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On the spectral properties
of the Hilbert transform operator on multi-intervals

Marco Bertola, Alexander Katsevich, and Alexander Tovbis

Abstract. Let J, E C R be two multi-intervals with non-intersecting interiors. Consider the
operator
1 [ fdy
b4 y—Xx
J

A:L*(J) - L*(E), (Af)(x)=

and let AT be its adjoint. We introduce a self-adjoint operator K acting on L?(E) & L?(J),
whose off-diagonal blocks consist of A and A. In this paper we study the spectral properties
of X and the operators AT A and AAT. Our main tool is to obtain the resolvent of X, which
is denoted by R, using an appropriate Riemann—Hilbert problem, and then compute the jump
and poles of R in the spectral parameter A. We show that the spectrum of K has an absolutely
continuous component [0, 1] if and only if J and E have common endpoints, and its multiplicity
equals to their number. If there are no common endpoints, the spectrum of K consists only of
eigenvalues and 0. If there are common endpoints, then X may have eigenvalues imbedded
in the continuous spectrum, each of them has a finite multiplicity, and the eigenvalues may
accumulate only at 0. In all cases, K does not have a singular continuous spectrum. The spectral
properties of AT A and AAT, which are very similar to those of X, are obtained as well.

1. Introduction

Let J, E be two Lebesgue measurable subsets of R. Consider the following Finite
Hilbert Transform (FHT) operator

A LAY = LAE),  (Af)(x) = l/M, (1)
T y—x
J

whose adjoint is

(ATg)(w) = %/ %:LZ(E) — L%(J). (1.2)

E
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An important and classical problem is to determine the nature of the spectrum of A,
e.g., find its discrete and/or continuous parts and their multiplicities. When J = FE,
A acts on the Hilbert space L2(J), and one can talk about the spectrum of A. In
this setting the spectrum of A for different sets J was thoroughly studied starting in
the 50’s and 60’s, see, e.g., [22-24, 26, 28, 30, 31]. For example, in the case where
J = E = R, the operator A is the usual Hilbert transform. The latter is well known to
be anti-self-adjoint, and its spectrum consists of two eigenvalues =i . In particular, the
spectrum of ATA and AAT is 41 (because the two operators are equal to the identity
operator). This is easily seen by conjugating A with the Fourier transform, which
maps A to the multiplication operator by i sgn(§), where £ is the Fourier variable and
sgn is the signum function, see, for example, [21]. Here and throughout the paper, the
Fourier transform and its inverse are defined as follows:

7 i _ 1 ikt
§6) = (FE) = —= [ o(1)ei¥ d1, (1.32)
R
_ rqa—17 _ 1 e —i&t
b0 = FD0 = o= R/ F(E)e s dE. (1.3b)

The operator A is thus rather simple from the spectral point of view. In another known
case [25], where J = E is a finite interval, the operator 4 in L? is not even a Fred-
holm operator (the range is dense, but not closed). In this case, the spectrum of A4 is
absolutely continuous, of multiplicity 1, and coincides with the interval [—i, i] of the
imaginary axis [24].

More recently, the problem was investigated in a number of new settings when
J # E.Here, J and E can be intervals or multi-intervals. A multi-interval is defined
as a union of finitely many non-intersecting, closed, possibly unbounded, intervals
with non-empty interior each. The analysis in [2, 3, 19, 20] is based on the existence
of a differential operator that commutes with the finite Hilbert transform, which was
found in [15, 16].

Starting with [5], the authors initiated the program of investigating the cases where
J and E are multi-intervals subject to the restriction that the interiors of J and E are
disjoint. In [5] we consider an arrangement, in which E consists of two compact
intervals, J consists of any finite number of intervals that are all located between
the two E intervals, and dist(E, J) > 0. Since the use of commuting differential
operator no longer applies when either E or J consists of more than one subinterval,
the main tool in this paper is based on a matrix Riemann—Hilbert problem (RHP)
approach to integral operators with integrable kernels in the sense of [12]. The main
findings of [5] include that the singular values of A (ordered in decreasing order)
tend to zero exponentially fast and an explicit expression for the leading term of the
asymptotics. Let K be the self-adjoint operator acting on L?(E) @ L?(J), whose
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off-diagonal blocks consist of A and AT (see (2.2) below). In [5] we also showed that
all the eigenvalues of KX are simple and calculated the leading order behavior of its
eigenvectors (in terms of Riemann Theta functions) as the spectral parameter A — 0.
This operator is very convenient to work with as 2 is a block diagonal operator with
the blocks AAT and AT A. Speaking more generally, if J and E are arbitrary multi-
intervals and dist(E, J) > 0, it is easy to see that the operator KX is compact, and the
spectra of ATA and AAT are purely discrete. In fact, in the present paper we establish
that K is of trace-class (that it is of Hilbert—Schmidt class is a simple exercise).

Before going forward, let us fix some terminology. The term endpoint denotes an
endpoint of any of the intervals that make up E or J. An endpoint is called simple
if it belongs only to one interval. An endpoint z is called double if it belongs to two
adjacent intervals of different types, thatis,ifz € E N J.

The approach of [5] works well when dist(E, J) > 0, that is, when the integral
operator K is not singular. However, the case when dist(E, J) = 0 leads to some
technical difficulties, like, for example, construction of parametrices for the asymp-
totic solution of the RHP. These type of problems were overcome in [4], where we
used the RHP approach in the case where J = [a¢,0] and £ = [0,b] fora < 0 < b,
i.e., when O is the only double endpoint. The results of [4] match with and in some
instances generalize those of [20]. An arrangement where J and E have multiple
common endpoints is considered in [17]. We assume there that J and E are multi-
intervals, and their union is the whole line: J U E = R. In this case, the corresponding
RHP can be solved explicitly. Just as in [4], the spectrum is the segment [0, 1], the
spectrum is purely absolutely continuous, and its multiplicity equals to the number of
double endpoints. Additionally, in [17] we find an explicit diagonalization of the two
operators.

In this paper we build on the results of [5, 17] and extend the RHP approach fur-
ther by allowing J and E to be general multi-intervals that can touch at any number
of points, that is, J and E can have multiple double endpoints. Our goal is to per-
form a qualitative analysis of the spectrum of KX as well as of AT4 and AA4T, which
includes determining what spectral components it has and their multiplicities. It is
quite interesting that without performing an explicit asymptotic analysis of the RHP
when A — 0 that is similar to the one in [5], and without access to an explicit solution
of the RHP as in [17], much information can still be obtained by investigating X and
the related RHP. Our main results are formulated in Section 2 below. In addition to the
RHP analysis, our main tools include the Kato—Rosenblum theorem on the stability
of the absolutely continuous spectrum of a self-adjoint operator with respect to trace
class perturbations.

In Section 6 we consider an example when U = R. In this case, an explicit diag-
onalization of X is found similarly to [17], and the properties of its spectrum turn out
to be in agreement with our general qualitative analysis.
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2. Main results

As is stated in the introduction, the goal of the paper is to obtain the properties of
the spectrum ¢ of ATA and AAT when E and J are closed multi-intervals with disjoint
interior J N E = @. Here and in what follows, U denotes the interior of the set U. The
operator A commutes with Mobius transformations mapping R onto R (Lemma 3.1)
and, hence, it matters whether the sets £, J have common points on the extended line.
More precisely, if both £ and J extend to infinity, we should consider co as a common
endpoint. The stated goal is essentially equivalent to studying the spectral properties
of the self-adjoint operator X = A @ AT: L2(U) — L?>(U) with U = E U J. The
latter is an operator with the kernel

X)X () = x, (D) xp(x)

K= ")

) (2.1)

where, for a subset S C R, we denote by y  its indicator function. Here the conven-
tion is that

K10 = [ Keeon f0)dy,
U
In matrix form, we can represent KX as follows:

X = [/?T 61]3 L>(E)® L*(J) — L*(E) ® L*(J). (2.2)

The operator K is a convenient object to study because it is clearly self-adjoint and

AAT 0

2 AAt @ AT A =
K*=A4" @ ATA [0 ny

}: L*(E)® L*(J) —» L*(E)® L*(J). (2.3)
Thus, knowing Gp(K), the spectrum of X, it is easy to find the spectrum of AAT and

AY A. Hence, analysing @p(X) is also an important goal of this paper.
It is well known that

©Gp(K) = @p,.(K) U @p (K) U Gp,(K), (2.4)

where ©p,., ©p., ©p, denote the absolutely continuous, singular continuous, and
point spectra of X, respectively. The main result of this paper, Theorem 2.1, describes
the connection between the geometry of the multi-intervals E, J and the spectral
components of K.

The main tool to studying the spectrum of K is to construct the (nonsingular)
resolvent operator R(A) = + K (Id—1K)™' = (d—1K)~! —1d.

It is a matter of inspection to ascertain that K is a Hilbert—Schmidt operator if
E and J have no common endpoints (which implies that either E or J is bounded).
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In such case, therefore, the spectrum is purely discrete, and each eigenvalue has finite
multiplicity.

Naturally, two adjacent intervals of the same type are considered belonging to one
interval. Our main theorem below provides a detailed description of ©p(K).

Theorem 2.1. Let X = A @ AT: L2(U) — L*(U) be the operator with the ker-
nel (2.1). Here U = E U J, and J, E C R are multi-intervals with disjoint interiors.

1. ®p(X) C [-1,1].

2. The points A = £1 and A = 0 are not eigenvalues of K. The eigenvalues of K,
if they exist, are symmetric with respect to A = 0 and have finite multiplicities.
Moreover, they can accumulate only at A = 0.

3. Ifthereare n > 1 (n € N) double endpoints, then Gp,.(K) = [—1, 1], and the
multiplicity of ©p,.(K) equals n.

4. If there are no double endpoints, then K is of trace class. In this case, ©p(XK)
consists only of eigenvalues and A = 0, which is the accumulation point of the
eigenvalues.

5. The singular continuous component is empty, i.e., ©p (K) = .

Remark 2.2. According to (1), all spectral components in (2.4) are subsets of [—1, 1],
i.e., the eigenvalues of K are embedded in the absolutely continuous spectrum
&p,.(K) provided that both components are not empty.

Remark 2.3. When there is at least one double endpoint, the presence of eigenvalues
is not guaranteed. For example, it is shown in [4, Proposition 4] that ATA and AAT
do not have eigenvalues when J = [br,0] and E = [0, br] (i.e., 0 is a double end-
point). Here by, < 0 < bg. This implies that J does not have eigenvalues, because
otherwise K2 (and ATA, AAT) would have had eigenvalues as well (see (2.3)). The
analysis of embedded point spectrum is generally quite complicated (see, e.g., [1]). At
this time, the authors do not know whether the presence of a gap implies the existence
of eigenvalues when at least one double endpoint is present. In this case, if eigenvalues
exist, they are necessarily embedded.

The proofs of (1), (3), (4) and part of (2) are given in Section 3. They are based on
the known facts about the spectrum of multi-interval Hilbert transforms, see [4,5, 17],
and the spectral trace class perturbation theorem by Kato and Rosenblum [14]. An
important part of our argument is Theorem 3.5, which states that the operator A is
of trace class provided that there are no double endpoints. The proof of (5) requires
a deep study of the solution I'(z; 1) of a Riemann—Hilbert problem (RHP), which is
associated with J on a certain (infinite-sheeted) Riemann surface A € R, see Sec-
tion 4. We also add more details about I'(z; A) there. The remaining part of (2) (finite
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multiplicities of the eigenvalues), completing the proof of Theorem 2.1, is given in
Section 5.

In addition, in Section 6 we obtain an explicit diagonalization of the operator X in
the case when U = R (see (6.20)). This is done by following an approach analogous
to the one in [17], which is based on finding I'(z; 1) explicitly (see [17] for more
details). Results in this section are consistent with the assertions of Theorem 2.1.
They also show that in this case KX does not have eigenvalues (see Theorem 6.1).

Results from Theorem 2.1 can be naturally extended from the operator X to K2
(cf. (2.3)), thereby allowing us to obtain the analogue of Theorem 2.1 for AA" and
A' A. This is also done in Section 5.

Theorem 2.4. Consider the operators A and AT defined by (1.1) and (1.2), respect-
ively. The operators AAT and AT A are unitarily equivalent. Also, the following asser-
tions hold when B = AA" or AT A.

1. @p(B) < [0, 1].

2. A =0, 1 are not eigenvalues of B. The eigenvalues of B have finite multiplicit-
ies, and they can accumulate only at A = 0.

3. If there are n > 1 (n € N) double endpoints, then ©p,.(B) = [0, 1], and the
multiplicity of ©p,.(B) equals n.

4. If there are no double endpoints, then B is of trace class. In this case, Sp(B)
consists only of eigenvalues and A = 0, which is the accumulation point of the
eigenvalues.

5. The singular continuous spectrum of B is empty, i.e., Gp, (B) = @.

3. Proof of Theorem 2.1 (1, 3, 4 and part of 2)

3.1. Theorem 2.1 (1): spectral interval

Denote by # the Hilbert transform on R. Then A = [1g o # o I1; where [1g, 1,
are the projectors on L2(E), L?(J), respectively. It is well known that || # || = 1 (see
e.g., [21, Section 4.6]), hence || A|| < 1. Consequently, the spectral radius of X is also
bounded by 1, and Theorem 2.1 (1) is proven.

3.2. Theorem 2.1 (4), first part

We have already commented that if there are no double endpoints, i.e., the sets J, E
are separated (in the extended line), then the self-adjoint operator X is a Hilbert—
Schmidt operator, see also [5]. Then its spectrum is purely discrete and the eigenvalues
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(counted with multiplicity) form an £? sequence. In fact, it will be shown below that
the operator X is of trace class if there are no double endpoints.

3.3. Multiplicity of the continuous spectrum

In this section we need a more detailed description of the multi-intervals E, J. Let

E:OE-, J:OJ-, (3.1
=1 =1

be the representations of £ and J as unions of r < oo multi-intervals. Since the
interiors of E and J do not intersect, we can arrange for the following properties to
hold (see Figure 1 for an illustration):

1. J; < Jjfori < j,i.e., the sets are ordered (ditto for the £ collection);

2. dist(Jj, Jr) > O for j # k (ditto for E);

3. forall j =1...rthesetU; := J; U Ej is a single interval;

4. for all i < j we have E; < J; and J; < E; and in particular the distance
dist(E;, J;) > O fori # j;

5. forevery j = 1,...,r theintersection J; N E; consists of n; endpoints of the
sub-intervals.

E E» Ez=0

| /\

Figure 1. An example of arrangement of J, E. The intervals U; are U; = E; U J;. Note that

Uz = J3 in this example.

Lemma 3.1. Let m(x) = % with a,b,c,d € R and ad — bc = 1 be a Mobius
tranformation mapping R to R; let U: L>(R,dx) — L?*(R,dx) be the corresponding
unitary tranformation defined by

J(m(x))

UNE =

(3.2)

Then the Hilbert transform # on R commutes with U: # o U = U o H.
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Proof. Letg = J# f. Then, usingdm/dx = m we obtain

ng(m(y)) _ f(©)d¢
cy +d J (cy +d)(& —m(y))

f(m(x) cx+d
(Cy + d)(cx + d)(m(x) —m(y))

m(x
_ [ .
x—y
where ¢{ = m(x). Note also that (3.2) preserves the L? norm of f. [

Lemma 3.1 implies that the spectral properties of # and all its possible restric-
tions are invariant under Mobius transformations. In particular, our operator A is
A = IIg K11, where [y is the projection operator on the multi-interval U'. In this
case, if we define A = IT,,—1(g)y H -1y, then AU = UA.

Lemma 3.2. Let A: L2(J) — L2(E) be the operator (1.1) and X = A @ A", If
dist(J, E) > 0, then K is of trace-class.

Proof. Let y be a union of Jordan curves separating J from E, see Figure 2. Recall
that U = EUJand U = i U; . Note that, under the assumption that dist(J, E) > 0,
it follows from the definition that for each j either E; or J; is empty, and U; is a single
interval that coincides with whichever of the two is nonempty, see Figure 1.

Consider the Hilbert space £ = L?(U Uy, |dz|) ~ L?(J) & L*>(E) & L?(y).
Let Aex: £ — X be the operator with the kernel x , (¥) x . (x)/(w(x — y)). Thus, Aex
coincides with A when the former is restricted to L2(J) — L?(E). We show that Ay
is the product of two Hilbert—Schmidt operators, which immediately implies that A4 is
of trace class. Indeed, let T: £ — £,k = 1,2, be the following operators:

T(f)w) = 12 )/f(”dy XE(X)/g(W)dw

. N(g)x) =

(3.4)

The orientation of the contour y is chosen so that all points of E are on the positive
side. By construction, it follows immediately that both 77, T, are Hilbert—Schmidt.
Consider the composition

Ty 0 Ti(f)(x) = )(2,;-7(;;) // JO)dy dw (3.5)

w—y XxX—w

An application of Cauchy s residue theorem shows that 75 o T1 = Aey. Thus, Aex,
Azxt, and Aex + Aext are all of trace class. Since Ay + Aext = K & O, where
O: L?(y) — L?(y) is the zero operator, we prove that X is of trace class. n
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e

Figure 2. An example of an arrangement of J, E and y when there are no common endpoints.

Note that J or £ may have an unbounded component (in the picture it is E), but not both
simultaneously.

Remark 3.3. Iterating the argument in the proof of Lemma 3.2 one can represent
Aext as a product of an arbitrary number of Hilbert—Schmidt operators. This means
that the eigenvalues A; (counted with multiplicity) of KX form a sequence in £7 for all
p € (0, 1], namely,

Y AP < oo, forall psuchthat0 < p < 1. (3.6)
Jj=1

Lemma 3.4. Supposer = 1in (3.1), i.e.,, J = J1, E = Eq, and U = Uy. Suppose
U = E U J is a single compact interval [a, b], and J and E have n endpoints in
common (i.e., there are n double endpoints). Then X: L*>(U) — L?(U) has absolutely
continuous spectrum [—1, 1] of multiplicity n.

Proof. There are two cases that need to be considered.

1. The leftmost and rightmost sub-intervals in U are of the same type: either both
are parts of J or both are parts of E.

2. The leftmost and rightmost sub-intervals in U are of opposite types (e.g., the
one on the left is a part of J, and the one on the right is a part of E).

First case. For definiteness, suppose that both leftmost and rightmost intervals are
part of E. Let Ke: L2(R) — L?(R) be the operator with the same kernel as X
(see (2.1)). The two operators act in a similar way, but K.y acts on functions defined
on all of R. Consider Ko: L2(R) — L?(R) defined the same way as Key (i.e.,
with the kernel (2.1)), but with E replaced by E = EUU®. Here U¢ =R \ U,
i.e., E “extends” E to infinity.

The number n of common endpoints between J and E is the same as between J
and E. Itis shown in Theorem 6.1 that K¢ has absolutely continuous spectrum [—1, 1]
with multiplicity n. We also have

Ko = Kext + S, (3.7

where § is the operator with the kernel

X ) Xye (V) = Xye (y)XJ(X).

Sy = (=)

(3.8)
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Since dist(J, U€) > 0, this operator is of trace class by Lemma 3.2 and, hence, Ky
is a trace—class perturbation of K.y. By the Kato and Rosenblum [14, Theorem 4.4
of Chapter X], they have the same absolutely continuous spectrum with the same
multiplicity.

Finally, Ko L?2(R) — L?(R) coincides with the direct sum @ @ X, where
K:L?(U) — L?(U) is the original operator with the kernel (2.1), and O: L2(U¢) —
L?(U¢) is the zero operator. Therefore, the multiplicities of Gp,.(K) and Gp,.(Kex)
are the same.

Second case. Let U = J U E = [a, b]. For definiteness, suppose that the leftmost
subinterval is part of J, and the other is part of £ so thata € J,b € E. Define J and
E by extending the corresponding two sub-intervals up to infinity. Let K¢ be defined

as Ky, with the replacements J — JandE — E.Let Eog := E \ E = [b,00) and

=~

Joo = J \ J = (=00, a]. Similarly to the previous case, we have

Ko = Kexi + Koo + S, (3.9)
where the two operators §, K, have kernels, respectively,

oo X)) = Xpo V)X, (X)

S(x,y) = 7(x —y)
+ Xy (X)XEOO ](Ty()x__XyE)(y)ij (X)’ (310)

Since dist(Jso, £) > 0 and dist(Eoo, J) > 0, it follows that § is of trace class as shown
earlier.

However K is not trace-class because E, Joo are both unbounded and “meet”
at infinity. Indeed, by Lemma 3.1 the spectral properties of the Hilbert transform are
invariant under Mobius transformations that preserve the real line (i.e., SL,(R)).

Thus, the spectral properties of Koo are equivalent to those of X defined with
J =[-1,0] and E = [0, 1]. This case was analyzed in [4] where it was shown to have
(only) absolutely continuous spectrum on [—1, 1] of multiplicity one.

On the other hand, Theorem 6.1 and Lemma 3.1 show that Gp(Ky) = [—1, 1],
with the absolutely continuous part of multiplicity n + 1, where # is the number of
common endpoints between J and E, and the additional + 1 multiplicity is due to the
fact that J and E meet at infinity (which can be mapped to a finite point by a Mdbius
transformation).

Since K is now a trace—class perturbation of Ky + Koo as per (3.9), the multi-
plicity of ©p,.(Ko) must be the sum of the multiplicities of Gp,.(K) and Sp, (Koo)-
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The last statement follows, because the operator
Kext + Koo: L2(R) — L*(R)

coincides with the direct sum KX @ Koo, where K: L2(E U J) — L?(E U J) and
Koo: L2(Eso U Joo) = L?*(Eoo U Joo) (We used here the same notation K for the
original and restricted operators with a slight abuse of notation). It then follows that
the multiplicity of ©p,.(K) equals n. [

The following theorem completes the proof of Theorem 2.1 (3).

Theorem 3.5. Let A: L2(J) — L?(E) be the operator (1.1) and X = A @ AT. Let
n= Z]r‘=1 nj be the total number of double endpointsin U. If n > 0, then the operator
K has absolutely continuous spectrum [—1, 1] with multiplicity n.

Proof. Let K be the operator discussed above with the kernel (2.1). Consider the
operators K;: L?(U;) — L?(U;) defined by the kernels

Xs; (X)XEj ) — X ()’)XEJ» (x)

3.12
w(x —y) G-12)

Kj(x,y) =

Consider also the operators #;i: L2(U) — L?(U) that are given by the kernels

X1, C L ) = Ay D)X e, (%)
m(x =)

Hiji(x,y) = . J#k (3.13)
Since dist(J;, Ex) > 0 for j # k, all the operators J; are trace class by Lemma 3.2.
Using the two families of operators, represent the full operator K as follows

K=P X +> Hi (3.14)
j=1

j<k

Therefore, X is a trace-class perturbation of the self-adjoint operator
r
Ko = P X;.
j=1

The K are endomorphisms of the collection of orthogonal subspaces {L?(U i)} =1
in L2(U). The spectrum of Kg is the disjoint union of the spectra of each X;. By
Lemma 3.4, each J; has absolutely continuous spectrum [—1, 1] with multiplicity 7;.
Hence, K¢ has absolutely continuous spectrum on [—1, 1] of multiplicity n = ) " n;.
By [14, Theorem 4.4 and p. 542], the absolutely continuous parts of KX and Kgq are
unitarily equivalent, and the theorem is proven. ]
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3.4. Theorem 2.1 (2 (first part), 4)

In this section we prove that A = £1 and 0 are not eigenvalues of X, and the eigen-
values accumulate at O if there are no double endpoints. We begin by proving that
A = %1 are not eigenvalues. Assume, by contrapositive, that, for example, A = 1 is
an eigenvalue. Then, there exists ¢ € L2(U) with K¢ = ¢. Let ¢; and ¢ denote the
restrictions of ¢ onto J and E, respectively. Whenever necessary, they are extended
by zero to all of R. The kernel of A4 is the usual Hilbert transform kernel. Using that
[#2@r) = 1, where J is the conventional Hilbert transform on all of R, we obtain
a contradiction

11220, = 1965122, + 1795 22,
< 195 2y + 19695 17 2r)
= 651220y, + 102 122,
= 1817 ): (3.15)

Here ||H 12k is the L? norm of H ¢y restricted to E, ||H g ll22¢s) is defined
similarly, and we have used that #¢; and H¢g are analytic and, thus, nonzero in
R\ J and R \ E, respectively.

Next, if ¢ € L?(J), then A¢ = 0 if and only if ¢ = 0, since A¢ is analytic in the
interior of E. Similarly, ATy # 0if ¥ # 0, where ¢ € L?(E). Therefore, A = 0 is
not an eigenvalue of K.

Finally, by Lemma 3.2 and Theorem 3.5, K is a trace class operator if and only
if there are no double endpoints. In the latter case, A = 0 is not an eigenvalue implies
that J has a sequence of eigenvalues convergent to A = 0. Thus, we proved The-
orem 2.1 (4).

4. Proof of Theorem 2.1 (5)

To prove the remaining items of Theorem 2.1, we need to introduce the following
RHP 4.1 that is closely related with the resolvent of J. This approach goes back
to [12], see also [6]. A good introduction to RHPs can be found, for example, in [7,8].
In the rest of the paper we will use the following three Pauli matrices:

I —i 1
al=[(1) 0}, 02=|:? 0’] 03=[0 _OJ. @4.1)

4.1. Riemann-Hilbert problem and the resolvent of JC

Let us consider the following RHP.
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RHP 4.1. Find a matrix—valued function T'(z; A) such that for any fixed parameter
AeC\[-1,1],
a. the matrix T'(z; A) is analytic together with its inverse inz € C \ U;

b. T['(z;A) satisfies the jump condition
2i T
To(z; 1) = F_(z;)t)(l - =) (z)), ceU=JUE, (42
where

ST =@ @] g7 () =@ 2@l @3)

c. T(oosd) =1,

d. the limiting values T'+(z; 1) are in L?

ioc near the endpoints of the intervals.

The jump condition (4.2) equivalently reads (the jump being understood at all
interior points of the respective intervals)

Iy(z;A) = F_(z;)k)|:21i (1):|, zeJ, 4.4)
1
| —1

Iy(z;A) = F_(z;)k)|:0 1)‘ i|, zeE. 4.5)

Remark 4.2. Using standard arguments, one can show that the requirement (d) in the
RHP 4.1 implies the uniqueness of solution I'(z; 1) of the RHP 4.1. The existence of
a solution in C \ [—1, 1] will be proven in Theorem 4.7 below. Moreover, the solution
has the following symmetries

C(z;1) =T(z; M), ['(z: =) = 03 (z: M)os. (4.6)

Remark 4.3. Let I'(z; 1) denote the solution of the RHP 4.2 were the jump matrices
on the multi intervals J, E are interchanged, that is, (4.4) is the jump relation on
E and (4.5) is the jump relation on J. Then it is straightforward to check that the
solutions of the two RHPs are related by

f(z;k) = 0,0(z; A)os. 4.7

For example, the first symmetry follows from the fact that the matrix V(z; 1) =
r; )_L) satisfies the same RHP 4.1. The proof of the second symmetry is also straight-
forward. Additionally, it can be shown that if the solution to the RHP 4.1 exists, then
it must satisfy

detI'(z;A) = 1. (4.8)
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Remark 4.4. We can now observe that the RHP 4.1 is related with the operator K
since its kernel K(x, y) given by (2.1) can be represented as

_ ST)g»)

K=o

(4.9)

with f, g given by (4.3).

Let us now study the local behavior of I'(z; 1) near the endpoints. Consider for
example a simple right endpoint z = a of E. Denote by A, B the first and second
columns of the matrix I, respectively. Then (4.4)—(4.5) imply that A(z) is analytic at
z=a,and B(z) + 2/1—’ %A(z) is analytic in the punctured neighborhood of z = a.
The requirement (d) of the RHP 4.1 forces us to conclude that the latter expression is
actually analytic (no pole). In other words,

2im

1 _ 2i In(z—a)
0 A | j| (4.10)

T(z;) = (9(1)[

Here and henceforth, @ (1) denotes a matrix-valued function which is locally analytic
in z and invertible. A similar argument applies to all simple endpoints of J, E.

Consider a double endpoint. Without loss of generality, according to Lemma 3.1
and the Remark 4.3, we can place it at z = 0 with E locally on the right of z = 0
and J on the left. The first issue is the type of growth behavior that the entries of I'
have near z = 0. To this end, we observe that the jump matrices in (4.4), (4.5) are
constant in z and, therefore, we can analytically continue I"(z) on the universal cover
of a punctured neighborhood of z = 0. Such analytic continuation has the following
multivaluedness:

2im 1 2,'\_1 1 0 2im 1 iz % 2im
I'(z) =T(ze )0 Tz = I'(ze™™) 2_1-* 1 = T'(ze”"™") My,
A A
4.11)

provided Iz > 0. Similar calculations show that I'(z) = I'(ze?")M, is valid for
Iz < 0 as well.

The matrix M, plays an important role in the analysis below. To calculate its
eigenvalues and eigenvectors, it is convenient to introduce a new variable p, which is
related to A as follows:

1 1 (1—\/1—l2 4.12)
in '

). Mp) =~

sin(mp)
We choose the branch of the square root so that 1=¥1=A~ ”;‘AZ =i+0A Has A —

oo and the branch of logarithm in (4.12) so that p(A) is a conformal mapping of

C \ [—1, 1] into the vertical strip [N (p)| < % Note that p(co) = 0. We will also
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Figure 3. The slit A-plane is mapped to the strip |Rp| < % The other strips |Rp — k| < % in

the p-plane are mapped to the same slit A-plane and represent the various sheets of the branched
map A(p).

consider the analytic continuation of this map as a map from the Riemann surface

R of p(A) onto C. Figure 3 provides a visualization of the map (4.12) between the

main sheet of R, both shores of the branch cut [—1, 1] included, and the vertical strip
1

|Rp| < 5. In general, each sheet of R is mapped onto the corresponding integer-

shifted vertical strip |[Np| < % so that p becomes a global coordinate on R. Note

that A(p) is a single-valued meromorphic function on C. The determination of the
logarithm in (4.12) is consistent with condition (d) from RHP 4.1.

Direct calculations show that e*27/°(%) are the eigenvalues of M, and
C'e? ™3 = MoCL Y, (4.13)

where

, —iA
_—inp 1 —F==
Ci(p) = [1 ¢ ] - [1 1‘“‘“], detCy = 2cos(p).  (4.14)

1 ei:rrp —il
1++1-A2
To simplify notations, here and henceforth we often use p instead of p(1). We also
introduce
1 Z 1 —e'm 415
C_(p):=C = . . .
w=coy 1]=]) ] @.15)

In the following proposition we derive the local behavior of I'(z; A) for z near a double
endpoint.

Proposition 4.5. Let A € C \ [-1,1]. If z = 0 is a double endpoint with E adjacent
to the right of z = 0, then any matrix valued function I (z; A) satisfying conditions (a)
and (b) of the RHP 4.1 that is also L?_ in a small disk D centered at z = 0 can be

loc
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written in the form
[(z:A) = Y(z: 1)zPM%3 Co(p(A)), zeDNCE, (4.16)

where C* denote the upper/lower complex half plane and p(X), C+ are given by (4.12),
(4.14), and (4.15) respectively. Here Y (z; A) denotes a matrix valued function analytic
near z = 0 and with det Y (0; 1) # 0.

Proof. Define the matrix function
P(z; 1) ==z C1(p), z e C\R, 4.17)

where the subscript “+4” is for J(z) > 0, and “—" is for J(z) < 0. Note also that z*
is defined as the principal power, with a branch-cut along the negative real axis. We
note that det P(z; A) = 2cos mp is constant in z. A direct computation shows that P
satisfies the jump condition:

—2i
Pi(z: 1) = P_(z;x)[(l) T} z e RY, (4.18)
Pi(z:)) = P_(z;x)[zl,. ﬂ zeR™, (4.19)
A

where P4 (z;A) are to be understood as the boundary values of the respective matrices
at a point z € R. Indeed, the first equation follows from (4.15). The second equation
becomes e?7*93C, = C; M, as it takes into account the jump of z°°3 on R~. Now,
(4.19) follows from (4.13).

For A & [—1.1], p(}) in (4.12) satisfies |%p(A)| < 3, with R(p(1)) = 1 for A €
(—1,0) and R(p(1)) = —% for A € (0, 1). So, the required inequality is a consequence
of the maximum principle for harmonic functions, see Figure 3. Hence, the matrix
entries of P(z;A) are all in L2 near the origin for A & [—1,1].

Now, let T'(z; p) satisfy conditions (a) and (b) of the RHP 4.1 with entries in L2
near z = 0. Then I'P~! has no jumps in a neighborhood of the origin and, hence,

it may only have an isolated singularity at z = 0. The L?2

i.c condition together with

[Mp(A)] < % implies that the singularity is removable. Thus, the matrix I" has pre-
cisely the proposed representation (4.16). ]

Remark 4.6. We should also point out that the solution I"(z; 1) of the RHP 4.1, if it
exists, solves a Fuchsian differential equation in z of the form

ren=( Y “2)rea.

— .
2;€AEUS J

where the matrices A; are independent of z. These matrices, for a fixed A, depend on
the position of the endpoints according to the so—called Schlesinger equations [13],
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which express the fact that the monodromy representation induced by a fundamental
solution of this ODE is independent of the position of the endpoints of the multi-
intervals J, E.

The main tool for the analysis of the remaining Theorem 2.1 (4,5) is the following
theorem for the so-called regularized resolvent defined by Id +R (1) = (Id —%JC )~ L.

Theorem 4.7. The resolvent R(A) of K is an integral operator with the kernel

1T s M (v M)g ()

R(x,y;A) := 7 2 =)

) (4.20)

where I'(z; A) is the solution of the RHP 4.1. Moreover, the operator 1d —%JC has
bounded inverse if and only if the RHP 4.1 is solvable, and the solution is given by

Y. oT
F(z;l)zl—/F(x’A) g (x)dx’ @21)

X —Z

U
where F(x;A) = (Id +R(A))[f](x).

Proof. Assume that I'(z; 1) is the solution of the RHP 4.1. We first show that the
integral operator R (1) with the kernel (4.20) is bounded from L?(U) into L2(U).
Fix some A € C \ [—1, 1]. We first note that, according to Remark 4.6, '1(z; A)
is analytic on U with the exception of the endpoints, where the local behavior of
[4(z; A) is given either by (4.10) (simple endpoint) or by Proposition 4.5 (double
endpoint). Thus, the task of proving that &R is bounded requires only a local ana-
lysis in a neighborhood of each endpoint. If z is a simple endpoint, the result is
established in [5]. Even though the geometry of the intervals in [5] is slightly less
general than the one here, the argument is purely local and applies in our situation
as well. Suppose now that z = 0 is a double endpoint. Since the problem is local,
we can assume that y is confined to a small neighborhood of z = 0. Obviously,
Jo\p, Rex,y: )¢ (y)dy € L*(U) for any ¢ € L*(U), where D is an e-neigh-
borhood of the origin, € > 0. Consider now the integral over D;. Using the analyticity
of Y(z; A) from Proposition 4.5, we obtain

T )T (xA) = CEly ™3 1+ O(x — y)]xP3Cy, x — y, (4.22)

where, according to Proposition 4.5, the subindices of C, C ~1 are determined by
inequalities =3Jx > 0, =3Iy > 0 respectively. In (4.22), @(x — y) denotes a mat-
rix whose coefficients vanish to at least first order at x = y. This matrix is uniform
for x, y € D, with a sufficiently small ¢ because of formula (4.16). Since the integ-
ral operator corresponding to the @ (x — y) term is nonsingular and [Rp(1)| < % it
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remains to show that the integral operator with the kernel

gT(NCF ()P Cy f(x)
An(x =)

Ro(x,y:1) = (4.23)

is a bounded operator in L?(U). According to (4.3), the kernel Ry is a linear combin-

ation of (f)ip and characteristic functions of E, J, so we can restrict our attention to

the integral operator

(3P x(x)9(x)

2 dx
xX—=y

rg](y) = / , (4.24)
U

where y is either y . or x,,and ¢ € L?(U). Using again that |%p(1)| < % and appeal-
ing to [11, Lemma 4.2, p. 32], it is straightforward to conclude that r: L2(U) —
L?(U) is a bounded operator. Thus, we proved that R(A) is a bounded operator in
L2(U).

Let us now prove that the integral operator R (A) with the kernel (4.20) is the
resolvent of K. The equation for the resolvent is

| | 1
(Id +R) o (Id—xJC) —1d < R—7K=3RoK. (4.25)

As it was shown above, the kernel (4.20) defines a bounded integral operator R in
L?(U), and we now verify that it satisfies (4.25). Indeed, the kernel R o K of R o K
is

T T(,. —T (. T
L K(zw) = 1 / ST (DI (s )g(x) f7 (x)g(w) dx.
A (Am)? z—x X—w
U
(4.26)
Note that T~ solves
_ _ 2i
;T = F_T(l n 7ng), zel, 4.27)
so that for x € U
rTx) -T2 () = %F:T(x)g(x)ﬂ(x), (4.28)

and the right-hand side does not depend on the side of the boundary value being taken
because

P g0 70 = T 0 (14 2800 £7 ()0 £ ()
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and T (x)g(x) = 0. Thus, (4.26) yields

dx
(z—x)(x —w) 2ixw2A

[ FTOTTE) (M7 @) =TT () g(w)
U

—-x x—-w)/2in2)

:/fT(z)FT@(Ff(x)—f:T(x))g(w)Z_lw(z1 +— ) E
U

(4.29)

To simplify notations, we drop the A dependence in I"(xx; A) here and in the rest of the
proof. We show that (4.29) splits into two essentially equal integrals. Indeed, choose
z € U and, using Cauchy’s theorem together with the fact that I'(co) = 1, we have

T _ 17-T
/ Ly =T dx _y pergyy, (4.30)
z—X 2im
U
Substituting (4.30) into (4.29) we finally obtain
1-T7(2)
1 o / (M7 =i’ () dx.
An(z—w)f @ (Z)|: zZ—X 2im
U
r-7(w)-1
T _ 7-T
+ / (=0 I ) dx }g(w) (4.31)
X—w 2im
U
= R(z,w) — %K(z, w). (4.32)

Thus, we have shown that RK = R — %JC . Hence, the integral operator R with the
kernel R given by (4.20) is the regularized resolvent.
Vice versa, suppose now that Id —%J{ is invertible, and denote by Id +R its
resolvent. Define
F(z) = (Id+R) [f1(2). (4.33)

Here the equation is understood as applying the resolvent in an entry-wise fashion to
each of the two entries of the vector f defined in (4.3). Then define

FgT (),

I'iz:A):=1- T —2) X.

(4.34)
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We then observe that (I';-(x) — I'_(x)) f(x) = 0 for x € U, so that we have

T

Tz 1) /(2) = f(z)—/%dx
U

1 1

=/f+ IJ{[F] =f+F-— (Id—XJ{)[F]
—1

=f+F— (Id—%]{)[(]d_%}() [f]]
=f+F-f=F (4.35)

To verify that (4.34) satisfies the RHP 4.1, we see that the condition I'(co) = 1 is
immediate. Regarding the jump condition we use the Sokhotskii—Plemelj formula for
xeU:

F(x)g” (x) 435 _

Fy(x;A) —T—(x;A) = 2ix
Am

e fg" ).
This latter equation is equivalent to the jump condition of the RHP 4.1. Condition (d)
from the RHP 4.1 follows from the fact that F(z) is given by (4.33) where the
resolvent operator is now, by hypothesis, a bounded operator in L?(U).

Thus, for any A in the resolvent set of K, there exists I'(z; 1) given by (4.34) that
solves the RHP 4.1. ]

Using Remark 4.2, one can show that the RHP 4.1 is uniquely solvable if and
only if the operator Id —%JC has a bounded inverse, i.e., when A # Gp(K), where
Gp(K) C [-1,1].

Remark 4.8. It is easy to show using the identity /7 (z)g(z) = 0, z € U, that the
kernel R(x, y;A) in (4.20) does not have a jump across U. One can then combine
this fact with the first equation of (4.6) to prove that R(x, y;A) = R(x, y;A) when
x,yeU.

4.2. Study of the spectrum of J by means of analytic continuation of the RHP
solution across the spectral interval (—1,1)

According to Theorems 3.5 and 4.7, in the case of double endpoints the RHP 4.1 does
not have a solution for any A € [—1, 1]. In this section we discuss the meromorphic
continuation of the solution I"(z; 1) to the RHP 4.1 over the segment A € [—1, 1] to the
Riemann surface t of p(1) beyond this segment. We will then use this continuation
to analyze the resolvent R on [—1, 1]. Since p is a global coordinate on R, it will
be convenient to introduce the notation I'(z; p) := I'(z; A(p)), where A(p) is defined
by (4.12).
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RHPA4.9. Letzy,...,zn, N €N, be the double endpoints (common endpoints J N E).
For a point p € C \ (% + Z) we are looking for a matrix function I (z; p) with the
following properties:

1. the matrix T'(z; p) is analytic together with its inverse inz € C \ U;

2. I'(z; p) satisfies the jump condition

1 0
Ly(zip) =T-(z; . , J, 4.36
N T I L 436)
| 2isi
Ty (z:p) = n(z:p)[o ”“1‘(””)], z € E; (437)
3. T'(oo;p) =1;
4. the limiting values T'+(z; p) are in L foranyz € U\ {z1,...,zn};

5. the local behavior of T (z; p) near the double endpoints is given by (4.16) with
Cy given by (4.14) and (4.15).

Corollary 4.10. For any p satisfying |Np| < % the solution T'(z; p) of the RHP 4.9
exists and coincides with the solution T'(z; A) = T'(z; A(p)) of the RHP 4.1.

Proof. According to (4.12), conditions (a)—(c) of the RHPs 4.1 and 4.9 are the same.
Moreover, conditions (d) and (e) of the RHP 4.9 imply condition (d) of the RHP 4.1
provided |9ip| < % Now, the statement of the corollary follows from Theorem 4.7
and Proposition 4.5. [

We now aim to show that the solution I'(z; p) of the RHP 4.1 admits an extension
to a meromorphic function of p in the whole p--plane. The proof proceeds in two
steps.

* First, we prove that I' admits an extension to a meromorphic function of p in
C\Z+ %). Observe that the points p = % + 27 are all mapped to A = —1, while the
points p = —% + 27 are mapped to A = 1. This implies that, in addition to p = oo,
the poles of I'(z; p) can possibly accumulate at half integer p.

e We then prove that near each of the points p = % + k,k € Z,T'(z; p) is also
meromorphic (i.e., has only finitely many poles).

The first point is proven in the next lemma.

Lemma 4.11. The solution of the RHP 4.9 admits a meromorphic extension to the
domain p € C\ (Z + %)

Proof. Let ¢ be an endpoint of E or J, and let D, be a small disk centered at z = c.
We choose these disks centered at every endpoint of £ and J small enough so that
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they are disjoint. Define ®(z; p) := I'(z; p) outside of these disks, and

T(z:p)VE (£(z —e):p).  z €D,
C(z;p)WEN(x(z — f):p). z €Dy,

®(z;p) := (4.38)
L(z:p) P (z —q:p), z € Dy,
C(z;p) P 'z = pip), z €Dy,
where
1 = sin(7p) In(z) 1
V(Z7 IO) = [0 Ji[ j|v W(Z7 IO) = [sin(np)ln(z) 1j|v (439)
4

P,(z;p) = P(z; p) is the parametrix given by (4.17), and P, = 02 P,0,. Here e is
a simple endpoint of £, f is a simple endpoint of J, ¢ is a double endpoint having
E adjacent on the right, and p is a double endpoint having E adjacent on the left,
see Figure 4. The sign “+” in (4.38) is for the case that e (respectively, f) is a right
endpoint of E (respectively, J), and the sign “—" is for the left endpoints.

The results of Proposition 4.5 and the discussion immediately preceding it show
that the matrix ®(z; p) is a piecewise analytic matrix-valued function on the comple-
ment of the contour X that consists of the disks around the endpoints together with
the part of U outside of these disks (see Figure 4), and @ is uniformly bounded with
respect to z € C. It is the solution of a RHP with jumps on X, where the jump matrices
on the circles 0D, depend analyticallyon p € C \ Z + % Moreover, the product of all
the jump matrices at an intersection of any disk D, taken according to the orientation
of each jump contour equals to the identity matrix 1.

Under these circumstances, it is known, see [10, Proposition 3.2] and also the ori-
ginal paper [32], that the solution ®(z; p) of the corresponding RHP either never exists
or is meromorphic in p, with poles at an exceptional locus of points that may accumu-
late only at the boundary of the domain of analyticity in the parameter space p. The
first option is not possible due to Corollary 4.10. Therefore, ®(z; p) is meromorphic
with respectto p € C \ (Z + %), which implies the statement of the lemma. ]

We now need to prove that the solution I'(z; p) of the RHP 4.9 is also mero-
morphic near p = % + k, k € Z. To this end we first prove the lemma where, according
to Remark 4.3, it is sufficient to consider E to the right of a double endpoint.

Lemma 4.12. Let z;, j = 1,..., N, be a double endpoint with E adjacent from the
right. Define

o fork=-1,-2,...,

1 0 1 0
Qk(z:p) := [O 1 ][—(z — z;)2lkI-1 J(z —zj)P7Cx(p);  (4.40a)
2cosTp J
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Wz —fip) PRl (z—q:p) V(z—e:p)

g
& - 7]

2L 0 1

Figure 4. An example of the contour X supporting the jump discontinuities of the RHP for the
matrix ®. Indicated near each arc is the corresponding jump matrix. The black line segment
represents J, and the red line segment represents E.

e fork=0,1,2,...,

1 2k+1

L 011 —=(z — z:

Ok (z;p) := | 2cosmp (=2 (z —zj)P2Cx(p), (4.40b)
0 1[0 1

where £3z > 0, respectively. Then the local behaviour of the solution T'(z; p) near

z = zj and near the points p € % + k, where k € Z, can be represented by

P(zip) = Y@ p)Qk(zip), j=1,....N. (4.41)

Moreover, det Yk(j )= 1, and the matrix functions Yk(j )(z; p) are analytic in z in p-inde-
pendent disks centered at z;.

Proof. We consider the case when E is adjacent to z; from the right. The fact that
det Y, k(j ) = 1 follows from (4.14). The analyticity of Yk(j )(z; p) with respect to z in
a p-independent neighborhood of the double endpoint z; follows from the fact that
L'(z;p) Q,:l(z; p) is analytic near z;. The other case when J is adjacent to z; from
the right can be considered analogously. ]

Proposition 4.13. Assume z; = 0 in (4.40). Then the matrices Qy(z; p) with z # 0
are analytic in some neighborhoods of p = % + k forallk € Z. For p = % + k, where
k=-—1,-2,..., we have

A (—1y¥izd

, 1
Jim Qk(z: 5 — Ikl +2) = [(—mz—%”mz ] (4.42)
4

1 1
zm2tkl_ L =2tk

where the expression is for z in the upper half plane. Similarly, for p = % + k and
k=0,1,... we have

1
1 %22 % mz Ly 1 _Lak
lika(z;—+k+s):[ T, z2 +km'221 klnz:|' (4.43)
£=>0 2 z727 (—D*iz72~

These equations can be easily modified for 3z < 0 using (4.15) and (4.40).
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Proof. Multiplication of all the factors in the first case of (4.40) yields

zP —eimPzp
Qr(z;p) = _ppt2lkl=1 4 5 —p 2o+2AKI=1 —imp 4 j—pinp |- (4.44)
2cosmp - 2cosmp

Substituting p = % + k + € into (4.44) we derive (4.42) after some algebra. All other
cases can be considered analogously. ]

With these preparations we can finally prove the meromorphic continuation of
I'(z; p) onto the whole p-plane.

Lemma 4.14. The solution of the RHP 4.9 admits an extension to a meromorphic
Sunction of p € C.

Proof. We know from Lemma 4.11 that the matrix I'(z; p) admits a meromorphic
extensionto p € C \ (Z + %). In principle, that lemma does not rule out an accumu-
lation of poles near the points Z + % Therefore, we still need to prove that I'(z; p) is
meromorphic also in neighborhoods of each of the points p = % + k, k € Z. This
part of the proof is now only a minor revision of Lemma 4.11 and, therefore, we use
the same notation from that proof. Fix k € Z and define

L(z;p)VE (£(z—e);p), zeD,,
T(z:p)WE (£(z - f)ip). z €Dy,
L(z;p)0; ' (z —q: p), z € Dy,
[(z;p)020; ' (z — p:p)oa, z €Dy,

where V, W are defined in (4.38), and Qj — in (4.40). Define ®(z; p) = ['(z; p)
outside of the disks from (4.45). Here, as in Lemma 4.11, e is a simple endpoint of E,
f is a simple endpoint of J, ¢ is a double endpoint having E adjacent on the right,
whereas p is a double endpoint having £ adjacent on the left. The sign “+” is for the
case when e (respectively, f) is a right endpoint of E (respectively, J), and the sign
“—” for the left endpoints. Choose a small neighborhood S of p = % + k. The same
reasoning used in Lemma 4.11 now applies to p € S due to Lemma 4.12. Thus, we
conclude that I'(z; p) is meromorphic in a neighborhood of p = % + k. [

4.3. Absence of singular continuous spectrum, Theorem 2.1 (5)

Before proceeding we briefly summarize the consequences of Lemma 4.14, see

also (4.12) and Figure 3. Since the main strip Np € —%, %) correspondsto A &[—1,1],

Theorem 4.7 implies that none of the poles of I'(z; p) (which is the solution to the
RHP 4.9) occurs in that strip. Thus, if any, the only poles in the closure of the main

strip may occur on the lines fRp = :l:%, that is, on the shores of the segment (—1, 1)
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of the spectral A plane. If K has a continuous spectrum, that is, if there is at least
one double endpoint, then the poles of I'(z; p), as we are going to show in Section
5, correspond to the embedded point spectrum of K. Thus, to complete the spectral
description of X, in the following theorem we prove the absence of singular continu-
ous spectrum. This will prove Theorem 2.1 (5).

Theorem 4.15. The singular continuous component of ©p(K) is empty, i.e.,
Gp (K) =@.

Proof. Let I'(z; A) be the solution of the RHP 4.1. It is clear that a pole pg, . po| = %
of the solution I'(z; p) of the RHP 4.9 corresponds to the pole 1o = A(pg), Ao €
(=1,1) of I'(z; A). Since det(I'(z; 1)) = 1, the poles (in 1) of I'(z;1) and I'"1(z;1)
coincide. Thus, the kernel R(x, y; A) of the resolvent operator of J, given by (4.20),
is meromorphic in A. Then so is the jump Ay R(x, y; 1) := R(x,y;A4+) — R(x, y; A-)
over A € (—1,0) U (0, 1). In particular, Ay R(x, y;A) has no more than finitely many
poles on any closed subinterval of (—1, 1) \ {0}.

Pick any ¢ € Cg"’(]o U l%). Let ¢p1 = P ¢ be the projection of ¢ onto the direct
sum of all the eigenspaces of K (i.e., the subspace of discontinuity with respect to X,
see, e.g., [14, Section X.1.1]). Set ¢ := ¢ — ¢1. Let &, denote the resolution of the
identity associated with J. Using the properties of & (i.e., #? = P and &, P =
PE,, see, e.g., [14, Sections VI.5.1 and X.1.1]), we have by starting with P¢; = ¢1:

04, (1) := (Ea(P — 1), ¢ — 1) = (620, ¢) — (61, ¢1). (4.40)

We want to prove that og,(A) is smooth for any A # 0 not in the point spectrum
of K. Let [A1, A5] be any interval that does not contain any eigenvalue of J such that
A1 < A < A,. Without loss of generality we may assume Ay > 0. The case A, < 0
can be considered analogously. Then &, ¢ = &, ¢1, and the second term on the right
in (4.46) is locally constant with respect to A. Also, &, = &, + &, 1]- According
to [9, p. 921], &, is computed by the formula
! A
& =— li [Ri(t +ie)— Ri(t —ie)]dr, (4.47)
270 e>o0t
—o0
if A is not an eigenvalue. Here
Ri(A):=A1d—K)"".

Clearly, R1(L) = (1/A)(Id +R(A)). Therefore,

(Enn9.¢) =

A
-1 -
2mf//A:R(x,y;t)¢>(x)<z>(y)dxdydt (4.48)
MU U
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is a locally smooth function of A because R(x, y;t) is C° on supp ¢ X supp ¢ X
[A1, A2]. By construction, o4, (1) is a continuous function of A. We just proved that it
may fail to be smooth only at the eigenvalues of X and at A = 0. Since the number of
eigenvalues of X is finite in any set [-1, —¢) U (e, 1], & > 0, this implies that 0, (1)
is absolutely continuous. Since the span of C(§’°(J° UE ) is dense in L2(U), we see
that X has no singular continuous spectrum. ]

5. Proofs of Theorem 2.1 (2) and Theorem 2.4

5.1. End of proof of Theorem 2.1 (2)

We will now prove the remaining part of Theorem 2.1 (2), namely, that each eigen-
value A9 € (—1, 1) of X has a finite-dimensional eigenspace. The symmetry of the
eigenvalues with respect to A = 0 follows by noticing that if X (¢, ¥)T = A(¢, ¥)7,

A#0,¢ e L*(E), ¥ € L2(J), (¢,¥) # 0, then
K(=p. )" =-1(=¢,¥)",

see (2.2). This also follows from the symmetry (4.6) of the solution I'(z; 1) of the
RHP 4.1.

Proposition 5.1. Any pole, in the spectral variable A, of the solution I'(z; A) to the
RHP 4.1 is a simple pole.

Proof. Since K is a bounded, self-adjoint operator, the resolvent & of K has only
simple poles, and

AT +RA)| = [dist(A, ©p(K))] ™

(see [29, Example 2 on p. 224]). So, if Ag is a pole of R(A), then ||R(1)|| < m,
A — Ao, for some ¢ > 0. Then, according to (4.21), I'(z; A) also has a pole at A
whose order can not exceed one. [ ]

Let Ao € (—1, 1) be a simple pole of I'(z; A) with the Laurent expansion near A
given by
()
A—2Xo

where the term (A — A¢) is uniform near any point of analyticity (in z) of I'(z; ).

[(z;A) = + T (z) + O — L), 5.1)

The representation (5.1) can be modified in a natural way so that it works near simple
and double endpoints, see (4.10) and Proposition 4.5 respectively.
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Proposition 5.2. The matrix T'°(z) in (5.1) can be written as follows
0 a
r'@ =1, | (5.2)
where a,b € C are constants that are not both zero, and the vector

W(z) := [Y1(2). ¥2(2)]

has the jump condition and asymptotics given by

2i 2i
W (2) = W_(z) (1 i, () + —’a_x,(z)), W(z) = 0% asz — oo
o o
(5.3)
with some k = 1,2, .... Here
0 1 0 0
L s

Proof. The jump conditions in (5.3) follow immediately from equations (5.2) and (5.1)
and RHP 4.1. Also, note that the matrix I'%(z) is analytic at z = oo and vanishes

because
F(z;A) =14+ 0.

This implies that there is k € N such that
r'(z) = 0z,

and this implies also the same bound for W in (5.3).

Thus, it remains to prove (5.2). In view of (5.1) and the relation I'"!(z; 1) =
ozFT (z; A)o2, we can expand formula (4.20) for the resolvent in a neighbourhood of
A = Ay as follows:

R(x,y: 1)
_ 1 g To2(T)T (y)o2I(x) f(x)
Ao(A — A9)? (x—y)
L] (g(y)T (02(T)T (y)o2T 1 (x) + 02(THT (»)02T0(x)) f(x)
(A —2o) Ao(x —y)
g To2(M)T ()02 (x) f(x)
- Py ) + o). (5.5)

If follows from Proposition 5.1 that the kernel R should have a first order pole in A,
so that the coefficient of the second—order pole in (5.5) must be identically (in x, y)
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zero. Now, the numerator of the second order pole equals

[T (N Xs -T2 M) T s M+ M xe ()]
y [F?l () xe(x) + T (x)xf(x)]
T () (x) + T2, (x) s (x)
= (T, ()+T,()T (X)) x5 () xE(x)
+ (T )T () +T Y (NT9(0)) X (7)1 (x)
+ (=T (T +T D (T, () s () xs (x)
+ (-T2 T )+ ()T (X)) xE (V) xE(x). (5.6)

This expression is identically zero if and only if the two rows of I'® are proportional
by a constant. This is so because, for example, F (y)F 5 (x) — F?z(y)ng(x) =0
implies T'9,(y)/T%(y) = T'9,(x)/ 'Y, (x) and both sides must be constants because
they depend on dlfferent variables. ]

RAO (x »

Corollary 5.3. The leading order term Rgno(Xx, y;A) := of R(x, y; A) near
a pole A = Ag does not have a jump across x,y €U, Where the residue Ry (x,y) of
the resolvent kernel R(x, y; L) at Ao is given by

g7 (02T ()02l (x) + 02 (THT (1)02T0(x)) f(x)
Ao(x — ) '

Proof. Equation (5.7) follows directly from (5.5), where the O((A — Ag)™2) term is
zero, and (5.2). Indeed, from (5.2) it follows that (I'°)7 (y)0,T'%(x) = 0 and hence
the last term in the simple-pole term of (5.5) is zero. Also, since Rging(xX, y; A) is the
singular part in A of R(x, y; A), it follows from Remark 4.8 that R, (x, y) has no
jump across U'. ]

Ry, (x,y) =

(5.7)

Lemma 5.4. The kernel R ,(x, y) is degenerate.

Proof. Substituting (5.1) into the RHP 4.1 we obtain the following jump conditions
and the asymptotics for the Laurent coefficients T'%1(z):

e = (1= 2oura () + 10-2,). (5:8)
ey =0, z- oo, (5.9)
2i
rie=rie (- W 2 i ns () + o1s()
+F0(z)( 00+XE(Z) Azo_XJ(z)) (5.10)

‘ez =140, (5.11)
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where
detI'® =0, Tr(I0(TYHY 0,) = 0. (5.12)

The determinant and trace conditions follow from the property det I'(z; 1) = 1 (see
equation (4.8)).
Inserting (5.2) into the trace condition (5.12) gives

V2(2)
—v1(2)

for some scalar function /(z) to be identified. Next, our goal is to show that #(z) is a
rational function. This is done in three steps.

0= [b,—a]rl(z)[ ] = [b,—a]T(z) = h(2)¥(2) (5.13)

« First, multiplying (5.10) on the left by [b, —a] and noticing that [b, —a]'%(z) =
0, we obtain that 44 (z) = h_(z) for z € U. This means that 2(z) extends analytically
across U.

¢ Second, let zg € C be any point other than an endpoint of J or E where both
components of W vanish. Then Fo(zo) = 0 and so, according to (5.1), detI"(zg; A) =
detT'(z9) + O(A — Ao). If a zero zq of the vector ¥ has multiplicity u, then /(z)
may have a pole of order at most w since the left side of (5.13) is bounded.

o Zeroes of W cannot accumulate at any z, € C. Assuming the opposite, let z*
be a point where the zeroes of W accumulate. If z, is not an endpoint, then I'(z; 1)
and, consequently, I'(z) are analytic at z, (see (5.1)). By (5.2), such accumulation
implies that I'°(z) = 0, and A, is not a pole. Suppose z is an endpoint, for example,
Z4 is a double endpoint. Since 2PN (p(R)) is analytic in A in a neighborhood of
Ao, then (4.16) implies that Y (z; A) has a pole at Ay. Thus, we can repeat the same
argument with the matrix function Y (z; A) (which is analytic near z) and its residue
Y(z) = T%(2)z7P4093C 1 (p(Ao)). In the case when z, is a simple endpoint one
can use (4.10) instead of (4.16).

* Finally, observe that by (5.11) the left-hand side of the second equation in (5.13)
tends to [b, —a] at z = oco. Hence, we conclude that /(z) has polynomial growth of
degree not exceeding k (see (5.3)) and, therefore, according to Liouville’s theorem, it
is a rational function.

We also observe that (5.13) and (5.2) imply

Ya(y)

oNT 1 —
02T (1)oT"! (x) = h(x) [_ oo

][wl O 0] 614
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Substituting (5.14) into (5.7) we obtain

g7 (02T T (1o (x) + 02(THT (1) (x)) £ (x)
Ao(x —y)

g oW (W) f(x). (5.15)

Ry, (x,y) =

_ b)) —h(y)
Ao(x —y)

The expression % is a finite linear combination of products of rational func-

tions in x and y separately with at most as many terms as the degree of the scalar
rational function /(z). Thus, R;,, is a degenerate kernel. ]

To obtain a more explicit expression for Ry, (x, y) we simplify (5.15). Suppose
h(x) = S¢(x)/Sp(x), where S; and Sj are some polynomials without common factors.
Then

B =) _ Se)SH0) = Si0ISH(x) _ s run ™"
x—y (x = y)Sp(x)Sp(y) Sp(x)Sp(y)

bmn = bnm’

(5.16)
where (by,,) is the Bézout matrix of the polynomials S;(x), Sp(x). Using equa-
tions (4.1) and (4.3), we get

g ¥ (NP(X) f(x)

_ 0 V1) Y1 (V) [ 1 ()
=l ”E(y”[i 0}[%@)%@) w2<y)wz<x)][x,<x)]

= +i (Y1) ) () + V2() 1, D)) W10 + Y2 x, (). (517
Combining (5.15)—(5.17) gives

Ry, (x,y) = B(x,y)H(x)H(y), (5.18a)
where
B(x.y) = —=Ag" Y bunx™y".  H(x):= Wl(x)XE(xS)bJ(rxl)h(x)Xf(x). (5.18b)

From (5.3), (5.4), and (5.13) it follows that H(z) is analytic in a neighborhood of any
zZ € E0 U f .

Let R4+ (x,y;A) and R_(x, y;A) be the analytic continuations in A of the kernel of
the resolvent across the cut [—1, 1] from above and from below, respectively. It follows
from Lemma 4.14 that Ry (x, y;A) are meromorphic functions of A as long as neither
x nor y coincides with an endpoint of £ and J. The locations of the poles, of course,
are independent of the choice of x, y. Let A¢ be a pole of, say, R4 (x, y;A). Then, by
symmetry (see Remark 4.8), A¢ is also a pole of R_(x, y;A). In what follows, with a
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slight abuse of notation, we denote by R(x, y; A) the kernel, which is the average of
R4 (x,y;A) and R_(x, y;A). The residue of R(x, y; ) at Ag is then

1
R(x,y;A) == Ri(x,y; A R_(x,y;A)). 5.19
e (x.y:4) 2(1550 +(x. 31 4) + e (x.y:4)) (5.19)
Applying (5.18) to Ry (x, y;A) and R_(x, y;A), combining the two residues, and
using the symmetry of R4 (see Remark 4.8), we get that the residue of R defined
in (5.19) equals

Ry (x,y) =R (B(x,y)H(x)H(y)). (5.20)

Clearly, R, (x, y) in (5.20) is real-valued and satisfies R, ,(x,y) = Ry, (y, x).

Theorem 5.5. Let Ay be an eigenvalue of KX imbedded in the continuous spectrum.
Then the corresponding eigenspace has a finite dimension bounded by twice the
degree of the rational function h(z) from Proposition 5.1.

Proof. First, we show that the residue of the resolvent defined according to (5.19)
defines the projector in L2(U) onto the corresponding eigenspace. A similar state-
ment in the case of an isolated eigenvalue is well known [29]. Here our situation is a
bit more complex, since all the eigenvalues are imbedded in the continuous spectrum.
Nevertheless, the proof is fairly straightforward. We could not find a reference in any
of the well-known texts on operator theory, so we decide to give it here for complete-
ness. As is known, the projector onto the eigenspace of K corresponding to Ao can
be computed as follows:

Ao+8

T SIEI}JEEI(I)L /[!R(l +ie)— R(t —ie)]dt,
Ao—5

Pro = lim EGo—5,20+5) =
§—0

(5.21)

where all the limits are in the sense of strong operator convergence. Pick any two
functions ¢; » € CO°°([§“ uJ ). Using that the kernels of R4 are analytic with respect
to x, y away from the endpoints of J and E and is a meromorphic function of A, it is
immediate that

Ao+6 Ao+6
lim+/(fR(t:i:is)¢1,¢2)dt = lim [ (Ral £ie)pn, 42 dr :/!Ri(k)dk
—0 —0
s T s B4 (5)

= +mi Are; (RL(MN)p1, d2) + 0(9), (5.22)
=A0

where B (§) is the half-circle centered at Ao with radius § in the upper and lower half-
planes, respectively, oriented in the counter clockwise direction. Substituting (5.22)



M. Bertola, A. Katsevich, and A. Tovbis 370

into (5.21) we obtain

(Pao®1,$2) = 57— Aoni ((fffo Ry (M) + e R_(A)¢1, ¢2)

—1
= 7, Gres R ¢2), (5.23)

where the last equality follows from the definition (5.19). Therefore, the operators on
the left and on the right in (5.23) act the same way on Cg’"(l% U Jo). Comparing (5.23)
and (5.19) implies that the kernel of £, is the expression in (5.20).

Since Ry, (x, y) is self-adjoint, real-valued (cf. (5.20)) and degenerate (cf. (5.18)),
we can represent it in the form

N N’
R)L()(xvy) = Zamnfm(x)fn(y) = Zangn(x)gn(y) (5.24)

m,n=1 n=1
for some real, symmetric matrix (a,,,) and real-valued functions
fu(x) e C®(E U J).

The latter are are analytic on E U J. Here oy, are non-zero eigenvalues of (ay)
(hence, N’ < N), and g,’s are obtained by a unitary transformation from the f,’s.
Without loss of generality we can assume that the set of functions { f,} is linearly
independent in C °°(l% uJ ). Then the set {g,} is linearly independent as well. To
prove that £, is of finite rank we just need to show that g, € L?(U) for all n. Clearly,
we can find ¢ € CO°°(]§ U j), such that [;; g, (x)¢(x)dx # 0 if n = 1 and equals
zero for all other n. Since P,¢ € L?(U), it follows that g; € L*(U). Repeating the
same argument for all n implies the desired result.

Finally, from (5.16), (5.18), (5.20), and (5.24) it follows that the dimension of the
eigenspace of J corresponding to Ao does not exceed twice the degree of the rational
function £, i.e., 2 max(deg Sp, deg S;). m

5.2. Proof of Theorem 2.4

The first half of (2) is proven similarly to Theorem 2.1 (2). Alternatively, this state-
ment can be proven by showing that if A2 is an eigenvalue of B, then A (and —A if
A # 0) is an eigenvalue of J(, and then invoking Theorem 2.1.

By changing variables

0 00 00

J62:/)deE,1:/tdE_ﬁ+/tdEﬁ:/td(Eﬁ—E_ﬁ), (5.25)
0

(o] 0
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it follows that the resolution of the identity associated with K2 is given by

v, = ) Eevivm 4> 0 (5.26)
07 A’ S 0.

Here Ef, p) :=s-limg_, g+ E(4—s ], and E} is assumed to be strongly continuous from
the right, see [14, Section X.1.1]. The above definition ensures that V) is strongly con-
tinuous from the right as well. Now, (1) and (5), the rest of (2), as well as the first half
of (3), follow directly from (5.26) and the corresponding assertions of Theorem 2.1.

To prove the second half of (3) we show that AAT and AT A are unitarily equival-
ent. Indeed, let A = V(AT 4)'/2 be the polar decomposition of A. Here V is a partial
isometry with Ran V' = Ran A, which is uniquely defined by the condition Ker V' =
Ker A (see [14, Section V1.7]). Using that Ker AT = (Ran A)J‘ (see [14, eq. (5.10)
Chapter I11]) and that both A and (—1) AT are Hilbert transforms (i.e., densely defined
with zero kernels), it follows that Ker V = Ker A = 0 and Ran V = Ran A = L?(E).
Hence, V: L?(J) — L2(E) is an isometry. Then AAT = VATAVT, and the result fol-
lows. Therefore, in particular, the absolutely continuous spectra of AA" and AT 4 have
the same multiplicity, and the latter equals to half of the multiplicity of Gp, (K ?).

Consider now (4). If there are no double endpoints, Theorem 2.1 implies that K 2
and, therefore, B is of trace class. The last statement of (4) follows from the standard
operator theory.

Remark 5.6. In the proof of Theorem 2.4 we showed that
Gp,e(AA4T) = &p, (AT4) = [0,1]

with the same multiplicity #. It is instructive to prove this assertion directly by follow-
ing the arguments of Theorem 3.5. Consider first the simple case of r = 1in (3.1), with
both endpoints of U = U; belonging to £ = E; (Lemma 3.4, first case). Using (3.7),
we obtain

K = K2, + 8% 4+ KextS + S Kext- (5.27)

ext

According to the proof of Lemma 3.4, § and, therefore, $? + Ko S + S Kex, are
trace class operators. Hence, the absolutely continuous parts of JCg and K2 are
unitarily equivalent. Since (a) Kg and K2, are block diagonal relative to the decom-
position L2(R) = L2(E) @ L2(J); (b) diagonal blocks of a block-diagonal trace
class operator are also trace class, and; (c) each diagonal block of X3 has absolutely
continuous spectrum [0, 1] of multiplicity z (see [17]), we conclude that the absolutely
continuous spectrum of each block of K2, is the interval [0, 1], and its multiplicity
equals 7. Restricting the blocks of K2, to the blocks of K2 similarly to how this is
done at the end of the proof of the first case in Lemma 3.4, we obtain the desired

ext
assertion.
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In a similar fashion, we use (3.9) and (3.14) to prove the assertion in all the remain-
ing cases. The key observation is that all the cross terms not containing trace class
operators are zero when the right-hand sides of (3.9) and (3.14) are squared. Con-
sider, for example, (3.9). Now, JCg is a trace class perturbation of (Kex + Koo)? =
K2, + Kgo because, by construction, Kex Koo = KooKext = 0. In (3.14) we get

ext
(éx,-)z = @,KZ (5.28)
j=1 j=1

from (3.12)
and the rest of the argument is analogous.

6. Spectrum and diagonalization of the operator J when U = R

In this section we extend an approach, which was originally developed in [17], see
also [18]. One is given a collection of 2n points b; € R, 1 < j < 2n (i.e., all b; are
double endpoints). We assume that they are arranged in ascending order: b; < b; 41,
1 < j < 2n. Define

J :=1[b1,b2] U [b3,b4] U---U [brp—1,b2n], (6.1a)
E = [bz,bg,] U [b4,b5] u.--u [bzn,bl], (61b)

where
[b2n, b1] := (=00, b1] U [b2p, 00). (6.1¢)

For clarity, the interval [b,,, b1] is the closed interval (on the extended line) from b5,
to +00 and from —oo to by. In terms of (3.1) this means that r = 1 and U; = U = R.
We have assumed that the point at infinity belongs to E, but this does not affect the
generality of the argument due to Lemma 3.1. Define

Boa(z) = [ [ =b2jm1).  Be(2) = [[(2=b2)),  B(2) = Beu(2)/Boa(2),
Jj=1 j=1
(6.2a)
$@) =), $() =NP(). (6.20)

where we choose the standard branch of the logarithm.
The following facts are proven for x € J in [17], and the proofs for x € E are
analogous.

(1) One has

S¢p(x)=m, xeJ and Jp(x)(x)=0, xekE. (6.3)



On the spectral properties of the Hilbert transform operator on multi-intervals 373

(2) The behavior of ¢ on the subintervals (bj—1,b2;) C J and (byj,b2;41) C E
satisfies
¢/(X) < O7x € J’ ¢(x) g +OO’ X = b;_j—l’ ¢(X) - =0, X bz_]7
(6.4a)
¢'(x)>0,x € E, ¢(x)—> —o0, x—>b;j, $(x) = 400, x = by ;.
(6.4b)

Therefore, ¢(x) is monotonic and invertible on each subinterval, and the range of
¢ (x) on each subinterval is R.

(3) One has
p0) = 25 00 = BL0u) — P WB(),  (65)
Bod(x)Bev(x) ’ v odi
and Q(x) > 0is bounded away from zero on R.
Suppose that
s =¢(2)/2, z¢€ (bam bam+1) CE
and
t=¢(x)/2, x € (bak—1.b2) C J.
Then
cosh(s —¢t) = cosh(M)
$(2) = () —im)
= cosh( 5 )
—i sinh(w). 6.6)
Moreover,
@ =N _ B [B)
2 (52) = V5 VB
_ Bev(2) Boda(X) — Bev(X)Boa(2)
D
(z—x) 37 j—y Byz' '/
B D
_ =% Z,zllej Pj(z)P; (X)’ 67)

where B := B(Bev. Bod) = (Bij) is the Bézout matrix of the polynomials Be(z).
ﬂod(z)’ and
D 1= Boa(z) v B(2) Boa(x) v B(x). (6.8)
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Using (6.3), we find

= sgn(Boa(2)i | 1‘[ |2 = byl sgn(Boa () , | 1‘[ |x — by
j=1

2n
= i sgn(Boa(2)) sgn(Boa (X)) | [ | 1x = byllz — b1 (6.9)

Jj=1

Introduce two isometries
Tn: L*(J) — L2(R), Tw:L*(E) — L2(R), (6.10a)
such that

hin(0) 1= (Tinh)(2)

2(sgnwod(x))hw) sgn(Boa(x))h(x) )
[p'(0)]  e=er'en’ p'(0)]  x=ezi, e/’
(6.10b)
hex(5) := (Texh)(s)
_ ﬁ(sgnwod(z))h(z) sgn(Boa(x))h(z) )
Vo' (2) z=¢5'2s) Vo' (2) z=¢5,1 (25)
(6.10¢)

where L7.(R) is the direct sum of n copies of L*(R), L;(R) = @j_; L*(R). Here
we set [|[B[|2 = ||A1 ]2 + -+ + |in |2 where h = (hy,....hy) € L2(R) and ||/, | is
the conventional L2(/,,) norm. Also, in (6.10), ¢,:1 is the inverse of ¢(x) on the k-th
interval (bg, bg+1). By convention, the 2n-th interval is R \ (b1, bag), i.e., it includes
the point at infinity.

Changing variables in the definition of A gives

(Tex AT Rin) ()

sgn(ﬂod<zm)) s (Boa(xx)) ik (1) i
¢’ (zm ¢|¢ ) 1/200k — 2Zm)

_ 2sgn</eam<zm))Z / sgn(ﬂoduk))hk(r) i
VIO GO o) Xk = Zm)

(6.11a)

where
Xk =@ (20), zm = by (25). (6.11b)
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Combining (6.11), (6.5), (6.6), and (6.7), we find

sgn(Boa(xk)) sgn(Boa(zm)) "~ pj P (x) P; (zm)

V16" COl# o) oxic — zm)  2€0sh(s —1) ; VO 0(m) |

Define two matrix functions

(6.12)

M= MDY M) = Py (xi) ﬁ, Xe = ¢ 20). (6.13a)
Mex i =AMV (S)}, Mjm(s) i= Pj(zm) Q( . Zm = ¢ (25). (6.13b)

It is shown in [17] that {MJ.(;CH) (t)} is an orthogonal matrix for all ¢ € R. The proof

that {Mj(,icn) (s)}, s € R, is an orthogonal matrix is analogous. Substituting (6.12) and
(6.13) into (6.11) gives

M(‘“)a)hk(r)

T AT 'hy = M(‘”‘) / dr. 6.14
(T Ty Rl () = =2 1 ()Z = comh(s — (6.14)

In compact form, (6.14) can be written as follows
Tex ATy 'hin = ML K Minhis, (6.15)

where K is the operator of component-wise convolution with —1/ (7 cosh(z)).

Equation (6.14) matches with the resultsin [17] in the case n = 1 (see [17, (2.12)]).
Indeed, suppose J = [—b, b],and E = (—o0,b] U [b, 00). Then (6.5) and (6.7) imply
that p; = 2b and Q(x) = 2b, i.e., Mex = M;, = 11in (6.13). Observe also that there
is one sign change between (6.14) and [17, (2.12)]. The sign change arises because
Te in (6.10) is the negative of To in [17, (2.11)].

Let #: L2(R) — L2(R) denote the map consisting of n component-wise one-
dimensional Fourier transforms (cf. (1.3)). Using (6.14) and [27, integral 2.5.46.5],
we get

K = 37—1( (6.16)

)7,
cosh(wA/2) "
where A is the spectral (Fourier) variable, and Id,, is the n x n identity matrix. There-
fore, (6.14) gives

Af = (FMoTe) ™ ( 4y ) (F MinTin) . (6.17)

S |
cosh(rA/2)
Applying the adjoint to (6.17), we get that K satisfies

A 0 ——L__1d
x :[/?T 0] B U_l[i_l Id CObh(ml()/z) "]U, (6.152)
cosh(wA/2) -1
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where

U — F Mex Tex 0
T 0 -?’MinTin

}: L%, (R) — L2 (R), (6.18b)

is an isometry. As is easily checked, the following self-adjoint isometry diagonalizes
the middle operator on the right in (6.18)

1 [1d, 1d
= %Ld” —13 ]; L3,(R) — L3, (R), (6.19)
n n
therefore
-1 _—1d, 0
X = U—IV—l[ cosh(r4/2) ) ]VU. (6.20)
0 cosh(rA/2) Id,

The range of the function (cosh(mA/2))~! is (0, 1], and each value is taken twice.
Hence, we proved the following result.

Theorem 6.1. Suppose r = 1in (3.1), and J U E; = U; = R, i.e, U consists of
only one interval and coincides with all of R. In this case the spectral interval of X
is [—1, 1], the spectrum is absolutely continuous (i.e., there are no eigenvalues), and
its multiplicity equals to the number of double endpoints (which is twice the number
of subintervals in J1 or Eq).
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