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Spectral fluctuations
for the multi-dimensional Anderson model

Yoel Grinshpon and Moshe J. White

Abstract. In this paper, we examine fluctuations of polynomial linear statistics for the Ander-
son model on Z¢ for any potential with finite moments. We prove that if normalized by the
square root of the size of the truncated operator, these fluctuations converge to a Gaussian limit.
For a vast majority of potentials and polynomials, we show that the variance of the limiting dis-
tribution is strictly positive, and we classify in full the rare cases in which this does not happen.

1. Introduction

The purpose of this paper is to study fluctuations of the eigenvalue counting measure
for the Anderson model on Z¢. We denote |n| = 221:1 n, forany n € Z¢, and write
n ~mforn,m e Z2 if and only if [n — m| = 1. Define the operator H: {>(Z¢) —
(27 by
(Hu), = (Au)y + (Xu), = Zum + X - up
m~n

where { X, }, 7« is an array of independent, identically distributed (iid) random vari-
ables with finite moments, satisfying E[X,] = 0. We denote the distribution of each
variable X, by dp, which will henceforth be referred to as the underlying distribution.

In this paper, we aim to study the fluctuations of the counting measure for the
eigenvalues of finite volume approximations. Explicitly, we study fluctuations of poly-
nomial linear statistics of finite volume truncations of H: for any L € N, denote

Ap =[-L,LINZ,

and let Hy, be the truncation of H to the cube Ai C Z4. That is, Hp = lAiHlAi’
where
ne Ad,

Un
(IAZ(U))n—{O n¢AZ.

2020 Mathematics Subject Classification. Primary 82B44; Secondary 35J10, 47B36, 60F05.
Keywords. Anderson, Schroedinger, eigenvaluefluctuations, CLT, central limit theorem,
weakly dependent, path counting.


https://creativecommons.org/licenses/by/4.0/

Y. Grinshpon and M. J. White 592

We denote by N(0,5?) the normal distribution on R with mean 0 and variance o2,

d Ty .
and denote by — convergence in distribution. We agree that the zero random variable
is also normal, by allowing 62 = 0 (in this case we say the distribution is degenerate).
The empirical measure of Hy is the measure

[A¢]

1
dvy, = —— 8
7 Q2L + 1)d ; AEAi)

(A9) (A ) (A )
where {1, 7,4, 17, |AdL

tiplicity), and & is the Dirac measure at A. When the empirical measure has a limit
as L — oo, this limit is known as the density of states of H. In our case, it is known
that the random measure dvy, converges weakly almost surely to a deterministic meas-
ure dv (see e.g., [1] and references within).

We want to focus on asymptotics of the fluctuations of dvy. A natural way to
study this is using linear statistics for polynomials, i.e., random variables of the form
[ fdvp = (2L+1)d Tr( f(Hg)) for some polynomial f(x) € R[x].

Af)

} = o (Hp) are the eigenvalues of Hy, (counting mul-

Fluctuations of the truncated eigenvalues A, are assumed to be associated to
continuity properties of the spectral measures. There are several results indicating
this is indeed true. Minami [6] studied the microscopic scale of the eigenvalues of the
Anderson model in Z4, after Molchanov [7] did the same for the continuous case in
one dimension. Minami proved that, under certain conditions that ensure localization
with exponentially decaying eigenfunctions, the eigenvalues of the Anderson model
have Poisson behavior on the microscopic scale. For d = 1, it is well known that
localization holds for any ergodic non-deterministic potential [1]. However, for d > 3
and for sufficiently low energies, it is conjectured that H has extended states, i.e., the
spectrum of H has an absolutely continuous component.
We now state our main theorem:

Theorem 1.1. Let f(x) € R[x] be a non-constant polynomial. Then

Tr(f(HL)) — E[Tr(f(HL))] 4

CLrnas o NOe(?)

as L — oo, where
1. if the underlying distribution (dp) is supported by more than three points, then
o(f)?>0;
2. if the underlying distribution is supported by exactly two points, there exist
polynomials g>, g3, g5 € R[x], of degrees 2, 3,5 respectively, such that
o(f)? =0ifand only if f € spang{gs, g3, &2, 1}



Spectral fluctuations for the multi-dimensional Anderson model 593

3. if the underlying distribution is supported by exactly three points, there exists
a polynomial g3 € R[x] of degree 3, such that o (f)?> = 0 if and only if f €
spang{g3, 1}.

The polynomials g5, g3, g5, &3 depend on dp as well as on the dimension d, and
are given explicitly in Propositions 4.3 and 4.4 below.

The study of fluctuations of finite truncations of the Anderson Model has received
a considerable amount of attention, although most results focus on the one-dimen-
sional case. Reznikova [10] proved a central limit theorem (CLT) for the eigenvalue
counting function of the truncated Anderson model in 1-dimension. Kirsch and Pas-
tur [5] proved a CLT for the trace of truncations of the Green function of the Anderson
model in one dimension. Recently, Pastur and Shcherbina [9] extended this result to
other functions of H.

In our proof we shall compute the trace of powers of H;, by counting paths on
the associated lattice. Path counting and weighted path counting is commonly used in
the study of random Schrodinger operators and in the study of random matrices (see,
e.g., [1,2] and references therein).

This paper can be viewed as a second paper in a series, continuing the work of
Breuer with the authors [3]. In the previous paper, path counting was used to prove
a CLT for a decaying model over N. In this paper, the methods have been modified
to apply to the Anderson model over 72 for general d € N. Each of the papers is
self contained, but there are many parallels in the overall structure of the paper and
propositions.

The rest of the paper is organized as follows. In Section 2 we set up our definitions,
and prove that “typical” diagonal elements in the matrix representation of H f have
a combinatorial description (using path counting). In Sections 3 and 4 we prove our
main theorem — in Section 3 we show that fluctuations of Tr( f(H)) converge to a
normally distributed random variable, and in Section 4 we classify all cases in which
the limit distribution is non-degenerate. The final proof of Theorem 1.1 appears at the
end of Section 4. We conclude with Section 5 (which is independent from the rest
of the paper) in which we state and prove a CLT for m-dependent random variables
indexed by Z¢, which implies the CLT we use in Section 3.

2. Definitions and preliminaries

Fix d € N. As stated in the introduction, we explore the random operator

H: 022 — 02(z%).
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It is useful to decompose H as

H=V—|—ZUU+ZDU, 2.1)

where V' is the random potential operator, and each U, (respectively D,) is the
operator shifting forward (respectively backward) in direction v. In other words, let
e1, ez, ...,eq denote the standard generators of 74 as a free abelian group. Then,
for every n € Z¢ and u € (2(Z%), we have (Vu), = X,u,, and for every integer
1 <v <d wehave (Uyu), = Upe, and (Dyu)n = Up—e,. A corresponding decom-
position is also given for every finite volume truncation, Hy .

Our theorem deals with the asymptotic behavior (as L — oo) of Tr( f(HL)), for
polynomials f € R[x]. We consider Tr( f(HL)) as a polynomial in the variables { X, |
n € Z%}. To slightly ease notation, we denote our variables by a lowercase Latin
letter (such as x, z) when referring to a single variable in a polynomial ring, and by
uppercase letters (such as X, Z,, Z) when referring to variables in polynomial rings
which can also be understood as random variables with some distribution.

To work with such multivariate monomials, we introduce the following defini-
tions:

Definition 2.1. A finitely supported function 8: Z¢ — N U {0} will be called a multi-
index. Let f8,, denote the value B(n) for every n € Z%. Let X# denote the monomial

]_[nGZd X'l?n'

Fix a multi-index &, by
1 =0,
A
0 n#0.
Definition 2.2. For every multi-index 8 and i € Z¢, define ? (8 shifted by i), by
Bi = B,_i foreveryn € z4.

Note that using these definitions, for n,i € 74 s Sfl is 1 if n = i and O otherwise.
Additionally, B = 3", .za Bi8" for every multi-index f (this is a finite sum as S is
finitely supported).

Next, we fix k € N and begin exploring the asymptotic behavior (as L — 00)
of Tr(H f) As we shall see, the coefficient of any monomial X# in Tr(H f ) is fixed
for sufficiently large L, and has a concrete combinatorial description. Furthermore,
these coefficients are invariant under translations of the monomials in Z¢. The precise
statement is given in Proposition 2.7 below, which requires some more definitions.

Definition 2.3. Let S ={V,U;,U,,..., Uz, D1, Ds,..., D } be considered as formal
symbols. Then § k denotes the set of all ordered k-tuples with elements from §, or all
strings of length k& from the alphabet §.



Spectral fluctuations for the multi-dimensional Anderson model 595

Definition 2.4. For every s € ¥, we define a finite sequence yo(s), y1(s), . . ., yi(s) €
74 as follows:

* yo(s) =(0,0,...,0);
Vi-1(8) + ey 55 = Uy,

© yi() =19 yi-1(s) —ey 5 = Dy,
Vi-1(s) si=V.

We say that s is balanced if yi(s) = yo(s).

Note that s € $¥ is balanced if and only if for every v = 1,2, ..., d, the symbols
Uy and D, appear in s the same number of times.

Definition 2.5. For every s € S¥, define a multi-index ¢(s) by
@) =H1 = j =k |yj(s) =yj-1(s) = nj,
for every n € Z¢.

In other words, given a string s € §¥, the following process describes the multi-
index ¢(s) in terms of the symbols of s: we initialize ¢(s) = 0 at the position 0 € Z¢,
and then read the symbols of s consecutively. When we encounter a symbol U,,, we
update our position in Z¢ by adding e,, when we encounter D, we subtract e, (not
changing the multi-index), and when we encounter V' we increase the value of ¢(s),
by 1, where n € 7.4 is the current position (which is not changed by the symbol V).

Thus, a symbol V' which appears in s at the j-th position, contributes 1 to ¢(s),
for a unique n € 74, where n, counts the difference between the number of times U,
and D, appear in s in positions < j. For example, if d = 2 and

S = U1VU1D2VD1U2VD1,

then B = ¢(s) has B0y = 2, B2,—1) = 1, and B, = 0 for all other n € Z>.
Definition 2.6. For every multi-index f, let p*(8) be the number of balanced strings
s € 8% satisfying ¢(s)’ = B, for some i € Z4.

Note that for every s € § k" and multi-index B, there is at most one i € 72 for
which ¢(s)? = B.
Proposition 2.7. For every non-zero multi-index 8, and k, L € N, let af (B) denote
the coefficient of X in the polynomial Tr(H f) Then

1.0 <af(p) < p*(p);

2. if By > 0 for somen € AZ—k’ we have af (B) = pF(B);

3. if Bn > 0 for some n ¢ A%, we have af(,B) = 0.
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Proof. Use (2.1) to expand H¥. This gives us a bijection between operators in the
expansion of H¥ and strings in $¥. Furthermore, let M}, be any matrix in the expan-
sion of H f corresponding to a string s € Sk 1t is straightforward to verify that if
s € $¥ is balanced, andi € AZ, and yj(s) +ie Ai forevery j = 1,2,....,k, we
have (M1);; = X¢©" Otherwise, we have (M) =0.

Therefore, fixing a multi-index S, the coefficient a,’f (B) equals the number of
strings s € §¥, for which ¢(s)? = B and the additional conditions y; (s) 4 i € Ai are
fulfilled (we simply compute the trace as the sum over all diagonal entries from all
matrices in the expansion). The number of such strings is at least 0 and at most pk B)
(which is the number of such strings without the additional conditions), proving (1).

Note that for any balanced s € $¥, we have |y (s)] < % forevery j =0,1,...,k.
We deduce that whenever § takes a non-zero value in AZ—k’ if B = ¢(s)" we must
have y;(s)+1i € Ai_k for some j, therefore y;(s) +1i € Ai forevery j =0,1,... k.
For such B, any i € Z% and s € Sk satisfying ¢(s)’ = B automatically fulfill the
additional conditions, proving (2).

Similarly, if B obtains a non-zero value outside of A¢, satisfying ¢(s)’ = f guar-
antees that y;(s) +i ¢ AZ for some j, therefore X# does not appear anywhere on
the diagonal of M, proving (3). ]

Note that, from Definition 2.6, it is clear that pk(8?) = pk(B), for any multi-
index B, any i € Z%, and any k € N. Therefore, when considering the integers p* (8)
which appear as coefficients in the polynomials Tr(H f ), we may restrict our attention
to a set of non-zero multi-indices which contains some shifting of every multi-index
exactly once. We denote this set by B:

Definition 2.8. Two multi-indices 8 and y are said equivalent if y = B for some
i € Z%. From each equivalence class other than zero, choose a unique representat-
ive B, satisfying B > 0 (one way to make such choices, is to require the lexicographic
minimum of the support of 8 to be 0). Let B be the set of all chosen representatives.

In other words, B is any set of multi-indices with the properties:

1. for any non-zero multi-index y, we have y? € B for a unique i € 74,

2. Bo > O forevery B € B.

3. A central limit theorem for polynomial linear statistics

In this section, we prove that for every polynomial f(x) € R[x],

Tr(f(HL)) — E[Tr(f(HL))]
Q2L + 1)d/2
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converges in distribution (as L — 00) to a normal distribution with variance o ( f)? €
[0, 00) (see Proposition 3.8 below). We start by proving this CLT in the case where
flx) = x* is a monomial, which is easier to prove for an approximated version of
the random variable Tr(H f ):

Definition 3.1. For every k, L € N, let
TE =Y By x¥, 3.1)
BeB ieAd

which we consider both as a random variable, and as a polynomial in the variables
(X, |nez4y.

Note that the above sum is finite, since p¥ (8) = 0 for all but finitely many € B.
We start by proving that TLk can indeed approximate Tr(H f ), in the following
sense:

Proposition 3.2. For every k € N, the random variables

Tr(HF) - E[Tr(HF)]  TF —E[TF]
QL+ 142 2L+ 1)d/2

converge in probability (as L. — 00) to 0.

Proof. 1t is sufficient to show that Var(Tf —Tr(H f )) = o(L%). From Proposition 2.7
and (3.1), we have

TF —Tef) = Y (R B) - ak (B XP

: d
BeB i€eA]

where p*(B) — af (B*) = 0 wheneveri € AZ_ - Therefore, the number of non-zero
terms in the above sum is at most

|Bil(AZL = 1AL D) = 0L,
where By = {f € B | p¥(B) # 0} is finite. Next, consider the sum
Var(Tf — Tr(Hf))
=3 SR - ak BN () —dk ) Covx B X7 (B2

B.veBy i,JEAT

Fixing 8,y € By andi € Ai \ AZ—k’ we see that whenever j — i ¢ Ag, the supports
of B and y/ are disjoint, therefore X#' and X7’ are independent. This tells us that
there are at most

1Bl - (1AL = [AL D) - 1AL = oL
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non-zero terms in (3.2). We know from Proposition 2.7 (1) that
0 < (p*(B) —af (BN (¥) —af () = P (BIP* (). (33)
Since {X,, | n € Z4} are identically distributed, we have
Cov(X?', X7y = Cov(X?, x7'7.

From here we deduce that for fixed 8, y € By, the term Cov(X B! , X yj) only obtains
a finite number of values: it is either O or uniquely determined by 8, y € By, the value
of j —i € A?, and some of the (finite) moments of the underlying distribution dp.
Together with (3.3), this gives us a uniform bound on all terms in (3.2), showing that
indeed

Var(Tf — Tr(Hf)) = O(L™Y). -

Our next step is a central limit theorem for the random variables TL". Although
our initial random variables {X, | n € 7%} were iid, for a fixed multi-index B the
random variables {X#' | i € Z?} are generally not independent. However, for any i
and j sufficiently far apart (j —i ¢ Ag is sufficient), the variables X#' and X#’ are
independent. We use CLTs for weakly dependent random variables, by Hoeffding and
Robbins [4] and Neumann [8], to prove:

Theorem 3.3. Let {X,},cza be an array of iid random variables with finite moments,
satisfying E[X,] = 0. Let B be any set of multi-indices, and let {ag}gep be a set of
coefficients such that ag = 0 for all but finitely many B € B. Then

mgaﬂiggﬂ’ ~EX ) L N©.0?),
as L — oo, for some 0> > 0.
The proof is postponed to Section 5.
Corollary 3.4. Foreveryk € N,

TF —E[TF] 4 )
—(2L Tz — N(0,04

as L — oo, for some 0,3 > (.

Now, that we have a central limit theorem for our approximating random vari-
ables, we would like to compute the limit variances, and more generally, the limit
covariances. We do this first for individual multi-indices:
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Lemma 3.5. For every two multi-indices § and y, we have

. 1 i i i
Jim Cov( S ox# S x ) =Y Cov(xf.X")  (3.4)

ieAd ieAd jezd

Note that the sum on the right-hand side of (3.4) is uniquely determined by g, y,
and the moments of the underlying distribution dp, and it is in fact a finite sum: since
B and y are finitely supported, the supports of f and y/ are disjoint (and therefore
X8 and X7’ are independent) for all but finitely many j € 74,

Proof. Since {X, | n € Z4} are identically distributed, the covariances are invariant
to translations, and we may write

Cov( 3 x#, vai) =Y covx? . x7")
ieAd ieAd ii’eAd
=Y cov(x?, x7")
ii’eAy
= Y zi(L) - Cov(x P X7,
jezd
where z; (L) = #{i,i’ € A% | j =i —i'}. Clearly
zj(L)
m ———— =
L—oo (2L + 1)d

for any j € Z4, and since Cov(X4, ij) #£ 0 only for finitely many j € Z¢, the
claim follows. n

Corollary 3.6. Foreveryk,{ € N,

lim Cov
L—>o0

k 4
(ar+- o)
(2L + 1)3/27 (2L + 1)4/2

= lim ——— Cov(TF, T}
A Gy v 1)

= > PFB)pt(y) Y Cov(x? . x7") (3.5)
B,yeB jezd
This result allows us to deduce results for the asymptotic behavior of the trace of
monomials:

Corollary 3.7. Foranyk € N,

Tr(HF) — E[Tr(HF)]

d 2
oLy iz N0
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as L — oo, where

o =Y PFBPF () Y Cov(xP X7).

B.veB jezd

Furthermore, for every k,l € N,

) Tr(HF) — E[Tr(Hf)] Tr(Hf) — E[Tr(Hf)]
A COV( QL+ @2 QL+ 1) )
=Y PBr'(y) Y Cov(xP X7
B.,veB jezd

Proof. Follows directly from Proposition 3.2 and Corollaries 3.4 and 3.6.
And now we can prove the CLT for any polynomial:
Proposition 3.8. Let f(x) = Y 1, axx* € R[x] be a polynomial. Then

Te(f(Hy) — E[Tr(/(HL))] d 2
LT 5 NOo(f))

as L — oo, where

o(f)? = arac Y pFBP () Y Cov(xP x7).

k=1 B.yeB jezd

600

Proof. Since Tr(f(Hg)) — E[Tr( f(HL))] does not depend on ag, we may assume

without loss of generality that ag = 0 and deg(f) = m > 0. Then

Tr(f(Hy)) = E[Tr(f(HL)] i . Te(Hf) — E[Te(H])]
QL + 1)472 C &N eL e

s

and from Corollary 3.7 we obtain the value of the variance o ( f)2. Using Proposi-

tion 3.2 and (3.1), we now rewrite

lim Tr(f(HL)) — E[Tr(f(HL))]
150 (2L + 1)4/2

1 m
lim —— Tk — E[TF
Looo (2L + 1)d72 kgak( L —EITLD

) 1 “ i i
Lh_)moow Z ak Z Pk(ﬂ) Z(Xﬂ - E[Xﬁ D

= ; d
k=1 BeB lEAL

= Jim G DL ek e) o e,

BeB k=1 ieAd

(3.6)
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Note that the first equality holds in the sense that both limit random variables have
the same distribution. Theorem 3.3 now applies, proving that the limit has a normal
distribution. ]

4. Degenerate and non-degenerate cases

Now that we proved the convergence in Theorem 1.1, it remains to determine under
which conditions the limit distribution is non-degenerate, that is when o ( f)? > 0 for
a non-constant polynomial f € R[x]. It turns out that o ( f)? is always positive if
deg(f) # 2,3, 5, but for some polynomials of degree 2, 3, 5 and some specific under-
lying distributions, the variance may vanish. We first demonstrate positive variance in
degrees # 2,3, 5:

Proposition 4.1. Let f(x) =Y 71—, axx* € R[x] be a non-constant polynomial of
degreem # 2,3,5. Then o(f)* > 0.

Proof. Using (3.6), we write
Tr(f(HL)) — E[Tr(f(HL))])

o(f)? = Var( lim

(2L + 1)d/2
= Jim Nar( s (Y (9) S —EXD). @y
°° BeB k=1 ieAd

We follow the same general method used in [3] — it is sufficient to find a multi-index
y € B, with the following properties:

L p™(y) #0;

2. pF(y) = 0 forevery k < m;

3. Yieza Cov(X7, X7y > 0;

4. Cov(X7, Xﬂj) = 0 forevery j € Z% and every y # f € B satisfying p*(B) # 0

forsome 1 < k < m.
If we find such y, we deduce from property (4) that the random variables
Y) = amp™(y) Y (X" —E[X”'])
ieAd

and

2= (Y ark®) > x? —ExA)

BeB\ly} k=1 iend
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are uncorrelated (for any L € N), and (4.1) becomes

o(f)? = lim Var(ﬂ>

L—>oo (2L+1)d/2
Y! Y?
— lim V; —L> li V(—L>
P ar((2L+1)d/2 +L1—r>noo ar (2L + 1)4/2

1 .
> Lli_r)noo Var(ﬁ) =damp™ (y)jEXZ:dCOV(XV, X"y >0,
where the final equality is due to Lemma 3.5. We make the following choices for y:
1. if m = 1, choose y = §;
2. if m > 4 is even, choose y = § + §(Z—Der;

m—3

3. if m > 7 is odd, choose y = § + §°! + §(F 7 er

The proof that these y satisfy properties (1) and (2) is straightforward path counting.
For (3) and (4), recall that

Cov(X?,X#) = E[x"Xx#'] - E[X"|E[X?]

=E[ ]_[X,{nxff{] —]E[ HX}{"]E[ HX,?'{]

nezd nezd nezd
= [TEwx ) - TTEXEXL).
nezd nezd

If there exists any n € Z¢ such that y, = 1 and ,B,{ = 0, the term E[X,] = 0 appears in
both products, thus Cov(X?, X#)=0and any B/ for which Cov(X?, X#B7) 0 must
have ,3; > y, foreveryn € Z¢.If B/ = y, since B,y € B we must also have j = 0
and § = y. Otherwise, we have ,3,],. > y, for some n € Z%, and it is straightforward to
verify that every string s with ¢(s)? = B/ must have length > m, therefore p¥ (8) =0
forevery 1 <k <m.

Note that there is some freedom in the choice of the representative set B, but one
may choose B such that y € B in all of the above cases, or alternatively replace the
above choice of y with some y’ € B. n

For polynomials f of degree 2, 3, or 5, we must carefully analyze all cases. Since
there are specific underlying distributions and polynomials f for which o ( f)? = 0,
and we want an explicit description of all such cases, we need to explicitly compute
all non-zero values of pk (B),forl <k <5.

Lemma 4.2. Ifk € {1,2,3,4,5} and y is a multi-index with p*(y) > 0, then

1. y is either equivalent to a unique 8 which equals m - § (for some m € {1,2, 3,
4,5}), orto one of § + 8¢, 26 + 8¢, or 26 + 6¢ (for some e € {ey,ea,...,e4}).
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2. The value of p*(y) = p*(B) is given in the table below (empty entries corres-
pond to p*(B) = 0):

PN 8 28 38 48 58 §+8° 25+t
1 1
2 1
3 6d 1
4 8d 1 4
5 | 60d%—30d 10d 1 5

To prove the lemma, we found no alternative to enumerating the relevant strings
in $¥ (for k = 1,2,3,4,5). We omit this technical proof.

Our method of verifying which polynomials f(x) = Zi:o apx¥ satisfy the con-
dition o (f)? > 0, is to describe random variables Wy, W, W3, Wy, Ws such that
Var(Z,s€=1 arWi) = o(f)? (for any choice of coefficients ag,ay, ..., as). We then
explore the random variable Y ;_, ax Wi and determine under which conditions it
is almost surely constant. If deg( f) < 3, we may replace {W;} with a simpler set of
random variables, T7, T2, T3. We verify this case before approaching polynomials of
degree 5:

Proposition 4.3. Let f(x)=) "}, axx* eR[x] be a polynomial of degree 1 <m <3.
Then

1. if the underlying distribution (dp) is supported by more than three values, then
o(f)?>0;

2. if the underlying distribution is supported by exactly three values, denoted by
a,b,c e R, theno(f)? =0ifand only if f = azgz + ao, where

&3(x)=x3—(@+ b+ c)x®> + (ab + ac + be — 6d)x;

3. if the underlying distribution is supported by exactly two values, denoted by
a,b € R, theno(f)? = 0if and only if

f =azgs+axg> + ao,
where

g3(x) = x> — (a* +ab + b* + 6d)x,
g2(x) = x% — (a + b)x.

Proof. Let Z denote both a random variable distributed by dp, and the variable in
polynomial ring R[Z]. Define

=2, T,=2Z% Ty=2Z>+6dZ.
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Using Lemma 4.2, we see that for every k = 1,2, 3, we have T, = Zzzl pk (né)z",
thus forevery k, £ = 1,2, 3,

Cov(Ti. Te) = Y p* (n8) p*(m8) Cov(Z", Z™)
n.m=1,2,3
> r*(B)pt(y) Cov(XP, X7)
B,y=4§8,28,38
> PR B Pt Y Cov(xP X7

B.veB jezd

(we may assume without loss of generality that §, 28, 3§ € B). We now deduce from
Proposition 3.8 that

o(f)* = Var(asTs + axT> + ai Th),

which is zero if and only if F = a3T5 + a;T> + a;T; is almost surely constant, as
a random variable. As a polynomial, F € R[Z] has at most 3 distinct roots, so if
Z is supported by more than 3 points, F' is non-constant as a random varaible, thus
Var(F) > 0, proving (1).

Observe that any assignment of a value to the random variable Z corresponds
to a ring homomorphism R[Z] — R. Furthermore, if we only assign values from
{a, b, ¢}, all three assignment homomorphisms factor through the quotient ring
R[Z]/((Z — a)(Z — b)(Z — ¢)). Write P = Q for two polynomials P, Q, if they
have the same projection in the quotient. Note that P = Q if and only if as random
variables, P = Q almost surely. Clearly, Var(F) = 0 as a random variable if and only
if F = constin R[Z]. Now, write

(Z—a)(Z—-b(Z—c)=2Z>—(a+b+c)Z*+ (ab + ac + bc)Z — abe
=Ts—(a+b+c)Tr + (ab + ac + bc —6d)Ty — abc,

and deduce (2): the polynomial g3(x) has 0(g3) = 0 from the above, therefore
o(aszgs + ap) = 0.

If f #£as383+ap, weseethat F =asT3 + a,T» + a1 T5 is equivalent to a polynomial
of degree 1 or 2 in R[Z], and therefore is not fixed under assignments from {a, b, c}.

Finally, if dp is supported on {a, b}, the same arguments hold with a different
quotient ring, R[Z]/((Z — a)(Z — b)). Now, note that

0=(Z—a)(Z—-b)=2Z?>—(a+b)Z +ab,

therefore
T, —(a+b)Ty = Z?> — (a + b)Z = const,
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proving o (g2)? = 0. We also have
Z3=(a+b)Z?>—abZ = (a®> + ab + b*>)Z —ab(a + b),
therefore
Ts — (a®> + ab + b?> + 6d)Ty = Z3 — (a® + ab + b*)Z = const,

proving 0(g3)?> = 0. If f # aszgs + a>g> + ao, then the above computations show
that F is equivalent to a polynomial of degree 1, which is not equivalent to any con-
stant, therefore Var(F) > 0. [

Proposition 4.4. Let f(x) = ZZZO apx® € R[x] be a polynomial of degree 5. Then
1. if the underlying distribution (dp) is supported by more than two values, then
a(f)* >0
2. if the underlying distribution is supported by exactly two values, denoted by
a,b e R, theno(f)? =o(f —asgs)?, where
2g5(x) = 2x°> = 5(a + b)x* + [3(a* + b*) + 8(a’b + a®b* + ab?)
+20d(a® + b*) + 100dab
— 120d> + 60d |x.

In particular, 6(g5)? = 0.

Proof. For every n € A‘f, let Z, = X,. We regard the variables {Z,} both as 3¢
independent random variables distributed by dp, and as the variables in the polynomial
ring R=R[Z, |n € A‘f]. Define

Wy =3792%"7,. Wy=3"923"72
neA‘ll nEAf

and
Ws =37423 (2} + 6dZ,).

nEA‘li

Let E consist of all unordered pairs {n,m}, such thatn,m € A‘f differ in exactly one
coordinate, that is

E={nm}|nmeAl #1<v<d]|ny,#my}=1}
Now, define

Wy =392 (Zp+8dZ}) +37Y2) 4Z,Zn

nEA‘li {n,m}eE
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and

Ws =3742% (27 +10dZ;} + (60d” — 30d) Z,)

neA?

+ 372N S(Z2 2 + ZnZ)).
{n,m}eE

Following Lemma 4.2 and a straightforward computation that we omit, we verify that

Cov(Wi. W) = > P*(B)p'(y) D Cov(X P, x7")
BeB jezd

forevery k, £ € {1,2,3, 4,5} then deduce from Proposition 3.8 that

0(f)2 = Var( Xs:aka).

k=1

Denote

5
F = Zaka. (4.2)
k=1

As in the proof of Proposition 4.3, we note that Var(F) = 0 if and only if F is almost
surely constant as a random variable. This shows that Var(F) > 0 if dp is not finitely
supported: generally if f € R[xy,..., x,] is a non-constant multivariate polynomial,
and S is a set such that f(s1,...,s,) = 0 forevery si,...,8, € S, then straightfor-
ward induction on m shows that |.S| < deg(f).

So, let us assume henceforth that the variables Z, are supported by a finite set
supp(dp) C R. Denote ¢(x) = [[zequpp(ap) (¥ — @), let On = q(Z,) € R, and let I C
R be the ideal generated by the polynomials {Q}, INE Every possible assignment
of values to {Z,} corresponds to a ring homomorphism R — R. If we only assign
values from supp(dp), the homomorphism factors through the quotient ring R/1.
Write P = Q for two polynomials P, Q, if they have the same projection in the
quotient. Note that P = Q in R if and only if, as random variables, P = Q almost
surely. Clearly, Var(F) = 0 as a random variable if and only if F = const in R.

Next, we denote w; = w, = w3 = 0,

wy = 379/2 Z4Zan,
{n,m}eE

and
ws =372 "S5(Z2Zm + ZnZ},) (4.3)
{n,m}eE
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(so each wy is the part of W) which is a sum of products involving more than one
variable). Now, rewrite (4.2) as

5

F =asws + aswq + Zak(Wk — k),
k=1

and note that if | supp(dp)| < k, then W}, — wy, is equivalent to a polynomial of degree
lowith respect to | supp(dp)|: every term of the form Z ,’f is equivalent to

Z,]f _ ZS—\ supp(dp)\q(zn)’

with degree strictly lowith respect to k. Thus

sz sz Zk Isupp(dp)\q(z ),

neh neAd

and summing over n € A‘li allows us to reduce Wy — wy to an equivalent combination

of Wi — w1, ..., Wxg—1 — wr—_1, to eventually obtain
5 [ supp(dp)|—1
F=F =asos +asws + Y ax (W — wx) (4.4)
k=1
for some ay, ..., d|suppp)—1 € R. We are now ready to prove that Var(F ) >0,

whenever | supp(dp)| > 3. Otherwise, Var(F) = 0 implies that F — ¢ € I for some
constant ¢, so we can find polynomials H, € R, such that

F—c=Y Hy QOn (4.5)

neA‘ll

in R. Fix some a € supp(dp), and let ¥,: R — R[x] be the ring homomorphism,
defined by
x, n=0,

a, n#0.

We have ¥,(Q,) = g(a) = 0 for every n # 0; so, when we apply ¥, to (4.5), we
obtain the equality

Va(Zn) = {

Va(F) —c = h(x)q(x) (4.6)

in R[x], where h(x) = ¥,(Hp). Note that W, — wy has degree k in R, therefore
Ya (Wi — wy) has degree at most k. Clearly, ¥, (asws + asw,) has degree 2, so
from (4.4) the polynomial in the left-hand side of (4.6) has degree strictly less than
| supp(dp)|. But g(x) has degree | supp(dp)|, so we must have i(x) = 0 (otherwise
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the right-hand side of (4.6) would have degree | supp(dp)| or higher). We deduce that
Va(F) — ¢ = 0 as a polynomial in R[x].

Since for every n € A‘li there are #{m | {n,m} € E} = 2d values of m for which
5. 727, appears in the sum (4.3), the coefficient of x2 in ¥, (ws) is 2d - 374/ . 54,
We deduce that the coefficient of x2 in v/, (F )—c=0is

as-10d -37%.a+ ¢ =0,

where ¢’ does not depend on our choice of a € supp(dp). Since as # 0, there is at most
one a € R satisfying the above equation. However, for any b € supp(dp), applying
Yy to (4.5) allows us to obtain as - 10d - 374/2.p 4 ¢’ = 0, which is a contradiction.
This concludes the proof of (1).

If supp(dp) = {a, b} then q(Z,) = (Z, —a)(Z,, — b) € I, therefore

Z2=(a+b)Z,—ab 4.7)

for every n € A4, thus (4.3) becomes ws = %(a + b)wy — 20dabW;, which allows
us to deduce
asws + asws = —20asdabW; 4.8)

whenever a4 = —%(a + b)as.
Finally, from (4.7) we verify

Z2=(a+b)Z, —ab, (4.9a)
Z3 = (a®>+ab +b*)Z, —ab(a + b), (4.9b)
Z% = (a® + a*b + ab* + b*)Z, — ab(a® + ab + b?), (4.9¢)
Z; = (a* +a’b + a*b* + ab® + b*)Z, — const. (4.9d)

Summing overn € A‘f allows us to reduce 34/2 Zn Z,]f (fork =2,3,4,5) to equival-
ent expressions involving W; and constants, and along with (4.8) and the definitions
of Wy, W4, Ws we deduce
2Ws — 5(a 4+ b)Wy + const = ( — 3a* — 8a3h — 8a*b* — 8ab>® — 3b* — 20da?
— 100dab — 20db* + 120d* — 60d)W;.

From here it follows that 0(gs)? = 0 and that o ( f)? = o (f — cgs)? for any polyno-
mial F and constant ¢, concluding our proof. ]

Proof of Theorem 1.1. Given a polynomial f(x) = Y 7", axx* € R[x], we have

Te(/(Hy)) ~ E[T(/(HL)] 4 )
G VO
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for o(f)? € [0,00) as L — oo, from Proposition 3.8. From Propositions 4.1 and 4.3
we determine the cases in which o ( f)? > 0 whenever deg( f) # 5. If deg(f) = 5, we
know from Proposition 4.4 that o ( f)? = o (f —asgs)?. If f —asgs is non-constant
and deg(f — asgs) is 1 or 4, we determine that o ( f)? = o(f — asgs)? > 0 from
Proposition 4.1, otherwise we use Proposition 4.3 to determine the positivity. |

5. Appendix — Proof of Theorem 3.3

In the setting of Theorem 3.3, we consider a d-dimensional array of weakly dependent
random variables. Explicitly, we prove a central limit theorem which is valid in the
setting of m-dependent random variables, which we now define:

Definition 5.1. Let {Y;};.za be a sequence of random variables. We say that the
sequence is m-dependent if for any two finite sets of indices 7, J C Z? which satisfy
|i — j| > mforeveryi € I and j € J, the corresponding sets of random variables

{Yi}iel, {Yj}jeJ
are independent.

Note that this definition extends a notion of m-dependence from [4] defined for
sequences of variables indexed by N (the definition of m-dependence in [4] is equi-
valent to m-dependence as defined above, when we take d = 1 and ¥; = 0 for every
i ¢ N).In [4], Hoeffding and Robbins proved the following central limit theorem:

Theorem 5.2 (Hoeffding—Robbins). Let {X;}ien be an m-dependent sequence of
random variables satisfying E[X;] = 0 and E[|X;|3] < R?® < oo for every i € N,
and

p
lim p~' Y " Ajyp = A

p—>00
h=1

uniformly for alli € N, where

m
Ai =E[X7,,]+2 ZE[Xier—iner]-
j=1
Then Xi bt X
e d
SN, A).
n2
Theorem 5.2 allows us to deduce a central limit theorem for d = 1, and the fol-
lowing theorem by Neumann [8] will allow us to prove an induction argument on d :
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Theorem 5.3 (Neumann). Suppose that {X,  |n €N, k=1,2,...,n}isatriangular
scheme of random variables with E[X,, ;] = 0 and

n
ZE[X,ﬁk] <C
k=1

forall n, k and some C < co. We assume that
0,% =Var(Xp1 4+ + Xnp) — o’ e [0, 00),
n—oo

and that

n
D EXZ (1 Xkl > £)] —— 0
k=1 n—oo

holds for all € > 0. Furthermore, we assume that there exists a summable sequence
(6;)reN such that for all u € N and all indices

1 <s1<$a<--<sy, <8y +r=1t; <ty <n,

the following upper bounds for covariances hold true: for all measurable functions
g:R* — R with ||g]lec = supyeru |g(x)| < 1, we have

| COVE Ky X)X X = (BIX2 )4 EIXZ 14 )6, (5.1)
and
| COVE Ky X)X X < (EIXZ, 1+ BIX2 142 )6 (52)
Then
Xpi 4+ X > N(0.07)
asn — oo.
Our central limit theorem for m-dependent random variables follows:

Proposition 5.4. Let {Y;};.za be anidentically distributed d -dimensional m-depend-
ent array of random variables such that E[Y;] = 0, and E[|Y;]] < oc.

Then
1

d 2
WZY;' — N(0,07),
ieAd

where |
2 .
=1 —V ( Y: ).
o e nd " 2 ’)

: d
i€EA]
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Proof. By induction on d. For d = 1, this is a straightforward application of The-
orem 5.2 to the random variables {X; };en, defined by X; = Y4+, + Y—;_,; (noting
that for i > m, {X;}ien are identically distributed and m-dependent, and the exclu-
sion of a finite set of random variables {Y;: |i| < m} from the sum has no effect on the
limit distribution).

We now assume by induction that the proposition holds for some d € N, and
prove it in dimension d + 1. For every L € N we denote n = 2L + 1, rewrite

2L + 1)(d+1)/2 Z Y, = ZZ n,js

iead+l  j=-L

where
Zn,j = 1/2' d/2 ZY
i€l ;
and
Lnj = A 5y = (i1, viasn) € AT gy = j)

are defined for every j € Ar. Our proof will be completed by applying Theorem 5.3
to the random variables

Zniei1. n=2L+1,
Xn,k =
Zn+1k-L-1, n=2L,

which are defined foreveryn € N and k = 1,2, ...,n. We will apply the requirements
of the theorem to the corresponding variables Z, ; (we henceforth ignore even values
of n).

Fixing any j € Z, we may identify I, ; with AZ, and note that the d-dimensional
array {Y; | i € Z9t' iz = j) is identically distributed and m-dependent (the dis-
tribution of the array is independent of j € Z as well). The induction hypothesis now
applies, and we deduce

JnZ, ;= M ZY = N(0,02) (5.3)

i€l ;

as n — oo, uniformly in j, for some 05 > 0. The variables Z,_ ; are “well behaved,”
in the sense that for any sufficiently large n,

1
]E[Zij] = Var(Z,,;) < ;(‘75 +1)
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(thus there exists C > O such that E[Z} 2 = C foralln e N and j € Ar). We deduce
that

Znj]1=0, ZE[Z ]<CcC.
j=—L
Additionally, since the finite sequence {Z, ;};ca, is both identically distributed and
m-dependent (for every n = 2L 4 1 € N), one can verify that

L
Var( E Z,,,j> —— 02 < o0.
j==

Next, we prove that
L
> EIZ3 j1(Zns1 > &)] = [n — 00
j=—L

for every ¢ > 0. Note that

L
> E[Z2 1(1Znj| > ©)] = nE[Z2 ;1(1Zn ;| > ©)]
/=t = E[(Zn, ;)2 V(W0 Zn,j| > e/n)]. (54

d
From the induction hypothesis, we know that \/nZ,,; — N(0,07). We deduce that
for every M > 0 we have

d
N Z V(NN Zn 5| > M) = O, (5.5)
where @, is a random variable satisfying E[®;7] = 0, and
oo
t? 12

2/ exp(——
Var(®y) = | J 0a V2w 203

0, o7 =0.

)dt, 0‘? > 0,

Choose some M > 0 so that Var(®,y) is arbitrarily close to 0. For every ¢ > 0, any
sufficiently large n € N satisfies e/n > M, so

V(W1 Zyj| > e/n) < V(|VnZy,j

and (5.4) now becomes

> M),

ZE 1Znj| > &) = E[(Zn, )*1(|V1Zn, 5| > e/n)]
/== = E[n(zn,j)zlﬂ\/ﬁzn,ﬂ > M)]
= Var(v/nZy j 1(|VnZp | > M)) —— Var(®nr)

(due to (5.5)).
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It remains to show that there exists a summable sequence (6;),en so that the
upper bounds for covariances required in Neumann’s theorem hold (equations (5.1)
and (5.2), for all relevant cases). From the m-dependence of the finite sequence
{Z,,j}jen, , we deduce that the left-hand sides of (5.1) and (5.2) equal O whenever
r > m, so we conclude by finding some 61, ..., 6, < co. A straightforward compu-
tation shows that (5.1) holds as long as 8, > 1. To prove (5.2), we use

Var(g(Znsys s Znsy)) < Elg(Znosyse v s Znis,)?] <1
(as ||g]loo < 1) to obtain

| COV(g(Zn,sl 3o ooy Zn,su)a Zn,t1 Zn,t2)|
< VVar(g(Znsys s Znsy) Vat(Zu sy Zntr) < N/ Vat(Znt, Zn 1)

and we conclude by showing that for some 6 < oo,

1
vV Var(Zn,,l Zn,tz) f ;9

holds for every n = 2L + 1 and #1,1, € Ar. Equivalently, we will show that

sup Va.r(\/r_zzn,,1 . \/EZ,,,,Z) < 00.

n,ty,to

From (5.3), we deduce that

sup\’a.r(\/EZ,,,,1 . \/EZ,,,,z) < 00
n

for every #1,t, € Z. Furthermore, since our initial variables {Y;};cz« are identically
distributed, the value of Var(\/nZ, +, - /nZy +,) depends only on n and t — t1, and
since our variables are m-dependent, it is enough to consider |z, —#;]| € {0, 1, ...,
m + 1}. This concludes our proof. [

Proof of Theorem 3.3. Theorem 3.3 will follow from Proposition 5.4, applied to the
variables ‘ '
Yi =) ap(X¥ —E[x").
BeB

Clearly, the variables {Y;};cza are identically distributed (since {X,},cz« are), and
E[Y;] = 0. Since every X,, has finite moments, so do Y; (as a finite sum of products
of the variables {X,,},cz«). In particular, E[|Y;|?] < oco.

Since ag # 0 only for finitely many B € B, one can find sufficiently large m, such
that whenever |j —i| > m and ag,a, # 0, the supports of A’ and y/ are disjoint.
From here it follows that {Y;}; .z« is m-dependent. [
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