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Construction of quasimodes for non-selfadjoint operators
via propagation of Hagedorn wave-packets

Victor Arnaiz

Abstract. We construct quasimodes for some non-selfadjoint semiclassical operators at the
boundary of the pseudo-spectrum using propagation of Hagedorn wave-packets. Assuming that
the imaginary part of the principal symbol of the operator is non-negative and vanishes on
certain points of the phase-space satisfying a subelliptic finite-type condition, we construct
quasimodes that concentrate on these non-damped points. More generally, we apply this tech-
nique to construct quasimodes for non-selfadjoint semiclassical perturbations of the harmonic
oscillator that concentrate on non-damped periodic orbits or invariant tori satisfying a weak-
geometric-control condition.
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1. Introduction and main results

1.1. Motivation

The study of the asymptotic behavior of wave or quantum propagation from the
knowledge of the underlying classical dynamical system is the main objective of
Semiclassical Analysis. The description of semiclassical asymptotics is intimately
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connected with the spectral distribution of large energy quantum states and play a
central role in the description of long-time behavior of quantum waves.

Selfadjoint operators on Hilbert spaces are fundamental in the description of
quantum mechanics, since they modelize quantum observables. The spectral theory
for selfadjoint operators provides precise bounds on the resolvent, together with very
good control on functions of such operators solely in terms of the spectrum, which
yields a good description of propagation phenomena for quantum models involving
these operators. On the other hand, non-selfadjoint operators appear in several math-
ematical-physics problems such as convection-diffusion problems, Kramers—Fokker—
Planck equations, damped wave equations, scattering poles or linearized operators in
fluid dynamics (see [67] for an introductory survey on spectral properties of
non-selfadjoint operators). Contrary to the selfadjoint case, the resolvent of a non-
selfadjoint operator may be very large even at points of the complex plane which are
far from the spectrum. This introduces difficulties in the study of wave-propagation
subject to non-selfadjoint operators, crystallizing in the notion of pseudo-spectrum,
given by the set of the points of the complex plane where the resolvent is “asymptot-
ically large” containing the spectrum.

In this work we focus on the study of the pseudo-spectrum for certain non-self-
adjoint semiclassical operators and give new constructions of quasimodes for such
systems. However, to motivate our results and techniques, we first introduce some
ideas coming from previous studies on selfadjoint operators, particularly from the
construction of eigenfunctions and quasimodes concentrating on low-dimensional
submanifolds of the phase-space.

Let us recall some of these ideas for the well-understood example of the quantum
harmonic oscillator (see [3] for a complete description of quantum limits and semi-
classical measures for sequences of eigenfunctions of the harmonic oscillator and [19,
20,54] for previous works in the study of phase-space concentration of quantum states
of harmonic oscillators). The large energy distribution of the quantum states of the
harmonic oscillator matches with the quasiperiodic structure of the classical Hamilto-
nian flow. Particularly, one can find sequences of eigenfunctions for the quantum
harmonic oscillator that concentrate, in phase-space sense, on periodic orbits or min-
imal invariant tori by the classical Hamiltonian flow. To fix ideas, let us consider the
stationary Schrodinger equation associated with the quantum harmonic oscillator:

HyWy = 23 94(x). [l L2@ay = 1. (1.1)

for the Hamiltonian A, » given by

d

~ 1

Ayi=3 ) (0%, +x)). 0=(...0) R, (12
2
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where o is called vector of frequencies and h > 0 is a small semiclassical parameter.
The semiclassical asymptotics for this system can be described in connection with
the classical dynamics on T*R? ~ R24 of the Hamiltonian system generated by the
harmonic oscillator

d
H(x,£):= %ij(éjz +x7)., (x.§) € T*RY ~ R24,
j=

The spectrum of Flh consists of a discrete sequence of eigenvalues (A k), eNg tend-
ing to infinity for any fixed # > 0. This sequence is totally explicit, and given by

d
1
Ah,k=hza)j(k,-+5), k = (ki.....kq) € N. (1.3)
j=1

The semiclassical limit arises when choosing sequences (%, k3) such that one has
An = Apk, — Eoash — 0. Here, Eg € H(R29) is the classical energy, and mod-
ulo adding a constant to H, it can be chosen as Ey = 1. For these sequences, the
eigenstates Wy concentrate, in phase-space sense via the Wigner distribution, on the
level set H~'(1) C T*R?. Furthermore, due to the particularly simple quasiperi-
odic structure of the foliation of H~!(1) by invariant tori for the flow ¢ generated
by the classical harmonic oscillator H, one can more precisely find sequences (W3)
of eigenstates for Flh that concentrate near any prescribed minimal invariant torus
7 c H~'(1). This is shown in [3, Lemma 1].

The construction of such sequences can be carried out by different ways. A very
versatile technique is based on the propagation of coherent states. Precisely, let

1 1 2 i X0
7 — —#lx—x01? ,£E0-(x—2) — -1
®o[20](x) (nh)d/“e A e 2/), zo = (x0,60) € H™ (1),
be a coherent state with center zy. The semiclassical Wigner distribution W, [(pé‘ [z0]](2)
(see Definition 2.5 below) associated to gog [zo] converges, in the weak-* topology of
distributions, to the measure §,,,. On the other hand, the time evolution for this coher-
ent state by the quantum flow of Hy, is given by

rlz0(x) = e 2 g H (z0)](x), 1 ER,

where notice that the shape of the coherent-state is conserved, modulo a change in
the phase, while the center point zg is translated into ¢t (zo) by the classic flow. In

particular, the Wigner distribution Wp[e™ S H, o EN! converges weakly-« to § o1 (z0)"
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Assuming for a moment that @ = (1, ..., 1), hence the flow ¢tH is periodic with
period 277, one can consider the sequence

2w
1 dH 1/2 it it
\Ijh(X)z(nh)lM(' ) [t kgl an a4
0

which turns out to be asymptotically normalized in L?>(R¢) and to satisfy equa-
tion (1.1) for a suitable choice of the sequence A5, — 1 as # — 0T (see [3, Lemma 1]).
Moreover,
*
Wi Ws] = 87, (z0)s

where T,,(zo) is the minimal torus issued from zo by ¢ (in this case, a periodic
orbit). The apparently exotic normalizing constant appearing in (1.4) fits with the
non-trivial stationary-phase concentration of

2w 2w
|dH (z0)| =i _itg, 4 —i f, h /
1WA 117 2 gay = ——— e 7 (e " hgylzol.e” W gy [zo]) L2ray dt di
RY) 7 0 0 L2(RY)
T Th =

near the diagonal ¢ ~ ¢t'.

This technique, based on the propagation of wave-packets by the quantum flow of
the system, has been successfully used to construct quasimodes, or approximate solu-
tions to the stationary Schrédinger equation, for more general selfadjoint operators
near periodic or quasiperiodic orbits, see for instance [19, 20] for some propagation
and localization results on closed trajectories; see [55] for some quasimode con-
structions near closed trajectories via the use of Bargmann space, and [25, 26] for
constructions of quasimodes for selfadjoint operators using propagation of coherent
states near hyperbolic submanifolds. These works are part of a systematic study of
propagation of wave-packets in the selfadjoint framework, see [17,30,31,63] among
others.

The main purpose of this work is to extend this technique to deal with non-
selfadjoint operators whose symbols satisfy suitable principal-type conditions (see
[22, Theorem 1.4]) at certain points (or more generally low-dimensional submani-
folds) of the phase-space and reaching points of the complex plane at the boundary
of the pseudo-spectrum, where the Hormander-bracket condition fails (see [22, The-
orem 1.2] for construction of quasimodes under this condition).

As a particular application of our techniques, we will construct quasimodes for
some non-selfadjoint perturbations of the quantum harmonic oscillator, although our
approach is considerably flexible and can be used elsewhere. The propagation of
wave-packets in the non-selfadjoint setting entails certain difficulties with respect to
the selfadjoint case, essentially because the propagator is not unitary and one does
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not have a priori estimates on the propagator norm. This work pretends to clarify and
overcome some of these difficulties (see [69] for some insights in this direction).

Recently, several authors have put their attention in the study of the propagation
of Hagedorn wave packets for non-Hermitian quadratic operators (see [27-29,46,60]
for a series of works in this project). Precisely, in [46], the interest is placed on the
initial value problem

(i1, + Ops(a))¥a(t,x) =0, ¥4(0,) = ¥y € L2 (RY), (1.5)

where Op; (+) is the semiclassical Weyl quantization and g, is a complex quadratic
form on R2¢. The authors obtain explicit formulas for the propagation of Hagedorn
wave-packets (and more generally excited coherent states) subject to this equation.
Contrary to the selfadjoint case, the L2-norm of the evolved states is no longer con-
served, while the center of the wave-packet follows a trajectory in phase-space which
is described in terms of a dynamical system coupling both the real and the imaginary
parts of g;.

We will first employ these propagation results to address the problem of construct-
ing quasimodes for non-selfadjoint operators of the form

Py =V, +iAy, (1.6)

where V; = Op; (V), Ay = Op;(A), and the symbols V, A4 € S¥(R24; R) are real
valued and belong to the standard classes of symbols with growth (z)¥ at infinity:

SKR2?;R) := {a € €®(R??;R):[87a(z)| < C,(z)*, y e N3¢}, (1.7)

where (z) := (1 + |z|?)!/2. Moreover, we assume that A > 0 and it has vanishing set
A~1(0) satisfying the following control condition at a given point zy € A~1(0):

(GC) there exists ¢ € R such that A o ¢} (z9) > 0,

where ¢! denotes the Hamiltonian flow generated by V. In particular, VA(zp) = 0
and VV(zp) # 0, that is, V 4 iA satisfies a local principal-type condition at zg
(see [22, (1.6)]). The geometric control condition (GC) appears frequently in the
study of damped waves (see [47, 61, 68]) as a necessary and sufficient condition to
obtain exponential decay rates for the energy. Recently, [43] this condition has also
been studied in the anisotropic damped wave equation. Moreover, we will consider
the particular case in which the point z¢ satisfies the following stronger finite-type
condition:

Yo = y0(4, V. 20) := (Xv(20), 3 A(z0) Xv (20)) > 0, (1.8)

where Xy denotes the Hamiltonian vector field of V. In particular, (1.8) implies (GC)
for the point zo. This hypothesis has been treated into a more general framework
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in [22,69] to obtain resolvent estimates for points of the complex plane near the value
V(zo) + i A(zp). Under this hypothesis, for any N > 1 and any

1:\2/3
0< By < (Cwhlog ). (1.9)

where Cy = Co(N — 2/3) for some positive constant Cy > 0 depending only on yy,
we construct a quasimode at A, = V(zo) + i of width O(#?/3 exp(—ﬂz/z/Coh)),
and with related semiclassical measure given by J,. This leads to a converse result
to [22, Theorem 1.4], and its extension obtained in [69, Theorem 1.2 (B)] via the
semigroup approach. In particular, our quasimode construction provides the following

bound from below on the norm of the resolvent:
I(Pr = (V(z0) + iBi) " 22y = coh™2/>exp(B;/?/ Coh). (1.10)

for some ¢y > 0. Notice that points zq of the phase space satisfying (1.8) correspond to
points V(zo) 4+ i A(zp) of the complex plane at the boundary dA(V, A) of the pseudo-
spectrum, see [22, (1.3)], defined by

AV, A):={C = V(2) + iA(z):{V. A}(z) # O} (1.11)

that is, we are concerned with points where the Hormander bracket condition
{V, A} # 0 fails, see also [22, Theorem 1.2] for constructions of quasimodes at points
in the interior of the pseudo-spectrum, [41, Section 26.2] for a discussion of this con-
dition, and [56] for quasimode constructions with generalizations of this condition
in one-dimensional systems. Therefore, our result extends [22, Theorem 1.2] (see
also [18, 71]) to points where {A, V}(z9) = 0. We recall (see [71] and [72, The-
orem 12.8]) that the more strict bracket condition {V, A}(z¢) < 0 allows to conjugate
the semiclassical operator, via the use of a Fourier integral operator (given in terms
of a complex WKB construction associated to a positive Lagrangian submanifold of
the complexification of T*R%), microlocally near zg, into a normal form given essen-
tially by the annihilation operator of the harmonic oscillator at wo = (0, 0) € R24
(see the proof of [72, Theorem 12.8]). When this condition fails at z¢, the construc-
tion of such a Fourier integral operator cannot be carried out, since the associated
Lagrangian submanifold is no longer positive. However, one can still study the evol-
ution equation associated with Py microlocally near zo to obtain upper bounds on
the resolvent (see [69, Theorems 1.1 and 1.2]). Our approach uses the same idea,
although, comparing with this work, we describe very precisely the evolution of a
Hagedorn wave-packet by the non-selfadjoint flow, using the quadratic approximation
of ﬁ;, near zg (in the spirit of [17,63]), and then we estimate the remaining contri-
butions to obtain a quasimode that saturate the resolvent estimate obtained in [69,
Theorem 1.2 (B)]. The main tool in [69] is the use of an adapted FBI transform to
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the propagator of 13;, microlocally near zy. Alternatively, we use the Bargmann space
to calculate the matrix elements of a microlocal approximation of Py, in a suitable
orthonormal basis of excited coherent states (see Section 3.2).

To be more precise, our construction is based on the propagation of a wave-
packet goé’ [z0](x), centered at zg, by the quantum flow generated by a non-selfadjoint
pseudodifferential operator for small (microlocal) time. We will consider a symbol P
approximating the complex symbol V 4 iA near zo, and we will write the solution
o1 (2, x) to the time-dependent Schrodinger equation

(ihde + Ops(P))gn(t,x) =0,  ¢4(0,x) = pl[z0](x),

in a suitable L2-basis {¢}[Z;, z,]}aeNg of excited coherent states. We will show
that the evolution problem is well posed for small time ¢ € [—§, §] and initial data
belonging to a suitable subspace of analytic functions defined in terms of the decay
of their coefficients in the basis {¢![Z;, z;]}, and in particular for initial data given
by gog [z0](x). Then we will study the evolution of the elements of this basis by the
propagator generated by the time-dependent quadratic approximation of Py, near the
orbit issued from zg by the classical flow associated with the complex symbol of Py,
using in particular [46, Theorem 4.9], and finally we will compare the evolution of
these two systems employing Duhamel’s principle. Our approach also extends some
approximation results for solutions to the Schrodinger equation by wave-packets [16]
(see also [17,30,31]) to the non-Hermitian framework. Finally, the quasimode v will
be obtained as

n = vOr / (e~ F @+ g (1 ) dr, (1.12)
R

for some yj € €2°(R) microlocalized near ¢ = 0 and some normalizing constant ®j
so that ||¥4(|L2ray = 1. Intuitively, the positive number B, balances the L?-density
of g3, (t, x) so that the semiclassical wave-front set of ¥, concentrates at zg as # — 0.

The results obtained here also apply to more general non-selfadjoint operators.
In particular, let () be a sequence of positive real numbers such that e, — 0 as
h— 07, with 2 < &5 <k for some 0 < « < 2, we consider, as in [4], semiclassical
perturbations of the quantum harmonic oscillator H 1 of the form

Py = Hy, + e, Vs, +ihAy, (1.13)

where PAI;! is the semiclassical harmonic oscillator (1.2) and 17;1 121\;1 are selfadjoint
pseudodifferential operators with real valued symbols belonging in this case to
SO(R24;R).

In [4], the problem is focused on the study of the asymptotic pseudo-spectrum of
{/3;, along sequences A; = ay + i h Py such that

(az, Br) — (1,B), ash — 0T, (1.14)
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under the following weak-geometric-control condition. Let § > 0 and denote I5 =
(1-46,149):

(WGC) for every zg € H™'(I5) N I;'(0), there exists ¢ € R such that

Ia0¢7V (z0) >0,

where, for any a € €®(R2), we denote by I, the average of a by the flow ¢/ of
the harmonic oscillator:

T

1
I.(2) = TEToo?/a o¢tH(z) dt,

0

and ¢,I V' is the Hamiltonian flow generated by Iy . In particular, see Appendix B,
I, € € (R?%) provided that a € € (R2%).

In [4, Theorem 1], it is shown that the quasi-eigenvalues of 7, h along sequences
()Lh) satisfying (1.14) remain at distance B > & from the real axis as & — 07,
for quasimodes of width o(ez%). In other words, there exists an asymptotic spectral
gap of width larger than ex% near the real axis for the pseudo- spectrum of ;. As a
consequence of this result, the following resolvent estimate for % holds: for every
R > 0, there exists a constant §g > 0 such that, for # > 0 small enough and for
&n = SR,

1-ReAl <5 < Rey = (B g < e (9

On the other hand, under suitable analytical hypothesis on V' and A, and assuming
a Dlophantme property on w [4, Theorem 2] (see also [5]), one can show that the true
spectrum of $ along sequences A= oy + ih Py satisfying (1.14) is asymptotically
at distance liminf 83 = B > € from the real line, for some € = e(V A) > 0. This
means that the asymptotic spectral gap for the true eigenvalues of &, in the analytic
case, is larger than the asymptotic spectral gap established in [4, Theorem 1] for the
quasi-eigenvalues.

The remaining question is then if this different limiting behavior of the pseudo-
spectrum and the true spectrum really occurs, or equivalently, if the spectrum lies
deep inside the pseudo-spectrum (see [22] for a discussion of this phenomenon in
non-selfadjoint problems and for references to one-dimensional examples).

In the present article, assuming & = # for simplicity, we answer this question,
proving a converse for [4, Theorem 1]. More in detail, under a suitable finite-type
control condition (see (1.24) below) we show that for any N > 1 and any B sat-
isfying (1.9), there exists a quasimode (wh) at A = ap + ihPj for P of width
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oH?/3 exp(—ﬂ:/ 2 /Coh)). This confirms that the pseudo-spectrum of P, assuming
that V' and A are real analytic, lies in a wider strip containing the asymptotic spectrum
in the semiclassical limit.

To construct such a quasimode (w;[r , A;E) for {/3;1, we first conjugate the oper-
ator P, into a quantum Birkhoff normal form fﬁ,:r = Hy+h Op;(Ip,) + O(HN),
where P, = P + O(h) has principal symbol P = V + i A, so that the perturbation
Opy, (I p,) commutes with Hy,. To this aim, we assume a Diophantine property on w
(see (1.23) below). The construction of the normal form is now standard, and we give
it in Appendix B. We then propagate a wave packet ¢ [zo] centered at zo by both
the quantum flow of the harmonic oscillator and the non-selfadjoint flow generated
by Op;(Ip,), obtaining our quasimode W;: as a quantum average of goé’ [zo] on the
minimal invariant torus 7, (zo) issued from z¢ by ¢, and (microlocally) on the orbit
issued from T, (z9) by the “non-selfadjoint” flow generated by I p, , which is trans-
versal to the flow q&tH due to condition (WGC), in a similar way as (1.12), see (1.25)
below.

1.2. Statement of our results

In this section we state the main results of this article. We first recall the precise
definition of quasimode.

Definition 1.1. Let Pj = Op;,(P) be a semiclassical pseudo-differential operator.
A quasimode (Y3, A3) for Py is a sequence of solutions to

Py = s + Ry [Valpoay = 1. 1 <o, (1.16)

where
i = | Rullz2®ay = 0F.
The sequence (r3) is called the widrh of the quasimode, and is typically of order o ().
Our first result concerning the operator Py given by (1.6) shows that it is possible

to construct O (A" )-quasimodes for this operator concentrating on a given point zo €
A71(0) satisfying (1.8).

Theorem 1.1. Let A,V € S¥(R??;R) with A > 0. Let zy € A~(0) such that
Yo = Yo(A, V. z0) := (Xy(20). 3> A(z0) Xv (z0)) > 0. (1.17)

Then, there exists a constant Cy > 0 depending only on yq such that, for any N > 1
and any Py, satisfying (1.9), where Cy = Co(N — 2/3), there exists a quasimode
(W, An) for Py, of width O(h*/? exp(—B3/%/ Coh)) at Ay = V(20) + iBs, and

*

Wilvs] — 8z, (1.18)

where Wy Y1) is the semiclassical Wigner distribution of Y, (see Definition 2.5 below).
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Remark 1.1. Notice that, when B3 reaches the upper bound in (1.9), the width of
the quasimode (%, A5) given by Theorem 1.1 becomes of order O(#V). Using a
diagonal argument in # and N, with the hypothesis of Theorem 1.1 one can prove
the existence of quasimodes of width O(A%) with A2/37€ > B > (hlogh™1)?/3
for every € > 0. An interesting question that we do not cover in this article is to
give necessary and sufficient regularity hypothesis on the symbols V', A to construct
quasimodes of width O (#%/3 exp(—f 2/ 2/ Coh)) for larger B — 0. Notice that, when
limp_.¢ Bz =B >0 and the symbols V and A are analytic, one retrieves the exponential
quasimodes of [22, Theorem 1.2] in the interior of the pseudo-spectrum.

Remark 1.2. Condition (1.17) can be weakened. Indeed, for our results to hold it
is enough that 3™ A[Xy](z¢) > O for some m > 1, where 9>™ A[Xy] denotes the
2m-tensor of derivatives with all 2entries evaluated at Xy . In this case, one can con-
struct quasimodes of width O (h2m+1 exp(—ﬂézmﬂ)/zm/coh)) for

0 < B =< (Cyhlogh™H?m/CmeD

Remark 1.3. More generally, one can use our technique to construct quasimodes at
zo € A71(0) with 2™ A[Xy](z) = O for every m > 1, assuming that 4 o ¢} (z9) = 0
for t € [0,8) and A o ¢} (z9) > O for ¢ € (=8, 0), which is the typical situation for
a function A € €°(R2%) satisfying condition (GC). In this case, one can construct
quasimodes of width O(# exp(—Bs/Coh)) for 0 < By < hlogh™!, in connection
with [69, Theorem 1.2 (A)].

A~

To state our next result concerning the perturbed harmonic oscillator &, we first
recall some facts about the classical harmonic oscillator. We consider the decoupled
one-dimensional harmonic oscillators

Hy(e )= € +x), jell....d)

which constitute a set of d-independent integrals of the motion in involution. Indeed,
the harmonic oscillator H can be written as a function of Hy, ..., Hy,

H=%u(H.... Hy). (1.19)

where £,,: Ri — R is the linear form defined by £,(F) = w - E, and moreover,
{H;, Hy} = 0 for every j,k € {I,...,d}. It then follows that ¢/, the Hamiltonian
flow of H, can be written as

pH(2) = d,(tw), 1t €R, z=(x,§) e R,
where the generalized flow @, (7) is given by

D,(1) = ¢ 00 (2), T=(t1,....12) €RY, (1.20)
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and ¢tH / denotes the flow of H;. These flows are totally explicit, they act as a rotation
of angle ¢ on the plane (x;, £;). Therefore, ®, is 27 Z¢-periodic for every z € R4
and we will identify it to a function defined on the torus T4 .= R4 / 2174,

Let us define

My := (Hy,...,Hy), X:= (0,009 =:=R%L\X. (1.21)

For every vector of energies E € Ri, let Tz := Mg'(E) be the invariant torus with
vector of energies given by E; these tori are invariant by the flow ¢/7. If E € X then
JE is Lagrangian and, for every zo € M 1;1 (E), ®: T4 — Tz is a diffeomorphism;
moreover,

ol opf o, (1) =1 +tw forallt eR.

A0
Kronecker’s theorem then shows that the orbit of q&tH from any point zyg € M El (X)is
dense in a subtorus 7, (z¢) of 7. The dimension of 7, (z¢) depends on the arithmetic
relations between the components of w. Let

(01.....04)Q

be the linear subspace of R, viewed as a vector space over the rationals, spanned by
the frequencies; then

dy = dim{wy, ..., w4)q = dim T, (z9).

Notice, in particular, that if d,, = d, then 7, (z9) = TF provided that Mg (zg)=E € X.
In the opposite case, when d,, = 1, the flow ¢ is periodic of period

Ty :=2mky /w1,

where k,, is the least positive integer such that k,w; /w; € Z forevery j =1,....d.
When d,, < d, the vector of frequencies w is said resonant.
To deal with the case My (z9) = E € £ N £, (1), define for v € R¢ and z € R4,

7z (v) 1= (L(0,00) (H1(2)) V1, - . ., L(0,00) (Ha(2))va). (1.22)
In this case, the map ®;,, is no longer a diffeomorphism but one still has
o o @, (1) = Oy (v + tmy(w)) forallz € R.

Therefore, the orbit issued from such zy is again dense in a torus of dimension 1 <
do < dg, which we will still denote by 7, (zo).

In order to state our results, we need to assume a Diophantine property on the
vector of frequencies w. This is important to construct a normal form for fﬁh (see Sec-
tion B.2), so that 17;1 and Ifl\h are averaged by the quantum flow e~ i Hn up to order N,
ensuring that these averages commute with ﬁh (see [12] and the references therein).
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Definition 1.2. A vector w € Ri is called partially Diophantine if there exist con-
stants ¢ > 0 and y = y(w) > 0 such that

- k| > ﬁ keZ%\ Ay, (1.23)

where the resonant set A, is given by (B.4).
Remark 1.4. Notice that w = (1,..., 1) is obviously partially Diophantine.
We next state our main result concerning the construction of quasimodes for f’h:

Theorem 1.2. Letey, =h, A,V € SO(RM ;R) with T4 > 0. Assume that w is partially
Diophantine and d,, < d. Suppose that, for a given zo € H~1(1) N IZI(O),

Yo = yo(Iv.I4.z20) := (X1, (20). 3 Ta(z0) X1, (20)) > O. (1.24)

Then there exists a constant Co > 0 such that, for every N > 1 and every By, satis-
Sfying (1.9), where Cy = Co(N — 2/3), there exists a quasimode (wg, k;)for P, =
Hy + h(Vy + i Ay) of width O(h2/3 exp(— B3/ | Coh)) so that

M =w-Ey+hIv(z0) +ihps,
where
Ej = Mpu(z0) + O(h) € (Spr2ra)(Opy(H1)), - ., Spr2wa)(Ops(Ha))),

where Spy2ray(+) denotes the spectrum, and

T *
Wal¥] = 87, o)
where T,(zo) is the torus issued from zo by the flow ¢

Remark 1.5. The assumption &5 = % can be relaxed to deal with #? < g, < A%, for
some o < 2, and 0 < B, < (Cwey loge; 1)?/3. We prefer not to deal with this case
for the sake of simplicity, and since g5 = % is the regime in which V and A interact
at the same scale.

Remark 1.6. As for Theorem 1.1, the assumption (1.24) can be weakened to the
case in which 9™ 14 [X1,,1(z0) > O for some m > 1. In this case, for 0 < B <
(Cyhlogh~1)2m/Cm+1) one obtains quasimodes of width

O (BT exp(—pmHV/2m  Coyy.

Remark 1.7. Under condition (1.24), T,,(z9) C I7'(0) N H~'(1) is a smooth sub-
torus of dimension 1 < dy < d,,.
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Remark 1.8. Notice that, if d, = d, then condition (WGC) can only be satisfied
if I4 > 0 on H~!(1). Indeed, in this case, X1, (z¢) is tangent to J5,(zo), and then
Iy (z) is constant along this direction.

To prove Theorem 1.2, we construct a quasimode V3 for the normal form f,:r =
Hy, + h Op;(Ip,) + O(HYN), given by Proposition B.1 of Appendix B. The orbit
issued from zq by the flow ¢ is dense on the minimal invariant torus T, (zo), which
has dimension 1 < dy < d,. One can parametrize this torus from a flat subtorus
Ty, C T4, so that we can denote T4, > T+ z(7) € T4(20) (see also [3]). Moreover,
the complex symbol I'p, generates a classic flow (see Lemma 3.1) which commutes
with ¢fl and is transversal to 7, (zo) at z(t) for every v € Ty, provided that (1.24)
holds. Denoting by z(z, ¢) the orbit issued from zy by these two commuting flows,
we first consider the propagation of the wave packet (p(’; [zo] by the quantum flow
e_lﬁ"OPh(Hl""’Hd), that is, @3 (7,0, x) = e_%"OPh(H““"Hd)gog [zo], for T € Ty,, and

then consider the evolution equation
(i1, + Ops(P)gn(r.1,%) = 0, ¢4(0,0, %) = ¢f [20](x),

microlocally near ¢ = 0, where P is a suitable approximation of the symbol I p, near
the orbit z(z, t). Finally, we will obtain v, as

T

it E i .
Vi = v O / /Xh(t)e—h"e‘h’("‘ﬁ’ﬁh)(ph(r,t,x) dt u?(dv), (1.25)
do R

where 1120 denotes the Haar measure of Ty, for some normalizing constant ®, and

1 1
E, = h(Nl(h) 5o Na(h) + 5), Nj(h) € No.

is chosen so that w - Ej is a sequence of eigenvalues for Flh tending to one as
h — 0. Conjugating back v/ by the Fourier integral operator giving the normal form
of {/3;,, we obtain our quasimode 1//; for the original operator {/3;,. We will show that
conjugation by this Fourier integral operator leaves semiclassical measures invariant,
so the phase-space semiclassical concentration on 7, (zo) remains unchanged.

1.3. Related works

Some foundational works in the study of the asymptotic properties of the damped
wave equation are [47,61, 68] (see also [51, 52] for related works). In the context of
the damped-wave equation on Riemannian manifolds, in [68, Theorem 0.1] it is shown
that eigenvalues of the damped-wave operator verify a Weyl law in the high frequency
limit and, moreover, these eigenvalues lie in a strip of the complex plane which can
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be completely determined in terms of the average of the damping function along the
geodesic flow [68, Theorems 0.0 and 0.2] (see also [47,51, 52]). These results are
particular cases of a later systematic study of non-selfadjoint semiclassical problems
which have been the object of several works. More precisely, it has been investigated
how the spectrum and the pseudo-spectrum are asymptotically distributed inside the
strip determined in [68] and how the dynamics of the underlying classical Hamilto-
nian influences this asymptotic distribution. One can ask about precise estimates on
the distribution of eigenvalues inside the strip; this question has been addressed both
in the chaotic case [1], and in the completely integrable framework [32-39]. In this
series of works, the authors describe the distribution of eigenvalues in certain regions
of the complex plain for non-selfadjoint perturbations of selfadjoint %-pseudodifter-
ential operators for which the classical Hamiltonian flow generated by its principal
symbol has suitable periodic or quasiperiodic structure, and study how periodic orbits,
resonant or Diophantine tori, in different situations, influence the distribution of the
spectrum in terms of the size of the perturbation and its average by the principal
Hamiltonian flow. In particular, spectral contributions coming from rational or Dio-
phantine tori, tunneling effects and Weyl’s laws are obtained for these systems. An
important assumption along these works is that the subprincipal symbol of the sel-
fadjoint operator does not interfere with the imaginary part of the perturbation, in the
sense that the size of real part of the perturbation is larger, the subprincipal symbol
vanishes or Poisson commutes with the imaginary part of the principal symbol. On the
other hand, the present work precisely focus on this interaction between the real and
imaginary parts of the perturbation, and how this interaction generates a rich structure
in the pseudo-spectrum.

It is also natural to focus on how eigenfrequencies accumulate at the bound-
ary of the strip and also to get resolvent estimates near this boundary. Again, this
question has been explored both in the integrable case [2, 5, 10, 11, 33] and in the
chaotic one [13,14,42,53,62,64,65]. In this spirit, one can ask more generally about
the structure of the pseudospectrum of a general non-selfadjoint (pseudo-)differential
operator near the boundary of the range of the principal symbol. In this framework,
Theorem 1.1 gives a converse result to [22, Theorem 1.4] and [69, Theorem 1.2]
under finite-type dynamical conditions, while Theorem 1.2 gives a converse result
to [4, Theorem 1], where the dynamical-control-condition appears in the subprincipal
part of the operator.

Among other things, our study initiated in [4] and continued in the present work,
is motivated by earlier results [5] for the damped-wave equation on the sphere. In
that reference, it is shown how a selfadjoint perturbation of the principal symbol of
the damped wave operator on the 2-sphere can create a spectral gap near the real
axis in the high frequency limit. Moreover, we have also been motivated by previous
works [48-50] on semiclassical asymptotics for the Schrodinger equation associated
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to some other completely integrable systems, as the Schrédinger equation on the torus
or a Zoll manifold.

As for [3], we restrict ourselves to the case of non-selfadjoint perturbations of
semiclassical harmonic oscillators on R?. Yet it is most likely that the methods presen-
ted here can be adapted to deal with semiclassical operators associated with more gen-
eral completely integrable systems, including damped wave equations on Zoll mani-
folds, see [66], where new constructions of quasimodes are given for non-selfadjoint
perturbations of the Laplace Beltrami operator on Zoll manifolds at points satisfying
the Hormander bracket condition.

Some other related works concerned with the construction of quasimodes for
non-selfadjoint operators are those of [40, 57, 58], in which the authors focus on the
study of the pseudo-spectrum, resolvent estimates and Mehler’s formulas for certain
non-selfadjoint quadratic operators; [44,45], where a systematic study of the speudo-
spectrum of non-selfadjoint operators of 1D systems is done. It is also relevant the
work [59], where some extensions of the results of [22] are given to the injective
pseudo-spectrum, showing absence of quasimodes at Az = 0 of width O(#*/*+1))
for some pseudodifferential operators satisfying principal-type conditions.

2. Hagedorn wave packets

In this section we briefly review some constructions and results of [46] (see also [15,
30,31]) to introduce the notions of Hagedorn wave-packets, using the formalism of
Lagrangian frames.

2.1. Lagrangian frames

First, we discuss some complex-symplectic linear algebra. We consider the real vector
space R24 endowed with the symplectic form R2¢ x R24 5 (z, w) > z - Quw € R,
where © € R24%24 js the canonical symplectic matrix:

(0 —Idy
Q_(Idd 0 ) 2.1)

Those matrices F € R2?*24 that respect the standard symplectic structure satisfy
FTQF = Q. They constitute the symplectic group Sp(d, R). Writing F = (U, V)
with blocks U, V € R2?*4 one can associate to F the complex rectangular matrix
Z =U —iV € C29%4 hich satisfies

zTQz =0, Z*QZ =2ild,. (2.2)
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The matrices Z € C24x4 satisfying (2.2) are called normalized Lagrangian frames.

They are in one-to-one correspondence with the real symplectic matrices: if Z €

C24%d jg 3 normalized Lagrangian frame, then F = (Re(Z), —Im(Z)) is symplectic.
By the first property of (2.2), all column vectors [, !’ of Z satisfy

1-Ql' =0,

that is, / and [’ are skew-orthogonal. A subspace L C C¢ @ C? is called isotropic if
all vectors in L are skew-orthogonal to each other. Moreover, L is called Lagrangian
if it is isotropic and has maximal dimension d. From the second property of (2.2)
(normalization), one can see that all vectors / € range Z \ {0} satisfy

i -

—(Q)-1>0.

S(@h)
In other words, the quadratic form

h(z,z') = %(92) = %z QT2 2,7 ec?ecCq,

is positive on the range of Z. Such a Lagrangian subspace is called positive.
If L is a positive Lagrangian subspace, then L is Lagrangian too. Moreover, all
vectors [ € L \ {0} satisfy

h(l, 1) = ’51‘- QTl <o,

so that L is called negative Lagrangian. Moreover, L N L = {0}, hence
clepCi=LoL,
where this decomposition is orthogonal in the sense that
h(l,I'y=0, forallleL,l'eL.

With any Lagrangian subspace L C C? @ C?, one can associate many Lagrangian
frames spanning L, that is, L = range(Z). Indeed, every two normalized Lagrangian
frames Z,, Z, spanning the same Lagrangian subspace L are related by a unitary
matrix U, so that Z; = Z,U. This implies that the Hermitian squares Z,Z} = Z,Z}
are the same. Moreover, one can define the metric and complex structure of L:

Definition 2.1 ([46, Definition 2.6]). Let L C C¢ @ C¢ be a positive Lagrangian
subspace and Z be a normalized Lagrangian frame spanning L.

1. The real, symmetric, positive definite, symplectic matrix
G =QTRe(ZZHQ (2.3)

is called the symplectic metric of L.
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2. The symplectic matrix
J =-QG,
with J2 = —Idyg, is called the complex structure of L.

The complex structure J can be used to precisely write the orthogonal projections
from C¢ @ C? onto L and L:

Proposition 2.1 ([46, Proposition 2.3 and Corollary 2.7]). Let L C C 49 C?bea
positive Lagrangian and Z a normalized Lagrangian frame with range Z = L. Then,
n = %ZZ*QT, and np = —%ZZTQT,

are the orthogonal projections (with respect to the two form h) onto L and L, respect-
ively. Moreover,

1 1
Ty = E(IdZd +iJ), and nmp = E(IdZd —iJ).

2.2. Coherent and excited states

In this section we recall the construction of an orthonormal basis of L2(R¢ ) consist-
ing of Hermite-type states obtained from a given normalized Lagrangian frame Z and
centered at a phase-space point z € R24 . These states are called coherent and excited
Hagedorn wave-packets. We will sometimes use the identification R2¢ = C¢ given
by z = (x,§) = x + i § without mention.

With any normalized Lagrangian frame Z, one can associate a lowering oper-
ator, or annihilator, and a raising operator, or creator. These are (pseudo-)differential
operators with linear symbols which are called ladder operators. Let us denote by

q
the semiclassical quantization of the momentum-position vector z = (p, q). Precisely,

pY(x) = —ihVey (x)., gy (x) = x¢(x).

Definition 2.2 (Ladder operators). Let!/ € C? @ C?. We set

All] = j;z_hmzé, AT[11:=—J"2_h

A[l] is called lowering operator, while AT[I] is called raising operator.

[-Qz. (2.4)
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Let Z be a normalized Lagrangian frame with columns /4, . . ., [;, we will denote
by A[Z] and AT[Z] the vectors of annihilation and creation operators, respectively:

A[Z] = (A[Lh). ..., A[lg)T = Lszzf,

Vs
1Z]:= (AT, ..., AT = ———Z*Qs.

For any multi-index o« € N4 , we also set

Ag[Z] := A[L]* - Alla)™,
AL[Z) = AT - AT (1)

One can moreover center the ladder operators above on different points of the phase-
space by considering its conjugation by the Heisenberg—Wey] translation operator.

Definition 2.3. The Heisenberg—Weyl translation operator 7'[z] is defined by
Tz] := exp(—%z . 92), z=q+ipeC?
More precisely, the operator T'[z] acts on ¥ € L?(R%) as

T2l (x) = b7 =Dy (x — g).

We also define the centered ladder operators by
i i
AlZ,z] = —2ZTQ(¢ -2), AY[Z.z] = ——=Z*Q(¢ - 2). (2.5)
N 2h N 2h

It follows easily that conjugation of the ladder operators by the Weyl Heisenberg—
Weyl translation operator, just translates its center:

TW]A[Z, z]T[w]* = A[Z,z + w], T[w]AT[Z, z]T[w]* = AT[Z,z + w].

Using the Heisenberg—Weyl translation operator, we also define the centered ladder
operators:

AglZ. 2] := T[2)AL[ZIT[2)*,  AL[Z,z] := T[z]A}[Z]T|z]*. (2.6)

We next give the construction of the ground-state, or coherent Hagedorn wave
packet with Lagrangian frame Z and center z € R2¢:
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Lemma 2.1 ([46, Lemma 3.6]). Let' Z = (P, Q)! € C29*¢ pe a normalized Lag-
rangian frame andletz = q +ip € C%. Then the matrices Q,P € C4*4 qre invertible
and

Im(PQ™") = (QQ") ™' >0

In particular, for h > 0,

w12, 21(x) = 2

2.7
is a square integrable function with ||gog [Z, 2]l 2(ray = 1. Moreover, the matrix B :=

(@ exp(5PQ - 0) (v =) + 5 (v~ F))

(

PQ ! belongs to the Siegel upper half-space, namely, the space of complex symmetric
matrices with positive definite imaginary part.

The function (p(’; [Z, z](x) given by (2.7) is called Hagedorn coherent state.

Definition 2.4. Let « € N, Z be a normalized Lagrangian frame and z € C?. The
a-Hagedorn excited state is defined by

valZ.2)(0) = TAI‘ (2. 21652, 2] (). 28)
We will denote by ¢?[Z] := ¢![Z, 0] the Hagedorn state centered at z = 0, for
o e N9,

As we have already anticipate, the family of Hagedorn excited states form an
orthonormal basis of L2(R%):

Lemma 2.2 ([46, Theorem 3.7]). The set {¢y[Z, z]}yena s an orthonormal basis of
L?(RY).

Moreover, the Hagedorn excited states are Hermite-type functions with polyno-
mial prefactor given by a recurrence relation involving the Lagrangian frame Z:

Lemma 2.3 ([23, Proposition 4]). Let Z = (P, Q)* be a normalized Lagrangian
frame and let z = q + ip € C%. Then, for every a € N¢,

1 oM (Q_l (x —
NI T Vi
where the polynomials { pg’l taeNa are recursively defined by pgl =1, and

Patie, (X) = 2x; pl (x) — 2¢; - MV pl (), 2.9)

where M = Q1Q.

oMz, Z)(x) =

D)ohiz.2)(x),

"We use the notation Z = (P, Q)! := (g) to write the Lagrangian frame Z as a block
matrix.
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We next prove a technical lemma, which will be used later on, providing an estim-
ate for the L' (R?) norm of the Fourier transform of (pg [Z].

Lemma 2.4. Let Z be a normalized Lagrangian frame and let v € R¢ \ {0}. Then
there exists a positive constant C = C(Z,v) > 0 such that, for every a € N9,

[ 9LZ1(rv)] dr < C1.
R

Remark 2.1. The same estimate holds for 37 @}[Z](rv), with |y| < N, for C =
C(N,Z,v) > 0.

Proof. By Lemma 2.3, we have that

detQ)~'/2 1
w1210 = Y, — Z bep|Z)(Q )P exp(iPQx - x).

1B1= Ia\ (m0d2)

where the coefficients b,g = bog[Z] are given by recursive relations: bgo = 1 and

2d

boc-i—ej,ﬂ = 2boc,ﬂ—ej -2 Z Mkj(/gk + l)ba,ﬂ-i-ekv J=1.. .2d,
k=1

which is the coefficient version of (2.9). We first show that, under the more general
recurrence relation, bog = 1 and

2d

‘H‘ewﬂ ZZN’U o,B—e 22:]‘4kj(,3k + l)ba,ﬂ-i-ek, j =1,...,2d,
k=1

(2.10)

for some M, N € C4*4 and denoting my = 2d - sup; i {|Mk;l, | Nk;l|}, one has
mla‘|a|!
| —|Bl )
(*75)8!

To this aim, we proceed by induction. The estimate for bgg = 1 is trivial. Moreover,

|bap| < (2.11)

using the induction hypothesis we get

2d 2d

bate; 8l <2 INjlbag—er| +2 Y IMij | (Bk + Dlba,prey]
k=1 k=1
2d

Bile|! (Bx + Dla]!
< 2 supt | | |Nk,-|}(; e (la_lzﬂ_l)!(ﬂ+ek)!)
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1
< m‘;H sup

1

—— o Brle|! + (la| = |B] + D]
kefl,....2d} (W)!ﬂ!

m‘;|+1|a + ;!

= el BlEiya
(=)

then the claim follows.
On the other hand, taking the Fourier transform of (p(}l [Z] and using (2.9), we see
that

PalZ1(6) = a ©)@51Z15).

1
V2lelg!

where the polynomials qé"’ are defined by the following recurrence relation: q(l)"f =1
and

Gave; (§) = €; - 21Q7' Vg (§) —¢; - 2iMQ ™" q" (§).

Therefore, denoting
9y (€) =) bapt”,

B=<a

we see that the coefficients Baﬁ are defined by l;()o = 1 and

2d 2d
bapre; =2i D Qi (B + Dbapre, —21 Y (MQ V)ijba,pe;-
k=1 k=1

In particular, the coefficients l;aﬂ satisfy a recurrence relation as (2.10). Therefore,
using that B = PQ™! belongs to the Siegel upper half-space, we obtain the existence
of C = C(Z) > 0 such that

1 r 2
PLZIr0) < —=—==_ lbaplIrv|fle=CIP,
V2‘“|a!ﬂ<a

IB|=le| (mod2)

and thus, using (2.11) for the coefficients Baﬂ, we get

A Clel ! 1B + 1
1
R/l%[Z](VUNdV =< /—2""0{!% (al;ﬂl)!ﬁlr( 2 )

Finally, using repeatedly the following standard properties of the Gamma function:

2x—1

J

P(E2) P Pre' v >0,

I(x)2 < T@2x) < x20(x)2%7! x>0,




V. Arnaiz 766

where the first one is consequence of Legendre’s duplication formula and Gautschi’s
inequality, while the second one is consequence of Jensen’s inequality, one can show
thata! > ||!C clia\ (notice that this inequality also holds by the multinomial expansion
d" =3 1g=n ( o ) so that C4 = d~ '), and moreover,

Qg
e\ "2
/|¢;[21<rv)|drsc'“2( ) <l
Z\i8
R <o
Then the lemma follows. n

2.3. Hagedorn wave packets in phase space

A very important property of Hagedorn wave-packets is that its structure is invariant
by the Wigner transform [23,70]; that is, the Wigner transform of a Hagedorn coherent
or excited state is again a coherent or excited state in phase space.

Definition 2.5. Let ¥, ¢ € L2(R?). The semiclassical (cross) Wigner function is
given by

Wilp. ¥](2) = ﬁ/eif'”w(x—h%)w(xﬁ?”)du, 2= (x.6) e R,

R4
(2.12)
If ¢ = ¥, we denote W [p] := Wy|p, ¢].

Let Z;, Z; be two normalized Lagrangian frames. It turns out that the lifted frame

Z € C*4%2d defined by
7 - (:P) . (—QZI szzz)
“\e) \ 1z, 1Z)

is again a normalized Lagrangian frame.
Let us consider

W, 5121, Z5](2) := Walgk1Z1], 91 Z21)(2).

By [70, Proposition 62], one has

1 _1Gz.

D) ) [21(2) := Wg o[ Z1, Z2)(2) = i det(Re G)'/4e4 972, (2.13)
where 2iG = P @~ defines the mixed metric for Z1, Z,. In particular, if Z; = Z,,
then G is real and det(G) = 1.

For the excited states, the following holds:
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Proposition 2.2 ([70, Theorem 6.11). Let a, B € N%. Then

Wh 4[24, Z5)(2) = b2l [Z1(z) = ok, 4 [Z1(2).

1
apl

3. Propagation of Hagedorn wave-packets

This section is devoted to describe the properties of Hagedorn wave packets when
they propagate through the action of a non-Hermitian operator during a small inter-
val of time. In [46], the authors obtain a complete description of the propagation of
Hagedorn states {(pg [Z, z]} for quadratic operators. This constitutes the heart of our
proof, but we also need to obtain estimates for the propagation of a Hagedorn wave
packet centered at zo by the action of a more general operator. We focus on the study
of the evolution equation:

(ihd; + Pp)on(t,x) =0,  @4(0,x) = @[ Zo, 20) (x), 3.1)

for small ¢t € (-4, §), where Z is a given normalized Lagrangian. To this aim, we
make the ansatz

on(t.x) = Y ca(O¢alZs. 2] (). (3:2)

aeN9

with unknowns given by the pair (Z,, z; ), which controls the evolution of the orthonor-
mal basis {¢/ [ Zo, zo]}, and the vector of coefficients ¢(¢) = (¢4 (t))yena,» Which cor-
rects the error terms reflecting the particular interaction between excited states caused
by the non-quadratic propagation. As we will see below, it is convenient to replace the
operator ﬁh in (3.1) by some approximation Oph(f (z,-)) near z; (see (3.11) below),
to ensure that the solution ¢ (¢, x) is well defined and the coefficients ¢, () decay
sufficiently fast. As we will see, this will be sufficient to construct our quasimode
since Pj, and Op,,l(l'3 ) coincide microlocally near z; up to order N.

First of all, the center z; is given by the following system of differential equations,
which couples the evolution of the center z; with the evolution of the Lagrangian
subspace L; from L via its metric G; (see [28] and [46, Theorem 4.3 and Corol-
lary 4.7]):

Lemma 3.1. Let z € R24 and P =V +iA. Then, there exists § > 0 such that the
system of equations

2, =—QReVP(z;) — G, ' ImVP(z), (3.3)

G: = —Red’P(2;)QG; + G;Q2Re * P(z;)
—Imd*P(z;) — G;2Im d* P(z;)QG;, (3.4)



V. Arnaiz 768

where 3> P denotes the Hessian of P, has a unique solution for G;|;—¢ = Id and
Zt|r=0 = zo for =8 <t <6, such that Gy is real, symplectic, symmetric and positive
definite.

The Ricatti equation (3.4) gives the evolution of the metric G; for the complex
structure associated with the Lagrangian subspace L; = S; L, which evolves accord-
ing with the complex symplectic matrix S; obeying

S, =—Q0*P(z1)Si.  So =ldag, (3.5)

for —§ <t < §. The vector field giving the expression for Z; in (3.3) is the sum of
the Hamiltonian vector field —Q2V Re P(z;) and the friction term —G; !V Im P(z,),
which pushes the particle outside the Hamiltonian classical orbit. In the case in which
zo is a non-damped point for P, thatis Im P(z¢) = 0, then the friction term is activated
at the damped region {Im P > 0}, and its main effect consists in pushing the particle
towards the non-damped point z.

Once we have given the orbit for the center z;, the evolution of the Lagrangian
frame Z; is obtained easily from the evolution of the symplectic matrix S; € C2dx2d
obeying (3.5). Precisely, defining the Hermitian and positive definite matrix (see [46,

Section 4.3]):
—1/2

1 /
Nei= (558120 QS: Zo)) (3.6)
2i
then Z; is given by the normalized Lagrangian frame
Zt = S[Z()N[.

In order to compute the vector of coefficients ¢(z) = (¢ (2)), and hence the solu-
tion ¢ (¢, x) to (3.1), we first compute the solution to the Schrodinger equation given
by the quadratic approximation of P(z) near z;. To this aim, we expand P by Taylor
near z; as P(z) = P2(t,z) + Pn(t,z) + Ry (¢, z), where

Py(t,z) = P(z;) + (z—2z;) - VP(zs) + %(z —2Zz:) - BZP(Z,)(Z — 1), (3.7

PN(z,z)—Za PEd .oy, (3.8)

3<IBI<N

Ry(t.2)=7) 'ﬁ'<z—zt)f’/(1 PITIDPP(z 4+ 5(z —z0)) ds. (3.9)

[Bl=N+1

Notice that the evolution of (z;, G;) only depends on P,(t, z) via the equations (3.3)
and (3.4).

We next truncate the polynomial symbol Py (¢, z) near z; to ensure that the solu-
tion @y, (¢, x) is be well defined. Let y € €2°(R) be a cut-off function equal to one near
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zero, we consider the truncated symbol y(|F;1(z — z;)|*) Pn (¢, z) near z;, where
F; is the symplectic matrix associated with the normalized Lagrangian frame Z;.
Moreover, it is convenient to approximate this symbol by a further one that fits with
anti-Wick quantization, hence we can use the Bargmann space to compute the matrix
elements in an easier way. Precisely, we define

Pn(t.z) =0 y(X(IF; Nz — 20) ) Pw (2. 2)), (3.10)

where O’%‘X y (@) = a + O(h) denotes the anti-Wick approximation of a of order N,
defined by (3.25) below. We then replace the evolution problem (3.1) by

(ihd; + Op,(P(t,2))pn(t,x) = 0, @4(0,x) = @l [Zo. z0](x), 3.11)
for small ¢ € [—4, §], where
P(t,2) := Pa(t:2) + Pn (1) x Walgh[Z:]1(2).

The convolution with W, [(p(’; [Z,]] connects Weyl quantization with anti-Wick quant-
ization (see Section 3.2 below), and allows us to compute the matrix elements of

Opsy, (Pn) := Opy (P (t.7)  Waleg[Z:])
in the Bargmann space. More precisely, one has
Py s Walgg[Zi012) = x(Fy 'z =20 P (,2) + O

that is, we take an approximation of y Py up to order N by an anti-Wick symbol.

To study the evolution equation (3.11), we make the ansatz (3.2) and first describe
the evolution by the quadratic part P, (t, z). Later, in Section 3.3, we compare it with
the whole evolution by P, obtaining our propagation result stated in Proposition 3.3.
The main idea comes from the works [17, 63].

3.1. Quadratic evolution

In this section we focus on the quadratic equation

(ihd; + Opy(Pa(t. 2))en(t. x) =0, 4(0.x) =Y ca@l[Zo.20].  (3.12)

aeN9

Our aim is to give a suitable differential equation for the vector of coefficients ¢ (f) =
(cg(2)) such that

on(t,x) = Y a4 Z1,2)(x), 1 €[-5,6].

aeN4
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To ensure the existence of the solution ¢ (z, x), we assume that ¢ = (¢y)yend €
£,(N9) (see Appendix A). Then we will see that ¢ (¢) € £ ,— (N?) for some 0 < o < p
andt € [-6, §].

Proposition 3.1. The vector of coefficients ¢ (t) satisfies the differential equation

futt) = (6 + 2 ) ea) + Y ka0, @€ N,

BeN4
ca(0) = cq,
where
. t
01 = Z/tr(G 'Im 02 P(zy)) ds (3.13)
0
t . .
_/(ps "4s —4s - Ds P(Zs)) ds. (3.14)
2
0

and the matrix elements (kop (1)) satisfy koo(t) = 0, kqg(t) = O unless |a| > |B| and
| — B| < 2, and there exists C > 0 such that

sup icap (1)) < Clal. (3.15)

—§<t<6§

Corollary 3.1. Let C € K,,(Nd) for some p > 0. Then there exists 0 < o0 < p and
§ = 8(p, ) > 0 such that &(t) € €([8,8]; £p—o (N9)).

Proof. Let K (t) be the operator defined by

(K)o =Y _kap(t)cp, €N,
BeNd

Then, by (3.15),

1K @O0 = 31K ODale® D < C 33 falleple® e

aeN9 aeN-p|<2
<C, Z|/g|e Glﬂ\|cﬂ|ep|ﬂ\ <C, supre ‘”Z|cﬂ|e”‘ﬁ|
BeNd BeN9
Co -
= —=||cll,

This implies that K € €([-6, §]: D,). Applying Lemma A.1, the claim holds. [
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From the proof of Proposition 3.1 together with [46, Theorem 4.5] one obtains the
explicit expression for the coefficients

ca(t) = eF NGO S g g (1)ep = R MGOTE 4 ()¢,
ol <IB|

where K (1) = A(t)A(1) L. Precisely, one finds (see [46, Theorem 4.9]):
Corollary 3.2. The solution ¢3(t, x) is given by
e LA (z0)+or

2
on(t,x) = Y ———=—cppp(\| TN Q7 (x = 40) )0l [ Z1, 2)(x)
peN4 B! ( h )

—. Ze;éAt(Z(>)+gzcﬂ Zaaﬂ(t)(pz[zt,zt](x),

BeNd la|<|B]

where z; = (qy, py) is given by Lemma 3.1, and the Hermite-type polynomials py, =
Pa(t) are explicit and given by the recurrence relation

po(x; M) =1, pate; (X, M;) = xjpa(x, M;) —€j - MV po(x; My),
forj =1,...,d, with

. _ o
M, = Z(StZO)TGt(StZO) + N:Q;'Q;N;.

Remark 3.1. Notice that the main change of the L>-norm of ¢y (¢, x) is given by the
diagonal term e s (zo)ter

Proof of Proposition 3.1. We first focus on the propagation of (p(’; [Zo, zo]- We claim
that

't'pt_]')t"h

(ind, +Oph(P2))‘ﬂg[Zt7Zt] = (ihét—Pz(EZt)— 1 ) )(ﬂé‘[Zt,zt]-

(3.16)
To show this, first notice that, by [46, Proposition 4.8],

@[ Z1. 2] = det(N:) 2 g([S: Zo. 24),
where det(N;)'/? = @ is given by (3.13). We next compute
ih0, @1 Zs. 2] = ih(or + 0,(det Q)2 det Q}/?) ol S Zo. 2]
. i i
+ lhat(ﬁ(x —q1)  Bi(x —q;) + %Pt (x —Qt))(ﬂg[Stzo,Zt],
where B; = P,Qt_l. By Jacobi’s determinant formula

(3, detQ,)/ detQ, = ur(3,Q.Q; "),
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we also have
ihd; (detQ;) /2 detQ/? = _% tr(9,Q,Q; ).

Moreover, denoting

82P(zt) — (PPP PPQ)
Pqp qu

and since S; solves equation (3.5), we obtain

ihat(zl—h(x —qs) - Bi(x —q1) + %Pt (x — Ch))

772

- qr + G - . . 1 ;
:W_Pt'X+Clt'Bt(x—CIt)—E(X—Qt)'Bt(x—Qt)

ot - qr + Gy - . .
:w_pt.x+qt.Bt(x_qt)

1
- z(x _QI) : (Pqut + qu + Bthq + Bthth)(x _QI)-

On the other hand, in order to compute Oph(Pz)(pf)‘[S +Zo, Z¢], we use the definition

of P, and notice that
(¢ —z1) - VP(z)t[S: Zo, 24]
= (VqP(z¢) - (x —q1) + VpP(z;) - Bi(x — Clt))ﬁl)g[StZO],Zt],

and
1, . . 4
Ea P(z)(Z —z1) - (Z —z1)pp [S:Zo. z¢]
ih 4
= —7 tI'(Ppth + qu)gﬂo [StZ(),Zt]

1
+ E(x _CIt) ) (Pqut + qu + Bthq + Bthth)(x _CIt)7

from which we deduce that the quadratic terms in (x — g;) cancel. Using (3.3), we

also see that
pt = Re VqP(Zt) — I)tl);‘< Im VpP(Zt) — (l)t(z;k —1 Id) IquP(Zt),
q't = —Re VpP(Z[) — (QtPt* + l Id) ImVpP(Zt) — QtQ;kIquP(Zt)

Thus
V¢ P(z:) + B/ Vy P(z;) = pr — Bi4s,
and then the linear terms in x also cancel. Finally,
=VgP(z:) gt — B:Vp P(z1) - qr = —q1 - (Vg P(z¢) + B:Vp P(z1))
=qr - Btgr —q: - pr.
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and moreover 9;Q; = —PpqQ; — PppP;, hence 9,Q,Q; ' = —Pyy — PppP QL.
Summing up, we get (3.16). This implies, in particular, that k() = O for every
la| > 0.

We next look at the evolution of the excited states, which relies on the ladder oper-
ators. To this aim, we want to compare the ladder operators Al [Z¢,z;]and Ay[Z;, z¢]
with AY[S;Zy, z;] and A[S;Zy, z;]. Considering the projection operators onto the
Lagrangian spaces L; and L ¢» we have, by Proposition 2.1,

i i 5
nL, = Ez,z,*szT, np, = —EZ,Z,TQT,

and then we can decompose
S:Zo = 7TL,§tZO + ﬂztgtzo,
StZ() = T[L[SIZO + ﬂZtStZO.

We then have, by [46, Lemma 4.4], the following linear equation for the ladder oper-
ator AT[S; Zo]:

AT[S, Zo] = AT[nL,S: Zo) — Aln1,S: Zo)
= A'[z,C/] - A[Z,D,]
=CrA'[z,]- DI A[z,),
where C; = %Z;“QTEZO, D, = %Z;“QTS,ZO; and, similarly, for A[S;Z]:
A[S: Zo) = Alrr,S: Zol — AT[n1, S, Zo)
= A[Z,E,]| — AT[Z,F,]
= ETrA[z,) - FFAT[Z,),

where £, = %Z?QTS,ZO and F; = %Z;“QTE,ZO. In other words,

AlS:Zo) ) \~Fr ET J\ Az, ) ‘
The same equation (3.17) remains valid for the translations AY[Z,, z;] and A[Z;, z/]
due to the conjugation property (2.6). Notice, moreover, that C; = Id +0(¢), E; =

Id +0(t), D; = O(t), and F; = O(t), then the matrix of (3.17) is invertible for
small 7. Let us denote this inverse, for ¢ € [—§, §], by

cr —-pI\™' X, Y
= . 3.18
(G o i W, G19

Next, consider the derivative corresponding to the ladder operators:

ihd (AL Zy, 200t 124, 2] (%))
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To compute this derivative, let t > w; € C2¢ be the complex curve satisfying
Wy = —QVP(z:), wo = z2p-

Using that J/;,Q = QT G,Q = G, it follows that z, is given by the real projection
of w; via the complex structure J;:

zy = Rew; + J; Imwy.
Then, by [46, Theorem 3.12], we have
AT[th(),Zt] = AT[EIZO,U)[], A[SIZ(),ZI] = A[StZO,wt].

On the other hand, using the symbolic calculus for pseudodifferential operators, we
observe that

ihd; AT[Stlo, wi] = —[Op;(P2), AT[Silo, wi]l,
ihd, A[Silo, w:] = —[Opy(P2). A[Silo. w]].
Therefore, by (3.17) and (3.18),
ihd, AT}, z,] = ind;(e; - AT[Z;. 2,])
= ihd,(ej - (X, AT[S, Zo. z/] + Y, A[S: Zy. 21]))
= ihe; - (X, AT[S,Zo. 2:] + Y1 A[S: Zo. 2:]) + [Ops(P2). AT[l] . 2,]]
= ih&{(AT[Z. 2], A[Z. 1)) + [Ops(P2). AT[I . z,]),

where the tensor term QC{ (A%[Z;, 2], A[Z,, z,]) is given by

i{(AT[Zt’ Z[], A[Zt,Zt])
= e] . ((Xtct* _ Y'tFt*)AT[Zt,Zt] + (Y.tEtT — XID;T)A[Zt,Zt])

d
= Y i OATIE 2] + v (O ALE =),
k=1
for certain v; () € C,1 € {1,2}. Using the definition,
AL Z1 2] = AV 2]t AT 2]
we obtain by the product rule that

ihd, AT[z,,z,] + [Ops(P2), AL[Z;, 2]

_Za] /. 2]~ (Z S OATEE 20 + 3 0 AUE 2) T 470 21
J#i’

= > kapAL[Z1, 2],

la|=|B]
le—p|<2
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where |kqg(2)| < C|a|, for some constant C uniformly bounded for —§ <t < 6.
Finally, the differential equation for the coefficients ¢, (¢) is given by

fult) = (0 + 2 ety + Y kapca). e,

l|>|B]
|B—a|<2

ca(0) = cq. n

3.2. Matrix elements

We compute the matrix elements of the remainder term Opy, (Py * Wy [(p(’; [Z,]]) onthe
basis {¢"[Z,, z;]}, leading to the whole evolution system for the coefficients () =
(cq(2)) of (3.2) solving (3.11). The main result of this section is:

Proposition 3.2 (matrix elements). Let y € €°(R) be a bump function near zero.
Set

Py(t,2) =03y (X F (2 = 20)P) Pr) (2, 2),
where the anti-Wick approximation UZ“ n i defined by (3.25). Then the operator
Op}Yy, (Py) 1= Opy(Pn * Walpl[Z:]])
satisfies, fort € [—8, 6], for every a € Ng and every y € Ng —{a},

1{Op;, ZZ(PN)%JF;/[Zt,Zt] ¢a[Ztht]>L2(Rd)| < Cnnh(l +lal), if|y| < 2N,
(3.19)

and the left-hand-side vanishes for |y| > 2N. Moreover, for every y € Ng such that
lyl <2N,

|{Op, z,(PN)Ql)y[Zt,Zt] Yo [Zt7zt])L2(Rd)| = CN7’L13/2 (3.20)

Remark 3.2. Notice that Py € '€°°(R2d) due to the cut-off function y. In particular,
Op (PN) is a compact operator and the matrix elements (3.20) vanish for

laf. | + y[| = Cnh.

However, to gain the % factor in (3.19) and obtaining an estimate uniform in %, we pay
with the growth (1 + |a|). This will be sufficient to show that ¢(¢) of (3.2) belongs to
K,,_3G(Nd) forsome p > 0,0 <o < p/3,and ¢ € [—4, §] (see Section 3.3 below).

To facilitate the calculations, we exploit the Bargmann space representation. This
is very convenient to compute the matrix elements in the basis of excited coherent
states, due to the particular form of the Hermite functions in Bargmann space, namely
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given by holomorphic monomials. Moreover, we will see that the matrix element cor-
responding to the index (o, « 4 y) is asymptotically given by the y-Fourier coefficient
of a trigonometric polynomial (see Lemma 3.3 below) of degree 2N, which will van-
ish provided that |y| > 2N . Therefore, the infinite matrix associated with the operator
Opgzt (ﬁN) is close to be diagonal, and then the propagation by this matrix can be
easily estimated (see Section 3.3). Similar ideas have been used in [55, Theorem 4.1].

The Bargmann space #j is given by the Hilbert space of holomorphic functions
(see for instance [6-9])

2 (pa 22 dzdZ
Hy 1= Lhol((c € 2k W),

where Lﬁol((Cd, dv) defines the space of holomorphic functions with finite L2 norm
with respect to the measure 4 on C¢. The Bargmann transform Bj: L2(R%) — J,
is the unitary operator defined by the following integral operator:

1 1
BV ()= / exp[—ﬁ(zz + |x|2—2ﬁz-x)]w(x) dx.
R4

Under the Bargmann transform, the eigenfunctions of the harmonic oscillator Hj, have
a particular convenient form:

ZO{

d
@y @

Buol(z) =

where we denote ¢! := ¢*[Z,] for Zy = (i 1d, Id)*. Moreover, the Bargmann trans-
form By, intertwines anti-Wick operators with Toeplitz operators. Identifying C? with
R24 viaz = x +1i &, the following holds (see [9, Appendix] or [8, Section 5.2]):

B Opy™ (@) B, = Ti(a),
where the anti-Wick quantization of g is defined by
Opy™(a) := Opy(a o Waleg. 95,
and the Toeplitz operator Ty (a): #p — K3 is given by
Ti(a) = Mz M(a),
where M(a) defines the multiplication operator on L2(C?, e_% dz dz), and

Cofmd 22 dzdZ
Iy: L ((C ,e 2k —(2nh)d/2>_)%h

is the orthogonal projection onto the holomorphic subspace.
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Let us also define the modified anti-Wick quantization associated to a normalized
Lagrangian frame Z:

OppY, (a) := Opy(a * WalphlZ]. o2 1 Z]).

The anti-Wick quantization and the Weyl quantization are equivalent in the semi-
classical limit. Indeed, one can show (see Lemma 3.2 below) that

Opj'y (@) = Opy(a) + O(h). (3.21)

We next establish the correspondence between polynomial symbols for Weyl and
anti-Wick quantization. Let Z be a normalized Lagrangian frame, we define the coef-
ficients A [Z], for || = 0 (mod2), by

ralZ] = [ YDl 1Z1(y) dy. (3.22)
]de

Notice, in particular, that if Z = (i Id, Id)* then

o!
AOt[Z] - 4%0&2‘)'

Lemma 3.2. Let Z be a normalized Lagrangian frame and q € €2° (R24). Let N €N,
then
. (D" ualZ] Nt
Opi(@) = Oy (Y. D D) + 0N, (3.23)
m=0 |a|=2m )
where the coefficients |1y [Z] are uniquely determined in terms of (3.22) by following
identities: For everyy € Ngd with |y| =0 (mod?2),

lo]
—-1)2 ZAy_olZ 1 i =0,
3 )z{m[]y'a[lz{ iy )
= al(y —a)! 0 ify#0.
|¢|=0 (mod2)
Remark 3.3. Notice that, if Z = (i Id, Id)*, then
o!
/’La[z] = Aa[z] = 1ol /o]
47 (%)
Definition 3.1. We define
N
(=1)"h" po(Z]
o () =) ZT"‘D%]. (3.25)

m=0 |a|=2m
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Proof of Lemma 3.2. By definition, we have
pAY (q) = Opy(g * Walph1Z]. ol [ Z]).
where, by (2.13),
1 _1g4,.
Walet12], 3121] = @ ) Z1(2) = —e 707,

with G given by (2.3). Then, expanding g(w) by Taylor’s theorem near z,

q * Dy )[Z](2) = / q(w) o [Z](w — z) dw

RrR2d
1
= Z aD"‘q(z) / (w— z)"‘CD?O’O)[Z](w —z)dw
le]<N

R2d

+ / Ry (2. w)®y ) [Z](w — 2) dw
R2d
lal

h2
= ) — D) | ¥ @i 0)[ZI(y) dy

le|<N ) R2d
4 / Ru(z.z + 1)@k o [Z1(y) dy.
R2d

For the derivatives of ¢ of odd degree, we have
1 1 _ )
/ Y@l 0)[Z10) dy = — / YT dy = — /(F Tyye ™ ay =o,
RrR2d RrR2d RrR2d

where G = FFT with F real symplectic. Thus

q %y )[Z1(2) = Z Z 2 peg(a) + / Ry (2.2 + )@l ) [Z1(y) dy.
m=0 |a|=2m R2d
On the other hand,
. N (=) Ag[Z] .,
Po.0)12] * ( > X 0D ‘1)
m=1 |a|=2m :
N-—m

N - —1)mpm+m’ o A
-y Yy y S Bl persy

m=0 m’=0 |a|=2m |B|=2m’
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lo|

N
Z Bk pv (Z)Z( )2 po[Z]Ay—olZ] — 4(2),

! !
o lyImak al(y —a)!

la|= O (mod 2)
provided that condition (3.24) holds. |

The following identity allows us to compute the matrix elements of an anti-Wick
operator on the basis of Hermite functions:

o2
(ﬁﬂﬂ’ophw(a)%)m(n@d) C /Zﬁ“(z)iae_% dzdz, (3.26)
h,o,B Ca
where
d mnd 4 21 E18] 1
Chap = 7 (20) 2 (alB))z. (3.27)

Lemma 3.3. Let p(z) be a polynomial of degree N, homogeneous of degree n at
zero. For any a € Ng, y € Ng —{a}, set

Zayi = (VAQar +y1 + 1),..., VhQag + yq + 1)) € RY.

Then, for any y € €X°(R) and q(z) = x(|z|*) p(2), one has

1 12
/ 29TV q(z)z%~ 5 dz dz
Ch,a,a+y
cd
Ala, o "
= ( );) qocpf(za,y,h,O)e VTdr 4+ On (B2 (1 + |a))),
(27)

Td
as h — 0, where we denote ® (z) = ®,(t) (see (1.20)), and
1 4 Doty +2
A@.y) = —— ] F(%)
[l + )2

where T denotes the Gamma function. Moreover, if |y| > N, then

1

o2
/ 29 g(2)3% B dz = 0, (3.28)
Ch,a,a+y

cd
Remark 3.4. Notice that, for any y € Ng —{a} with |y| < 2N, |A(a, y)| < 1.
Proof. Identifying R2¢ ~ C¢ and taking polar coordinates

z = <I>fl(r,0) = (rlei”,...,rde”d), reT? r= (ri,....rg) eRi,
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we have
Iz12 d 7
o 212 - iy 2a+y;+1 L7
/z“+yq(z)z"‘e 2h dzdz = / /qo¢f(r,0)e ”’rl |rja’ Vit ek drdt.
a d Td j=1
C R+T

Since g is a polynomial of degree N, this shows (3.28). Now, we perform the follow-
ing change of variables, shifting the center to z, ,,# and zooming by 1/ (2h)1/ 2;

[20; P41
ri = ~2hs; + 1/hQu; + y; + 1), sje[— %,oo),j=l,...,d.

We aim at showing that

4 d
(2h)2 20 +y;+1 _
e — rj e

Is|2

<Cge 7, (3.29)

§|\-‘l\)

C
h,a,0+y j=1

for some constant C; > 0 depending only on the dimension . Indeed, by the inequal-
ity
Vs B)> 2 /B B\ 3
(x/is—kx/E)Be_( 2B 56_7(—) , s>—(—)2, B >0,
we have

r
2

[~

20 +yj+1 2cj+y;+1

e T (hQuj 4y + 1) T . (3.30)

<e

o

20 +yj+1 _
ri IV,

SH

Using next Stirling’s formula
n! > «/27rn”+%e_”, n>1,

the right-hand-side of (3.30) can be bounded by

_204vitl 20ty +1

e 2 (hQaj+y+ 1) 2
2 ;i 1
S e_%(h2a1+yj+l(2aj + Vi +11)!)é.
V2w Qo + y; 4+ 1)2

NN

e

Recall, from (3.27), that

Chaaty = 74T g0 + )13
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Then, using the following standard property of the Gamma function:

F(2x) < x20(x)2% 1 <x20(x — )T (x + )22, 0<y<x, (330
where the notation < means inequality modulo multiplication by a universal constant,
with

v 205 +y; + 2 _ Y
B 2 T2
we conclude (3.29).

On the other hand, denoting
. H d d
q(r, 1) :=qo @7 (r,0), (r,7) e R xTE,
and, using Taylor’s theorem,

qo CDfI (Za,y,n + V215, 0)

1
=gqo be(za,%h, 0) + V2hs - / 0rq(2q,y,n +1V2hs,7) dt.
0

Since p is a polynomial of degree N, forevery r € R, the Fourier coefficients q@,y)
given by

aCry) = / (. 1) dr

Td

(2m)4
vanish for |y| > N + 1. Moreover, using that y has compact support, we obtain that

SUp 10,4 (Zq.p + 1 V205, )] < Cyh"T (1 + |a)(1 + [s[?).
ly|<N

Finally, since

2

o0
/ﬂ“ﬁw“e—ﬁi dr; = %r(za,- +y +2)(2h)w
0

’

2
we obtain
o 22 _ Aa,y) H iy
2%V g(2)z% 2R dz dZ — o ® (zgy1, 00 VT dr
Ch,oc,oc-i—y/ 1 ) (zn)d 1 Fer
cd Td
n Is|2 n
< Cwnt 1 +lal) [ 110 +1sP)eF ds = Oy (1 + [a)). .

R4



V. Arnaiz 782
Proof of Proposition 3.2. By (3.25), we have

UZ,N(X(|F 1(Z_Zt)|2)P1v)(l‘ z)
N N—j

= > Wy D(F Nz = 2) P Pim(t. 2 — 20)

j=0m=0
N N-—j

=Y D WGtz = 20),

Jj=0m=0

where P; (%, ) is a polynomial of degree N —m + j and homogeneous of degree
3 —m 4+ j. We have, by Egorov’s theorem for metaplectic operators, that

Qjm * Walol1Z:), ot Z(Fi2) = f Qi (t, Frz — w)Wilol[Z,]. 21 Z:]](w) dw

de

- [ G (1. Foz — Frw)Walolh of1(w) dw
de

= (¢jm © Fr) * Walol, 021(2).

Thus, using Egorov’s theorem for metaplectic operators one more time yields

(Opy, Z,(CIJ m(t,z — Zt))§02+y[zt’Zt]’fﬂg[zt’zt])LZ(Rd)
= (Opy(@jum(t. 2 — z0) * Walob1Z). ol [Z DT [z:lol ) 1Z0). Tz 0k 20) 12 mery
= (Opy(qy.m * Wlol[Z:) ot 1Z:Deh 1, [Z4). 021 Z) Lo ey
= (O3 (q.m * Walel [Z:). 041 Z: D0l 1 | Z4). 91 Z4)) 12 ey
= (Op;((gjm © Fr) * Whlol. ol Dol . 08 12 ra)
= (OpyY (qjm © F)ol 1, 08) 12®ay-

Moreover, using the Bargmann transform,
<Op§W(Qj,m © Ft)§02+y ) (ﬂz )LZ(Rd)

1 o2
/Za+y(Qj,m ° Ft)(Z)E"‘e_% dz d:z.
cd

Ch,oc,oc-‘,—y

Applying Lemma 3.3 to ¢(z) = q;m(t, F;z), (3.19) holds. [
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3.3. Propagation result

In this section we study the problem
(i1 + Ops(P2) + 0Py, (PN)ea(t,x) = 0, ¢4(0.x) = ¢f[Zo. 20](x). (3.32)
with the ansatz (3.2). The vector of coefficients ¢ () = (cq(f)) obeys the equation
: LY
éalt) = (60 + T)cm(z) + ) kap e ) + Y pay(t. ey (1), (3.33)
|B—a|<2 ly—a|<2N

The matrix elements k4g () correspond to the quadratic part P, and have been estim-
ated in Proposition 3.1, while the matrix elements ftqy (#) come from the remainder
term Opgzt (Pn):

Moy (1) := ih‘l(Op%,(fN)wﬁﬂ[ZnZz],wﬁ[Zz,zt])LZ(Rd)’

and have been estimated in Proposition 3.2. In this section, we prove the following
propagation result:

Proposition 3.3. Let p > 0. Let 0 < o < p/3. Then, given o = (1,0,...) € Zp(Nd),
there exists § = 8(p,0) > 0 and a unique solution

on(1.x) =Y ca(t, W)@k Z1,2)(x), 1 €[-5.6], (3.34)

aeN4
t0 (3.32). Moreover, ¢(t) = (cq(t,h)) € €([—6,8], Lp—36(N?)), and
colt) = e 7 (1 + O(Vh)), (3.35)
iA;
ca(t) = e 7 T O(Vhexp(=(p—30)[a])). @ #0, (3.36)
uniformly int € [-6, §].

Proof. We rewrite equation (3.33) as

d . - - ~
EC(t) = (A1) + B(1)c().  c(0) = co.

where

_ . iA
AOED) = (0 + =)+ Y KapOcp®). (3D
|B—al<2

(BOEW)a =Y _ Hay(1)ey(0). (3.38)

ly—a|<2N
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By Proposition 3.1,

lkap(D)] < Cla|,  Ja—Bl <2, || <|Bl, (3.39)
Keo(t) =0, a € NJ, (3.40)

fort € [-4, 6], with § > 0 small and fixed. Moreover, by Proposition 3.2,

lap ()| < Cn(1 + |af), |o—B| <2N,
lao(t)] < CyAY2, | < 2N,

fort € [-§, 8]. Moreover, the operators given by the matrix elements K () = (kqg())
and B(t) = (uqp(?)) belong to €([-4, 8], D,). Indeed, by Corollary 3.1, K(t) €
€([—38,6], Dp). Similarly, by (3.41), we have

1(hag el = Y | 3 nap(t)eg|e®™

aeNd  |a—B|<2

<> D nap()eple®

weNd |u—Bl=2N
< Co(N) Y 2N + [BDlegleIP

BeNd
< Cp(N)supre " Z |c,3|e’°‘ﬂ|
r>0 ﬂeNd
Co(N)
< —L=—¢ll,-

- eo
Then, by Proposition A.1, (A.8), and (3.40), we have

t
- 2SS Ap =
cit)y=e ht+gtco+e 3 +9’/V(t,r)£(r)codr,
0

where V (¢, r) is the propagator corresponding to J(¢) + B(t). Finally, using (3.41)
and Lemma A.1, we obtain the claim. [

4. Construction of quasimodes

This section is devoted to prove Theorems 1.1 and 1.2.
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4.1. Proof of Theorem 1.1

Let N > 1 be fixed. Let y € €2°(R) be a bump function with support contained in
(—1, 3) and equal to one on (—%, 2). Let us define

ﬂ if By, > h2/3,
L, — h2/37/0
B o= “4.1)

1 if0 < By < h?/3,
and set y5(¢) := x(t/ h'/>Ly). We define our candidate ¥ to be a quasimode for P
by

— I (g +i Cy(N)|IVV(z
Vn(x) = 9;1/2/)(11(1)6’ nnt P s (t, x) dt, ©Op = %\/E(OH’

R

where C; (N ) > 0 is a normalizing constant to be estimated later, oy = V(2¢), @3 (2, x)
is the solution to (3.32) given by (3.34), and we take # < #g so that 34'/3L;, < §,
where § = §(p,0) > 0 is given by Proposition 3.3. We will take p, o > 0 along the
proof so that p — 30 > 0 is sufficiently large.

Our first goal is to prove the following proposition:

Proposition 4.1. Let a € €2 (R??). Then

/ a(2)WalVm. ¥u)(2) dz = I - (a(zo) + O(h'/®)),
R2d
where

2 3
Prs _ M) ds. 4.2)

i 1/3 2 <P#S
I i= Cr OB [ 16/ L2 exp( 5~ 22
R
and the constant yy is given by

Yo = (QVV(20), 8% A(20)2VV(20)).
which is positive by hypothesis (1.17).

The idea of the proof is to give a stationary-phase argument near the diagonal
t ~ t’, together with a Taylor expansion in # near 0 inside the oscillatory integral.

Proof. By definition, the Wigner distribution W[y, Y] is given by
Wil¥m. ¥al(2)

=05y f Sap (0. 1) COWGh[Z1, 2], @fl Zor, 201)(2) di dY,
a,feNY po
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where we denote
sas(t.1") = xa () xa(t)ea)ep (1),

and the oscillatory phase ¢y (¢, ') is given by
i 1 i — -
Pn(t.t') = %(f — Ny, + %(f +t)Bn + %(At —Av)+o:+or. (4.3)

We aim at showing that this oscillatory integral is small away from the diagonal
t ~ t'. First, by a simple computation using the definition of Wigner distribution (see
Definition 2.5) and the definition of the Heisenberg—Weyl translation operator (see
Definition 2.3), we see that

Wh[ﬁ”z[zt’zt]’ﬁf’Z[zthZt’]](Z)
exp(—zl—ha(z,,Zﬂ) - %O(Z’Zt - z,/))Wh[goZ[Zt],(pz[Zﬂ]](Z —z(t,1)),

where 1
Z([,[,) = E(Zt + Zt/)

and o (-, -) is the standard symplectic product:
0(z,z)y=2z-Q7, z,7 € R24

In particular, we recall, by (2.13), that

1 ’ —+ Nz-z
W12 4120 I) = ¥l g 21(2) = i detRe Gir. ) V46 hOC0=2,

where

1 P 1z Lz
G=—PaQ", z:mmq=6)=(2i 2’)
2i o) " \_ez, az.

Using Proposition 2.2 and testing the Wigner distribution against a € €° (R24), we
then have

[ Wiz 20 gjize 2 @) a:

R2d
/ i i 5 ,
= exp(ﬁa(z,, Zy) — £0(z, Zy — th))QD(a’ﬂ) [Z](z)a(z +z(t,t")) dz
R2d
= / exp(zl—ha(z,, Zy) — ﬁo(z, zZ; — zt/))ééa’ﬂ) [Z](z)a(\/ﬁz +z(t,t)) dz.

R2d
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This implies, for the Wigner distribution W[5, ¥3], that

/ a(z) Wy Y. ¥1](z2) dz

R2d

=on [ elyrrens)
a,ﬂENdRz

x / ATl by (a(Vhz +2(1.1) dz dr dt'.
R2d
To study this oscillatory integral, we first look at the integral in z. We have, by Taylor’s
theorem,
/ eﬁz-Q(Zt—Zt/)(D(lahB) [Z](Z)a(\/f_lz + Z(t, t/)) dZ
R2d
= | eIl (Z)(2) (a(@(t.1) + VR4 (2)) dz
R2d

= Q t T 4t Q t T 4t
= (a0, )l ) (ED) + VATI0], IR (T,

where ¥ denotes the Fourier transform on R2¢ and R, is the Taylor remainder,
1
Ry(z) =z~ / Va(z(t,t') + sv/'hz) ds. 4.4)

0

In order to study the integral in (¢, ) € R?, which is localized by the bump func-
tion yz, we expand by Taylor in #’ near ¢, so that

zp =z, + (t' =)z + O(Jt —t']?),
Ay =AM+ A —0)A; + Ot —1')?).

We then obtain the following expressions for the terms appearing in the phase ¢ (7,1’):

l—a(z,,z,) =0

2h

Lcr(z Z)—i~—pt.qt_pt.qt

2n YT L ’

i ~ . _ 2 i n(Pt 4t — Dt qr

£(A,—Aﬂ) = —£/ImP(zs) ds + £(t—t)(f —{—P(z,))
0

1
—0(t —t'|?).
+h (I )
0r +0r = O(Jt —1']).
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Plugging this in the definition of ¢ (z,1’) yields

hon(t,t')y = —i(t —tay + (t +1')Bs,

—2/Im P(zg)ds +i(t —t)P(z;) + Ot —t')?).
0

In addition, making the change r = % we get

hon(t,t + Vhr) =ivara, + 2t + Vhr) By,

—Z/ImP(zs) ds —iNhr P(z;) + O(h2r?).
0

We next expand by Taylor in ¢ near t = 0, and use that

Z'o = QRGVP(Z()),
%0 = [QRe 3> P(20)]Q Re V P(z0) + [Im 8> P(z0)]2 Re V P(zp).

to obtain, modulo terms of order 0(t3),

Re P(z;) = Re P(z¢) 4+ tZo - VRe P(zo)
t2
+ ?(Z() -Re VP(Z()) + Z.o -Re 82P(20)Z.0)

2
— Re P(z0) + %Re VP(zo) - [Im 9P (20)]2 Re V P(2),

Im P(z;) = Im P(z¢) + tzo - VIm P(z9)
l‘2
+ 5(20 -Im VP(20) + 2o - Im 3% P(z9)Z0)

p)
= EQ Re VP(zq) - Imd*P(z9)Q Re V P(zp).

788

Therefore, making the change ¢ = #'/3s, and taking o, = Re P(z9) = V(20), we

obtain
¢n(h'Ps. h' Bs + 1'2r) = gy(s) + O(h'/0rs?),
where 5
Bat) = 2 100,

and the constant yo = yo(V, A4, zp) is given by

Yo = (2Re VP (z9), Imd?> P(z9)Q2 Re VP(zp))
= (QVV(20). 3 A(20) RV V(20)).
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which is positive due to condition (1.17). Thus, denoting Z = Z(t,t') and Zo =
Z(0,0), we obtain

Cr(N)IVV(z0)l
756
'/gzﬁ(t,t/)eq&h(t’t/)/‘ e_ﬁZ‘Q(ZZ_Zﬂ)(D(Ia,'B)[Z](Z)a(\/f_lz+Z(t,t/)) dZ dt/ dt
R2 R2d

Ch(N)IV\/V_(zo)Ihlm /gf}ﬂ (o,O)e‘z”'(s)
T

R

) ( / a(zo)&)(la’ﬂ)[zo](rﬂz'o) dr + Rap (h)) ds
R

Ch(N)IV\/V_(zo)Ihlm /gf}ﬂ (o,O)e‘z”'(s)
T

R

. ( / a(20) Py 5)[Z0)(rVV(20)) dr + Rap (h)) ds,
R

where the remainder term Ry () satisfies, for v = VV(zo) + O(h!/3),

[Rap (W) < CHY®  sup  a(e(t,1))] / 132 4[Z](rv)ldr

|z],lt"1<3h1/3 Ly,

R
Lol sup / |04, 4y [ZIRa](rv)| dr,
lel.Je'| <3813 Ly, 2

where R, is given by (4.4). On the one hand, using Lemma 2.4 for the lifted Hagedorn
wave-packet CD%a 8| Z], we have

sup la(z(t,t))] / |&>é’ﬂ [Z](rv)| dr < ”a”Loo(KO)C‘(ﬂ'H.Bh
l¢],1e|<3R1/3 Ly R

where Ko C R24 is a fixed compact set containing zo. Moreover, using that

2d

F @y g [ZIRal = Y i, F[®L, 5)[Z]] * Fr]]. (4.5)
j=1

where the remainder term 7/ is given by

1
ri(z) = / 3z,a(t.t') + sv/hz) ds,
0
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we have, using Lemma 2.4 and Remark 2.1 for the lifted Hagedorn wave-packet
<I>(1a plZ] with v = VV(zo) + O(h'/?), and Young’s convolution inequality:

|z],le"|1<h1/3

sup / |7 [P p)[Z]Ra] (rv)| dr
R

1Tl swp [ 100, 10 5 EC0)] dr
\tl,lt/\53hl/3LhR

< |F (Va)| g1 g2a)C ¥ F 1AL

This implies, using Proposition 3.3, that we can sum in (a, ) € N2¢, that is,

D IRap®] < CO YT sup  (lea(d)lep ()|
(@.B)eN24 (@.p)en2d LItI=3k1/3Ly,
= 0(:'/°),

provided that (cg(?))e € £p—30(N?) for p — 30 > 0 sufficiently large, and # < hq for
ho sufficiently small. Finally, since

% )
|7\/(;0)| / &) ) [Zol(rVV(z0))dr = 1,
R

the claim of the proposition holds. ]

Proposition 4.2. Assume that Cy(N) > 0 is chosen so that Iy = 1 for By satisfy-
ing (1.9). Then there exists a constant co = co(Yo) > 0 such that, for every N > 0,
Cy (N) satisfies the following estimate, for h < hg(N, yo) sufficiently small:

3/2
coby ) (4.6)

h

Proof. Let us denote by, := Bzh~2/3. Assume first that by > 1. Then the function
exp(2sby, — =2) reaches its maximum (for s > 0) at Ly, given by (4.1). Moreover,

Ci(N) < coh™V3(1 + Bpi—2/?) exp(—

exp(2sb;, - S%) > exp(4[;—hs), for 0<s <Ly @.7)
Then there exists ¢co = ¢o(yo) > 0 such that
P Ly ) X by Ly, ,
/X(S/Lh)z exp(2sbh - T) ds > /eﬁb"s ds = b / e3%ds
R 0 0
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Otherwise, if 0 < Bz < h2/3 there exists co > 0 such that

25Bn 30
2
/X(S/Lh) exp(hz/3 — ?) ds > co > 0.
R

Then, using (4.2), the claim holds true.

791

Proof of Theorem 1.1. Let By satisfy (1.9) and C(N) such that Iz = 1, then by Pro-

positions 4.1 and 4.2,
WilWn, Y] = 8z

This shows (1.18). Moreover, taking a = 1, we observe that the sequence () is

asymptotically normalized in L?(R¢).
It remains to show that the sequence (1) defines a quasimode of width

O (1" exp(—B;'? Coh))
for ﬁh, that is,
Puyn = (i + iBn) ¥ + O3 exp(—B;/%/ Coh)).

To this aim, observe that, by the decomposition

P(z) = Pa(t,2) + x(IF7 ' (2 = 20)P) P (t.2) + (1= 0) Py (1,2) + Ry (2, 2),

and, by Lemma 3.2,

~ _ it : ~
Py, =0, f xn(t)e™ % CHFB (Op, (Py) 4+ OpyYy, (Pn))ea(t. x) dt
R

+0,” f xn()e” FE@TIB) Op (1 — x) Py (1, 2) + Ry (t, 2)gn(t, x) dt

R
+ OBV T,

Using that ¢ (¢, x) solves equation (3.32) and integration by parts in # yields

(Ph — M)

= ih0,/? / 2 (e m@TiB) o (1 1) dr
R

+0,"” / xn()e” FCRHB Op. (1 — ) Py (t,2) + R (¢, 2))gn (1, X) dt

R
+ omN T,



V. Arnaiz 792

To estimate the second term of the right-hand side by O(AY*1), we repeat the argu-
ment to estimate the Wigner distribution with (1 — y) Py (¢,z) + Ry (¢, z) replacing a.
Notice that the hypothesis V, 4 € S*¥(R24) is necessary to bound the term (4.5) with
Ry or (1 — y) Py instead of a, considering a higher order Taylor expansion near
z(t,t") and a higher order Taylor remainder replacing (4.4), and using Lemma 2.4 and
Remark 2.1.

Finally, to estimate the rest of the remainder term, we repeat the argument above
with y} (¢) instead of x4 (?), to obtain

((Ph — An) VU, Vh)12(Rd)

_ —ih?(N) f K /L x(s/Ly)e ) ds(1 + 0('/%)) + 0™,
A

We get

hCu(N) [ 2 :
P [ xormeren(ps -0 ds

3
hCy(N) / 2B 5’y
< ex ( — —) ds
Ly h2/3 3
—Ly<s<—Ly/2
hCy(N) 2sBn  s3co
T / eXp(hz/a B ) ds
3L3/2<s<2Lj
/2
,33
< cah2/3 (_ h )
= Co exXp C()h
for some Cy = Cy(yp) > 0, wl;ere the last inequality holds due to (4.6) and the fact
that the function exp( i;ﬁ’g — 232), assuming f; > #2/3 reaches its minimum for

s < 0 at —Ly, and satisfies

/2
2584 5°y0 11v28;
/ exp(hz/3 - T) ds = eXp(_Tm> / as,

—Ly<s<—Ly/2 —Lp<s<—L3/2

while it reaches its maximum for s > 0 at Lj, and satisfies

25B,  s3co 7\/5,32/2
/ exp(h2/3 — T) ds < exp(—W) / ds.

2Ly <s<3Ly 3L3/2<s<2Lj

Then the claim holds. n
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Remark 4.1. If we mimic our proof assuming the point zo € R2¢ satisfies the Hor-
mander bracket condition yo = {V, A}(z¢) < 0, then the strategy works the same. It
appears the phase function

Xp ( ilsl/?;t 5227/0 )

replacing ¢y (s), which has exponential decay in both tails, so that Bz = 0 is enough
to obtain normalization. This gives an alternative proof for [22, Theorem 1.2].

4.2. Proof of Theorem 1.2

All along this section we use the notations of Appendix B. The idea of the proof
of Theorem 1.2 is very similar to the one for Theorem 1.1, but, roughly speaking,
in this case we consider the propagation of a wave-packet gog[Zo, Zo] by both the
quantum flow of the harmonic oscillator Hj, and the non-selfadjoint flow generated
by Op;(V +iA4).

We now sketch the lines of the proof of Theorem 1.2. First of all, it is necessary to
conjugate the operator &4 into its normal form so that the perturbation commutes with
ﬁh up to order N. To do this, it is necessary to use the Diophantine property (1.23)
of w. Let us consider the Fourier integral operator ¥ 5 given by Proposition B.1 of
Appendix B, which conjugates the operator !/3;1 into its normal form:

Pl = Fnp(ly + 0V + ihA) Fyh = By +hOpy(Ip,) + Rype  (4.8)

where P, =V +iA + OSO(de)(h), and ”R\N,hHI(LZ) = OHNT.

Using the notations of the Appendix B.1 and (B.3), we have the following expres-
sion for the average of P by the flow ¢>tH :

Ip,(2) = / Py 0 ® ()t (d ).
Te

Considering next the flow z, given by Lemma 3.1 with Ip, replacing V + iA, we
expand Ip, by Taylor near z;:

IP;,(Z) = PZ(t’Z) + PN(I7Z) + RN(t’Z)v

where P is the quadratic approximation of Ip, near the orbit z;, Py is the rest
of the Taylor polynomial up to order N, and Ry is the Taylor remainder, similar
to (3.7), (3.8), and (3.9). We define also

Pyn(t.2) = oy (x(IF7 (2 = z()|P) Py)(t. 2),
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where F; is the symplectic matrix associated with Z,, and the Lagrangian frame Z;
satisfies
Z: = S8:ZoN:, Zo = (i1d,1d)",

where N; is given by (3.6) and S; satisfies the linearized equation
Sy =—Q*Ip, (z(1))S;, So =1Idpy .
We next consider the evolution problem
(ihd; + Opy(P2) + OpyYy (Pw)en(t.x) =0, 4(0.x) = ¢f[Zo. 20](x). (4.9)
and we write the solution as

on(t.x) = Up(D0f[Zo.20)(x) = > ca)pl[Z,. 2/] (x),

aeN9

where Uy () denotes the propagator of (4.9).

The next point in the proofis to propagate ¢y (¢, x) also by the flow of the harmonic
oscillator. More precisely, we consider the propagation on the minimal invariant torus
Tw(z¢) issued from the point z; by ¢ 7. To this aim, let us define the moment map:

Opy(Mp) := (Opy(H1), ..., Op;(Hyg)).

Forany 7 € Ty, := my»(Ty) C T4, where Ty, is defined by (B.5) and m,, by (1.22),
we consider the propagated states

ontr.t.x) = exp( M) S izl @a0)
aeNd
=Y ca(T. DL Z(x.1). 2(.)](x). (4.11)

aeN9

where z(z,1) := ®,()(7), the normalized Lagrangian frame Z(z, ) obeys the differ-
ential equation

0, Z(v,t) = —QO?Hj(z) Z(v,1),  Z(0.1)=Z;, T=(t1.....ta) €R?, (4.12)

and 4
ity
ca(T,t) =€ "2 cu(t).

Let us fix the constant ®; given by

_ G(N) et Z,

O S/6 gt G20 = [De,i2(T, )| (2,0)=00,0)] [Pt 2 (T, 1) | (z,6)=(0,0)
T

’

]T
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where D, ;z(z,t) denotes the differential with respect to (z,7) € T4, x R, and the
constant Cy,(N) is chosen as in the proof of Theorem 1.1. Precisely, denoting 5 :=

(720) % > WE SEL

Ya(x) := ©1/2 / / an(O)en T EneT it entiB) g (1 ) dt pZ0(dT),  (4.13)
R

Tayg

where x7(¢) € €°(R) is defined as in the proof of Theorem 1.1. Moreover, we take
oy = Iy (zo) and By as in the proof of Theorem 1.1. In addition, we choose the vector
E} as

1 1
E; = h(Nl(h) + 5,---’Nd(h) + 5)*

with vector of integers (N1 (%),...,Ng(h)) € Ng taken so that £, = Mg (z9) + O(h).
This can be done due to the explicit structure of the spectrum (1.3) of ﬁh, see [3,
Lemma 1]. We will show that v, is a quasimode of width O (#%/3 exp(—ﬂz/z/Coh))
for !/3; . Finally, our quasimode W;: for £ will be defined by

—1
o=
17y ¥l L2ga)

(4.14)

Proposition 4.3. The Wigner measure Wy [Yr3] satisfies, for any a € €° (R24),

/ a(2) Wyl (2) dz = / @0 ®2y () jio(d) + OH').

R2d Tew
Proof. By Egorov’s theorem, and since [ﬁh, Op;,(Ip,)] = 0, we have that @3 (7,17, x)
given by (4.10) satisfies

iT Oph(MH)

n )903[20’20]@),

on(x.1,%) = Un(z.1) exp(
where Uy (7, ) denotes the propagator of the evolution equation
(ihd; + Opy(Pa2(t.1,2)) + OppYy (. 1y (PN (7.1, 2)))gn(t. x) = 0,

where P(t,t,z) denotes the quadratic approximation of Ip, at z(t,t) and, let
Py (z,t, z) be the rest of the Taylor polynomial up to order N at z(z, t), the sym-
bol Py (t,t,z) is given by

Py(e.1.2) = o ((F @)™ @ — 2(r. )P Pa)(x.1.2).

Notice in particular that, by (4.12), the symplectic matrix F(z,) corresponding to the
Lagrangian frame Z(t, t) satisfies that F(z,#)"'F(z,t)"T = F;'F,T.
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We define also the centered-at-zero function

op(T,1,x) 1= an(‘[, I)QDZ[Z(‘L', H](x). (4.15)

aeN9

With these assumptions, the computation of the Wigner distribution
(Ops (@) V. Yn)2way = [ Walvn. ¥ul(2)a(2) dz
R2d

is carried out by analogous arguments as those of the proof of Theorem 1.1 and [3,
Lemmas 6.1 and 7.1], provided that [H}, Op;, (I p,)] = 0.
Denoting t = (z,¢) and dt = dt ® u’l(dt) for shortness, we have

/ Walvn. ) (2)a(z) dz

R2d
:®h///)(h(t))(h(z’)e—%(t—t/)'(Eh,ah)e“OZ'(r+t/)
T, B> R4 - Walen(t), pp(t)]a(z)dzdtdt'.

Using the definition of Wigner function and (4.15), we compute

/ Walvn. v (2)a(z) dz

RrR2d

T ’
— @y / L (O (1)ePA )

T2 xR2
do

./e‘ﬁz"“z“)‘z“ Dwit, ¢'](2)a(t, v 2) dz dt dt’,

R2d
where a(t,t’,z) := a(x/%z + z(t, t)),

WIt. t'](2) := Wilgg (1), 95 ()] (2),
and the phase function ¢;[ (t,t’) is given by

T ’ ,_i Y l ’ l_ A, l_ ’
BIEE) = 2=+ (1 + O+ (A= o) + -0 (2(0, 2(t)
+ ot + ov,
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where, denoting z(z,¢) = (q(z,t), p(z,t)),

t
A¢ = _/(8Sp(‘[,s) -q(‘[,s) - as‘I(T,S) -P(T,S) B IPh(Z(Tys))> ds,

2
0
t
ir] 1 -1 2
ot = - "2 tr(G™ (7,5) Imd“Ip, (z(1,5)))ds, t=(z,1).

0

The Wigner distribution W[4, Y] has stationary phase on the diagonal t = t’
and is highly oscillatory away from it. On the one hand, the integral in (¢,¢') € R?
is computed following the proof of Theorem 1.1. At the same time, the integral in
(r.7)) € Tjo also has stationary-phase on the diagonal t = 7’ (see [3, Lemma 1]).
Notice, in particular, that near the diagonal |t —t'| < ¢,

S0, 2() = (7'~ 1) My ()

deq(z.1) - p(r.1) — 3, p(z.5) - q(.1)

+ (' —1) 3

plus lower order terms of size O (|t — t’|?). Notice also that
(t' = 1) - (Ey — Mu(20)) = O(hlt —7'])

due to the choice of the eigenvector sequence Ej. The rest of the computation in the
region |t — t’| < ¢ can be carried out following the proof of Theorem 1.1 with these
small modifications coming from the quantum flow of the harmonic oscillator.

On the other hand, observe that [t — 7| > € = |z(t,7) —z(7',t')| = Ce. There-
fore,

z(t) — z(t)

Oy, / / )(h(t’)e‘t’;(t’t/)?[W[t,t’]a]( 7

|t—1'|>e R2

)df' dt di' = O(hM),

for every N > 1, where ¥ denotes the Fourier transform in the variable z.
Using finally that

det$g A~
Vo2 [ #lplZol D Oln 0dt = 1,
Rd0+1
we obtain that

[ Wiml@ae) dz = [ a0 @@t + 010).

R2d To
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where
Yo = (X1, (20), 3 14(20) X1, (20))

is positive due to condition (1.24). [ ]

Proof of Theorem 1.2. Let )L;: = w - Ey + h(ay + iB3), notice that

Hypn(t,1,x) = 0 - Op(Mp) s (t, 1, x)

=ihow - a‘[(ph(‘[’ t,X),

and then, by integration by parts in 7 and the definition (4.13) of ¥r3, we observe that
Y is an eigenfunction for Flh with sequence of eigenvalues given by w - Ej which,
by definition, converges to one as # — 0. Moreover, since Opy, (I p, ) commutes with
ﬁh, we have that

Opy (Lp)en(t.1)

i T - Opy (M
= exp("2HED) o, (17,) Y a6 Z1, 2 0)

aeN4

7.0 M ~
= exp(%)@ph(m +0pY, (Pv) Y. calO)9l1Z1,2(1)]

aeN4

+ 0(hN+1)

7 -0p; (M
:ihexp(in Py (Mr)

)0 ) caldghlZe 2 (0] + 0N,

aeN4

Thus, integrating by parts in ¢ as in the end of the proof of Theorem 1.1 and repeating
the stationary phase argument we get

(@] = AD)vn va) o @ey

= lhcfi(m / 2 (/L) x(s/L)e®® ds(1 + O1Y%)) + OHN 1)
h

,33/2
_ 0(h2/3 exp( - %.h))JFO(hN“).

This shows that the sequence (3, A;) defines a quasimode for ﬁ;:r of the desired
width. Finally, by (4.14) and (B.14), we have that

/ aOWaly 1) dz = / 40 By (Dpta(d) + o(1).

R2d Tw
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Moreover, by (4.8),

3/2
D, _ T = 2/3 _ﬂh N+1
(P — D] O(h exp( o )) + omNTY,
This concludes the proof. n

A. Evolution equations
In this appendix, we give an abstract propagation result on weighted Banach spaces
of sequences.

Definition A.1. For any p > 0, we define the weighted Banach space of sequences
12 ,,(Nd ) as

p(N) := (€ = (ca)gena: [€llp i= ) Icalexp(plal) < +o00}.

aeNd

Let us define the following class of bounded operators #4: £ p(Nd )= Lpo (N9),
forevery p > O and every 0 < o < p,

Definition A.2. Let p > 0. We define the space D, of operators +4 satisfying:

1. forevery 0 < o < p, oA: E,,(Nd) — Zp_g(Nd) is continuous;

2. there exists C, > 0 such that, for every 0 < o < p, and every ¢ € K,,(Nd ),

B} C,. .
[ AClp—o < ﬁncup. (A.1)

We denote by ||| p, the infimum of the constants C, satisfying (A.1).
Example A.1. Let us consider an operator #: K,,(Nd ) = Lo (N4) such that
|(AC)e| < |||ce| forallw € N¥.

Then A € D, for every p > 0 and ||| p, = 1.

We also define, for any #y > 0, the Banach space
Bp,o (o) := €([~to, 10]*, L(Lp(N¥); £)—s (N9)).

Lemma A.1. Let p > 0, to > 0 and t — A(t) € €([—to,t0]: Dp). Then, for any 0 <
0 < p, there exists 0 < t; < toand U € B, ;(t1) such that, for every —t1 < s,t <1y,

%U(t,s):A(t)U(t,s), %U(r,s):—U(t,s)A(s), U(0,0) = 1d.
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Proof. We use the Picard iteration method. Take 0 < #; < f¢ to be chosen later, and
define the map
S: Bp—%,% (t1) = By (t1)

by

SU(t,s) = Id—l—/a“o(f)U(f,s)dr.

Given U,V € Bp_%,%(tl), we have

2ty
ISU =SV, @) < ;”A””U - V”’Bp_%v%(n)’

where we denote | - || = || - [le((~z,10],D,) for simplicity. Iterating this procedure, the
operator S” can be viewed as a map

Sn:‘Bp_nn-f(—yl’nL—H(tl) — ‘Bp,g([l),

and, forany U, V € Bp—n"fl . = (t1),

(n+ D" 1] Al \7
n _ n < —
IS"U = S"V 3,000 < o () U = Vs, e o

Using Stirling’s formula n” /(e"~'n!) < 1, we see that there exists #; > 0 small enough
and a constant € < 1 such that

(n + 1)"(t1||e>4>||)" - (tlllfoll)" o

n! eo o
Therefore, the sequence given by U,, = S” Id satisfies
1Un+1 = Unlls, o) = I1S"S1d=S"1d |5, , )
< 8" 1d—1d s,

_aEDIA|
J— ea 9

no_ _a_(t1)
n+1°n+1

and, similarly,

m
1Untm = Unll3,06) < D NUntj = Untj1llB,000)
j=1

€| A . .
< Jj—1
p ]EIE n+j)

5e”||a4>||( 1 n n )

eo \(1—¢€)?2 1-—¢
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Thus, (Uy,) is a Cauchy sequence in B, 5 (1), and then there exists a limit operator
U =lim, U, € B, ;(t1). Moreover, one can show by similar arguments, that U is the
unique solution to the integral equation

t
U(t,s) = Id+/a4>(r)U(r, s)dr. (A.2)

In particular, U(0, 0) = Id. Deriving (A.2) with respect to ¢ we obtain
d
gU(t,s) = A(1)U(t,s).

Moreover, deriving (A.2) with respect to s, we have

t

ad 0
&U(t,s) = —A(s) + / c/%(r)gU(f,s) dr. (A.3)

N

But notice, composing both sides of (A.2) with —A(s) by the right, that (A.3) is also
satisfied by —U(t, s)#(s). Since the solution to the integral equation (A.2) is unique,
we obtain that %U(r, s) = =U(t, s)A(s), as we wanted. [

We next use Duhamel’s principle to obtain the solution for the inhomogeneous
problem. Let us consider the evolution problem

d . - - -
;¢ =AM + f(1). €(0) = co.

where we assume that ¢y € Zp(Nd) and f € €([—to.t0]. Lp—20 (N4)) for some fo > 0
and some 0 < 0 < p/3. Then, applying Lemma A.1, we see that there exist 0 < #; <1y
and a solution &(t) € €([—t1, 1], £p—30(N?)) such that

t

a(t) = U(t,0)3 + / Ut,r) f(r) dr. (A4)

0
This can be used to compare the solutions between two evolution problems.

Proposition A.1. Let p > 0 and ii = (ug) € Lp(N?). Let A, B € €([~t9,10],D,) for
some ty > 0. Consider the evolution problems

%ﬁ(r) = A()ii(1), i(0) = u, (A.5)

%6(:) = (A@) + B()T@), (0) = ii. (A.6)
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Then there exist 0 < 0 < p/3 and 0 < t; < ty such that
W(t) = o(t) — 5(t) € €([~t1, 1], Lp—35(ND))

satisfies

- I -
sup  [[w(®)[p-30 =< EIIVIIBp_z(,,(,(tl)IIiBIIIIUIIBD,U(n)IIuIIp- (A7)

te[—t1,t1]

Proof. By Lemma A.1, there exist 0 < 0 < p/3, a small time #; > 0, and propagators
U(t, s) and V (¢, s) to the evolution problems (A.5) and (A.6) respectively such that

Ve Bp—Za,o(t1)7 U e Bp,o(tl)-

Then, using (A.4) for the evolution problem corresponding to the difference w(¢) =
(1) —u(r),
d . - - .
7; 00 = (AQ@) + BO)w(t) + BOu). w(0) =0,
we obtain, taking f(¢) = B(¢)u(r) as inhomogeneous term, that
i (t) € €([~t1,11], £p-30(N9))

satisfies
t

w(t) = / Ve, Br)Ur,0)udr, (A.8)
0
and then (A.7) holds. ]

B. Averaging method for non-selfadjoint perturbations of the
harmonic oscillator

In this appendix, we recall some well-established results describing some important
features of the quantum and classic harmonic oscillator. Moreover, we give a brief
proof of the construction of a quantum Birkhoff normal form for the perturbed har-
monic oscillator

f/:’\h = ﬁh + hf}h + l'h//l\h.

The presentation is based on the previous works [3,4].
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B.1. Classical averages and cohomological equations
Given any function a € € (R2?), we define its average I, along the flow ¢H as
T T
I.(2) = Tli_r)noo %/a opH(z)dt = Thinoo%/a o ®,(tw)dt, zeR?*. (B.1)
0 0

This limit is well defined; in fact it holds in the €% (R24) topology. To see this, write
a € €°(R2%) as a Fourier series as follows. First define

ar(z) := / ao®,(v)e *7dr. (B.2)
Td

Since, given any z € IRZd, the function a o ®, is smooth on T4 it follows that is
Fourier coefficients aj decay faster than |k|~" in any compact set. In particular,

=Y a

kezd

and notice that ay o ®,(t) = ag(z)e!**. Hence, the average I, is given by

S k() = / a0 0, (D) pa(dv). (B3)

G )dk o

Lz)

where p,, denotes the Haar measure on the torus T, (i.e., the uniform probability
measure on T, extended by zero to T?).

The energy hypersurface H ' (Ey) C R?? is compact for every Eq > 0 and, due
to the complete integrability of the system, each of these hypersurfaces is foliated by
Kronecker tori that are invariant by the flow ¢>tH . Moreover, defining the submodule

={keZ%k- -0 =0}, (B.4)

and the subtorus
T, := AL/@nZ% N AL) c TY, (B.5)

we have 7;,(z¢) = ®;,(Ty), and then d, = dim T, = d —rk A,,. Kronecker’s the-
orem states that the family of probability measures on T¢ defined by

| T
—/S,wdt
T

0
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converges (in the weak-* topology) to the normalized Haar measure ji,, on the sub-
torus T,y C T¢. Moreover, the family of functions % fOT ao ¢tH dt converges to I,
in the € (R24) topology, and

Ta(z) = / 00 @ (1o (d0), (B.6)

Te

and in particular, if a € €°(R24) then I, € €*°(R?4). In the case d, = | and
w = wi(l,...,1), the flow ¢>,H is 27t /w;-periodic. On the other hand, if d, = d,
then, for every a € € (R24), there exists §7, € € (R?) such that

Ta(z) =861,(Hi(2),..., Hg(2)).

In particular, for every a and b in € (R?%), one has {I,, I} = 0 whenever d,, = d.

One of the technical difficulties that we will find in the process of averaging the
perturbation V + iA by the flow of the harmonic oscillator, will be to deal with
cohomological equations [21, Section 2.5] as the following:

{H.f}=z¢. (B.7)

where g € € (R??) is a smooth function such that I ¢ = 0. The goal is to solve this
equation preserving the smooth properties of g.
For any f € €°(R2?), we can write f o ®,(7) as a Fourier series:

lk‘[ )
oo =Y A7 Kl —ffocbz(r)e—'k‘fdr. B.3)

kezd

Combining the fact that f o ®, (1) = fi(2)e'*' with (B.1) gives

Lo = ——Y file) = [ £ 0 ®.(0)jt(d0). (B.9)

(2n )dk o

Observe that if f is a solution to (B.7), then so is f + AIy for any A € R, since
{H, Ir} =0.Thus, we can try to solve the equation for Iy = 0 fixed, imposing

f(z)—(2 =8 > fil2).
keZ9\Ay

Writing down

d
H. f}(z) = (f 0 :(tw))|i=0 = Y ik fi(2)

keZ9\ A

—— > ).

keZd\Aw

1
(2m)4
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we obtain that the solution of (B.7) is given (at least formally) by

1 1
f@) = G > sk (B.10)

keZ\ A

It is not difficult to see that, unless we impose some quantitative restriction on how
fast |k - w|~! can grow, the solutions given formally by (B.10) may fail to be even
distributions (see for instance [21, Example 2.16.]). But if w is partially Diophantine,
and g € €*°(R2?) is such that (g) = 0, then (B.10) defines a smooth solution f €
€ (R24) of (B.7).

Finally, in the periodic case (assuming w = (1, ..., 1) for simplicity), the solution
to the cohomological equation (B.7) is given by the explicit formula

2w ¢t

-1
. E//gogbsH ds dt. (B.11)
00
provided that Iy = I, = 0.

B.2. Quantum Birkhoff normal form

This section is devoted to recall the semiclassical averaging method in the context
of nonselfadjoint operators. Our aim is to average both the operators Vs and Ay by
the quantum flow generated by H;, via conjugation through a suitable Fourier integral
operator.
Given a € €®(R??), we define the quantum average T opy (@) Of the operator
Opy, (a) is given by
T
Top, @ = lim %/eiéf’h Opy (a)e ' # T d. (B.12)

T—o00
0

This limit is well defined due to Egorov’s theorem and since the limit (B.1) takes place
in the €*°(R24) topology. Moreover, Egorov’s theorem also implies that

IOph @ = Opx(La)-
The goal of this section is to prove the following:

Proposition B.1. For every N > 1, There exists a Fourier integral operator ¥y 3
such that

Pl = Fya(Hy + 0V +ihAy) Fy s = Hy +hOpy(Ip,) + Rype  (B.13)

where Py, = V +iA + Ogogaay(h) and | Ry || ¢ 12y = O(BV).
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Moreover; for every a € €2 (R??),
|(Fy )" Op4(@) F iy, — O (@)l g(r2) = Oh). (B.14)
We will require the following nonselfadjoint version of Egorov’s theorem:

Lemma B.1 (non-selfadjoint Egorov’s theorem). Let G5 (t) be a family of Fourier
integral operators of the form

L
Gy(t) = en Cra=ihGan) ¢ R

where Gj,h = Op;(G;) for Gj € SO(R24:R) and j = 1,2. Then, for everyt € R and
everya € S°(R29), the following holds:

(1) Op;,(a)G(~1) = Ops(a 0 ¢/") + O (h),
where ¢,G ! is the Hamiltonian flow generated by G1.

Proof. By [24, Theorem II1.1.3], the family y (¢) defines a strongly continuous semig-
roup on L2(R¢) such that

16 ()l g 12y < e MO24 e, (B.15)
Let ¢t > 0. For every r € [0, t], we define
ar:=ao ¢,G_1,.

By the product rule,
d
2 (1) Opy(ar) Gy (=)

= 1) (61,1 Op4(ar)] + [G2,1, Oy (@] + Opy (Brtr) ) 5 (1)

Using the symbolic calculus for Weyl pseudodifferential operators, we have

i A~ .
%[Gj,thph(ar)] = 0p,({Gj.a,}) + O(H?), j =1,2.
Moreover,
drar = —{G1,ar}.
These facts and (B.15) give

t

d
G5,(¢) Opy(a)§r(—t) — Opyla o ¢tG1) = / E(ﬁh(r) Opy,(ar) Gy (—1)) dr = Oy (h).
0

Moreover, it can be shown that the remainder term Oy (%) is a semiclassical pseudodif-
ferential operator with symbol in S°(R24). n
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Proof of Proposition B.1. We define
Fy, := Op,(hFy + ihFy),

where F; and F, are two real valued symbols to be chosen below. We make the
assumption that Fy, F> € S®(R24). For every ¢ in [0, 1], we set

Fia(t) = ehth,

Denoting ¥ 5 = #1,(1), we consider the operator
AT _  pia-—1
Piw =l Py

We define the symbols F; and F; to be the solutions to the cohomological equations
(see Section B.1):

{H . Fi} =V -1y, (B.16)
{H, F,Y = A— I, (B.17)

Observe that F; are real valued for j = 1, 2. Using Taylor’s theorem we write the
operator {PIT 5 as
i

Fy H
h[h 5l

ﬁih = -?l,hfjah?fhl = ﬁh + hf}h + ihz‘i\h +
. 1
1 ~ ~ ~
+ts / FLa@[Fp, hVy + ih Ay Fr ()"t dt

0
1

- (%)2 f (1= F1 4O [Fp. [F. B F1p(0)7" 1.
0
By the symbolic calculus for Weyl pseudodifferential operators,
LFyn. ) = Opy(Fy HY). j = 1.2,
Since F; and F>, solve cohomological equations (B.16) and (B.17), we obtain
ﬁffz = Hy, +hOp,(Iy +i1a) + Rys.

where

1
. i A ~
Rip =5 [ FialF Re)F 00"t (B.18)
0
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and
1?,,(:) = t(h?h + ih/fh) + (1 —=0)h0p;(Iy +ilyg), tel0,1].

Using the pseudodifferential calculus one more time, we see that ||I§1,h|| 212 =
O(h?). Iterating this method up to order N, we obtain the normal form (B.13).

Finally, (B.14) follows by Lemma B.1. ]
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