which is given by the restriction
of the exponential map expffo composed with the linear isomorphism R?” — Ty X
determined by the base {e; }.
Let dvrx denote the Riemannian volume form of the Euclidean space (7, X, gx,)-
We define a smooth function x on BTx0X (0, ry) 2 BX (x¢,rx) by the equation

dvx(Z) = k(Z)dvrx(Z), Z e BT™0X(0,rx).
Let {Z,} be a sequence of linear operators
EpL*(X,LP ® E) - L*(X,L? ® E)

with smooth kernel E,(x, x”) with respect to dvy. Consider the fiberwise product
TX xx TX ={(Z,Z") € Txg X x TxyX:x0 € X}. Let m: TX xx TX — X be the
natural projection given by 7(Z, Z’) = x¢. The kernel E,(x, x’) induces a smooth
section 8, x,(Z, Z') of the vector bundle 7*(End(E)) on TX xx TX defined for all
X0 € Xand Z,Z' € Ty, X with |Z|,|Z'| < rx.

Denote by & the Bergman kernel in R?” given by

n

1 1 &
P(2.2) = ——[]a exp(—Z > a2kl + 1742 — 2zkz,;)). (12)
k=1

We will use the same notation for the corresponding scalar function P(Z, Z') =
P(Z,2") Idg,, on Ty, X X Tx, X with values in End(Ey,).

Definition 2.1 ([25,26]). We say that

k
) _r _k+1
P " Bpxo(Z.Z)) 2 (QrxeP)VPZ. YPZ)p 2 +O(p™ 2 ) (13)
r=0

with some Q, x, € End(Ey,)[Z, Z’], 0 < r < k, depending smoothly on x¢ € X,
if there exist ¢’ € (0, rx] and Cy > 0 with the following property: for any [ € N,
there exist C > 0 and M > 0 such that forany xo € X, p>1land Z,Z' € Ty X,
|Z],|Z'| < €', we have

k
P Epuro(Z. ZWH(Z(Z) = (QrixoP)PZ. /PZ)p

r=0

el(Xx)

_k+1 _
<Cp~ = (1+ JPIZ| + ¥PIZ' )M exp(—/CoplZ — Z']) + O(p™).
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Here C™ (X) is the C™ -norm for the parameter xo € X. We say that G, =
O(p~) if for any [, [; € N, there exists C;;, > 0 such that €!1-norm of G, is
estimated from above by C; ;, pL.

The expansion (13) will be called the full off-diagonal expansion for the kernel
of Ep.

Definition 2.2. We introduce the class 2, which consists of sequences of linear oper-
ators {T,: L>(X,L? ® E) — L*(X, L? ® E)}, satisfying the following conditions.
(i) Forany p € N, we have
Tp = Pp ATy PpoA.
(i1) For any g9 > 0 and/ € N, there exists C > 0 such that
| Tp(x. )| < Cp™!
for any p € N and (x, x’) € X x X with d(x, x") > g9. (Here d(x, x’) is the
geodesic distance.)

(iii) The kernel of T}, admits the full off-diagonal expansion

k
_ _r _k+1
p" p,X()(ZvZ/) = ZKr,xo(\/EZv\/ﬁZ/)P 2+0(p” 7))
r=0

foranyk e N, xo € X, Z,Z' € Ty, X, |Z|,|Z'| < & with some &' € (0,rx/4),
with

Kr,xO(Za Z,) = (@r,xoe(/j)(Z, Z,),
where @, x, € End(Ey,)[Z, Z'] is a family of polynomials, depending smoothly
on xo, of the same parity as r.

One can easily check the following properties of 2.

Proposition 2.3. The set A is an involutive algebra. For any {T,} € U, the operator
T, is bounded in L*>(X, L? ® E) with the norm, uniformly bounded in p.

Forany F,G € C*®°(Tx, X x Ty, X,End(Ex,)), exponentially decreasing away the
diagonal, we denote by I * G € C*°(Tyx, X x Ty, X,End(Ey,)) the smooth kernel of
the composition of the corresponding integral operators in L2(Tx, X, Ex,):

(FxG)(Z,Z') = / F(Z,2"G(z",ZdZ".
Txo X

Proposition 2.4. For any {T,},{T,'} € U, the coefficients Ky x,(Z, Z") in the full
off-diagonal expansion for the kernel of the composition {T, o T,'} are related with
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the analogous coefficients K.  (Z,Z") and K|, (Z,Z') for {T,} and {T '}, respect-

ively, by
Krxo =Y K 0 * K/, 0. (14)

ri+ra2=r

3. Description of the kernels of Toeplitz operators

In this section, we show that any Toeplitz operator {7, } in the sense of Definition 1.2
belongs to the algebra 2 introduced in the previous section. It is easy to see that it
suffices to do this for the operator {T¥, ,} determined by f € C°(X,End(E)).

Let P, a(x,x"), x,x" € X, be the smooth kernel of P, o with respect to the
Riemannian volume form dvy . The Schwartz kernel of 7%, is given by

Ty p(x.x') = f Py (6.9 f(7) Py (. x)dvx (). (15)
X

Lemma 3.1. Foranye > 0andl,m € N, there exists C > 0 such that for any p > 1
and (x,x’) € X x X withd(x,x") > & we have

| Ty p(x. x")|cm < Cp_l.

Here |7y, (x, x)|cx denotes the pointwise C k_seminorm of the section Ty pata
point (x,x’) € X x X, which is the sum of the norms induced by 4%, h€ and g of
the derivatives up to order k of Ty, with respect to the connection VLP®E and the
Levi-Civita connection VIX evaluated at (x,x).

Proof. The proof follows from (15) and the off-diagonal exponential estimate for
Py A(x,x") (see [22]) as in [27, Lemma 4.2]. n

By [22], for any k € N, the kernel of P, s admits the full off-diagonal expansion

k
— _r _k+1
P Ppao(Z.2)) =Y Frx(VPZ./PZ)p 2+ 0(p” ). (16)
r=0
Here, for any r > 0, the coefficient Fy y, € C®°(Tx,X x Tx,X,End(Ey,)) has the
form
Frx)(Z,Z") = Jrxo(Z,ZYP(Z,2Z), (17)

where J; x,(Z,Z') is a polynomial in Z, Z’, depending smoothly on xg, of the same
parity as r and deg J; x, < k(A) 4 3r, where «(A) = max{[k|: Ax = A}.
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Recall the description of the leading coefficient Fy x,(Z, Z’). We introduce the
connection on the trivial line bundle on Ty, X =~ R?", with the connection one-form

o given by
n

1
o= —a(Zog—1dZox — Zox dZ>_1). 18
Z zak( 2k—1 dZok — Zok dZojc—1) (18)
k=1
Its curvature is constant: do = By,,.
Let #© be the associated Bochner Laplacian on C *®(R?"):

HO = (d—-ia)*"(d—ia). (19)

The spectrum of # ©) coincides with ¥ and consists of eigenvalues of infinite multi-
plicity. Considered as an operator on C®(Ty, X, Ex,) = C®°(R?", E,), the operator
HO ®id Ey, 1s exactly the model operator at xo mentioned in the introduction. So,
the assumption (3) guarantees that, in a suitable coordinates, the model operator is
independent of xo. Let £ be the orthogonal projection on the eigenspace of J (%)
with the eigenvalue A (see Section 5 for more information on #p ).

The leading coefficient in (16) is given by

Foxo(Z,Z") = PN(Z,2Z). (20)

Asin [27, Lemma 4.7], using an explicit formula for Fy x, givenin [22], one can show
that, for any Z,Z’ € TvoX, F1x0(Z,Z ') is a scalar operator in E xo» and, therefore,
commutes with any operator in E,.

Since P,  is a projection, we have

e(jjl\*l;‘l,x()-i_F‘l,x()*C(F’A:F‘l,xoy (21)
t(PA * FZ,X() + Fl,xo * Fl,x() + FZ,X() * t(PA = FZ,xo- (22)

Lemma 3.2. For any f € C*(X,End(E)), the operator {Ty,,} belongs to . The
coefficients K, x,(f) € C®°(Tx, X x Tx,X,End(Ey,)) of the full off-diagonal expan-
sion for the kernel of Ty, , are given by

1
Kr,xo(f) = Z Frl,xo * F(dkfxo)o : Frz,xoy (23)
ri+ra+k=r ’
where o f
(@ fro)o(Z) = ) == (0)Z°
la|=k

and we denote

(@* fx0)0 " Fraxo(Z, Z) = (d* fx)o(Z) Fry 20 (Z, Z)).
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In particular, we have

Ko,xo(f) = f(x0)Pn, (24)
Kl,xo(f) = f(XO)Fl,xO + f(PA * (dfxo)O : e(PA, (25)

and, for f € C*°(X),
K> o (f) = f(x0) F2,x0 + Fi,x0 * (dfxo)o - Pa
+ P * (dfxg)o Fixg + Pa * %(dzfxo)o " Pr. (26)
Proof. The proof goes along the same lines as the proof of [27, Lemma 4.6], so we
just highlight the main points.

The fact that {7 ,} belongs to 2 follows easily from (15), (16), and Proposi-
tion 2.4. By (15) and (16), we also get

[o¢]
LTRSS ) S VAN I AN GV UG
r=0 ritra=r % Frz,xo(\/ﬁW, ﬁZ,)dW

Now we write the Taylor expansion for fy, at0:

P fra ) I

S W) = awe o!

2n
aEZ+

s

We infer that

o0
RUTRCEAED DD DD DI RN NS

ani_" r=0 ri+ra+la|=r
9% /3 (V/PW)*
x L0 ) B b o (JPW. B2,
which proves (23).
Using (23), (21), (22), and the fact that F ,(Z, Z') commutes with any operator
in Ey,, one can easily derive (24), (25), and (26). [ ]

4. The composition theorem

Now we will use the results of the previous sections to prove Theorem 1.1. In this
section, we will prove the first part of the theorem and reduce the proof of the second
part to the proof of a similar statement in the Euclidean case, which will be given in
the next section.
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Let f, g € C*(X,End(E)). By Proposition 2.4, the operator Ty, ,T,, , belongs
to A, and, by (14), the coefficients K, x,(f, g) € C®(Tx, X x Tx,X,End(Ey,)) of
the full off-diagonal expansion for the kernel of Ty, , T, are given by

Krxo(f:8) =) Kry () * Kryxo(8). 27)

ry+ro=r
To prove (6), it is sufficient to show that
Kr,xo(fv g = Kr,xo(fg)- r=0,1.
By (27), (24), and the fact that 4 commutes with g(xo), we get
KO,xo(fv g) = KO,xo(f) * KO,xo(g)
= f(x0)PA * g(x0) P = f(x0)g(x0)PAr = Ko,xo(f8)-
Next, by (27), (24), (25), and (21), we have
Kl,xo(fv g) = Kl,xo(f) * KO,xo(g) + KO,xo(f) * Kl,xo(g)
= (f(x0) F1,xo + Pa * (dfxy)o - Pa) * g(x0)Pa
+ f(x0)Pa * (g(x0) F1,xo + Pa * (dgxy)o - Pn)
= f(x0)g(x0) F1,xo + Pa * (dfxg)og(x0) - Pa
+ P * f(xO)(dgxo)O - Pa
= f(x0)8(x0) F1,xo + Pa * (d(f&)x0)o - Pa
=K1,x,(/8).

since Pp and F x, commute with g(xg) and f(xo) and h - P * Py = h - Py for
any h. This proves (6).
Now suppose that f, g € C°°(X). Then we have

Krxo(f.8) = Krxo(g, f) =0, r=0,1 (28)
Let us compute K> ,(f. g). By (27), (24), (25), and (26), we have
Koo (£:8) = ( /(0 Paung + iz * (dfxg)o - Pa + P # (dfxg)o - Fixg
F Pax 3(d frg)o P2 ) % 2(20) P

+ (f(x())Fl,xo + t(PA * (dfxo)o : t(PA)
* (g(x0) Fi,xo + Pa * (dgx)0 - Pn)

+ /(0) P * (8(x0) Fasxg + Fioxg * (dgx)o - Pa

1
+ Pa * (dgxo)o - Fixo + P * E(dzgxo)o . fPA).
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Using (22), we collect the terms with f(x9)g(xo). Since 5 and F x, commute with
g(x0) and f(x9), h - = h - Pp for any h, we get

KZ,xO(ﬁ g) = f(XO)g(XO)FZ,xO
+ Fix, * (dfxo)og(xo) - PA 4+ Pa * (dfcy)og(x0) - Fixo ¥ Pa
+ Pa * = (d Jx0)08(x0) - PA + Fixo * f(x0)(dgxy)o - Pa

+ Pa * (dfxo)og(xo) Pr * Fi,x,
+ Pa * (dfxg)o - Pa * (dgx)o - Pa

1
+ P * f(x0)(dgxo)o - Frxg + Pa * Ef(xo)(dzgxo)o - P

= f(x0)g(x0) F2,xy + F1,xo * (d(fg)x0)0 - Pa
+ t(PA * (d(fg)xo)() N Fl,x()

+ Pa % 5@ fio)og(x0) - P
P * (dfxg)o - Pa * (dgxg)o - Pa
+ P (o)) P
Finally, we see that

KZ xo(f g) - KZ x()(g f)

P * (dfxg)o - Pa * (dgxp)o Pa — Pa * (dgxo)o - Pa * (dfxg)o - Pa.
(29)

Thus, we have reduced the proof of (7) to the linear model.
We consider the linear space R?” equipped with the symplectic form

n
Wg = Z axdZsx—1 NdZyyi
k=1
(cf. (11)).
Proposition 4.1. For linear functions F and G on R?", we have

[PAF Pa, PAGPA] = {F.G}a P,

where {F, G}, is the Poisson bracket on the symplectic manifold (R*", w,)

A proof of Proposition 4.1 will be given in the next section. Now we demonstrate
how it allows us to complete the proof of (7).
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Observe that, for linear functions F and G, the Poisson bracket {F, G}, is a
constant function on R2”, and, by (11), it is easy to see that, for any f,g € C*®(X),

{.ﬂ g}(xo) = {(dfxo)Oy (dgxo)O}a-

Therefore, identity (7) follows immediately from (28), (29), and Propositions 4.1
and 2.3.

5. The model case

In this section, we prove Proposition 4.1, thus completing the proof of Theorem 1.1.
First, we need to recall some information on the spectral theory of the model oper-
ator J© see [27].

We will use the complex coordinates z € C" = R?", z; = Z5;_1 + i Z,j, with
j = 1,...,n, in the linear space R?". Put

T I T
az,- _2 E)sz_l 8Z2j ’ 8Zj _2 8Z2j_1 E)sz '

Define first order differential operators b;, b;r, j=1,....n,on C®R?", E,) by
the formulas
0 1 _ 0 1 )
b]:—ZE—I-Ea]Z], bJ—i_ZZE-‘rEa]Z], ] :1,...,11.

Then b;' is the formal adjoint of b; on L?(R?", Ey,), and
n
HO =3 "b;bt + Ao.
j=1
We have the commutation relations
[b,-,b;r] = bl-b;r — b;rb,- = —2a;6;;, [bi.b;]= [b;r,b;r] =0, (30)

and, for any polynomial g(z,Z) on z and Z,

0 0
8(z.2).b,] = 25— (=.2), [g(z.2).b/1 = -25—¢(z.5). (D
Zj 0z;
By [26, (1.98)], we have

(bFPNZ.Z") =0, (b;PNZ,Z") =a,(z —Z)P(Z,Z). (32)
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We introduce first order differential operators b I’ l;;r, j=1,...,n,onC®(R?>" E x0)
by the formulas
_ 0 1 - d 1
b; = —-2—+ —a;z;, bt =2—+-a;z;, j=1,....n.
J 82] 2 J<] J 82] 2 J<] J
They commute with the operators b;, b;r, j =1,...,n, and satisfy the same commut-

ation relations (30) as bj, b*. We have
(bf PNZ.Z') = a;Z,P(Z.2").  (bjPNZ.Z") = ajz; P(Z.Z)). (33)

Recall that any function ® € L?(R?", E,) of the form
1 n
® = bk(f(z) exp(—ZZaj|zj|2>>’ (34)
j=1

where f is an analytic function in C" =~ R?” and k € 7%, is an eigenfunction of
the operator #(® with the eigenvalue Ay = Z;"=1(2kj + 1)a;. In particular, the
eigenspace of H ©) ass0ciated with an eigenvalue A consists of functions @ given
by (34) withk € K.

In the case when E, = C, an orthonormal basis of the eigenspace of #(* asso-
ciated with the lowest eigenvalue A is formed by the functions

ﬂ n / n
052 = (Grygmg @) #op(-3 L alf). pezi 69
Ti=1 j=1

An orthonormal basis of the eigenspace associated with the eigenvalue A is given by
(see, for instance, [7])

1

— k
gﬂk’ﬂ—Wb vg, ﬂEZ”,kEJCA. (36)

Thus, the spectral projection P4 in L?(R?", Ey,) is given by

P = Z Phrs

keK A

where Py, is the smoothing operator with the kernel

PaZ.2)) zﬂzzwk,ﬂ(Z)wk,ﬂ(Z) TP kk,b'z‘b P(Z.Z)) (37
€z}

(see also (55) below for an explicit formula). We can also write the following formula
for the operator &4, itself:

1

k +\k
TG (38)

P, =
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Observe that

b]—-"_f/-)Ak:fPAk_ejb]—-‘r, bje?Ak:f?Ak+ejbj, ] =1,...,n,
where (eq, ..., ey) is the standard basis in Z". Indeed, using (38) and (30), we get
1 1
+ _ + 7k +\k _ 7 pk—e; +\k _ +
b] e{PAk = m[b] ,b ]:{/j(b ) = mza]k]b J:{/j(b ) = ‘{PAk—ejbj .

The second identity follows by taking adjoints.
Next, we show that, for a linear function

n
F(z.2) =Y Fzj + Fz, 7.

j=1
we have
21
[F, Pal = 2; a_j[FZj b (Paw = Phire,) + F2,0 (P — Par, )l (39)
j:
Observe that
1 + 1y
2/ Pad = - (Pace, = PaB] = b (Pa = Phae) GO)
Indeed, using (38), (31), and (32), we get
(27 ) = g (57 9P @D  + 5. P16 *)Y)
— ! kee; o>k L ko ke
- m(zk,b J P(bh) —a—jb P(b") ,)
1 +
e a—j(e(/jAk_ej - f(]jAk)bJ .
Taking adjoints, we infer that
_ 1 1
[Zj7 ‘T)Ak] = fbj ("(/)Ak - ‘T)Ak—ej) = ;(t(PAk-J—ej - t(P/\k)bj' (41)

J J

From (40) and (41), we get (39).
Using (39), we compute

PAkl Ft(/)Akz = 8k1,k2F=7)Ak2 + [PAkl ’ F‘]"(/)Ak2

n
1
= Skl,kzFf(]jAkz + Z a_e[((gkl—eg,kz - Skl,kz)FZgbe
U — Gyt = Sy ter ko) Fr b [ Par, - (42)
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Now we are ready to complete the proof of Proposition 4.1. For linear functions
F and G, using (42), we get

PAk] FfPAkGf/jAkZ

= Skl,ka(PAkGf?Akz
1 +1p D
+> a—e[(skl_%k — 8100 Fzobe — (Bt k — Sk +ee ) 2,0 | PA G P, -

Next, we transpose $5, and G and apply (39):
PAk] FfPAkGf/jAkZ

= 8k1 k8k kzFGeT)Akz

+ Z 5]( ko (5](1 —ep,k — 5k1,k)F24b€ - (Skl,k - 8k1+ez,k)FZgbZ_]Gj)Ak2

+Z — 8y kF [ (Bkte; ko — Skkz) Gz, b ; T+ (Br—e; o — Bka) Gz, b7 | P,
=14

+ Z (5k1—eg,k — 8k,.k) Fz,b0 — (8ky x — Sk e k) Fz, 0] |
jl=1 ajd

X [(Bite iy = Okky) Gz b + (Bkme; ko — Skky) Gz, bj | P, -

In the case when k;., k, k, € K, we necessarily have k) e, & Kp, kte; & Kj.
Thus, from the last formula, we conclude that PAk1 F =7)AkG=7)Ak2 = 0, unless k;
Kk, = Kk, and in the latter case, we have

PAkaPAkGfPAk

n
1
GPr+ Y a—e[—erbg — F.,b1GPa,
=1
n

1
+ Y —F[-Gz,b} — Gz,b;]Pa,

Jj=1

—Fz,by — Fz, b 1[=Gz,b] — Gz,b;]Pa,.
We see that
PaFPaGPp, — Pa,GPAF Pa,
n

1
j=1"J



Berezin—Toeplitz quantization 159

n
2
=D —(Fy,Gz; — F5,Gz))Pa, = {F.GlaPs,.
j=1"

which completes the proof of Proposition 4.1.

6. Characterization of Toeplitz operators

In the case when K 5 consists of a single element, we prove that the set of Toeplitz
operators coincides with the algebra 2, which gives a characterization of Toeplitz
operators in terms of their Schwartz kernels, This type of characterization was intro-
duced in [26, Theorem 4.9]. Using this result and Theorem 1.1, we easily complete
the proof of Theorem 1.3.

Theorem 6.1. Assume that K 5 consists of a single element. A sequence of bounded
linear operators {Ty: L*(X, L? ® E) — L*(X, L? ® E)} is a Toeplitz operator in
the sense of Definition 1.2 if and only if it belongs to 2.

The fact that any Toeplitz operator in the sense of Definition 1.2 belongs to 2 is
proved in Section 3 and holds without any assumption on A. Thus, we assume that
{T,} belongs to A and prove that it is a Toeplitz operator in the sense of Definition 1.2.
The proof is divided in several steps and in the beginning we don’t assume that K 5
consists of a single element.

The following is an analog of [27, Lemma 4.12]. Recall that K¢ x,(Z, Z’) denotes
the leading coefficient in the full off-diagonal expansion for the kernel of 7,

Proposition 6.2. The coefficient Ko x,(Z, Z') has the form

_k/
Koxo(Z.2Z") =) b¥b,[Que o P
kK€K

with some polynomials Qxw’ x,(z,Z') forany xo € X and Z,Z" € Tx,X.
Proof. By Definition 2.2 (i) and (14), we get
Ko,xg = P © Ko,xg © Pa- (43)

By (43) and (38), it follows that

1
Koxy=ProKoxo =) T 0P 0 ()" 0 Ko, (44)
ke K A '
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By [27, (2.12)], there exists Fj € C[z, Z'] such that
(P oMo Kox)Z,Z)= F-P(Z,2').
Plugging this in (44), we get

Koxo(Z.Z') = ) | spmia=bE Rz, Z)P(Z. Z).

|k| kk! 2
kEJCAz k!

Similarly, using (43), (38), and (45), we can write

1 ’ ’
KO,XO = KO,XO o) e(/jA = Z WKO’XO @] bk o (r/') o (b+)k
K€K A )

=3 ! DEFRP o bX o P o (bT)¥.

4 21k|+K| sk+K KIK/) 2
kK eK

Now we proceed as follows:

(FP o b¥)(Z,2))

bH¥ (RP)NZ,Z')

’ I _
=3 (k )2”3—;&(2, ZNbH¥ Pz, 7))

1
1<K’

=3 (¥ At 2 2.2
1<K

= Fw?(Z, 7))

with some Fge € Clz, Z'].
By [27, Proof of Lemma 2.2], there exists Qi € C|z, Z’] such that

(Fae® o P)(Z, 2" = 2K KI ;KKK 0o P(Z, Z)).

Combining (46), (47), and (48), we complete the proof.
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(45)

(40)

(47)

(48)

The following is an analog of the well-known upper estimate for the Wick symbol.

Proposition 6.3. We have

|Ko,xo(Z, Z)| < limsup || T, ||
p—>00

forany xg € X and Z € Ty, X.
Proof. By Definition 1.2 (i), we get
Tp(x,x') = (Pp,aTp Pp,a)(x. X')

- / Pya (e )Ty (1, ) Py a (0 X)dux (v) dux (V).

(49)
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For any x,y € X, Pp A(y, x) is a linear map from (L? ® E)x to (L? ® E),. For
x € Xandv € (L? ® E)y, introduce S¥, € C®(X.L? ® E) by

SPL()) = Ppa(y.x)v, yeX.

Observe that

(S2,.52.) = f (Ppo (v, X), Ppoa (v )0 dux ()

X
- [ (0. Ppop (x. ) Pps (v )0 )dux (7)
X

=(v, Pp,A(x,x")V').
In particular, we have

(SP,.82.) = (v, Ppa(x,x)v) = p"|v|2(e‘PA(0’0) + (9(17_%)),

x,0° Px,v

and
IS2,1 = p"210l((Pa©0.0)2 + 0 (p7H)).

By (49), we infer that for x,x’ € X,v € (L? ® E)y and v’ € (L? ® E),,

(0. Ty X 0) = [(S2,0). T 3)SL, (0N () dux (v)
X

= (SP

X,v°

T,S2 ).

x/ v

It follows that
_ _1
p T (x. x| < | T, 1[(Pa(0.0) + O(p~2)). (50)

Fix xo € X and write x = expffo(Z )and x’ = expffo(Z "). Then. by (iii), we get
_ _ _1
p nTp(x7x/) =p" p,xo(zvz/) >~ Ko,xo(V/PZ, \/EZ/) +O0(p~2)

for | Z|,|Z'| < e. It follows that, for |Z],|Z'| < /P,

Ko,xo(Z, Z') :p_"Tp,xO(%Z, %Z) + (9(17_%)
—p'T, (expi‘o(%Z), expi‘o(%Z)) Lo
<IT,lI(1 + O(p~?)).

which completes the proof. ]
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From now on, we will assume that K 5 consists of a single element. The following
is an analog of [27, Proposition 4.11]. We give a different proof, which is shorter than
in [27] and based on Proposition 6.3.

Proposition 6.4. Assume that K consists of a single element k € 7, . Then
Koxo(Z,Z') = QxyPa(Z.2Z))

forany xo € X and Z,Z’" € Ty, X with some Qx, € End(Ey,).

Proof. By Proposition 6.2, using Leibniz rule, we get

2k—1-1
Koxo(Z,Z') = ZZ( )( )thkm(z 2B, P(Z.2). (51)

I<k I'<k

To compute b bl , we write & as the product

n
Pz2.2)=[]912.2)

Jj=1

and treat each factor separately. Then we get, for [; > [ J’

;-1 (412 —Z|2
LB #1425, 7)) = 2l i — 2y (P g

I 2 )Oj(Zj,Z]/.)’

where L,(Cm), k,m € Z, is the generalized Laguerre polynomial:

—m X k k j
(m) _ X d e m+k § : k 4+ m\ (—x)’

The formula for [; <1 ]’ is obtained by considering the adjoints.
In particular, for [; = [ J’ we have

-y ajlzj — z|?
Y b (Z],Z)_zlfa’l Ly, (”f]

J5Zj ]Z

)Pi(Z5.2)). (52

where Ly = L](CO), k € Z 4+, is the Laguerre polynomial, and

bl

by P25, Z)) = 2Ya71;19(0,0). (53)

For [j # I}, we get

1
bjjzj b]jz/ Pi(Z;,Zj) = 0. (54
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By (52) and (37), we derive an explicit formula for P, (Z, Z’):

n

1 ajlz; — zj|?
t{/)Ak(sz/) = (271')” 1_[ aijj (f])

j=1
><exp(—l anak(w + 1742 = 222))). (55)
4
k=1
Taking into account (53) and (54), the equality (51) for Z = Z’ takes the form

K 2 92k—21
Koxo(Z,Z) = Zzl'a'u(l) oig ot Chkuro (2, 2) (0, 0).
1<k

By Proposition 6.3, we get

2 92k=2l

k -
Zleall'(l) WQH(’XO(Z’Z) = const.

I<k

Comparing the top degree coefficients in both sides of the last identity, one can easily
see that Qg x,(2,Z) = Qx, = const. Since Qkk x, is a polynomial of z and Z’, this
implies Quk,x,(2.2") = Ox,- [

From now on, we will closely follow the arguments of the proof of [27, The-
orem 4.9]. So we will be brief.
Define a section gg € C*°(X, End(FE)), setting

go(x0) = Qx,,

where @, € End(Ey,) is given by Proposition 6.4.
The following is an analog of [27, Proposition 4.17]. Its proof is based on Propos-
ition 6.4 and therefore a little bit shorter than the proof of [27, Proposition 4.17].

Proposition 6.5. We have p™ (T, — T, p)(Z,Z') = O(p~1).
Proof. Consider the sequence of operators
Ry = p'/*(Ty — Tyy.p), p €N,

It is easy to see that it is in 2. Moreover, computing the full off-diagonal expansions
for the kernels of T, and Ty, ,, we get

P Rpo(Z, Z') 2= (Kizg = K1, (@) (VPZ, VPZ) + O(p72).
We apply Proposition 6.4 to {R,} and infer that
(Kl,xo - K1,x0(go))(Z, Z,) = Sx()‘(PAk(Z, Z/)

forany xo € X and Z, Z' € Tx, X with some Sy, € End(Ey,).
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Since K1 xo — K1,x0(80) = (Q1,xy — @1,x,(80)) P, where @, x, and @ x,(go)
are odd, we conclude that

(K1.x0 — K1.x0(80)(Z.Z") =0
forany xo € X and Z, Z' € Ty, X, which completes the proof. [

By Proposition 6.5, we have T, = P, Ag0oPp.a + O(p~!). Consider the operator
p(Tp — Py ag0Pp,n). It is easy to see that it belongs to 2. By Proposition 6.4, the
leading coefficient K . NZ.Z ') in the full off-diagonal expansion for the kernel of
p(Tp, — Pp A80Pp, ) has the form

Koxo(Z.2") = 0\ Pa(Z.Z))

X0
forany xo € X and Z, Z" € Ty, X with some Q' =€ End(Ey,). Setting
g1(xo) = @,
we get a section g7 € C°°(X, End(FE)), and, as in Proposition 6.5, we will show that
P(Tp = Pp,ag0Pp,n) = PpagiPpa +O(p7),
which implies
Tp = Ppa(go+ p ' g0) Ppa + O(p72).

So we can proceed by induction to complete the proof of Theorem 6.1.
Using Theorems 6.1 and 1.1, one can easily complete the proof of Theorem 1.3.
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