J. Spectr. Theory 12 (2022), 535-571 © 2022 European Mathematical Society
DOI 10.4171/1ST/410 Published by EMS Press
This work is licensed under a CC BY 4.0 license

Carleman estimate for complex second order elliptic operators
with discontinuous Lipschitz coefficients

Elisa Francini, Sergio Vessella, and Jenn-Nan Wang

Abstract. In this paper, we derive a local Carleman estimate for the complex second order
elliptic operator with Lipschitz coefficients having jump discontinuities. Combing the result by
M. Bellassoued and J. Le Rousseau (2018) and the arguments by M. Di Cristo, E. Francini,
C.-L. Lin, S. Vessella, and J.-N. Wang (2017), we present an elementary method to derive the
Carleman estimate under the optimal regularity assumption on the coefficients.

1. Introduction

Carleman estimates are important tools for proving the unique continuation prop-
erty for partial differential equations. Additionally, Carleman estimates have been
successfully applied to study inverse problems and controllability of partial differen-
tial equations. Most of Carleman estimates are proved under the assumption that the
leading coefficients possess certain regularity. For example, for general second order
elliptic operators, Carleman estimates were proved when the leading coefficients are
at least Lipschitz [9]. In general, the Lipschitz regularity assumption is the optimal
condition for the unique continuation property to hold in R” with n > 3 (see counter-
examples constructed by Pli§ [17] and Miller [16]). Therefore, Carleman estimates for
second order elliptic operators with general discontinuous coefficients are most likely
not valid. Nonetheless, recently, in the case of coefficients having jump discontinuit-
ies at an interface with homogeneous or non-homogeneous transmission conditions,
one can still prove useful Carleman estimates, see, for example, Le Rousseau and
Robbiano [14, 15], Le Rousseau and Lerner [13], and [5].

Above mentioned results are proved for real coefficients. In many real world prob-
lems, the case of complex-valued coefficients arises naturally. The modeling of the
current flows in biological tissues or the propagation of the electromagnetic waves in
conductive media are typical examples. In the former case, the electric current is due
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to the ions in intracellular and extracellular fluids. The intracellular ions are separ-
ated by cell membranes which act like capacitors. When a constant voltage (DC) is
applied, a conductance current /. flows through the extracellular fluid. At the same
time, a constant amount of charges will be stored in the cell membrane. If now an
alternating voltage (AC) is applied, the charges stored in the cell membranes will
change according to the frequency, resulting in a displacement current /; through the
intracellular fluid. From Ohm’s law, /. depends on the material’s conductivity o while
I; depends on its permittivity €. Due to the 90 degrees phase difference, we see that
the total current / = I, 4 [; is proportional to the product of the complex-valued
admittivity o + i we and the applied voltage, where w = 27 f and f is the frequency
of the applied signal. On the other hand, in some situations, the conductivities are not
continuous functions. For instance, in the human body, different organs have different
conductivities. Therefore, to model the current flow in the human body, it is more
reasonable to consider an anisotropic complex-valued conductivity with jump-type
discontinuities [11].

The electromagnetic waves propagating in conductive media is modeled by the
time-harmonic Maxwell equations:

VXE=iopH, VxH=—iweE+0E inQ, (1.1)

where 1 is the magnetic permeability, € is the electric permittivity, and o is the con-
ductivity. Assume that p is small. Then the first equation of (1.1) can be approximated
by V x E = 0 in Q. From this, there exists a potential function u such that £ = Vu
provided €2 is simply connected. Taking the divergence of the second equation of (1.1)
and using £ = Vu implies

div((c —iwe)Vu) =0 in,

which is an elliptic equation with complex-valued coefficients. Furthermore, if the
properties of the medium (e, o) vary sharply across an interface in €2, then it is legit-
imate to consider discontinuous coefficients o0 — i we.

With potential applications in mind, our goal in this paper is to derive a Carleman
estimate for the second order elliptic equations with complex-valued leading coeffi-
cients having jump-type discontinuities. Although such a Carleman estimate has been
derived in [2], we want to remark that the method used in [2, 13—15] are based on
the technique of pseudodifferential operators and hence requires C *° coefficients and
interface; while the method in [5] (and its parabolic counterpart, [7]) relies on the
Fourier transform and a version of partition of unity which requires only Lipschitz
coefficients and C'-! interface. Hence, the main purpose of the paper is to extend
the method in [5, 7] to second order elliptic operators with complex-valued coeffi-
cients. It is important to point out that even though second order elliptic operators
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with complex-valued coefficients can be written as a coupled second order elliptic
system with real coefficients, neither the method in [13—15] nor that in [5] can be
applied to coupled elliptic systems. Therefore, we need to work on operators with
complex-valued coefficients directly.

Our strategy to derive the Carleman estimate consists of two major steps. In the
first step, we treat second order elliptic operators with constant complex coefficients.
Based on [2], by checking the strong pseudoconvexity and the transmission condi-
tions in a neighborhood of a fixed point at the interface, we can derive a Carleman
estimate for second order elliptic operators with constant complex coefficients from
[2, Theorem 1.6]. We will pay more attention to the verification of the transmis-
sion conditions at the interface. Such transmission conditions at the interface are the
Lopatinskii-type conditions for the conjugate operator and the transmission operators
at the interface, which an extension of the Lopatinskii-type conditions corresponding
to the conjugate operator and the boundary operators [ 1, 1 8]. Note that the result in [2]
is stated for quite general complex coefficients and the corresponding weight func-
tion such that the definition of the transmission condition [2, Definition 1.4] holds.
However, no explicit form of weight function is given. In this work, one of the motiv-
ations in proving such a Carleman estimate is to derive the propagation of smallness
across the interface. Having established the propagation of smallness, we can study
some interesting applied questions such as inverse problems. Therefore, we need an
explicit form of weight function and check the transmission condition for such weight
function. To ensure the transmission condition, we are led to bound the size of the ima-
ginary parts of the complex coefficients. In the second step, we extend the Carleman
estimate to the operator with non-constant complex coefficients with small imaginary
parts. This method in this step is taken from the argument in [5, Section 4]. The key
tool is a version of partition of unity.

Furthermore, in the second step, we need an interior Carleman estimate for second
order elliptic operators having Lipschitz leading coefficients and with the weight func-
tion ¥.. An interior Carleman estimate was proved in [8, Theorem 8.3.1], but for
operators with C! leading coefficients. Another interior estimate was established in
[9, Proposition 17.2.3] for operators with Lipschitz leading coefficients, but with a
different weight function. Hormander remarked in [10, p. 703, lines 7-8] that “inspec-
tion of proof of [8, Theorem 8.3.1] shows that only Lipschitz continuity was actually
used in the proof.” But, as far as we can check, there is no formal proof of this state-
ment in literature. To make the paper self contained, we would like give a detailed
proof of interior Carleman estimate for second order elliptic operator with Lipschitz
leading coefficients and with a rather general weight function, see Proposition 4.1.
This interior Carleman estimate may be useful on other occasions. We also refer to
[12] for other related results on the interior Carleman estimates with nearly optimal
assumptions on coefficients.
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In this paper, we present a detailed and elementary derivation of the Carleman
estimate for the second order elliptic equations with complex-valued coefficients hav-
ing jump-type discontinuities following our method in [5]. Having established the
Carleman estimate, we then can apply the ideas in [6] to prove a three-region inequal-
ity and those in [4] to prove a three-ball inequality across the interface. With the help
of the three-ball inequality, we can study the size estimate problem for the complex
conductivity equation following the ideas in [3]. We will present these quantitative
uniqueness results and the application to the size estimate in the forthcoming paper.

The paper is organized as follows. In Section 2, we introduce notations that will be
used in the paper and the statement of the theorem. In Section 3, we derive a Carleman
estimate for the operator having discontinuous piecewise constant coefficients. This
Carleman estimate is a special case of [2, Theorem 1.6]. Therefore, the main task of
Section 3 is to check the transmission condition and the strong pseudoconvexity con-
dition. Finally, the main Carleman estimate is proved in Section 4. The key ingredient
is a partition of unity introduced in [5].

2. Notations and statement of the main theorem

We will state and prove the Carleman estimate for the case where the interface is
flat. Since our Carleman estimate is local near any point at the interface, for general
C b1 interface, it can be flatten by a suitable change of coordinates. Moreover, the
transformed coefficients away from the interface remain Lipschitz. Define H4 = YR
where R”, = {(x",x,) € R""! xR|x, = 0} and XR™ is the characteristic function of
R’ . In places we will use equivalently the symbols d, V and D = —iV to denote the
gradient of a function and we will add the index x’ or x,, to denote gradient in R”~!
and the derivative with respect to x, respectively. We further denote d; = d/dxy,
Dy = —idg, and dg, = /0.
Letuy € C*®(R"). We define

u=Hiuy+H u_= ZHiui,
+

hereafter, we denote Zi a+r =ay +a—,and

L(x. Dyu =Y Hy div(Ax(x)Vuz), 2.1)
+
where
Ar(x) = {aétj (VY =1 = {aztj (X', xn)}p j=1s X' € R" ! x, eR (2.2)

is a Lipschitz symmetric matrix-valued function. Assume that

aj;(x) = aj(x), foralld,j =1.....n, (2.3)
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and furthermore
ag;(x) = M5 (x) + iyNj;(x), (2.4)

where (M ;}F) and (N 5) are real-valued matrices and y > 0. We further assume that
there exist Ag, Ag > 0 such that for all £ € R” and x € R” we have

AolE[? < ME(x)E-& < Aol€|? (2.5)
and
MolE[? < NE(x)E-£ < AolE%. (2.6)

In the paper, we consider Lipschitz coefficients A, i.e., there exists a constant My > 0
such that

|A+(x) — AL (¥)| < Molx — y|. 2.7

To treat the transmission conditions, for all x’ € R"™! we write
ho(x") :=uy(x",0) —u_(x",0), (2.8)
hi(x") == AL (x",0)Vuy(x',0)-v—A_(x',0)Vu_(x",0) - v, (2.9)

where v = ¢,,.
Let us now introduce the weight function. Let ¢ be

O+ (xXn) 1= o4xn + Bx2/2, xn >0,

(2.10)
o—(xp) 1= a_x, + Bx2/2, x, <0,

o(xn) = {

where o4, «— and B are positive numbers which will be determined later. In what
follows we denote by ¢4+ and ¢_ the restriction of the weight function ¢ to [0, +00)
and to (—oo, 0) respectively. We use similar notation for any other weight functions.
For any ¢ > 0 let

)

Ye(x) = () = 5 1¥'1%, (2.11)
and let

ds(x) == Ys(§tx), §>0. (2.12)

For a function & € L?(R"), we define
h(E', xn) = /‘h(x’,x,,)e_ix/'E dx', & eR"L

Rn—l
As usual we denote by H'/2(R”~1) the space of the functions f € L2(R"™!) satis-
fying
[1enier ag < .
n—1

R
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with the norm

1 By = [+ EP2IFEP g’ .13)

]R"_l

Moreover, we define

2 1/2
e

Rr—1 Rr—1

and recall that there is a positive constant C, depending only on n, such that

[P dE < 1T, o < f €11/@)P a8,

R7—1 R"—

so that the norm (2.13) is equivalent to the norm || f'||L2gn—1) + [ f11/2,gn—1. We use
the letters C, Cy, C1, .. . to denote constants. The value of the constants may change
from line to line, but it is always greater than 1.

We will denote by B/.(x') the (n — 1)-ball centered at x’ € R"~! with radius 7 > 0.
Whenever x = 0 we denote B, = B;(0). Likewise, we denote B, (x) be the n-ball
centered at x € R” with radius r > 0 and B, = B,(0).

Theorem 2.1. Let u and A+ (x) satisfy (2.1)-(2.9). There exist o4, a—_, B, 8o, ro, Yo
and C depending on Ay, Ao, My such that if y < yo, § < 9 and © > C, then

2
ZZT3—2k/ | Dy 220952670 g
T

k=0
RY

1
+ Z Z 372 / |DFuy(x', 0)|2e2?"0 gy
+ k=0

Rn_l
e COu (0]}, gat + Y _[D(E5EuL) (03, puc
+

+

+
C(Z/ |£(x, D) (ux)[?e? s+ ) gy’ dx,
Rn
+ [er¢3( O)hl] 1/2,Rn—1 + [Dx’(er¢8h0)( 0)]1/2 R7—1
+1 /|l’l |2 21¢5(x’,0) dx +T/|]’l |2 2t¢s(x’ O)d ) (214)
R7-1 R

where u = Hyuy + H_u_, uy € C*°(R") and suppu C B(gm X [—8rg, 6ro], and
s is given by (2.12).
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Remark 2.2. Estimate (2.14) is a local Carleman estimate near x, = 0. As mentioned
above, by flattening the interface, we can derive a local Carleman estimate near a
C ! interface from (2.14). Nonetheless, an estimate like (2.14) is sufficient for some
applications such as the inverse problem of estimating the size of an inclusion by one
pair of boundary measurement (see, for example, [6]).

3. Carleman estimate for operators with constant coefficients

The purpose of this section is to derive (2.14) for £(x, D) with discontinuous piece-
wise constant coefficients. More precisely, we derive (2.14) for £¢(D), where &£ (D)
is obtained from &£ (x, D) by freezing the variable x at (x, 0). Without loss of gener-
ality, we take (xg,0) = (0,0) = 0 and thus

Lo(D)u = £(0. Dyu =Y Hsdiv(A4£(0)Vuz).
+

Since £ has piecewise constant coefficients, to prove (2.14), we will apply [2, The-
orem 1.6]. So, the task here is to verify the strong pseudoconvexity and transmission
conditions for operator £ with the weight function given in (2.11).

To streamline the presentation, we define Q; := {x, < 0}, Q25 := {x, > 0}. On
each side of the interface, we have complex second order elliptic operators. We denote

Pe=Y a{)DD;. k=12,
1<jt=<n
1) (k) (k

where a ;=g and ag) = az;. Here we denote a i =4 ej) (0). The principal symbol

of Py is denoted by
k
pe®) =Y al kit

1<j4<n
Corresponding to (2.3)—(2.6), we have
al) =all). 3.1)
(k) _ qapl) | - aAr(l)
a,; = sz + l)/Nej , (3.2)
Mols? < MPg £ < Agl&P, (3.3)
holé]> < N®g . < Aolg]>. (3.4)

Since some computations in the verification of the transmission conditions are useful
in proving the strong pseudoconvexity condition, we will begin with the discussion of
the transmission conditions at the interface {x, = 0}.
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3.1. Transmission conditions

We consider the natural transmission conditions that use the interface operators
1 _ k 2 _ k &) .
T} = (-D*. T¢=(-D"> a,)D;
1<j=<n

that correspond to the continuity of the solution and of the normal flux, respectively.
We now write the weight function

€
Ve(x) = @(xn) — Elx’lz, (3.5)
where
1(xn), xn <0,
o(xp) =
(pZ(xn)’ Xp = 0’
and

1
@k (Xn) = agxn + E,BX,ZI

with a1, o > 0 (corresponding to a— and a4 in (2.10), respectively) and 8 > 0.
Notice that ¢ is smooth in €1, 5 and is continuous across the interface. Then we
have

©,...,0,a1), x, <0

Ve (0) =
v=(0) {(0,...,0,0{2), Xn > 0.

As mentioned in the introduction, the transmission conditions considered here are
Lopatinkii-type conditions at the interface associated with the conjugate operators
e™z Py (e~"¥=.) and the interface operators Tkl, Tkz. Roughly speaking, these condi-
tions guarantee the coercivity of the system {e*Ve Py (e~ ™V=.), T}, Tkz}. Before stating
the formal definition of the transmission conditions [2, Definition 1.4], we will fol-
low the notations and the calculations used in [2, Section 1.7.1]. Let us first denote
w:= (0,8, v, ) withé = (&1,...,8-1) #0,v =¢, and A € C,

[f g (0.2) = (=DF
and
T (@.2) = (=D*aR) (=14 + itdy, v (0))
+ (DR Y a5 + ity e (0)

1<j<n—1
= (= D*a®(~1)FA +itar) + (D* Y aMg;.

1<j=<n-1
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The principal symbols of Py, k = 1,2, can be written as

n® =a®((@+Y = ok ) + b (®)). (3.6)
1<j<n-— 14
where
be(@) = @E) 2> @Pal®) —a¥) a0k (3.7)
1<{,j<n-—1

We also need to introduce the principal symbol of the conjugate operators

(k)
Proye @.2) = [ (~1F3 + i, ve(©) + 3 a(k) & + itdy, ¥s(0))
l<j=n-1
+ bi(§' + iT0x e (0)) |
(k)
=a®[(Vf2+ita+ Y wor ) +h@)] 68
1<j<n—1

Let us introduce A(k), B® e R fork = 1, 2 such that

nn

be) = @Y @Pa®) —afalNet; = (4® —ip®)2. (39
1<{,j<n-—1
where A% > 0. We also denote

@)
a
Y S5 =E®+ir®, (3.10)

1<]<n 1 ann

where E®)| F&) ¢ R. Using (3.8), (3.9), and (3.10), we can write
Porye = a(z)[(k +itas + E® + Z'F(Z))2 + (A(Z) _ iB(Z))Z]
— D[+ itar + E@ +iF® 1 j(4® _p®))
A +itar+ E® +iF® _jA® —p?y))

= aX) (-0 — o),
where

0P = —E® _B® _j(ra, + F® 4 4®),

o = —E@ 4+ B® _j(ray + FP — 4?),
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On the other hand, we can write
Prye = a4 + ity + ED +iF0)? 4 (40 —iBW)?]
= (1)[()& —ita; — EW —iF® 4 i4® —jpMy)
(A —itay — ED —iF® — ;AW —jpMy))]
— (1)(1 10))(1 _ 02(1))’
where
D= E® 4 BO 4 i(ray + FD 4+ 4W),
D= EO B0 4 (g + FO — 4W),

Let us introduce the polynomial

Ko (@.2) = [J2 = o).

Im a}k) >0
Now, we state the definition of transmission conditions given in [2, Definition 1.4].

Definition 3.1. The pair { Py, ¥, Tkj, k=1,2, j = 1,2} satisfies the transmis-
sion conditions at w if for any polynomials ¢g;(A), g2(A), there exist polynomials
U, (1), U>(A) and constant ¢y, ¢, such that

) =aft] , (1) +eif, (0,1) + UMKy, (0, 1),
(V) = a1}, (@.4) + 22, (@,2) + Us(N) Kz, (@, 1),
In this section, we will show that if we choose o/, ap appropriately and restrict

the size of the imaginary parts of the complex coefficients, the transmission conditions
described in Definition 3.1 are satisfied.

Theorem 3.1. Assume that a 0 ©) have properties (3.1)—(3.4). Moreover, the number y
in (3.2) satisfies y < yo, where vy is explicitly given by

V213
Yo = .
AS,/nkg + nzAg

Let v, be given by (3.5) with a1, ay satisfying (3.25). Then { Py, Ve, Tkj, .=1,2,
Jj = 1,2} satisfies the transmission conditions at 0.

(3.11)

Before going through the lengthy computation of checking the transmission con-
ditions, we give an overview of what we have to do. In order to check the transmission
conditions, we need to study the polynomial Ky . (w, A). More precisely, being able
to satisfy the conditions depends on the degree of K, and K> y,, that is, on the
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number of roots with negative imaginary parts. For this reason, we need to determine
the signs of the imaginary parts of the roots a(k) deﬁned above. Under the ellipticity

assumptions (3.3) and (3.4), we can show that Ima ) < 0and Ima ) > 0. Thus, we
only need to treat three cases:

Casel. Kpy, =1, deg K1,y = 1or2,
Case2. degKiy, =2, degKsy, =1, (3.12)
Case3. degKiy, =1, degKsy, =1,

where deg Ky ., denotes the degree of Ky . For Case 1, it is not hard to show that
the transmission conditions hold. In the second case, the ratio ap/a; (see (3.25))
will come into play. Case 3 is the most complicate one. It turns out satisfying a
non-degenerate condition (see (3.28)) will lead to the transmission conditions. This
non-degenerate condition holds trivially when coefficients of the equation are real. In
view of continuity, one can expect that the non-degenerate condition still holds true if
the imaginary parts of the coefficients are not too large. From the viewpoint of applic-
ations, restricting the size of imaginary parts is reasonable. For instance, the portion
of electric currents in the biological tissues due to cell membranes is small. In other
words, the conductivities of biological tissue have small imaginary parts.

We now prepare to prove Theorem 3.1. We begin with some preliminary compu-
tations about the signs of the imaginary parts of aj(k). Note that we can write

1 .
€)= 5 D ap ki —(E® +iF®), (3.13)
nn 1<{,j<n—1

Since by plays an essential role, we begin by working some calculations on the matrix
k)) Let a,(,li,) = |a(k) le??. Choosing & = e,, we

k k , k
ag) = Zaﬁj)&i‘j = ZMe(j)Sei‘j + ZVZNK(,-)&SJ'

1<t,j<n 1<t,j<n 1<¢,j<n

Hence, from (3.3) and (3.4), we have that

(k)
have that

n Im(a(k))
Ao < Re(afm)) <Ay and Ay <
Y

and so that 6 € [0, 7/2). Let us evaluate
(@"NTTA® = g8 =L ® 4y N By (cosh — i sin )
= a®) | cos oM ® + y sinoN ®
+ i(—sinOM® + y cos ON ©)]. (3.14)
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Using (3.3) and (3.4) again, we see that for £ € R”

Re((a$) ' A®E . £) = [a®)| 7 [cos M Pg - £ + ysinON B - &]
> |a®) |7 o (cos 6 + y sin 0) €.

-1 , while

In fact, since cos § = MX|a and sin = yN& |a%) |-

k k k
la)? = (M) 4 y2(NR)2,

we have

*) 4 2200 2
2% | (cos 6 + y sin ) = f‘i ty Nnnk . Ag(1+y ) _ L‘;
(Mrgn))z + )/Z(N,f,,))2 A2(1+y2) A2
Combining (3.15) and (3.16) implies

k 1 k A% 2 3 2
Re(aff)) " A®E - £) = T8I = Dufg P
0
Now, let us write
2§17 < Re((ag) ' A®E - €)
(k) (k)

=Re[ Y (k)szs, 2y a(k)sns,mz]

1<t,j<n—19n 1<j<n—1

— &2+ 260 (@)E, + (),

where (k)
k a, ]
b(() )(E/) = Re( Z (k) E;) — Re(E(k) + lF(k)) — E(k)
1<j=n-1
and (k)
k
pOE) =Re( Y o kg,
1<{,j<n-—1

Substituting &, = &, = —b{ (£') into (3.18) gives

546

(3.15)

(3.16)

(3.17)

(3.18)

T(E P+ 161 < 82 =28 €8, + bP ) = 0P )2 + b0 (),

which implies
a®©

LigP<re( Y Lrg)-E

1<l,j<n—1 Ann

(3.19)
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Putting (3.13) and (3.19) together gives

(k)
Re(by(xo, &) = Re( > (k)g g]) (E®)2 4 (F®)y2
(2%

1<{,j<n-—1
> L|E' 1+ (F®)2 > 0.

The following lemma guarantees the positivity of 4%).

Lemma 3.2. Assume that (3.3) and (3.4) hold. Then

A® = [ g + [0 > |FO),

Proof. From (3.9), it is easy to see that

2 ’

where a = Re by, and b = Im by.. We have from (3.20) that a > 0 and thus

A® > iz LR+ (F0)2 > [F®),
Lemma 3.2 implies

Imo_(z) (Tolz _|_ F(Z) _|_ A(z)) J— _ F(Z) — A(z)

< —ta, —|[FP| - F® < 10, <0
and

Imo(l) =ty + FD 4+ A0 > 0y + FO 4 |[FD| > a4 > 0.

547

(3.20)

(3.21)

(3.22)

(3.23)

In view of (3.22) and (3.23), to verify the transmission conditions, it suffices to con-

sider three cases listed in (3.12).

Proof of Theorem 3.1. We discuss three cases separately.

Case 1. p, .y, has two roots in {Imz < 0}, i.e., —tay — F® + A® < 0 in view

of (3.22). In this case, we have that

K>y, =1, while K y, has degree 1 or 2 (note (3.23)).

Since féﬂ,,g(a), A) = 1 and

(2)
tzw(w )L)—a(z)()k—l—lfozz-l-z (2) )

1<j<n—1 Ann
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for any ¢»(A4), we simply choose
Uz(k) = qz(k) — leZI,lﬁs — szilﬁs'
On the other hand, we have 7 }’1/,6 (w,A) = —1 and

1)
22 . Apj
(@) = a0 —ivar = )7 =58,

1<j<n—19nn

Then, for any polynomial ¢; (1), we choose U; (1) to be the quotient of the division
between g1 and K7 v, . The remainder term is equal to ¢171,y, + Caf2,y, With suitable
C1,Ca.

Case 2. Assume that Im 02(2) > (0 and Im 02(1) > 0,1i.e.,
—tay— F® 4+ 4P >0, 7o+ FO - 4W >0,

Then Ky, has degree 2 and K y, has degree 1. In order to avoid this case, we need
to be sure that if —tay — F® 4+ A® > 0, then ra; + FD — 4D < 0, that is,

tay + FP —A® <0 = 1oy + FO - 4D <.

This can be achieved by assuming that

a, A®D _F2

/

Recall that A®) — F&) > 0, kK = 1, 2. We remark that all A® and F® are homo-
geneous of degree 1 in &’. Hence, (3.24) holds provided

o A®@ _ F@

P \?/ﬂi’ﬁ{A(l) _ F(l)} +1 (3.25)

Hence, if we assume (3.25), then the transmission conditions are satisfied.

Case 3. Each symbol has exactly one root in {Imz < 0}, i.e.,
tay + FO — AW <0, —7a, — FP 4 4@ > 0.
In this case, we have
Kige = A=0{"). Koy, = A =03,
Given polynomials g1 (1), g2(1), there exist Uy (1), U2 (L) such that

q1(A) = U1 (M) K1y, + 41,
g2(A) = U2 (M) Kz y, + G2,
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where §1,§» are constants in A. The transmission conditions are satisfied if there exists
constants (i1, 2, C1, C2 SO that

q~1 = l’LlKl,'l/fg + lell’ws + C2£12,11,87
G2 = paKay, + 1ty g, + c2i3

namely,
g1 = p1(A —01 )) —C1+ CZ“Stn)(A —ita; — EM —iFW),
{ 2 = a(A — o0, )) +c1 + czan,,)()k +iton + E® 4+ lF(Z)). (5:20)
System (3.26) is equivalent to
M1+ CZar(zln) =0,
M2 + cza( ) — =0, (3.27)

N101 Y b+ CZann)(z ta; + ED 4+ iFWy = —
_MZUZ( )+ 1+ Czann)(l toar+ E@ +iF®) = g,.

System (3.27) has a unique solution if and only if the matrix

1 0 0 al
0 1 0 a2
r=1 _u
0 I 4
0 _02(2) 1 &

with & = al(ita; + E® +iFW) & = a2 (iten + E® + iF®), is nonsingu-
lar. We compute

1 0 a¥ 1 0 aff
detT =det|o0 1 a@|—-det] 0 1 P
0 —of & o’ 0 &

=+ 0(2) (2) o+ 0(1) (1)
=a@itay + E@ +iF® - E(Z) +B® —itay —iF® 4+i4®)
+all)(—itay — EW —iF®O 4+ E® 4 BW 4 vy +iFD 4i4W)
— a@(B® 4 iA®) 4 aD(BO 44D,
Therefore, if
a@(B® +id®) +aD(BY +iaW) £, (3.28)

then the transmission conditions hold.
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We now verify (3.28). In the real case where a,(,z,,), a,(,l,,) are positive real numbers,

it is easy to see that
a@ 4D 1 40 40 5 g

and thus (3.28) holds.

For the complex case, we want to show that there exists yo > 0 such thatif y < yy,
then (3.28) is satisfied. Let ux = A% + iB® and vy = iugp = —B® +i4®),
We will consider u; and vx as vectors in R?, ie., ux = (A(k), B(k)), Vg = u,Jc' =
(—B® 4®)) Let ag;) = n® 4 iy8® for n® §K) ¢ R. By the ellipticity condi-
tions (3.3) and (3.4), we have

Lo < n® < Ao, Ao =8B < A,.
Notice that det 7" = 0 if and only if
(71(2) + in(z))(B(z) + iA(z)) + (T](l) + in(l))(B(l) + iA(l)) =0,
i.e.,
(n(Z)B(Z) _ y5(2)A(2) + n(l)B(l) _ yS(I)A(l))
+ i(n(z)A(z) + )/5(2)3(2) + ,](l)A(l) + y5(1)B(1)) =0,

which is equivalent to

A@ AWM _B® _B®
) (1) _ ?2) 1)
" (3(2)) o (3(1)) =78 ( e ) +v8 ( A(l)) (3.29)
or simply
,7(2),42 + ,](1),41 — J/5(2)02 + J/5(1)1)1. (3.30)

Recall that A% > |F (k)| > 0. Therefore, in the real case )/8(") = 0, then (3.29)
will never be satisfied. If B and B@® have the same sign, that is, either B &) >
or B® <0fork =1,2, (3.30) can not hold. To see this, let us consider B® >,
k =1,2. Then uy, u, are in the first quadrant of the plane and vy, v, are in the second
quadrant of the plane. The sets

Cu = (1Puz +nDur:n® 2 0}, Cu = {y8@ s + y5Dv1:ys® = 0)

can only intersect at the original. Same thing happens if B® <0fork =1,2.
The only case we need to investigate is when B and B® have different signs.
For example, let us assume

BM >0, B <.
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Even in this case, the intersection between C,, and C, is non-trivial if the angle ¢
between u; and u» is less than 7r/2. Note that u; is the first quadrant and u, is in
the fourth quadrant. So, the angle between u; and u5 is less than 7. We would like to
show that (3.30) cannot hold for ¢ € [7/2, 7) if we choose yy small enough.

Note that in this case cos ¢ < 0. To do so, we estimate ||[7Pu, + M| from
below and ||§® v, + §V vy || from above. We now discuss the estimate of || v, +
My || from above. Compute

16@ vy + 5y, |?
= (D)?[(4P)? + (B®)’] + 6V)*[(4V)* + (BM)?]
+ 25(1)5(2)(_3(2)’ A(Z)) . (—B(l), A(l))
= @)2[(A@)? + (B@)Y] + M) [(AD)? + (BM)?]
+ 25(1)5(2)[(1‘1(2))2 + (B(Z))Z]I/Z[(A(l))Z + (B(l))2]1/2 COS¢
< (§D)?[(AP)? + (B@)?] + (D)2 [(AD)? + (BW)?. (3.31)
In view of (3.9) and (3.13), we have

(k)
UOP + B =l =| 3~k — (EQ +iF O]
1<{,j<n-—1
(k)
< ( > )Ee§]| +[(EW + zF(k))Z‘ (3.32)
1<l,j<n— 14
By (3.3), (3.4), and (3.14), we obtain
(k )
‘ Z (k) ‘gfi:j ‘ = ‘ (k) (k)g : i:‘ (Wlth i‘- = (i:,v 0))

1<{,j<n— 14
|a(k)| 2| cos OM(k)S -& 4+ ysin ON(k)E &
+i(—sinOMP®¢g £+ ycos N Pg . g)?
= a1 M Pg -6 + y2(VPg - )7

_ A+

— ! 4
a0
where we have used the estimate
Lo(L+ )2 <]a)| < Ao(1 +y>)'/? (3.33)

in deriving the inequality above. We thus obtain
o
> L] = (3.34)

1<tl,j<n—1 Ann
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Furthermore, we can estimate

k) 4 2| — — n e
(E® +iF®2 =|( 3 (k)s,)\ B> i

1<j<n— 14 1<j<n—1
()
(n = DA +7?)
(X |2 )er< - &'

2
1<j<n—1 Y9nn Ag(L+v?)

=(n—DATYE (3.35)

Substituting (3.34) and (3.35) into (3.32) gives
. - A2
(A2 + (B2 < G+ = DAHEP <n3EP. (36
0
It follows from (3.31) and (3.36) that
2 1 2 2 AG
18P0 + 8w |2 < 20503 |E. (3.37)
0

Next, we want to estimate ||7@u, + nMDu; || from below. As above, we have

(@) (1)u1||2

U + 1
= P)2[(AP)? + (BD)] + ()2 [(AD)* + (BW)?]
+ 20 [AP)? + (BOY)2[(AD) + (BU)Y) 2 cosp. (3.38)

I

Recall that B; > 0, B, < 0. Thus,

AD 4@ 4 p) )
[(A@)2 4+ (B@)2]1/2[(AM)2 4 (BM)2]1/2
_ ADA® | BB
" [(4@) + (BOPR{(AD) + (BM)?]1/2

1 — [BD||B@)|
A 4D

= @ ) .
1+ (E5)2)172(1 + (B5)2)1/2

Notice that by (3.21) and (3.37)

cos¢p =

() (k))2 (k))2 2 -
o< 1BYI _ V() + (B®) f oS _ VA 5

— Ak — A®) 22
e 0

It is readily seen that the function

I —xy

V14 x2/1+ y2

fx,y) =
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defined on (x, y) € [0, X,] x [0, A,] attains its minimum at x = y = A,. Hence, we
have -

2
1-2135 _ 1

cos¢p > = + —.
¢ 1413 1413

Now, (3.38) gives

1wz + nOuy |2
> (1PPIAD) + (BO?] + (V)2[(AD)? + (B

2
1+ 2pWp@[A@)2 1 (B@)21/2[(4 D)2 4 (B(l))2]1/2(_1 + g 12)
2

= ((1@)2[(AP)? + (BD)2/2 — (fO)?[(AD)2 4 (BD)?]'/2)*

DD [AP) + (BOY2AD) + (B2

1+ A2

4 - 4 A4
> AW 4®)2 > A |E')?A2 = — 0 1€)2. (3.39)
T4+ A2 T I ¥

Hence, in view of (3.37), (3.39), if we choose y¢ givenin (3.11), i.e.,

V23

Yo = )
Ad\/nAg + n2Ag

1nPus + nDur |2 > p2 18P vy + 6Dvy |2

then for y < yo we have

In other words, (3.30) cannot hold (i.e., det T # 0), and equivalently, (3.28) is satisfied.
The proof of Theorem 3.1 is now completed. |

3.2. Strong pseudoconvexity

Here we want to check the strong pseudoconvexity condition for the operator £ and
the weight function ¥, (x) in Bgs N Q1 and Bss N Q5 for some small 6’ > 0. Even
though £ is represented by Py in Q, k = 1, 2, it is not necessary to discuss the
strong pseudoconvexity condition for Py and P, separately. We suppress the index k
in notations and denote the symbol

pE) =D ay&k

1<jt<n

with ag; = My; + iyN; and consider the weight function

€
Ve(x) = ax, + gxﬁ — §|x’|2.
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In view of the definition of ¥(x) in (2.10), o here represents either oy = o4 or
o1 = a—. Hence, we have that

(0 Ye(x)j=y = Vie(x) = (—ex’, o + Bxn)

and

O o = Vot = (07 ) (.40

The strong pseudoconvexity condition reads that in By, if

{p(g +iTVe(x)) = 0,
(5’ 7:) 7& 0’ V'Wa(x) 7é 0, X € B_g/’

then

Q(x.§.7) = Za Ve ()0, p(E +iTVYe(x))0g, pE + TV Ve(x))

l,j=1

im0 pE + eV pE TV

j=1

= > 07, Ve(x)0g, p(§ + iTVYe(x))0g, p(E +iTVPe(x)) > 0 (3.41)
£,j=1

(see [8, (8.3.2)]).
We now write

p(E+itVy)
= Zagj(&z +it0ge)(§e + it V)

1<¢{,j<n
=Y ey +2i Y agE(0;ve) — Y ag(tdee) (19 Ye).
1<¢{,j<n 1<t,j<n 1<t{,j<n

Hence, p(¢ +itVy,) = 0 implies

D ag (0eVe) (Tdje) = Y agifekj +2i Y agi&i(xd;ve) (3.42)

1<{,j<n 1<¢,j<n 1<t,j<n

By (3.2)—(3.4), we have

| Y ay o @ v)| < VT 72l Vvl

1<l,j<n
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From this estimate, we obtain from (3.42) that

vi1+ V2A0|TV1//E|2
2| Yated +20 Y aybi v

1<t,j<n 1<t,j<n

> T+ y2h0lE[2 = 2T + P2 Aol ||tV
V1 + 2) V14 272
> T+ p2A0lE2 — N0 oY B R0 yy, 2 (343)

Ao

which leads to 5
A0, s 2A2 )
SR < (Mo 0l Vvel (3.44)

By (3.44) and exchanging the roles of & and TV, in (3.43), we thus conclude that
there exist positive constants Cy, C,, depending on Ag, Ag such that

Cilgl = [t Ve| = Gof§| (3.45)

whenever p(¢§ +itVy,) = 0.
Asin (3.6) and (3.7), we can write

P =am[ (5 + Y 20g) +6@)],

1<j<n— 1 nn

where
1

bE) = —= D (arjann — aneanj)ck.

nny<f,j<n—1

Similar to (3.9) and (3.10), we further express

b(§') = (A(E) —iB(£)?, (3.46)

with A(§') > 0 and 4
> Dl — E@E) +iF &), (3.47)

1<j<n—1 """

where E(§'), F(€§') € R.
To verify that (3.41) for x near 0, we first derive an estimate of Q(0, &, 7). At
x =0,wehave 9;v¥,(0) =0,1 < j <n—1and 3,¥.(0) = o, ie.,

E+itVYe(0) = (£.& +ita).
Thus, we can rewrite

P& +itVye(0) = p(§ +itae,) = ann(bn — 01)(En — 02), (3.48)
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where

(3.49)

o1=—E—B—i(ta+ F + A),
0 =—E+B—i(ta+ F—A).

From now on, we suppress the dependence of coefficients at 0 if there is no danger of
causing confusion.
By (3.40), we have that

00.6.7) = —& Y |0, p(€ + itaen)|” + Bl0g, p(§ + iTatey)|?.
I<j=n-1
where for 1 < j <n—1
dg, p(§ +itaey) = ZZagjfg +a,i (& +ita)
1<f<n-1

and
Og, p(E +itaten) =2 apnke + ann(én + iT).

1<l<n-—1
Therefore, we can write
2
00.67) = —4e Y | D aye+an G+ i)

1<j<n—1 1<f<n-—1

+ 4/3‘ Zam&z + ann(§n + im)‘z. (3.50)

1<f<n-1
It follows from (3.48) and (3.49) that p(¢ + itae,) = 0 if and only if
&n+ita=—E—B—i(F+ A) (3.51)

or
£ +ita = —E + B—i(F — A). (3.52)

Therefore, if p(§ + itae,) = 0, then the second term in (3.50) can be further simpli-
fied as

‘ Zaen&z + ann (&, + irOt)‘2 = |ann|2‘ Z Zen Eo+ & +ita) ’

1<l<n-—1 1<t<n—1 "7

= |ann|?|E + iF + (4 +ita)|® = |ana|*(A* + B?), (3.53)

where we have used (3.47), (3.51) or (3.52). Combining (3.46), (3.47), (3.51) or (3.52),
we have that
&n +ita| < |E[+ |B|+ |F| + 4] < CAol¢'l, (3.54)
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which implies

2
S| Y aut +an+ita)| = AP, (3.55)

1<j<n—1 1<f{<n-—1

Putting (3.50), (3.53), and (3.55) together gives
0(0.£,7) = 4Blana|*(A> + B?) — 4eCAol§'%. (3.56)
Recall the estimate (3.21) in Lemma 3.2
A2 = g+ IFIP = Llg'.
Using this estimate in (3.56) and choosing ¢ sufficiently small leads to
0(0.£.7) = 4(BArag — eCAO)IE'| = 2BA1A51E ",
whenever p(¢ 4+ itae,) = 0. Furthermore, (3.54) implies
€ +itae|* < (1 4+ C2ADIEP,
and it follows that if p(§ 4+ itae,) = 0 then
0(0.£,7) = CBIE + itae,|. 3.57)
In conclusion, we have shown that
EvelE eSS pEl+itae,) =0 = 0(0,& 1) >0, (3.58)

where S ;= {(£,7) e R*"L: £ + 12 = 1}.

Now, we recall the following elementary theorem. Let X be a compact subset of
RN and F ,G: X — R be two continuous functions, then the following two statements
are equivalent:

i F(x)=0forallx e X = G(x)>0;

ii. there exist positive constants Cy, C, such that C;G(x) + |F(x)| > C,, for
allx € X.

With the help of this theorem, (3.58) is equivalent to
C10(0,&,7) + [p(§ +itaen)| = Co (3.59)
for all (¢, 7) € S. Thanks to (3.59), we can estimate

C10(x,§.7) + [p(§ +itVYe(x))|
=C10(0.§,7) + |p(§ +itaen)| + R(x,§,7) = C2 + R(x,§,7),
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where

R(x.§.7) = C1[Q(x.§. 1) — Q(0.£. )] + [p(§ + itVYe(x))| — | p(§ +itae,)|.

Observe that R(0,&,7) = 0 for (§,7) € S. Since R is continuous, there exists a small

number §’ > 0 such that

C
R(.6.0)| < 5

for all x with |x| < 4§’ < % and (€, t) € S. In other words, we have that

CLOGET) +1pE +iTVY) 2 2 3.60)

in {|x] <&’} x S. By the elementary theorem stated above, (3.60) is equivalent to

p(E+itVye(x)) =0, forallx € By, .£.1) €S
= Q0(x,£,7)>0, forallxe B_gz,.é, 7) € S,
which immediately implies the strong pseudoconvexity condition near 0 in view of
the homogeneity of p and Q in (§, 7).
Having verified the strong pseudoconvexity in a neighborhood of 0 and the trans-

mission conditions at 0, we can derive a Carleman estimate with weight 1. (x) for the
operator L.

Theorem 3.3 ([2, Theorem 1.6]). Assume that coefficients A1 (0) satisfy conditions
(3.1)—(3.4). There exist a4, a_, B, €9, Yo, ro and C, depending on Lgy, Ao, such that if
e <¢g9, Y <V t>C, then

2
ZZT3—2k/ | Dk Pe? Ve 2 () g
+ k=0 Rn

1
LR TP [ 1Dk 0PN Dy
+ k=0

Rn—]
Z [e™VeC-Ou (., 0)]%/2,1Rn—1 + Z[D(eﬂ/fg'i u£) (- 0)]%/2,11%”_1
+

( / |£0(D)(uz) P Ve dx + [V CORPR o
Rn

+ [Da (€ h) O, gaos + T f B0 2e2¥e 0 i

Rn—l
+T/ O 2e2eex0) dx). (3.61)

RrR2—1
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foru = Hiuy + H_u_, ug € C*®°(R") and suppu C B, x 79,0, and, for all
x' e Rn—l’

h(()o)(x’) =up(x',0) —u_(x",0),

BO(x") := A4 (0)Vu i (x',0) - ey — A_(0)Vu_(x',0) - e,

4. Derivation of the Carleman estimate

This section is devoted to the derivation of the Carleman estimate (2.14) following the
ideas used in [5]. We first introduce the partition of unity given in [5]. For any r > 0
and x’ € R"™!, denote the (n — 1)-cube

0,(x")={y eR" L v =xil<r,.=12,...,n—1}.
Let g € Cy5°(R) such that
0< <1, suppdoC (=3/2,3/2), Do(t) =1forte[-1,1]. (@)

Let 9 (x") = Do (x1) ... % (x,—1), so that
suppd Qs (0) and 9(x) = 1 for x' € 01(0).

where Q denotes the interior of the set Q. Given u > 1 and g € Z"~ !, we define

and
Deu(x)) = D(u(x' — x})).
Thus, we can see that
supp U, CQ3/2 (xjg) C QZ/M(x;)

and
k k
|D ﬁg,u| = Cl/'L (XQ3/2M(xfg) - XQl/M(xfg))’ k=0,1,2, 4.2)

where C; > 1 depends only on n.
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Notice that, for any g € Z"~1,
card({g’ € Z" ' supp¥gr , N supp Fe  # 0)) = 5" 71 4.3)

Thus, we can define

Iu(x) = V=1, x eR" (4.4)
gez"!
By (4.2), we get that
|D¥B,| < Cop¥, (4.5)
where C, > 1 depends on n. Define
Ng.u(x") = 19g,u(x/)/;’u(x/)’ x e R, 4.6)
then we have that
> gezn—1 Mg = 1, x e R*1,
supp g, C Q372 (xg) C Q2/u(xg), 4.7
|Dk7lg,u| =< C3MkXQ3/2M(x£,), k=0,1,2,

where C3 > 1 depends on 7.

We will first extend (3.61) to operators with leading coefficients depending on
the vertical variable x,. To do so, we need to derive an interior Carleman estimate
for second order elliptic operators having Lipschitz leading coefficients and with the
weight function 1. To derive such Carleman estimate, we define the n-cube Kg =
{x =(x1.....x0):]x;| £ R, 1 < j <n}for R > 0. Let us denote

P(x.D) =Y _aji(x)D},
1<jt<n

and its symbol p(x,§) = lej,egn aje(x)&;&. Assume that forall 1 < j,£ <n and
x,y € Ky,

aj0(x) = ag; (x).

. < A’

|a]€(x)| = (4.8)
laje(x) —aje(y)] = Mo|x — |,
|p(x, )| = AEI?, forall § € R”,

where A, A > 0. Let ¢(x) € C?(K;) be real-valued and satisfy |Vo(x)| # 0 for all
x € K;. We denote

S(x.yi€.1) =Y 03,0(x)0, p(y. £ +iTVe(x))dg, p(y.& + iTVe(x))
£,j=1

forx,y e K1, € eR", 7 > 0.
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Proposition 4.1. Assume that the following condition holds:
p(0,§ +itp(0)) =0
(£.7) # (0,0)

Then there exist R € (0,1], 8 € (0,1], Co > 1, ©9 > 1, depending on A, A, M,
lellc2(o,) such that

= 5(0,0;£,7) > 0. (4.9)

> 32k / | D% 22" dx < C, / | P(8x, D)u|?e®™™ dx, (4.10)

lo|<2

forallu e C&(Kg), > 10,0 < § < 6.

Proof. In view of the homogeneity in (€, 7), (4.9) is equivalent to that there exist
Cy > 0,C, > 0 such that for all (§,7) € R**1,

C2|p(0.§ +itVe(0)]> + (JE]> + 2)S(0,0;€, 1) = Cr(|E]* + 2)*.

From (4.8), we can see that there exists Re (0, 1] such that, forall x,y € K, .§,7) €
Rn-ﬁ-l’

Colp(r. & +itVp(0) [ + (17 + T)S(x, y: £, 1) = Ci(lE7 +7°)%, 411

where C 1>0, 62 > ( are independent of x, y. Thanks to (4.11), the Carleman derived
in [8, Theorem 8.3.1] holds for

Py, Doyu =) a;(8y) D3, u(x),

1<¢,j<n

that is,

213_2|“/|D;’u|262w(")dx < C3/|P(5y,Dx)u|262T¢(x)dx (4.12)

loe|<2

forall u € Cé"’(]%g), 0 <4 <1, and 7 > 71, where C3 and 7; do not depend on §
and y. Note that for fixed 8, y, P(§y, D) is an operator having constant coefficients.

Now, we use the partition of unity introduced above, but with n — 1 being replaced
by n. In particular, for i € Z", we define

h
Xp = ;, W= +/et, witht >

™ | =

’

where ¢ € (0, 1] will be chosen later. Let u € Cg5°( 10{ ), in view of the first relation
in (4.7), we have

w(x) = Y u(xX)n (%),

heZ"
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where 1y, ,,(x) is defined similarly as in (4.6) with n — 1, g being replaced by n, h,
respectively. Applying (4.12) with y = x; implies

ZT3—2a|/|Dau|262np(x) dx

l|<2

<c Z Zr3_2|“/|D°‘(ur]h,u)|2e2"p(x)dx

heZ” |a|<2
<cCs / | P(8xn, D) (unp, ) >e*™¢™dx, (4.13)

for all T > 75 = min{r, %}, where ¢ = ¢ (n).
Now, we write

| P(8xp, D)(unp)| = |P(8x, D)(unp)| + [(P(Sxp, D) — P(8x, D)) (unp,)|
(4.14)
and use (4.5), the second inequality of (4.8), to estimate

|P(8x, D))l < |P(8x, DYulni . + CaA(VeT| Dul + e ul) x s ey @:15)
and
|(P(8xi. D) — P(8x. D)) (urh, )|
= | D@ - ajex0) D)

1<j,4<n
< M Z |aje(8xn) — a;je(8x)||DFyul + 2Ca A(Vet| Dul + e|ul) &), (en)
1<jl,<n
Moy,
< cnh,M7|D ul +2C4A(Vet|Du| + 8r|u|))(K2/M(xh) 4.16)

with ¢ = c¢(n). Here K5/, (x;) denotes the n-cube centered at x;, with length 4/u
and xk,,, (x,) 1s the characteristic function of K5/, (xp). Substituting (4.14)—(4.16)
into (4.13) gives

Z _L,3—2|a\ / |Docu|2e2r<p(x)dx
lor<2

< C5/ | P(8x, D)u|?e®™*™ dx

82M?
0 /|D2u|2e2””(x) dx + sr/ | Du|?e?™*X) dx
T

+C5{

+ (8‘[)2/ |u|2e27¢) dx} 4.17)
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for all T > 1,, where Cs > 1. Finally, by choosing e = 1/(2Cs) and 8y = &, all terms
inside of the curved brace on the right-hand side of (4.17) can be absorbed by its
left-hand side and (4.10) follows immediately. [ ]

4.1. Carleman estimate for operators depending on the vertical variable

Here we would like to prove a Carleman estimate for the operator that satisfies condi-
tions (3.1)—(3.4) but depending only on the x, variable. That is, we consider

£(tn, D)u =Y Ha div(Ax(xn) Vuus),
+

where uy € C*°(R") and suppu C B x [—ro, ro], where rg is the number obtained
in Theorem 3.3. Introduce § € (0, 1) that will be chosen later, define

Ps(x) := Y587 x) = Ys (87X, 8 xn),
and consider the scaled operator

L(xn. DYu := Y H div(A(8xn) Viis).
+

Notice that A1 (6x,,) satisfies assumptions (3.3), (3.4) and also the Lipschitz condition
|A£(8Xn) — A (8xn)| = Mob|Xn — xul. (4.18)

Let 99 € Cy°(R) be given as in (4.1). For p > 1 satisfying 2/ < ro, we define

N (Xn) = Do (1xn), (4.19)

UM(X/7xn) = nu(xn)u(x/vxn) and ZM(X/7xn) =(1- nM(xn))u(x/7xn)~ (4.20)

Since vy, +(x’,0) = u4(x’,0) and Vv, +(x’,0) = Vuy (x’,0), we have trivially, for
all x’ e R*1,

Vot (1, 0) = v —(x,0) = 14 (x',0) —u_(x", 0) = h” (x), 4.21)
and

A4+ (0)Vv, +(x',0) - e — A_(0) Vv, —(x",0) - e,
= A (0)Vuy(x'.0) - ey — A_(0)Vu_(x'.0) - e, = BV (x"). 4.22)
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The aim of this section is to prove a simple version of (2.14):

2
ZZ Zk/ | Dk Pe?™Ve () gy
:l: k=0 n
:i:

1
FX [ 1D O
+ k=0 R?1
+ Y e COur (0], gur + ) _[D(eVeEuL) (03 5 pacs
+ +
< ( [ 1200 D)) P dx [ VORI

DA RO O g + [ e g

RrR7—1
o / O 2e2eex0) dx). (4.23)

RrR2—1

To proceed the proof of (4.23), we first note that supp z,, C By, X [~ro, o] and

vanishes in the strip R”~! x [—ﬁ, ﬁ]. It is clear that A4 (6x,) satisfies (3.3), (3.4),
and (2.7). Estimate (3.59) implies that (4.9) holds for ZIS jh<n ajie(x)D]?e with
@ = Y. Observe that z,, is supported away from x, = 0. It follows from (4.10) in
Proposition 4.1 that there exist §¢ € (0, 1], to > 0, and choose a small ry if necessary,
such that

Zﬁ Zk/ |DFz, [2e?™Ve™dx < C/|I(8xn,D)z 22VeWdx  (4.24)
k=0

forall T > 19,0 < § < &9, where C depends on Ay, Ag, and M.
Let us denote by LHS (1) the left-hand side of inequality (4.23). We have

LHS(u) < 2(LHS(v,,) + LHS(z,))
2
— 2(LHS(U,L) +y ok / |Dkzu|zezr'/’8(x)dx). (4.25)
k=0 R~

Then applying (3.61) to v;, and using (4.24) leads to
LHS(u)<C( / |[Lo(D)v,,[227Ve@dx + [V COROR L
+ [Dy (efl/fgh(o))( 0)]1/2 - +7 /|h(0)|2 2te (x’ O)dx

R?"— 1
+T / V2270 gy 4 / |§C(8x,,,D)ZM|2.2’W(X)dx). (4.26)

Rn—l R~
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By (3.3), (3.4), (4.18), and (4.19) and since p > 1, we can estimate
|Lo(D)vyl
< |&(8xn, D)vy| + |£(8xn, D)vy — Lo(D)vy]

26M,
. Z|D2ui|77u
mz

< |£(8xn, D)uln, +

C(8My + A D 2 :
+ C(6My + 0);(/’” u:|:|+M|u:|:|)XR,1_1X([_%’%]\[_&’$])

On the other hand, we have

|£(8xn., D)z
< |L£Bxn, D)u|(1—1y)
2
+ C(SMO + AO) Z(/L|Dui| +u |ui|XR”—1x([—%,%]\[—ﬁ,i])'
+

Putting (4.27), (4.28), and (4.26) together implies

LHS(u) < cl( / | L (8xn, D)u|?e>™¥e™ gx + TR) + R
Rn

where
Tr = e CONOR | ut + Do h) (012, g

1/2,
+T3/|h80)|262r1ﬁ€(x”0) dx/_i__[/|h(10)|2€2rl/f€(x/’0) dyx’,
1 1

R~ R
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(4.27)

(4.28)

(4.29)

52
ﬁzPZ/ |D2ui|2dx+u22/ |Du|? dx+u4/|u|2dx,
U U R”

C7 depends only on Ag and Ag, and C, depends only on Ag, Ag and M.

Now, we choose it = /et and calculate

1 C>8?
LHS(u)—Cz{Rz—(l— 2 )Z/ |D%uy|?e® Ve dx
T & T
RY

+ (1 — Cye) Z / |Du|?e®™Ve—: dx
£ pn

+

C
+ r3(1 — —28) / lu|>e®™Ve dx + Tp.,
T

RVI

(4.30)
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where

=2
+ RrR7—1

+ Z _EZ[e‘H/fs(-,O)u:t(,’ 0)]%/2,]1{"—1 + Z[D(e‘”/fs,:tui)(.’ 0)]$/2,R”_1 .
+ +

1
213—2k/ | DFu (x, 0) 22V 0 g
k=0

By choosing € and § satisfying

§% < % and ¢ < TR 4.31)
2 2

estimate (4.23) follows easily from (4.29) and (4.30).

4.2. Carleman estimate for operators depending on all variables

We now want to extend the estimate (4.23) to operators with coefficients depending
also on the variables x’. To treat this case we proceed exactly as in [5, Section 4.2,
pp- 198-200], that is, we approximate with coefficients depending only on x,. We use
the partition of unity introduced at the beginning of Section 4 and show that

LHS) <C > LHS(ung..) + CRy. (4.32)

gez— 1
where we define

2
LHS(u) = ZZT3—2k/ | DE1 22T =) 4! iy,

1
Zfs—zk/ | Dk (x, 0)2e2V=0) g
k=0 R?—1

TZ[e‘Hlfs(-,O)u:t(,’ 0)]%/2,]1{"—1 + Z[D(eﬂ/fs,:l:ui)(.’ 0)]%/2,]1{”_1
+

+2
+
5>
+
and

Rii= @02 [ @00, us (00 + Das (.0
+ n—1

R + s (x',0)[%) dx'.

Remind that 7, , is defined in (4.6). Notice that E in [5, (4.25)] corresponds to LHS
here.
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As in [5, Section 4.3], we introduce some local differential operators that only
depend on Xx,, in such a way that we can apply estimate (4.23). Let us define

AL (X', xp) 1= A (8X, 8xp), (4.33)
Ls(x' xp, D)u =Y Ha div(AL(x'. x,)Vtis), (4.34)
+

and the transmission conditions

Oo(x") = u4(x’,0) —u—_(x',0),
01(x") = Ai(x’,O)Vu+(x’,O) cen — A8 (X, 0)Vu_(x',0) - e,.

Next, recalling that x, = g/ and g € 7"~ !, we define
ALE (en) i= AL (X xn) = AL (8, 8x),

Ls.g(n. DY =Y Ha div(AL® (xn) Vi),
+

‘We notice that Ai’g (xp) satisfies assumptions (3.3), (3.4) and also the Lipschitz con-
dition
|A%E (%) — AL (x0)] < Mo8|%n — xal.
We now apply (4.23) to each summand and add up with respect to g € Z"~! to
obtain that

> LHS(ung,) < C Y (d{) +d3), +adf)), (4.35)

gGZ"_l gezn—l

where

dé(’%/)* = / |£L5, (Xn, D)(“Ug,u)|2€2rw€(x) dx,
R~

dé?;)l, = T3/ |7V 1 (x)? dx’ + [Dyr (7Y Bo:.) (- 0)]%/2,]1@—17
1

R~

dg,(r?/)J, — T/ |eﬂlfa(x ’O)Gl;g,y,(-x,)|2 dx' + [e”h("())Gl;g,u(')ﬁ/z’Rn—l’
1

R~

where we set

90;g,u(x/) =ug (', O)Ug,,u(x/) —u_(x', O)Ug,,u(x/) = QO(X/)ng,m

8,
Orsgu(x') == AYEO)V(usng.p) - en — AZE0)V(u_ng ) - en.
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We now proceed as in [5, Section 4.3, pp. 201-204] for the estimates of the terms

dé(,{ ,)L j =1,2,3 in (4.35). For the sake of clarity, we show here the estimate of the

term d'),. By (3.3), (3.4), (2.7), (4.7), and (4.33) we obiain that
|°f8,g(xna D)(ung,u)|
< | L5, xn, DY (ung )| + |Ls(x", xn, D)(ung,u) — £s.g(Xn, D) (Ung, )|

< Mgl L5 (s, DYu| + Crig Y 1A% (X, ) — A% (i, 2x0)|| D0t
+

+Cxo, () O (I Dux| + pPlu])
M
+

< Nl Ls(x xn. DYu| + Cro, DG [DPus| + p| Dus|.p?fu)).
M
+

which, together with (4.3) and since 1 = (e7)'/? > 1, implies
> dl) <c / |L5(x", xp, D)u|>.2™Ve dx + CR,, (4.36)
gez1 R”

where

R, = 2—22 Z / |D2u:|:|2.2”/f8»i dx + /LZ Z / |Du:|:|2.2”//€~i dx
+ R', + R",
+u4/ 227V dx.
R”7

With similar calculations, which are explicitly written in the above mentioned pages

of [5], we can estimate dg,)b dg(,i)L and get

LHS(u) < C( / |£5 (" xn, DYV dx + [V OO g
R7

+ [Dx/(e‘rl/fsgo)(.’O)]%/Z,Rn_l + T3/62fl/fs(x/,0)|90(x/)|2 dx/

RrR2—1

+ T / 2V @019, (X2 dx' + R3). (4.37)

RrR7—1

where

52
R; = e Z / |D?uy|?e? Vet dx + p? Z / |Du|?e® Vet dx
+ on + on
RY RY
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+ pt / u?e®™Ve dx + (n+ 827" Y / | Du(x',0)2e2Ve 0 gy
1

B t e
+ pt? Z / g (', 0)|262”/’8(x/’0) dx’
+ Rn—l
+ (@t + ) Y eV COusL (L0, g
+

4+ 82u2 Z[D(uieﬂ/f‘e,i)(.’ 0)]%/2,11&"—1 .
+

We now set ¢ = § and choose a sufficiently small §y and a sufficiently large 7o, both
depending on Ag, Ao, My, and n such that if ¢ = § < §y inequalities (4.3 1) are satisfied
and if © > tp, then R3 on the right-hand side of (4.37) can be absorbed by LHS (u).
We finally get the estimate (4.23) by the standard change of variable u(§x’, §x,,).

Funding. Jenn-Nan Wang was partially supported by MOST 108-2115-M-002-002-
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