J. Spectr. Theory 12 (2022), 659-681 © 2022 European Mathematical Society
DOI 10.4171/1ST/414 Published by EMS Press
This work is licensed under a CC BY 4.0 license

Poisson transforms for trees of bounded degree

Kai-Uwe Bux, Joachim Hilgert, and Tobias Weich

Abstract. We introduce a parameterized family of Poisson transforms on trees of bounded
degree, construct explicit inverses for generic parameters, and characterize moderate growth of
Laplace eigenfunctions by Holder regularity of their boundary values.

1. Introduction

The classical Poisson transform is an integral transform from the circle to the unit disk
turning functions on the circle into harmonic functions on the disk. The transform is
injective and the function on the circle can be recovered as the boundary value of the
harmonic function.

Harmonic functions are defined as functions annihilated by the classical Laplace
operator. The hyperbolic Laplace—Beltrami operator on the disk, viewed as the
Poincaré disk, agrees with the classical Laplace operator up to multiplication with a
nowhere zero scalar function, so harmonicity is equivalent to harmonicity with respect
to the Laplace—Beltrami operator. This observation is the starting point of a rich the-
ory of Poisson transforms for Riemannian symmetric spaces of non-compact type,
which yields joint eigenfunctions for the algebra of invariant differential operators on
such spaces.

In this paper we study Poisson transforms for trees, which in the homogeneous
situation correspond to symmetric spaces of constant negative curvature, and give a
simple proof for the well-known fact (see [4, Theorem 1.2] and [9, Theorem A]) that
generic Poisson transforms are a bijection between finite additive measures on the
boundary and eigenfunctions of the tree Laplacian. The geometric approach we take
allows us to completely remove the homogeneity condition on the tree while at the
same time still give explicit inverses. But note that in the case of non-homogeneous
trees, the Poisson transformation is a bijection between finitely additive measures
and the kernel of the Laplacian plus some explicitly given potential. In the case of
homogeneous trees, the potential is simply a constant and one recovers the classical
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result of [4,9], which we thus have extended to an analog of spaces of negative but
variable curvature.

A closely related result on Poisson transformations for general trees has recently
been obtained by Anantharaman and Sabri [1]. Their perspective, however, is com-
plementary to ours. They start with a given graph and a Schrédinger operator and
construct a suitable Poisson kernel in terms of Green’s functions. In our paper we fix
the Poisson kernel to have the usual completely explicit form in terms of horocycle
brackets.

Another new consequence that we draw from our explicit construction of the
boundary value map concerns the regularity of boundary values. In the symmetric
space context, one knows that the Poisson transformations relate regularity properties
of generalized functions on the boundary to growth conditions of eigenfunctions on
the space. The most general domain for the Poisson transform are hyperfunctions on
the boundary, resulting in eigenfunctions without further restrictions [7]. Moderate
growth of eigenfunctions then corresponds to distributions on the boundary, i.e., ele-
ments of the dual space of the space of smooth functions [10, 11]. In the case of trees,
the role of hyperfunctions is taken by finitely additive measures. We show that for
trees of bounded degree moderate growth of eigenfunctions corresponds to the dual
of certain Banach spaces of Holder continuous functions. Our motivation to work
out this result is not just to have a tree analog of [10, 11]; the Holder dual spaces
on the boundary that correspond to eigenfunctions of weak moderate growth are pre-
cisely the functional spaces that appear in the spectral theory of transfer operators for
subshifts of finite type (see e.g., [2]). In a subsequent work, we want to apply the regu-
larity results of this paper to establish a quantum-classical correspondence on graphs,
analogous to what has been achieved on Riemannian symmetric spaces [3,5, 6, 8].

The paper is structured as follows. In Section 2 we introduce trees and their
boundaries, which are compact totally disconnected spaces. In Section 3 we intro-
duce finitely additive measures on compact totally disconnected spaces and study
them in detail for boundaries of trees. In Section 4 we recall the definition of the
Laplace operator on trees and introduce the parameterized family (P;),ec of Poisson
transforms mapping finitely additive measures on the boundary to functions on the
vertices of the tree satisfying a generalized eigenvalue equation for the Laplace oper-
ator. For z2 ¢ {0, 1} we construct a “boundary value map” B 2 in the inverse direction
which inverts P, (Theorem 4.7). It turns out that in the case of homogeneous trees
for large enough |z| we can recover p as a weak limit from the values P, (u)(x) for
x tending to infinity (Corollary 4.12). In Section 5 we introduce the relevant Holder
spaces and prove our characterization of Laplace eigenfunctions of moderate growth
(Theorem 5.13).
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2. Trees of bounded degree and their boundaries

Let (X, €) be a graph. We view € as a set of two-element subsets of X. Fore = {a, b}
with a, b € % premsely a and b are incident with e. We also consider the directed
version (% @) with ¥ = ¥ and € = {(a,b) € ¥* |e = {a,b} € €}.Foré = (a,b)
we call a =: 1(€) the initial and b =: t(€) the terminal point of é. Thus, we obtain
two maps ¢, T: € — X. Graphs carry a natural metric d given by the minimal length
(number of edges) of chains (i.e., paths that do not backtrack) between two vertices.

We call T := (X, ©) a tree if the graph is connected and if there are no circular
chains. On trees for any two vertices x and y, there is a unique chain [x, y] connect-
ing x and y and we have d(x, y) = £([x, y]). From X and the metric d, one can
reconstruct the entire tree. Given a vertex x we define the degree deg(x) at x to be the
number of vertices y such that {x, y} € €. For convenience we write ¢, := deg(x) — 1
and we call the tree to be of bounded degree if there is gx < gmax < 00. From now on,
we will always assume that all our trees are of bounded degree.

The boundary at infinity Q of a tree (X, €) is the set of equivalence classes
[(x)))en,] of infinite chains (x;),en, of vertices, where two such chains are called
equivalent if they share infinitely many vertices.

Remark 2.1. Our definition of a tree does not exclude vertices of degree 1 as they
show up for instance in each finite tree. Geometrically, one might want to view such
vertices as part of the boundary. The reason we do not do that is that, while our setup is
meaningful even for finite trees, our main results become void if there are no boundary
points at infinity. So, from now on we will only call the elements of Q2 boundary points
of T.

The disjoint union X [ [ © carries a natural compact topology such that Q is a
compact subset. This topology is characterized by the fact that each point of X is
open and for @ € €2 a basis of neighborhoods of @ in X U 2 is formed by the sets

X(x,y)={o' € Q| [y, o [N[x.y] = {yU{z € [y.o[| [y.0'[N]x,y] = {y}}

with x € X and y € [x, w[, the chain starting in x and defining . Then the relative
topology on 2 consists of the sets

Qx(y)i={weQ]yelxol}

forx,y € X. Given x € X andn € N, Q@ = (U (x,))=n ©2x(¥) is a disjoint union of
open compact sets (see [4, p. 5]). This implies that €2 as a topological space is totally
disconnected.
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3. Finitely additive measures

In this section we introduce finitely additive measures on compact totally disconnec-
ted spaces and study them in some detail in the case of the boundary of a tree.

We start with some general observations on locally constant functions. To this end
we fix a locally compact Hausdorff space Z.

Remark 3.1. We denote the space of locally constant functions p: Z — V with values
in some C-vector space V by C*(Z, V) and set C*(Z,V) := C.(Z)N C(Z, V).
Forall p € C¥(Z, V) we have

P = Z L-1)v.

vevV
where 1y is the indicator function of U.
If Z is discrete, the condition “locally constant” is void.

Definition 3.2. We let K'(Z) be the algebraic dual of C!¢(Z) and KX/ (Z) the algeb-
raic dual of C'¢(Z).

Note that X'(Z) = K.(Z) if Z is compact.
Proposition 3.3. For a continuous map p: Z — C with compact support the follow-
ing conditions are equivalent:

1. pis locally constant;

2. p takes only finitely many values.
The implication (2) = (1) holds also without the compact support assumption.
Proof. Suppose that p is locally constant. Then the compactness of supp(p) implies
that the locally constant function p|gpp(p) takes only finitely many values. Conversely,

if a continuous function p: Z — C takes only finitely many values, then p~!(z),
which is closed as {z} is closed, is always open. Thus, p is locally constant. ]

Note that a continuous function p: Z — C with only finitely many values need not
have compact support unless Z itself is compact. Just consider the constant function 1.

Remark 3.4. Let A € X' (X x Q) andu € C(¥, X'(Q)) = C(¥, K’ (R)). Then the
formulas

(Au. F) := (u(x), F%(x)) forall F € CX(¥ x Q).

xesupp(F£?)

(ur(x), f):i= (A, 8, @ f) forallx € X, f € C(Q),
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where F¥(x)(w):= F(x,w) and §;(y) = 1 if y = x and 0 otherwise, define mutually
inverse maps between K'(¥ x ) and C'*(%(, K'(R2)). In fact,

(Mg F) =D (ua(»). FEO)) = D (1.8, ® F2(y))

y€supp(F %) yesupp(F$?)

— <A, Y8 FQ(y)> — (A, F)

yEsupp(F <)
and, in view of (8, ® £)?(y) = 6x(y) f,
(Ur, (X), f) = (Au, 0x ® ) = Z(M(Y)ﬁx(y)f) = (u(x), f).
y€supp(8x)

Next, we turn to finitely additive measures on compact totally disconnected spaces.
We fix such a space and denote it by Z.

Definition 3.5 (finitely additive measures). Let X denote the set of clopen, i.e., open
and closed, subsets of Z. A finitely additive measure is a map p: ¥ — C such that
a. w(®@) =0;
b. foralU,U' € T, u(UUU")+ pnUNU') = pnlU) + nU).
We denote the space of finitely additive measures on Z by My, (Z).

Note that (b) is equivalent to
b’. forall U,U’ € X disjoint, (U U U") = w(U) + n(U’).
This follows immediately by writing U U U’ = U U (U’ \ (U N U")).

Remark 3.6 (clopen sets). For U C Z, we have
UeX < 1y eC"2).

Infact, U =1, (1) and U¢ := Z \ U = 1{]1 (0), so continuity of 1y implies that
U and U¢ are closed. Conversely, since 1 and 0 are the only possible values for 1y
we also see that U € X implies that 1y is continuous with discrete image and hence
locally constant.

Proposition 3.7. For u € M, (Z), the map

(1.9:CE2) > €. pr [ = Y )
Q zeC

is well defined and linear.
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Proof. By Proposition 3.3, the sum in the definition of (., ®) is finite and the p~!(z)
are in X. Thus, {(u, e) is well defined.
For the linearity, let p,q € C'°(Z) and «, B € C. Then

(w.ap + Bq) = zu((ap + Bg) ™' (2))

zeC
=D (@a+po)u(p~ (@ Ng~" (b))
a,beC
=a) au(p @ Ng ' 0) +B Y bu(p~ (@) Ng ™ (b))
a,beC a,beC
=a Y ap(p~ @) +B Y buig™ ()
aeC beC
=a(u, p) + B(K. q). "

Proposition 3.8. For A € K'(Z) the map
U —->C, U A(ly)

is an element of My, (Z).

Proof. As1g = 0, we see that 3 () = A(1g) = 0. Now, suppose that U, U’ € X are
disjoint. Then 1y uy’ = 1y + 1y, so that

(U UU’) = A(lyuy) = Aly) + A(1y) = pa(U) + pa(U). L

Proposition 3.9 (finitely additive measures as linear functionals). The map K'(Z) —
M (Z), A+ uy is a linear isomorphism.

Proof. The map is well defined by Proposition 3.8. Its linearity is obvious. Apply
Proposition 3.7 and Proposition 3.3 to j) to see that

() = 3 2P @) = Y A1) = 2D A1) T Ap)

zeC zeC zeC

for p € CX(Z). Conversely, for U € ¥ we have

(w1y) =Y zu((15'(2)) = (V).
zeC
Thus, > (1, ®): M (Z) — Ki (Z) and A +— pp: K (Z) = M, (Z) are mutually
inverse. n

From now on, we will identify K'(Z) and My, (Z) for compact totally disconnec-
ted spaces. In particular, we have K’ (2) = M, (2) for  being the boundary of our
tree.
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In order to describe the nature of M, (EZ) in more detail, we introduce the map
04: € — P () which associates with € € € all boundary points w € Q2 which can be
reached throggh e. Here P (2) is the power set of 2. Reversing the orientation yields
the map d_: € — P ().

Remark 3.10. We have the following disjoint decompositions of £2:

i, forallée ©, Q=0,8U0_¢

ii. forallx € ¥, Q =J,=y 0+€.

Remark 3.11. Recall the set ¥ € & (2) consisting of open and closed subsets of 2:

i. B:={04¢leec (%} C X is a basis for the topology on 2;

i. 0,QeX;

iii. U,U € XimpliesU NU’' € TandU UU’ € X.

Definition 3.12. Let ” € € denote the edgeé € & with the opposite orientation.
L(é) = {F: é — C ‘ there exists z € C such thatforall x € ¥, é € é

F@+FE) =z=) F(E’)}.

(é)=x

Remark 3.13. We can describe the space L(@) using only half of the edges and
simplifying the local conditions. For that, we fix a base point o € X and consider only
edges pointing away from o. We put

&, := {¢ € € | & points away from o},
L(&,) = {F: &, > C ‘ forall € € &,: F@) = Y F(é’)}.
1@)=1@)

Then the restriction to év defines a linear isomorphism from L(é) to L(@o). To
construct the inverse, one needs to figure out the value of z € C from the definition of
L(©), but that has tobe z = Y, 5)_,, F(¢). From z, one finds the values for F(é™)

with é € &,
Remark 3.14. Composing d1 with u € My, (€2) gives a map
€ > C, & u(d4(?).

It is our goal is to show that &« — fi is linear bijection between M, (2) and L(é). To
that end, we first note that Remark 3.10 implies the following compatibility conditions
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for edges at a vertex x of T:

Y @) = (), (1)

x=t(é)

(@) + (€)= w(Q). 2

Thus, for each 11 € M (Q) we have fi € L(€).

A finitely additive measure © € My, (€2) is completely determined by its values
on a basis of the topology. Therefore, the map My, (2) — L(é), W > [i is in fact
injective.

Theorem 3.15. The map Ms,(2) — L(@), W [ is a linear isomorphism.

Proof. Tt only remains to show that for each f € L(@) we can find a € M, (2)
such that i = f.
Fix a base point o € X and define

€o(U) = (e € €, | 0,8 S U}
for U € X. Note that @O(U ) is partially ordered by
6<é < 0,6C e,
Moreover, @EO(U ) has a finite set max(éa(U )) of maximal elements and
v= J e
éemax (€, (U))
This union is disjoint since all € point away from 0. We set

pwUy:= > f@

éemax (€, (V)
and note that u is finitely additive. In fact, @0 (%) = @, so that one has u(9) = 0, and
UNU' = @implies €,(U) N E€,(U") = 0.
Claim. u is independent of the choice of base point.

This claim proves the theorem since setting o := ((€) for a fixed € € & gives
[i(é) = n(d+€) = f(e). R
To prove the claim, we may assume that o and o’ are adjacent vertices and g € €
points from o to o’. Let hy, hy, ... be the edges at o different from g°P oriented in
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such a way that o’ = L(]; ;). Then we have 04 g = U; 8+E ; (disjoint union). Therefore,
we have

g emax(€,(U)) < g e G,(U)
= h; € €y (U) for all j
> h; € max(€,(U)) forall j.
We decomposeany U € X as U = U; U U_, where Uy := U N 3+ g and show that

Ho(Ux) = o (Ux), where u, denote the p constructed from f for the basepoint o.
Then

o(U) = po(Us) + po(U-) = por(Uy) + por (U-) = por (U)

and the claim follows after considering the following cases.
Case1.34§ = Uy. We have 1o(Uy) = f(§) and 11 (Uy) = Y, f(h)), but

F@ = (F@ + Y £h) = £@™) = Y fhy).
J J

Case2.0.8 # U,. ég(U.‘,—) = @0/(U+) and hence again o (Us+) = o (Uy).

The equalities po(U—-) = o (U-) are shown in the same way. This concludes the
proof. ]

Example 3.16 (Dirac measures). For w € €2, the point evaluation
eve: C(Q) > C,  p> p(w)

is linear, hence by Proposition 3.8 defines a finitely additive measure. It is the Dirac

measure
1 wel,

bp:2—>C, Uwr
0 wgUl.

The corresponding function g(,, is given by

&®={lweh©,
0 wed_(e).

Example 3.17 (rotation invariant measures for regular trees). Suppose that T is reg-
ular of degree ¢ + 1. Fix a point x € X. Then the function jiy: € — C, which is

defined by .
—d(x,(e

q
qg+1
—d(x,7(€))

¢ points away from x,

ﬁx(g) =
q

q+1

€ points to x,
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satisfies iy (€) + fix(é”") = 1, since 7(é”") = 1(¢) and 1(¢"") = 7(¢). By definition,
we find
q°
lix(é) = 1 =1,
E ux(e) = (g + )q 1

x=u(&)

and, forx # y € X,

—d(x,y)
I q q
Y i@ =gq + (1 -

—d(x,y)+1
— ) =1
A q+1 q+1 )
y=u(é)

Thus, jix € L(€). Itis clear that fi is invariant under all rotations of T around x. It
follows that the corresponding measure py € Mg, (€2) is invariant under the induced
“rotations” on €.

4. Laplace eigenfunctions

The Laplacian A on T operates on functions f: ¥ — C and is given by

1

(AN =

> f@@).

1(@)=x

Definition 4.1. For each function y € Maps(X; C), we denote the kernel ker(A — y)

of the linear map A — y: Maps(X; C) — Maps(X;C), f = Af — xf by &,(X). If

x 1s constant, this is simply the space of Laplace eigenfunctions with eigenvalue y.
From a physics perspective, A — y looks like the Hamiltonian of a free quantum

particle in a potential landscape described by y. We therefore will call y the potential
in the sequel.

Remark 4.2 (Poisson kernels and Poisson transforms). i. Fix a base point 0 € X. For
w € Q and x € X, there exists a unique y € ¥ such that [0, w[ N[x, w[ = [y, w[, and
we set (x,w) := d(o, y) — d(x, y). Thus, we have a map

() EXxQ—>Z.

Note that for x € [0, w[ we have (x,®) = d(0, x); and for o € [x,w[ we find (x,w) =
—d(o, x).

ii. For fixed x € X, the map (x, -): 2 — Z is locally constant in w € €. In fact,
for any € pointing away from o and x, we have

(x,0') = (x,w) forallw,w' € d4(&).
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iii. For any parameter 0 # z € C, the function f; ,: % — C, x > z*®) satisfies

1 -
(Afz,0)(x) = E Jz0(T(€))
gx +1 %
te)=x
1
_ (x,0)—1 (x,0)+1
= z +z
dr + 1(‘1x )
-1
qxz" +z
= — X).
e feo)
Thus, if we define for any z € C the potential y(z): X > x %, then f, 4 is
x —1
in &,(z). In the special case of a regular tree of degree ¢ + 1, y(z) = % is the

constant function on the tree and f; , is a Laplace eigenfunction with eigenvalue
x(2).

iv. The function f;, is closely related with the Dirac measure §, described
in Example 3.16: If € = (x, y) points toward w, i.e., y € [x,w[, then f; ,(y) =
0@ Jfz.w(x). Thus, ga, describes the growth of f; , when moving in the direction
of w. In particular, given one value of f; ,(0) one recovers f; , from gw.

v. The potential y(z) is independent of w, so we may build new elements in & ;)
from the f; , by taking linear combinations (keeping z fixed). More generally, for
any i € M, (€2) we can set

fon(x) = / Frrod (@) = (1 frn(x))
Q

in view of Proposition 3.7 and (ii). Then f; ;, € &,(;)(¥). This construction explains
why we call the map

Pz E¥xQ—>C, (x,0) fru(x)

the Poisson kernel for the parameter z € C and the map

P Mu(Q) = €4y (R). 1> fop = f p2(o.0)du(w)
Q

the Poisson transform for the parameter z € C. vi. P;4, = f7 . In fact,

(P280)(x) = fz .5, (x) = / Jzw(xX) d8p (V) = (80, fz,0(X)) = fz,0(x).
Q

Our goal in this section is to construct to construct an inverse

Bz 6y (E) > Miu(RQ)
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for the Poisson transform P, and thereby to show that both maps are linear isomorph-
isms.

Observation 4.3. For z2 ¢ {0, 1}, solving the condition
2f(2(@) — (@) = (22 — Nz @ (@) forallé € &, (3)
for fi in terms of f defines a linear map
Bz:Maps(X; C) — Maps(€,; C).
Lemma 4.4. For z2 ¢ {0, 1} and a finitely additive measure . on 2, we have
Bz(Pz(w)) = [i.

Proof. We consider an oriented edge € € €, from the vertex x = ((€) to y = t(€).
Note that (y,w) = (x,w) + 1 if € points toward @ and (y, ) = (x,w) — 1 otherwise.
Thus, we obtain

2P (w)(t(€)) — Pz (1) (1(é))

_ /(Zl+(r(2),w) _ @) () = [ (22 — 1)z @0 g (1)
Q

948
= 2= 00D [ ap) = (- DD @),
9,8
It follows that /' = P,(w) and ji satisfy condition (3). [

Lemma4.5. Assume z> ¢ {0,1}. Let f:%¥ — C and ji: €, — C satisfy condition (3),
i.e., . = B;(f). Then the following are equivalent:

1. the function ji lies in L(&,), i.e., it satisfies the compatibility conditions
@) = i) forallé € €,
UE)=1(?)

2. the function f solves (A — x(z)) f = 0 everywhere except possibly at the ver-
tex o, i.e., we have

N f@@) =z +quz ) f(v) forallv#o.

v=(é)
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Proof. Note that, for a vertex v, we have v # o if and only if v = 7(€) for a unique
edge ¢ pointing away from o. Let uy denote the initial vertex of that edge and let
€1,...,eq, denote the edges with initial vertex v pointing even further away from o.
Finally, let uy, ..., uq, denote their respective terminal points. Then, we find

dv
D fwi) = (z+quz7") f(v)

i=0

dv

= Y (fu) =z f() = zf(v) = f(uo)
i=1
dv

= Y (fEE@)) =27 f1@)) = 2/ (@) — f(@)

i=1

qv
= Y (22 - DOVTE) = (22 = DO E)
i=1

qv
= ) @) =ne@).
i=1

The claimed equivalence follows by letting v range over all vertices other thano. m

Proposition 4.6. Assume z> ¢ {0,1}. Let :¥ — C and ji: €, — C satisfy condi-
tion (3), i.e., i = B-(f). Then f € Ey)(X) if and only if i € L(€,) and f(0) =
ZO=L(E) ﬁ(g)

Proof. In view of Lemma 4.5, we only have to see that the local condition f(0) =

Zo:t(g) jL(€) is equivalent to f being an eigenfunction of the Laplacian “at 0™ for
the eigenvalue y(z). This, again, is purely computational:

Y f@@) = +40z7") f(0)
0=1(8)

= Y (f@@) -z f(0) = 2(0) — = f(0)

0=L1(&)

= D @) - f(0) = —1)f(0)

FENG)

= (-1 ) i@ = -1 f).

0=1(8)

Division by the non-vanishing number z2 — 1 finishes the proof. ]
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Theorem 4.7. Assume z2 & {0, 1}. The linear map B, from Observation 4.3 restricts
to a linear isomorphism B ,: &,(;)(X) — L(&,) making the following diagram com-
mutative:

€0 (®) —2 L(€,) = L(E)

Theorem 3.15
P

Mfa(g)

Proof. That the restriction B 2:85(2)(¥) = L(&,) has the desired range follows from
Proposition 4.6. Commutativity of the diagram has been established in Lemma 4.4. It
follows automatically that B - 1S surjective.

To see that E ., has trivial kernel, observe that a function f:X — C lies in the
kernel of B, if and only if

zf(z(€)) = f(t(e)) foralle € &,.

For f € &,(;)(¥), we additionally find f(0) = 0 by Proposition 4.6. It follows that
f vanishes everywhere by propagation along edges in €,. |

Motivated by special cases, many authors call the inverse of a Poisson transform
a boundary value map. This can be justified in special cases. We follow this tradition,
our justification being Corollary 4.12 below.

To simplify notation, we put

Qx) :=Qe(x) ={weQ|x€lo,wf}

for each vertex x. Note that 2(0) = 2). For a finitely additive measure u, we use
1(x) as shorthand for u(€2(x)).

Lemma 4.8. Fix a finitely additive measure |1, a complex number z & {—1,0, 1},
and the Poisson transform f = P;(u). Let xg, X1, X2, ... be a chain towards w and
assume w € Q(xy), i.e., the chain points away from the basepoint o. Let m = d (0, Xg).
Then, d(o, xx) = m + k and we have

SOk) _ fxo) Zzz(] )4 (xy). (4)

Zm+k Zm+2k
=1

Proof. First, we obtain

1) _ 1 )

om+j 2% = Dp(xy) + omtj—1
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foreach j = 1,2, ..., k by rearranging (3). Now, the computation becomes a matter
of back-substitution:
S (xx)

. _
g Z—Z((zz = Dplxx) + %)

= 212 ((z —Dplxr) + = ((z I)M(xk—l)"‘%))
=5 ((22—1)u(xk)+ ((z = Dp(xXe—1) + -+

(@ - D 1)+f ).

Zz 22 _ 21 f(x0)
= u(xk)—i- /L(Xk )+ + 2k —r M) + om+2k

Remark 4.9. Assume that |z| > 1 and let §,, be the Dirac measure for an end w € Q.
Then 8, (x) = 1 for those vertices satisfying x € [0, [ and §4,(x) = 0 otherwise.

Consider a chain 0 = xg, X1, X2,.... By (4), we get
frw(Xk) f(0) 2(j—k)
I ZZ 8 ().
j=1

If the chain 0 = Xxg, X1, X2, ... defines w, all 8, (x;) = 1, and we find that %
tends to 1, the partial sum representing crowing pieces of the geometric series 1 +
24z

If the chain 0 = Xxg, X1, x2, ... does not define the end w, all but finitely many
8, (x;) vanish, and the non-vanishing entries get lower weights as k increases. Hence,
in this case, % tends to 0.

Thus, we can recover the Dirac measure by passing to limits:

lim

k—o0

Sz.0(xk) { 1 if xg, X1, X2, ... defines w,
 k
z

0 otherwise.

This extends by linearity to all measures of finite support.

Theorem 4.10. Let [, z, and [ be as in Lemma 4.8 and assume that the tree T is
regular of degree g+ 1 with g <z?. Then, for each vertex x of distance m = d(0,x)>1
to 0, we have

Z2 _
pix) = 5 lim m+k 3 fo)

yeSk(x)

where Si(x) = {y € X | d(x,y) = k,x € |o, y]} is the set of vertices at distance k
from x away from o.
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Proof. Since T is regular of degree ¢ + 1, we find that Sy (x) has exactly ¢* elements.
More precisely, the vertices in So(x) U S7(x) U--- U Sg(x) form a g-ary tree rooted at
x with S; (x) as the vertex set at depth j . In particular, for each vertex y € S (X) there
is a unique chain x = xo(y), x1(y), ..., xk(y) = y with x;(y) € Sj(x). Using (4),
we can then write

JO) _ &) 222(1 I x ().

zm+k Zm+2k
j=1

Summation over Sg (x) yields

—1
Ly = 2 Yy )

Y€Sk (x) j= ly, €S;(x)

_fx) g 22— q* 7
= m ok "2 2(—)) D HO)
Jj=1 y; €8 (x)

k k—i
fx) ¢&  22-1 g
= Tm Lkt T2 M(x)z;'zz(k—j)'
]=

The reason for the powers of g is that there are ¢*~/ chains through from x to level k
through each vertex at level j. Also, note that p(x) = Zye s (x) /,L( y) for any ;.

Now, the behavior as k tends to infinity is clear as Z j= g( =7y limits to
(-5)" ==
72 22—y

k .
whereas Zqﬁ tends to 0. We obtain

o Y0 =

YESK(x)

and the claim follows. n

Definition 4.11. For any clopenset U € ¥ andn € Ng, weputX,(U)={x €[o, U] |
d(o,x) = n}, where [0,U[ =, cplo. o] .

Note that any clopen set U is a finite union of sets 2(x). In fact, U decomposes
as the disjoint union

U=

xeX,(U)

for any sufficiently large n.
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Whereas the relationship between a finitely additive measure p and its Poisson
transform f = P,(w) is algebraic, we can now see how to recover y from f analyt-
ically by means of a limiting procedure in the case of a regular tree.

Corollary 4.12. Under the assumptions of Theorem 4.10, for any clopen set U € X

we have
— g n—>oo z" Zf(X)

xe%n )

nU) =

Proof. Tt suffices to show the claim for the sets €2(x) with x # o. In that case, however,
the statement is just a restatement of Theorem 4.10. ]

5. Holder continuous functions

In this section we give a characterization for the regularity of boundary values.
Let STX be the space of chains of the form x = [xg, w[ = (x¢, X1, ...). For 0 <
9 < 1 we define the metric dy (x, y) := )., 0" on STX.
If we fix a base point 0 € X and 0 < ¢ < 1 we can also define a metric d, 3 on
the boundary €2 via
dop (@1, 3) 1= 9,

where dp., := sup{d(o,v) | v € [0, w1[ N[0, wa[ }.

Lemma 5.1. The equivalence class of the metric d, 9 on Q does not depend on the
choice of the base point o € X.

Proof. Let o’ € X be another base point. For w1, w, € 2, let v, v’ the two vertices real-
izing the maximal distance to o in [0, w1 [ N[o, wa ][, respectively o’ in [0", w1[ N[0, w2 |.
Then there are only two possibilities: either v, v € [0, 0] or else v, v" € o, 0']. In
both cases we can check that d(o,v) < d(0’,v") + d(0,0’) and d(0’,v") < d(0,v) +
d(o, 0’) and obtain

l?d(o’o/)da/ﬂg(a)l, a)z) < da’ﬂ(a)l, 0)2) < ﬂ_d(o’ol)do/ﬂg(a)l, a)z). | |
Definition 5.2. On the space

Fy :={f:ST¥ — C | there exists Cr > Osuchthat forall x, y € STx,
| f(x) = FW)| = Crdy(x,y)}

of Lipschitz continuous functions with respect to the metric dy we set

| fls := inf{Cy | Lipschitz constants for f}
and || flls == [f1s + [/ lloo-
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Remark 5.3. (¥, || - |l¢) is a Banach space (see [2, Exercise 1.16]) for each ¢ €
10,1[.If 0 < ¥ < ¢ < 1, then CCIC(S+Z£) C Fy < Fy. The spaces Fy can thus be
seen as spaces with increasing regularity (for ¥ — 0). The locally constant functions
are contained in all of them.

Remark 5.4. Instead of working with Lipschitz functions for the scale dy of metrics
0 < ¥ < 1,onecanalso fix 0 < ¢ < 1. Then, for %9 < < 1 we can write ¥ = ¥ for
some 0 < o < 1 and obtain dy(x, y) = dy,(x, y)*. The spaces Fy then corresponds
to the space of a-Holder continuous functions with respect to the metric dy,. We
therefore call the spaces Fy Holder spaces.

Definition 5.5. We denote the topological dual of ¥ by ;.

Remark 5.6. i. The dual spaces ¥ are again Banach spaces and Remark 5.3 implies
that
Fy S Fy C K'(ST%)

for 0 < ¥’ < ¥ < 1. Note that these spaces show up in the spectral theory of transfer
operators for subshifts of finite type (see e.g., [2]).

ii. The situation bears some similarity to the inclusion of Sobolev spaces:
H* S HY 5C® o 4
and
H*cH¥ co cA
for0 <k <k’ < oo.

Recall from Remark 3.4 that X'(ST¥) =~ C(¥, KX'(R2)). Next, we identify the
function spaces on Q which correspond to ¥ and F. We start with a lemma.

Definition 5.7. On the space

Fo,9(R2) :={f:Q — C | there exist Cy > 0 such that for all w, w; € 2,
| f(w1) = f(@2)] = Crdop (w1, w2)}

of Lipschitz continuous functions with respect to the metric d, 3 we set

| flo,» := inf{Cy | Lipschitz constants for f}

and || fllo,5 := | f

Lemma 5.8. ¥, 5(S2) is a Banach space with respect to the norm || f ||,,9. Moreover,

0,0 + ”f”oo

the equivalence class of the norms || f || 5,9 does not depend on the choice of the base
point o.
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Proof. Note first that, given f, f' € ¥, (2) with Lipschitz constants Cy and Cy,
then max{Cyr, Cy} is a Lipschitz constant for / + f”. Thus, the estimate

If+ o = I+ flloo +1f + Fllow
<1 f oo + I1f Moo + max{| flo.s: | f o5}
< | flleo + 1 oo 4 [flos + 1/ 10,0
<N fllos + 1./ oo

shows that || - ||, satisfies the triangle inequality. The other norm properties are
clearly satisfied, so (¥,,5(S2). || - llo,9) is a normed space.

Completeness follows from a standard three epsilon argument. Let ( fx)ren be
a || - [lo,»-Cauchy sequence, hence a | - [[so-Cauchy sequence and a | - [o,9-Cauchy
sequence. Let f be the || - ||oo-limit of ( fx)xen- It suffices to show that f is also the
| - [lo,9-limit of (fx)ken. To this end, we note that for w, »’ € € we have

| f(@) = f()]
< |f(@) = fil@)| + [ fe(@) = fi(@)] + [ fe(@) = f(@)]

<2/l f = filloo + | fklo,9do,s (@, @) —— 1im | filo,9.0,8(®, "),
k—o0 k—o0

which implies | f|,,9 <limg— o0 | fk|o,5- Thus, we see that f € F, 3(2) and || F|p <
limg o0 || Fr|l9- As (fr)ken is a | - |5,9-Cauchy sequence, we find fore > 0a kg € N

such that | fj — filo.s < & for j,k > ko. Writing f — fir = (f — fi) + (fj — Jx)
for j, k > k¢ we have

I(f = f(©) = (f = f) ()]
<20(f = filloo + |fi = Jficlo dop(@. )

<20(f = flloo + £ oy (@) —— & doy (@),

Thus, | f — fk|s < € and we have shown that f is also the || - ||, »-limit of ( f¢)xeN-
The equivalence of the norms associated with different base points follows from
the equivalence of the corresponding metrics on €2 that was asserted in Lemma 5.1.
]

Remark 5.9. Consider the subsets 2,(v) of 2 given as the endpoints of geodesic
rays starting in o and passing through v € X. As these sets form a basis for the topo-
logy on €, for f € C'(Q) there exists an N € N such that f|g, () is constant for
each v with d(0,v) > N . In other words, for d(0,v) > N we have | f(w1) — f(w2)|=0
for w1, w2 € 2,(v)}. Consequently, C*(Q) € F, 3(RQ) for all 0 < ¥ < 1 and any
choice of base point 0 € X.
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Lemma 5.10. %3 (S1X) = C(%, %,.9()) as topological vector spaces, where the
right-hand side is equipped with the Banach norm

I/ e, 7 := sup | f()]lx,s-
x€X

In particular, the two norms are equivalent.

Proof. Recall the identification STX = ¥ x Q via [x, o[+ (x,w). For f:STX =
X xQ — C wedefine f: X — F(Q) via f(x) := f(x,-), where F (2) is the space
of C-valued functions on

Claim. | flls < 3Ilf lc.#)-

Proof of the claim. 1t is clear that

I flloo = sup [/ ()lloe < I fllc,7,)-

x€eX
Moreover,
forall (x,y), (x,y") € ST %,
| 9 = maxq supinf{ Cr ,
xeX | f(x,y) = fx, ¥ < Crdy((x,y). (x.7)

sup |f(x.y) = f(X’,)/’)I}

(x,9),(x",y)eSTX

max{sup | F ) x0 211 f oo}

A

IA

max{|| f lc, 7). 2l lcxe,#9)

=2/ fllc@.zy) L]

To conclude the proof, it suffices to observe that

1 )lloo < 1 floc and | f(x)

xo = |fls.

since this implies || f [lc,75) < | f o n

Lemma 5.11. Suppose that u € ¥, (). Then for each K > % there exists C > 0
such that
|(R2.())| < CKYOY) forailv € X. (5)

Conversely, assume that 1 € Mz, () and K, C > 0 satisfy condition (5). Then

extends to a continuous linear functional on ¥, 3(2) for every ¥ satisfying 0 < ¥ <
1
quax '
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Proof. For v # o, one finds
|IQ,;(U)|19 = ﬂl—d(o,v) and ”190(1))”0’19 =14+ ﬂl—d(a,v).

Assuming that u: ¥, (£2) — C is a bounded linear functional, there is a constant
¢ > 0 such that

le,w)l < cllg,wlos = c(1 4+ 8'74@"),
However, for any K > 971 there is C > 0 with
c(1+0'™") < CK" foralln

whence (5) holds.

Now, we assume that u € M, (R2) and K, C > 0 satisfy the condition (5). We
explicitly construct a continuous extension of u to %, » (£2). Note that the locally con-
stant functions are not dense in %,  (£2), whence the extension might not be unique.
We base our construction on a pre-chosen way to push vertices away from o to infinity,
ie.,amap W:X — Q such that

W) € Qy(v) forallv € X.

Given f € F,,5(S2), we define

pwa(f) =Y () f(W(v))
d(o,v)=n
for n € N. Then we find
wa () = pwan (DI D 3w f W @) = FVW))
d(o,v)=n d(v',v)=1
< (Gmax + Dmax CK" | f [l0,99" — 0

if 9 < ———. Here the summation over v’ extends over all neighbors of v which are

Kgmax
not in [0, v]. Thus, for ¥ < ﬁ the limit puw (f) := limy o0 ww.n (f) exists and
satisfies (use geometric series)
1
< 1)CK e
B (1)1 = (@ + DCKNS oy 75—

Next, we observe that ww (f) is actually independent of the choice of W. In fact, let
W’ be another such function. Then

1w () = (DI = |32 Qo DLF W) = £ W' @)
d(o,v)=n
< (qmax + Dy CK" [ fllo,9?" - 0.
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In order to conclude the proof, we have to show that uw € K'(Q2) agrees with u
when viewed as a finitely additive measure. It suffices to show that for any vy € X we
have uw (§20(vo)) = 1(§20(vo)). We have

pw (0(vo)) = pw (1, o))
= lim iy (1o, @)
= lim Y u(Qo(v) g, (W)
d(o,v)=n

Note that for n > d(0, vg) precisely the v with vy € [0, v] contribute to the sum, which
is then equal to

D Q1)) = 1(R0(v0))-
d(o,v)=n
vo€lo,v]

Thus, the sequence is stationary beyond d (o, vg) with limit @ (£2,(vo)). [

Definition 5.12. We say that g € C(X) is of moderate growth if there exists B,G > 0
such that |g(x)| < BG4 forall x € X.

Our final regularity theorem is now basically a corollary to Theorem 4.7.

Theorem 5.13. Let z? ¢ {0, 1}. Then afbinction | € &y()(X) is of moderate growth
if and only if the boundary value i = B,(f) € Mp(R) = K'(RQ) is contained in
¥, 5(2) for some ¥ > 0.
Proof. By Lemma 5.11, it suffices to show that the following are equivalent:

1. there exist B, G > 0 with | f(x)| < BG9©¥ forall x € X;

2. there exist C, K > 0 with |1(Q2,(x))| < CK?©) forall x € ¥.

As f and p satisfy condition (3) and [i(€) = u (Q(7(€))) for any € € €,, this
equivalence follows by a straightforward calculation. ]
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