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On the Landis conjecture

for the fractional Schrödinger equation

Pu-Zhao Kow

Abstract. In this paper, we study a Landis-type conjecture for the general fractional Schrö-
dinger equation ..�P/s C q/u D 0. As a byproduct, we also prove the additivity and bounded-
ness of the linear operator .�P/s for non-smooth coefficents. For differentiable potentials q,
if a solution decays at a rate exp.�jxj1C/, then the solution vanishes identically. For non-
differentiable potentials q, if a solution decays at a rate exp.�jxj

4s
4s�1

C/, then the solution must
again be trivial. The proof relies on delicate Carleman estimates. This study is an extension of
the work by Rüland and Wang (2019).

1. Introduction

In this work, we study a Landis-type conjecture for the fractional Schrödinger equa-
tion

..�P /s C q/u D 0 in R
n; where P D

n
X

j;kD1

@jajk.x/@k (1.1)

with s 2 .0; 1/ and jq.x/j � 1. Here, the operator .�P /s is defined as

.�P /su WD

1
Z

0

�s
dE�u D

1

�.�s/

1
Z

0

.etP � 1/u
dt

t1Cs
(1.2)

for all

u 2 dom..�P /s/ WD

²

u 2 L2.Rn/W

1
Z

0

�2s
dkE�uk2 < 1

³

where ¹E�º is the spectral resolution of �P (each ¹E�º is a projection in L2.Rn/)
and ¹etP ºt�0 is the heat-diffusion semigroup generated by �P , see, e.g., [11, 34].
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The Landis conjecture was proposed by E.M. Landis in the 60’s [21]. He con-
jectured the following statement. Let jq.x/j � 1 and let u be a solution to (1.1) with
P D� and s D 1. If ju.x/j � C0 and ju.x/j � exp.�C jxj1C/, then u� 0. However,
this statement is false. In [26], Meshkov constructed a (complex-valued) potential q
and a (complex-valued) nontrivial u with ju.x/j � C exp.�C jxj

4
3 /. In the same liter-

ature, he also showed that if ju.x/j � C exp.�C jxj
4
3 C/, then u � 0. In other words,

the exponent 4
3
C is optimal. In [1], Bourgain and Kenig derived a quantitative form of

Meshkov’s result, which is based on the Carleman method; their result then extended
by Davey in [4], including the drift term. Following, in [22], Lin and Wang further
extend Davey’s result by replacing � by P .

The results mentioned above allowing complex-valued solutions. It is also inter-
esting to study the real-version of Landis conjecture, which proposed by Kenig in
[20, Question 1]. The case when n D 1 and n D 2 were resolved in [24, 28], respect-
ively. To the best of the author’s knowledge, the real-version of Landis conjecture is
still open for n � 3. Here we also refer some related works [5–8, 19].

In [31], Rüland and Wang consider the Landis conjecture of the fractional Schrö-
dinger equation (1.1) with P D � and 0 < s < 1. For the case when s D 1=2, in [3],
we remark that Cassano proved the Landis conjecture for the Dirac equation. In some
sense, the Dirac operator is the square root of the Laplacian operator, that is, the
phenomena are similar when s D 1=2.

1.1. Main results

We assume that the second order elliptic operator P satisfies the elliptic condition

�j�j2 �
n

X

j;kD1

ajk.x/�j �k � ��1j�j2 for some constant 0 < � � 1: (1.3)

Assume that ajk D akj 2 C
0;1.Rn/ for all 1 � j; k � n, and satisfy

max
1�j;k�n

sup
jxj�1

jajk.x/� ıjk.x/j C max
1�j;k�n

sup
jxj�1

jxjjrajk.x/j � " (1.4)

for some sufficiently small " > 0 and

max
1�j;k�n

sup
jxj�1

jr2ajk.x/j � C (1.5)

for some positive constant C .
In this paper, we prove the following Landis-type conjecture for the fractional

Schrödinger equations.

Theorem 1.1. Let s 2 .0; 1/ and assume that u 2 dom..�P /s/ is a solution to equa-
tion (1.1) with (1.3), (1.4), and (1.5). We assume that the potential q 2 C1.Rn/
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satisfies jq.x/j � 1 and
jxjjrq.x/j � 1:

If u further satisfies
Z

Rn

ejxj˛ juj2 dx � C < 1 for some ˛ > 1;

then u � 0.

We also have the following result for non-differentiable potential q.

Theorem 1.2. Let s 2 .1=4;1/ and assume that u 2 dom..�P /s/ is a solution to (1.1)
with (1.3), (1.4), and (1.5). Now, we assume that the potential q satisfies jq.x/j � 1.
If u satisfies

Z

Rn

ejxj˛ juj2 dx � C < 1 for some ˛ >
4s

4s � 1
;

then u � 0.

Remark 1.3. When s D 1
2

, Theorem 1.1 and Theorem 1.2 still hold without (1.5).

Remark 1.4. We prove Theorem 1.2 using the splitting arguments in [31]. Similarly
to [31], we assume s 2 .1

4
; 1/ due to the sub-sllipticity nature. We also see that, as

s ! 1, the exponent 4s
4s�1

in Theorem 1.2 tends to 4
3

, which is the optimal exponent
for the classical Schrödinger equation.

Remark 1.5. The condition (1.4) allows small perturbations of Laplacian only, which
works as a sufficient condition in deriving Carleman estimate. In [10], they also
imposed similar assumption to prove the strong unique continuation property for (1.1).
In contrast to the works [6, 28], which studied the real-version of Landis conjecture,
such condition is not needed, since their proofs did not involve any Carleman estimate.

1.2. Main ideas

The main method of proving Theorem 1.1 and 1.2 is Carleman estimates. However,
due to the non-locality of .�P /s , the techniques here are much complicated than
those for the classical case, i.e., s D 1. One of the major tricks is to localize .�P /s,
which is motivated by Caffarelli and Silvestre’s fundamental work [2]. Here we will
use the Caffarelli–Silvestre-type extension of .�P /s proved in [33, 34]. After local-
izing .�P /s , we will derive a Carleman estimate on R

nC1
C mimicking the one proved

in [30]. This Carleman estimate enables passing of the boundary decay to the bulk
decay.
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1.3. Main difficulties: regularity of .�P/s

Using the Fourier transform, it is easy to see that

.��/˛.��/ˇ D .��/˛Cˇ and .��/s 2 L. PHˇCs.Rn/; PHˇ�s.Rn//:

However, extension of these properties to .�P /s is not trivial. We establish the addit-
ivity property of .�P /s by introducing the Balakrishnan definition of .�P /s , which
is equivalent to (1.2), see, e.g., [25] or [37, Section IX.11]. The continuity of the map
.�P /sWH 2s.Rn/ ! L2.Rn/ can be also obtained by the Balakrishnan operator, as
well as the interpolation of the single operator �P . Here, we shall not interpolate
on the family of the operator .�P /s , see also [12] for the interpolation theory of the
analytic family of multilinear operators.

Remark 1.6. In [32], R. T. Seeley showed that the operator .�P /s is a pseudo-
differential operator of order 2s if ajk are smooth. In this case, we can apply the
theory of pseudo-differential operator, see, e.g., [36]. As a byproduct, we loosened
the smoothness hypothesis that required by theories of the pseudo-differential oper-
ator. Moreover, the boundary value theories for the fractional Laplacian have been
elaborated in recent years, see, e.g., [13–17]. In [17], Grubb calculated the first few
terms in the symbol of .�P /s .1

1.4. Main difficulties: Carleman estimates

In [31], Rüland and J.-N. Wang proved their Carleman estimates by estimating a cer-
tain commutator term, see [31, (31)–(33)]. In our case, we shall approximateP by�.
However, we face difficulties while controlling the remainder terms. Here, we solve
this problem using the ideas in [27]. It is also interesting to mention that the terms of
second derivative in the Carleman estimate should be zr.r Qu/ rather than zr2 Qu, where
zr D .r; @nC1/ is the gradient operator on R

nC1, and Qu is the Caffarelli–Silvestre-type
extension of u.

1.5. Organization of the paper

In Section 2, we localize the operator .�P /s and solve the problems described in
Paragraph 1.3. Following, in Section 3, we show that the decay of u implies the decay
of the Caffarelli–Silvestre-type extension Qu of u. Then, we derive some delicate Car-
leman estimates on Rn

C in Section 4. Finally, we prove Theorem 1.1 and Theorem 1.2
in Section 5.

1I would like to thank Prof Gerd Grubb for bringing these issues to my attention and for
pointing out several related references.
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2. Caffarelli–Silvestre-type extension

Let R
nC1
C D Rn � RC D ¹.x0; xnC1/W xnC1 > 0º, and we write x D .x0; xnC1/ with

x0 2 R
n and xnC1 2 RC. We also denote r 0 D .@1; : : : ; @n/ and r D .r 0; @nC1/. For

x0 2 R
n � ¹0º, we denote the half balls in R

nC1
C and R

n � ¹0º by

BC
r .x0/ WD ¹x 2 R

nC1
C W jx � x0j � rº;

B 0
r.x0/ WD ¹.x0; 0/ 2 R

n � ¹0ºW j.x0; 0/� x0j � rº;

BC
r .0/ D BC

r , and B 0
r.0/ D B 0

r . We define the annulus

AC
r;R WD ¹x 2 R

nC1
C W r � jxj � Rº;

A0
r;R WD ¹.x0; 0/ 2 R

n � ¹0ºW r � j.x0; 0/j � Rº:

We consider the following Sobolev spaces:

L2.D; x1�2s
nC1 / WD

²

vWD ! RW

Z

D

x1�2s
nC1 jvj2 dx < 1

³

;

PH 1.D; x1�2s
nC1 / WD

²

vWD ! RW

Z

D

x1�2s
nC1 jrvj2 dx < 1

³

;

H 1.D; x1�2s
nC1 / WD

²

vWD ! RW

Z

D

x1�2s
nC1 .jvj2 C jrvj2/ dx < 1

³

;

where D is a relative open set in R
nC1
C .

For s 2 .0; 1/, let Qu be a solution to the following degenerate elliptic equation:

Œ@nC1x
1�2s
nC1 @nC1 C x1�2s

nC1 P � Qu D 0 in R
nC1
C ; (2.1)

Qu D u on R
n � ¹0º: (2.2)

Refer to [34, equation (1.8) in Theorem 1.1], the fractional elliptic operator .�P /s

satisfies
.�P /su.x0/ D cs lim

xnC1!0
x1�2s

nC1 @nC1 Qu.x/; (2.3)

with

cs D
4s�.s/

2s�.�s/
< 0 .in particular, c1=2 D �1/;

see also [33]. The following lemma is a special case of [10, Proposition 2.1]:

Lemma 2.1. Let 0 < s < 1, and assuming that ajk D akj 2 C
0;1.Rn/ satisfies the

elliptic condition (1.3). Then, there exists an extension operator

EsW dom..�P /s/ ! H 1
loc.R

nC1
C ; x1�2s

nC1 / \ C
2;1
loc .R

nC1
C /

such that QuD Es.u/ is a solution of (2.1) and the boundary conditions (2.2) and (2.3)
are attained as L2.Rn/-limits.



P.-Z. Kow 1028

The proof of Lemma 2.1 is same as in [33, 34]. The following estimate also holds
true:

k Qu.�; xnC1/kL2.Rn/ � kukL2.Rn/ for all xnC1 > 0: (2.4)

with QuD Es.u/, see [34, p. 2097] or [33, p. 48–49]. From [38, Proposition 2.6], indeed

EsWH s.Rn/ ! H 1
loc.R

nC1
C ; x1�2s

nC1 / (2.5)

is a bounded linear operator. Using [23, Remark 7.4], we know that

C
1
c .RnC1

C / is dense in H 1
loc.R

nC1
C ; x1�2s

nC1 /;

thus, given any v 2 H s.Rn/, we have Qv D Es.v/ 2 H 1
loc.R

nC1
C ; x1�2s

nC1 / and
ˇ

ˇ

ˇ

ˇ

Z

Rn�¹0º

..�P /su/v dx0

ˇ

ˇ

ˇ

ˇ

�

ˇ

ˇ

ˇ

ˇ

Z

Rn�¹0º

. lim
xnC1!0

x1�2s
nC1 @nC1 Qu/v dx0

ˇ

ˇ

ˇ

ˇ

D

ˇ

ˇ

ˇ

ˇ

Z

R
nC1
C

x1�2s
nC1 @

1�2s
nC1 @nC1 Qu@nC1 Qv dx C

Z

R
nC1
C

A.x0/r 0 Qu � r 0 Qv dx

ˇ

ˇ

ˇ

ˇ

� ��1kr Quk
L2.R

nC1
C ;x1�2s

nC1
/
kr Qvk

L2.R
nC1
C ;x1�2s

nC1
/

� ��1kEs.u/k PH 1.R
nC1
C ;x1�2s

nC1
/
kEs.v/k PH 1.R

nC1
C ;x1�2s

nC1
/

� CkukH s.Rn/kvkH s .Rn/ using (2.5):

Therefore, by arbitrariness of v 2 H s.Rn/, we conclude the following lemma:

Lemma 2.2. Let 0 < s < 1 and ajk given as in Lemma 2.1. Then .�P /sWH s.Rn/ !
H�s.Rn/ is a bounded linear operator.

Note that

Pu D
n

X

j;kD1

ajk@j @kuC
n

X

j;kD1

.@jajk/@ku:

Since ajk is uniformly Lipschitz, then

k � PukL2.Rn/ � CkukH 2.Rn/: (2.6)

We here also remark that dom.�P / D H 2.Rn/ is the maximal extension such that
�P is self-adjoint and densely defined in L2.Rn/, see [11, equation (2.8)]. Given any
� 2 C

1
c .Rn/, we see that

hPu; �i D .u; P�/L2.Rn/ � kukL2.Rn/kP�kL2.Rn/ � CkukL2.Rn/k�kH 2.Rn/;
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where h�; �i is the H�2.Rn/˚H 2.Rn/ duality pair. Since

C
1
c .Rn/ is dense in H  .Rn/ for each  2 R .see, e.g., [23, Remark 7.4]/;

then we know that
kPukH �2.Rn/ � CkukL2.Rn/: (2.7)

We shall prove the followings:

Lemma 2.3. Let 0 < s < 1 and ajk given as in Lemma 2.1. We have the inequality

k.�P /sukL2.Rn/ � CkukH 2s.Rn/: (2.8)

Moreover, we have
k.�P /sukH �2s.Rn/ � CkukL2.Rn/: (2.9)

Remark 2.4. Using the duality argument as in (2.7), we know that (2.8) and (2.9) are
equivalent.

In order to prove Lemma 2.3, we introduce the Balakrishnan operator as in [25,
Definition 3.1.1 and Definition 5.1.1].

Definition 2.5. Let ˛ 2 CC D ¹z 2 CW <z > 0º.

(1) If 0 < <˛ < 1, then dom..�P /˛B/ D dom.�P / and

.�P /˛B� D
sin˛�

�

1
Z

0

�˛�1.�� P /�1.�P /� d�:

(2) If <˛ D 1, then dom..�P /˛B/ D dom..�P /2/ and

.�P /˛B� D
sin˛�

�

1
Z

0

�˛�1
h

.� � P /�1 �
�

�2 C 1

i

.�P /� d�C sin
˛�

2
.�P /�:

(3) If n < <˛ < nC 1 for n 2 N, then dom..�P /˛B/ D dom..�P /nC1/ and

.�P /˛B� D .�P /˛�n
B .�P /n�:

(4) If <˛ D nC 1 for n 2 N, then dom..�P /˛B/ D dom..�P /nC2/ and

.�P /˛B� D .�P /˛�n
B .�P /n�:

The following proposition, which can be found at [25, Theorem 6.1.6], shows that
.�P /sB and .�P /s are equivalent.
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Proposition 2.6. Let 0 < s < 1. If u 2 dom..�P /sB/, then the strong limit

lim
"!0C

1
Z

"

.1� etP /u
dt

t1Cs

exists, and

.�P /sBu D c0
s lim

"!0C

1
Z

"

.1� etP /u
dt

t1Cs
for some positive constant c0

s ;

where ¹etP ºt�0 is the heat-diffusion semigroup generated by �P .

Here and after, we shall not distinguish between .�P /s and .�P /sB , as well as
dom..�P /s/ and dom..�P /sB/. Using [25, Theorem 5.1.2], we have the following
fact:

if u 2 dom..�P /˛Cˇ /, then .�P /ˇu 2 dom..�P /˛/;

and the following identity holds:

.�P /˛.�P /ˇu D .�P /˛Cˇu for all u 2 dom..�P /˛Cˇ / (2.10)

for all ˛; ˇ 2 C with <˛ > 0 and <ˇ > 0. Since .�P /s is self-adjoint in L2.Rn/,
then

k.�P /suk2
L2.Rn/

D ..�P /2su; u/L2.Rn/:

Now, we are ready to prove Lemma 2.3.

Proof of Lemma 2.3. We first consider the case when 0 < s � 1=2. Since .�P /s is
self-adjoint, by observing that .�P /2s D .�P /s.�P /s (using (2.10)), Lemma 2.2
immediate implies

k.�P /suk2
L2.Rn/

D ..�P /2su; u/L2.Rn/

� k.�P /2sukH �2s .Rn/kukH 2s .Rn/

� Ckuk2
H 2s .Rn/

: (2.11)

When 1=2 < s < 1, by observing that .�P /2s D .�P /2s�1.�P / D .�P /.�P /2s�1

(using (2.10)) and 0 < 2s � 1 < 1, using Lemma 2.2 we can easily show that

k.�P /2sukH 1�2s .Rn/ � CkukH 1C2s .Rn/

k.�P /2sukH �1�2s .Rn/ � CkukH �1C2s .Rn/:

By interpolating the above two inequalities, we conclude that (2.11) holds for all
0 < s < 1, and we complete the proof of Lemma 2.3.
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3. Boundary decay implies bulk decay

Firstly, we translate the decay behavior on R
n to decay behavior which is also holds

on R
nC1
C .

Proposition 3.1. Let s 2 .0; 1/ and u 2H s.Rn/ be a solution to (1.1), with (1.3) and
(1.4). For s ¤ 1

2
, we further assume (1.5). Assume that jq.x/j � 1 and there exists

˛ > 1 such that
Z

Rn

ejxj˛ juj2 dx � C < 1:

Then there exist constants C1; C2 > 0 so that the Caffarelli–Silvestre-type extension
Qu.x/ satisfies

j Qu.x/j � C1e
�C2jxj˛ for all x 2 R

nC1
C :

The ideas of proving Proposition 3.1 is similar to [31, Proposition 2.2]. The proof
of [31, Proposition 2.2] utilized [30, Propositions 5.10–5.12]. The extension of such
propositions involving many details, especially the Carleman estimate in [30, Propos-
itions 5.7]. For sake of readability, here we present the details of the proofs.

In order to obtain the interior decay, similar to [31, Proposition 2.3], we need the
following three-ball inequalities.

Lemma 3.2. Let s 2 .0; 1/ and Qu 2 H 1.BC
4 ; x

1�2s
nC1 / be a solution to

Œ@nC1x
1�2s
nC1 @nC1 C x1�2s

nC1 P � Qu D 0 in R
nC1
C

with (1.3). Assume that r 2 .0; 1/ and Nx0 D . Nx0
0; 5r/ 2 BC

2 . Then, there exists ˛ D
˛.n; s/ 2 .0; 1/ such that

k Quk
L1.B

C
2r

. Nx0//
� Ck Quk˛

L1.B
C
r . Nx0//

k Quk1�˛

L1.B
C
4r

. Nx0//
:

Proof. As . Nx0/nC1 D 5r , this follows from a standard interior L2 three ball inequal-
ities together with L1-L2 estimates for uniformly elliptic equations.

Also, we need the following boundary-bulk propagation of smallness estimation:

Lemma 3.3. Let s 2 .0; 1/ and let Qu 2 H 1.RnC1
C ; x1�2s

nC1 / be a solution to (2.1)
with (1.3) and q 2 L1.Rn/. We assume that

max
1�j;k�n

kajk � ıjkk1 C max
1�j;k�n

kr 0ajkk1 � "

for some sufficiently small " > 0. For s ¤ 1
2

, we further assume

max
1�j;k�n

k.r 0/2ajkk1 � C

for some positive constant C . Assume that x0 2 R
n � ¹0º. Then
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(a) there exist ˛ D ˛.n; s/ 2 .0; 1/ and c D c.n; s/ 2 .0; 1/ such that

kx
1�2s

2

nC1 Quk
L2.B

C
cr .x0//

� C
�

kx
1�2s

2

nC1 Quk
L2.B

C
16r

.x0//
C r1�skukL2.B 0

16r
.x0//

�˛

�
�

rsC1k lim
xnC1!0

x1�2s
nC1 @nC1 QukL2.B 0

16r
.x0//

C r1�skukL2.B 0
16r

.x0//

�1�˛

C C
�

kx
1�2s

2

nC1 Quk
L2.B

C
16r

.x0//
C r1�skukL2.B 0

16r
.x0//

�
2s

1Cs

�
�

rsC1k lim
xnC1!0

x1�2s
nC1 @nC1 QukL2.B 0

16r
.x0//

C r1�skukL2.B 0
16r

.x0//

�
1�s
1Cs I

(b) there exist ˛ D ˛.n; s/ 2 .0; 1/ and c D c.n; s/ 2 .0; 1/ such that

kx
1�2s

2

nC1 Quk
L1.B

C
cr
2

.x0//

� Cr� n
2

�

rs�1kx
1�2s

2

nC1 Quk
L2.B

C
16r

.x0//
C kukL2.B 0

16r
.x0//

�˛

�
�

r2sk lim
xnC1!0

x1�2s
nC1 @nC1 QukL2.B 0

16r
.x0// C kukL2.B 0

16r
.x0//

�1�˛

C Cr� n
2

�

rs�1kx
1�2s

2

nC1 Quk
L2.B

C
16r

.x0//
C kukL2.B 0

16r
.x0//

�
2s

1Cs

�
�

r2sk lim
xnC1!0

x1�2s
nC1 @nC1 QukL2.B 0

16r
.x0// C kukL2.B 0

16r
.x0//

�
1�s
1Cs

C Cr� n
2 rskquk

1
2

L2.B 0
16r

.x0//
kuk

1
2

L2.B 0
16r

.x0//
:

Using Lemma 3.2 and Lemma 3.3, and imitating the chain-ball argument in [31],
we can obtain Proposition 3.1.

3.1. Proof of the part (a) of Lemma 3.3 for the case s 2 Œ1=2; 1/

We first prove the following extension of the Carleman estimate in [30, Proposi-
tion 5.7].

Lemma 3.4. Let s 2 Œ1
2
; 1/ and let w 2 H 1.RnC1

C ; x1�2s
nC1 / with supp.w/ � BC

1=2
be a

solution to

h

@nC1x
1�2s
nC1 @nC1 C x1�2s

nC1

n
X

j;kD1

ajk@j @k

i

w D f in R
nC1
C ;

w D 0 on R
n � ¹0º:
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Suppose that

�.x/ D �.x0; xnC1/ WD �
jx0j2

4
C 2

�

�
1

2 � 2s
x2�2s

nC1 C
1

2
x2

nC1

�

:

We assume that

max
1�j;k�n

kajk � ıjkk1 C max
1�j;k�n

kr 0ajkk1 � "

for some sufficiently small " > 0. For s ¤ 1
2

, we further assume

max
1�j;k�n

k.r 0/2ajkk1 � C

for some positive constant C . Assume additionally that

kx
2s�1

2

nC1 f k
L2.R

nC1
C /

C lim
xxC1!0

k�0wkL2.Rn�¹0º/

C lim
xnC1!0

kr 0wkL2.Rn�¹0º/

C lim
xnC1!0

kx1�2s
nC1 @nC1wkL2.Rn�¹0º/ < 1:

Then there exist �0 > 1 and a constant C such that

�3ke��x
1�2s

2

nC1 wk2

L2.R
nC1
C

/
C �ke��x

1�2s
2

nC1 rwk2

L2.R
nC1
C

/

� C
�

ke��x
2s�1

2

nC1 f k2

L2.R
nC1
C

/

C ��1 lim
xnC1!0

ke���0wk2
L2.Rn�¹0º/

C � lim
xnC1!0

ke��x0 � r 0wk2
L2.Rn�¹0º/

C � lim
xnC1!0

ke��x1�2s
nC1 @nC1wk2

L2.Rn�¹0º/

�

for all � � �0.

Proof. Now, we prove the Carleman estimate for s 2 .1
2
; 1/, as the case s D 1

2
is

naturally included in our estimates.

Step 1: Conjugation. Let Qu D x
1�2s

2

nC1 w, we have

x
2s�1

2

nC1 f D � QuC Vcsx
�2
nC1 QuC

n
X

j;kD1

.ajk � ıjk/@j @k Qu;
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where Vcs D 1�4s2

4
. Let u D e�� Qu, we have

e��x
2s�1

2

nC1 f D Œ�C �2jr�j2 C Vcsx
�2
nC1 � ��� � 2�r� � r�u

C
n

X

j;kD1

.ajk � ıjk/@j @ku

� �
n

X

j;kD1

.ajk � ıjk/Œ.@k�/@j C .@j�/@k�u

C
n

X

j;kD1

.ajk � ıjk/Œ�
2.@k�/.@j�/ � �.@j @k�/�u:

We write LC D S C AC (I) C (II) C (III), where

S D �C �2jr�j2 C Vcsx
�2
nC1; A D �2�r� � r � ���;

(I) D
n

X

j;kD1

.ajk � ıjk/@j @k

(II) D ��
n

X

j;kD1

.ajk � ıjk/Œ.@k�/@j C .@j�/@k �

(III) D
n

X

j;kD1

.ajk � ıjk/Œ�
2.@k�/.@j�/ � �.@j @k�/�:

We now define L� WD S � AC (I) � (II) C (III),

D WD kLCuk2 � kL�uk2 and S WD kLCuk2 C kL�uk2;

where

k � k D k � k
L2.R

nC1
C

/
; k � k0 D k � kL2.Rn�¹0º/

h�; �i D h�; �i
L2.R

nC1
C

/
; h�; �i0 D h�; �iL2.Rn�¹0º/

and we omit the notations “limxnC1!0” in k � k0 and h�; �i0.

Step 2: Estimating the bulk contributions.

Step 2.1: Estimating the difference D. Observe that D D 4hSu;Aui CR, where

R D 4hSu; (II)ui C 4hAu; (I)ui C 4hAu; (III)ui

C 4h(I)u; (II)ui C 4h(II)u; (III)ui:
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Step 2.1.1: Computation the principal term. Note that

2hSu;Aui D hŒS; A�u; ui C 2�hSu; .@nC1�/ui0

� hAu; @nC1ui0 C h@nC1.Au/; ui0: (3.1)

Observe that ŒS; A� D ŒS; A�1 C ŒS; A�2, where

ŒS; A�1 D Œ�0 C �2jr 0�j2;�2�r 0� � r 0 � ��0��;

ŒS; A�2 D
h

@2
nC1 C �2.@nC1�/

2 C
1 � 4s2

4
x�2

nC1;�2�@nC1�@nC1 � �@2
nC1�

i

:

The following identity can be found in [30, equation (5.20) of Proposition 5.7]:

hŒS; A�1u; ui D �
1

2
�3kjx0juk2 � 2�kr 0uk2: (3.2)

For our purpose, we need to refine the estimate [30, equation (5.22) of Proposi-
tion 5.7]. The following identity can be found in [30, equation (5.19) of Proposi-
tion 5.7]:

hŒS; A�2u; ui D 4�3hu; .@nC1�/
2.@2

nC1�/ui

C 4�h@nC1u; .@
2
nC1�/@nC1ui

� �hu; .@4
nC1�/ui

� 4 Vcs�hu; x�3
nC1.@nC1�/ui

C 4�h.@2
nC1�/@nC1u; ui0:

From [30, equation (5.21) of Proposition 5.7], we have

.@nC1�/
2.@2

nC1�/ D 8.x1�2s
nC1 � xnC1/

2..2s � 1/x�2s
nC1 C 1/

and

� �hu; .@4
nC1�/ui C .2s C 1/.2s � 1/�hu; x�3

nC1.@nC1�/ui

D 2�.1� 2s/.1C 2s/2kx�1�s
nC1 uk2 � 8� Vcskx�1

nC1uk2:

Hence, we have

hŒS; A�2u; ui D 32�3k.x1�2s
nC1 � xnC1/uk2

C 32.2s � 1/�3k.x1�2s
nC1 � xnC1/x

�s
nC1uk2

C 8�.2s � 1/kx�s
nC1@nC1uk2

C 2�.1� 2s/.1C 2s/2kx�1�s
nC1 uk2

C 8�k@nC1uk2 � 8� Vcskx
�1
nC1uk2

C 4�h.@2
nC1�/@nC1u; ui0: (3.3)
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Combining (3.1), (3.2), and (3.3), we reach

4hSu;Aui D 64�3k.x1�2s
nC1 � xnC1/uk2

C 64.2s � 1/�3k.x1�2s
nC1 � xnC1/x

�s
nC1uk2

C 16�.2s � 1/kx�s
nC1@nC1uk2

C 16�k@nC1uk2

� 8� Vcskx
�1
nC1uk2

C 4�.1� 2s/.1C 2s/2kx�1�s
nC1 uk2

� �3kjx0juk2 � 4�kr 0uk2

C 8�h.@2
nC1�/@nC1u; ui0

C 4�hSu; .@nC1�/ui0

� 2hAu; @nC1ui0

C 2h@nC1.Au/; ui0: (3.4)

Step 2.1.2: Estimating the remainder. Using integration by parts, we can estimate
R from below:

R � �C"
�

�k.x1�2s
nC1 � xnC1/r

0uk2 C �k@nC1uk2 C �3k.x1�2s
nC1 � xnC1/x

�s
nC1uk2

C �kx�1
nC1uk2 C �kx

1�2s
2

nC1 @nC1uk2
0 C �kx

2s�1
2

nC1 jx0jr 0uk2
0

C �3k.x1�2s
nC1 � xnC1/

1
2uk2

0

�

:

Here we would like to highlight some features when estimating the second term of R,
that is, hAu; (I)ui. Note that

h�2�@nC1�@nC1u; .ajk � ıjk/@j @kui

D �h@nC1�@nC1u; .@jajk/@kui � �h@2
nC1�@ju; .ajk � ıjk/@kui

C �h@nC1�@ju; .@kajk/@nC1ui � �h@nC1�@ju; .ajk � ıjk/@kui0 (3.5)

and

h��.@2
nC1�/u; .ajk � ıjk/@j @kui

D �h.@2
nC1�/u; .@jajk/@kui C �h@2

nC1�@ju; .ajk � ıjk/@kui (3.6)

D �
�

2
h.@2

nC1�/u; .@j @kajk/ui C �h@2
nC1�@ju; .ajk � ıjk/@kui : (3.7)

So, summing up (3.5) and (3.7), we note that the problematic term

�h@2
nC1�@ju; .ajk � ıjk/@kui
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is canceled. It problematic because @2
nC1� has singularity x�2s

nC1 for s 2 .1=2;1/. How-
ever, when s D 1

2
, @2

nC1� has no singularity. In this case, we consider (3.6) rather
than (3.7). This is the reason why we can loosen the second derivative assumption for
the case s D 1

2
.

Step 2.1.3: Combining the commutator and the remainder. Using the Hardy
inequality in Lemma A.1, we reach

kx�s�1
nC1 uk2 �

4

.2s C 1/2
kx�s

nC1@nC1uk2 C
2

2s C 1
kx

� 1
2

�s

nC1 uk2
0;

thus

16�.2s � 1/kx�s
nC1@nC1uk2 � 4�.2s � 1/.2s C 1/2kx�1�s

nC1 uk2

� �8�.2s � 1/.2s C 1/kx
� 1

2 �s

nC1 uk2
0:

Therefore, choosing sufficiently small " > 0, we reach

D � 64�3k.x1�2s
nC1 � xnC1/uk2 C

639

10
.2s � 1/�3k.x1�2s

nC1 � xnC1/x
�s
nC1uk2

C
159

10
�k@nC1uk2 C

39

10
�.2s � 1/.2s C 1/kx�1

nC1uk2 � 4�kr 0uk2

� C"�k.x1�2s
nC1 � xnC1/r

0uk2 C 8�h.@2
nC1�/@nC1u; ui0 C 4�hSu; @nC1�i0

� 2hAu; @nC1ui0 C 2h@nC1.Au/; ui0 � �kx
1�2s

2

nC1 @nC1uk2
0

� �kx
2s�1

2

nC1 jx0jr 0uk2
0 � �3k.x1�2s

nC1 � xnC1/
1
2uk2

0

� 8�.2s � 1/.2s C 1/kx
� 1

2 �s

nC1 uk2
0: (3.8)

Step 2.2: Estimating the sum S. Observe that

S � 2kSuk2 C 2kAuk2 � C"
h

n
X

j;kD1

k@j @kuk2 C �2kr 0uk2 C �4kuk2
i

:

Since Vcs < 0, then

2kSuk2 D 2k�0uC .@2
nC1uC �2jr�j2uC Vcsx

�2
nC1u/k

2

D 2k�0uk2 C 4h�0u; @2
nC1ui C 4�2h�0u; jr�j2ui

C 4 Vcsh�0u; x�2
nC1ui C 2k@2

nC1uC �2jr�j2uC Vcsx
�2
nC1uk2

D 2

n
X

j;kD1

k@j @kuk2 C 4h�0u; @2
nC1ui C 4�2h�0u; jr�j2ui

� 4 Vcshr 0u; x�2
nC1r 0ui C 2k@2

nC1uC �2jr�j2uC Vcsx
�2
nC1uk2

� 2

n
X

j;kD1

k@j @kuk2 C 4h�0u; @2
nC1ui C 4�2h�0u; jr�j2ui:
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Since
4h�0u; @2

nC1ui D 4hr 0@nC1u;r
0@nC1ui � 4h�0u; @nC1ui0

and for "0 > 0, we have

4�2h�0u; jr�j2ui

D �2h�0u; jx0j2ui C 16�2h�0u; .x1�2s
nC1 � xnC1/

2ui

� ��2.1C "0/kr 0uk2 � �2C"�1
0 kuk2 � 16�2k.x1�2s

nC1 � xnC1/r
0uk2:

Thus,

S � 2kSuk2 C 2kAuk2 � C"
h

n
X

j;kD1

k@j @kuk2 C �2kr 0uk2 C �4kuk2
i

� 2kr.r 0u/k2 � �2.1C "0/kr 0uk2

� �2C"�1
0 kuk2 � 16�2k.x1�2s

nC1 � xnC1/r
0uk2

� C"
h

n
X

j;kD1

k@j @kuk2 C �2kr 0uk2 C �4kuk2
i

� 4h�0u; @nC1ui0: (3.9)

Step 2.3: Combining the difference D and the sum S. After combining (3.8) and
(3.9), we choose small " > 0, and consequently choose small "0 >0 and large � , hence

�

� C s C
1

2

�

kLCuk2 �
9

10
.2s � 1/kr.r 0u/k2 C kSuk2

C 64�4k.x1�2s
nC1 � xnC1/uk2

C
639

10
.2s � 1/�4k.x1�2s

nC1 � xnC1/x
�s
nC1uk2

C
159

10
�2k@nC1uk2 � 4�2kr 0uk2

�
171

20
.2s � 1/�2k.x1�2s

nC1 � xnC1/r
0uk2

C
39

10
�2.2s � 1/.2s C 1/kx�1

nC1uk2

C 8�2h.@2
nC1�/@nC1u; ui0 C 4�2hSu; @nC1�i0

� 2�hAu; @nC1ui0 C 2�h@nC1.Au/; ui0

� �2kx
1�2s

2

nC1 @nC1uk2
0 � �2kx

2s�1
2

nC1 jx0jr 0uk2
0

� �4k.x1�2s
nC1 � xnC1/

1
2uk2

0

� 8�2.2s � 1/.2s C 1/kx
� 1

2
�s

nC1 uk2
0

� 2.2s � 1/h�0u; @nC1ui0: (3.10)
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Step 2.4: Obtaining gradient estimates. Since supp.u/ � BC
1=2

and s > 1
2

, thus

0 � .x1�2s
nC1 � xnC1/x

s
nC1 D x1�s

nC1 � x1Cs
nC1 � x1�s

nC1 � 1;

and hence

172

20
.2s � 1/�2k.x1�2s

nC1 � xnC1/r
0uk2

D �
172

20
.2s � 1/�2h.x1�2s

nC1 � xnC1/x
s�0u; .x1�2s

nC1 � xnC1/x
�sui

�
86

20
.2s � 1/ık.x1�2s

nC1 � xnC1/x
s�0uk2

C
86

20
.2s � 1/�4ı�1k.x1�2s

nC1 � xnC1/x
�suk2

�
86

20
.2s � 1/ık�0uk2 C

86

20
.2s � 1/�4ı�1k.x1�2s

nC1 � xnC1/x
�suk2:

Choose ı D 8
43

, we reach

172

20
.2s � 1/�2k.x1�2s

nC1 � xnC1/r
0uk2

�
8

10
.2s � 1/k�0uk2 C 23:1125.2s � 1/�4k.x1�2s

nC1 � xnC1/x
�suk2: (3.11)

Moreover, we have

41

10
�2hSu; ui D

41

10
�2kruk2 �

41

10
�4kjr�juk2 C

41

5
.2s C 1/.2s � 1/�kx�1

nC1uk2

C
41

10
�2h@nC1u; ui0

�
41

10
�2kruk2 �

41

10
�4

� 1

16
kuk2 C 4k.x1�2s

nC1 � xnC1/uk2
�

C
41

5
.2s C 1/.2s � 1/�kx�1

nC1uk2 C
41

10
�2h@nC1u; ui0

D
41

10
�2kruk2 �

41

160
�4kuk2 �

164

10
k.x1�2s

nC1 � xnC1/uk2

C
41

5
.2s C 1/.2s � 1/�kx�1

nC1uk2

C
41

5
.2s C 1/.2s � 1/�kx�1

nC1uk2 C
41

10
�2h@nC1u; ui0: (3.12)

Define  s.xnC1/ WD x1�2s
nC1 � xnC1. Since supp .u/ � BC

1=2
, so 0 � xnC1 � 1=2, for

s 2 .1=2; 1/, the derivative can be easily estimated

 0
s.xnC1/ D .1� 2s/x�2s

nC1 � 1 < 0 for 0 � xnC1 � 1=2:
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Since  s.xnC1/ is decreasing on Œ0; 1=2�, for s 2 .1=2; 1/,

inf
0�xnC1�1=2

.x1�2s
nC1 � xnC1/ D inf

0�xnC1�1=2
 s.xnC1/ D  s

�1

2

�

D
1

2
.4s � 1/ �

1

2
:

Combining this with (3.12), we reach the estimate

41

10
�2kr 0uk2 C

41

5
.2s C 1/.2s � 1/�2kx�1

nC1uk2 C
41

10
�2h@nC1u; ui0

�
41

10
�2kruk2 C

41

5
.2s C 1/.2s � 1/�2kx�1

nC1uk2 C
41

10
�2h@nC1u; ui0

�
41

10
�2hSu; ui C

41

160
�4kuk2 C

164

10
�4k.x1�2s

nC1 � xnC1/uk2

�
41

20
ıkSuk2 C

41

20
ı�1�4kuk2 C

41

160
�4kuk2 C

164

10
�4k.x1�2s

nC1 � xnC1/uk2

�
41

20
ıkSuk2 C

82

10
ı�1�4k.x1�2s

nC1 � xnC1/uk2 C
41

40
�4k.x1�2s

nC1 � xnC1/uk2

C
164

10
�4k.x1�2s

nC1 � xnC1/uk2:

Choosing ı D 20
41

, hence

41

10
�2kr 0uk2 C

41

5
.2s C 1/.2s � 1/�2kx�1

nC1uk2 C
41

10
�2h@nC1u; ui0

� kSuk2 C 34:235�4k.x1�2s
nC1 � xnC1/uk2: (3.13)

Step 2.5: Plugging gradient estimates into (3.10). Combining (3.10), (3.11),
and (3.13), we reach

�

� C s C
1

2

�

kLCuk2 �
1

10
.2s � 1/kr.r 0u/k2 C 29:765�4k.x1�2s

nC1 � xnC1/uk2

C 40:7875.2s � 1/�4k.x1�2s
nC1 � xnC1/x

�s
nC1uk2

C
159

10
�2k@nC1uk2 C

1

10
�2kr 0uk2

C
1

20
.2s � 1/�2k.x1�2s

nC1 � xnC1/r
0uk2

C 12:1�2.2s � 1/.2s C 1/kx�1
nC1uk2

C 8�2h.@2
nC1�/@nC1u; ui0 C 4�2hSu; .@nC1�/ui0

� 2�hAu; @nC1ui0 C 2�h@nC1.Au/; ui0

� �2kx
1�2s

2

nC1 @nC1uk2
0 � �2kx

2s�1
2

nC1 jx0jr 0uk2
0

� �4k.x1�2s
nC1 � xnC1/

1
2uk2

0

� 8�2.2s � 1/.2s C 1/kx
� 1

2
�s

nC1 uk2
0

� 4.2s � 1/h�0u; @nC1ui0 C
41

10
�2h@nC1u; ui0: (3.14)
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Hence, we reach

2�kLCuk2 � 25�4k.x1�2s
nC1 � xnC1/uk2 C

1

10
�2kruk2

C 12�2.2s � 1/.2s C 1/kx�1
nC1uk2 C 8�2h.@2

nC1�/@nC1u; ui0

C 4�2hSu; .@nC1�/ui0 � 2�hAu; @nC1ui0 C 2�h@nC1.Au/; ui0

� �2kx
1�2s

2

nC1 @nC1uk2
0 � �2kx

2s�1
2

nC1 jx0jr 0uk2
0

� �4k.x1�2s
nC1 � xnC1/

1
2uk2

0 � 8�2.2s � 1/.2s C 1/kx
� 1

2 �s

nC1 uk2
0

� 4.2s � 1/h�0u; @nC1ui0 C
41

10
�2h@nC1u; ui0: (3.15)

Since u D e��x
1�2s

2

nC1 w, we estimate that

kruk2 �
1

2
ke��x

1�2s
2

nC1 rwk2 � 2�2ke�� jr�jx
1�2s

2

nC1 wk2

� 2
�2s � 1

2

�2

ke��x
� 1C2s

2

nC1 wk2

�
1

2
ke��x

1�2s
2

nC1 rwk2 � 16�2k.x1�2s
nC1 � xnC1/uk2 � .2s � 1/2kx�1

nC1uk2:

Step 3: Estimating the boundary contributions. We want to show that

ke��x�2s
nC1wk0 � Cske��x1�2s

nC1 @nC1wk0 < 1: (3.16)

Indeed, since w.x0; 0/ � 0, thus

x�2s
nC1w.x

0; xnC1/ D x1�2s
nC1

1
Z

0

@nC1w.x
0; txnC1/ dt

D

1
Z

0

.txnC1/
1�2s@nC1w.x

0; txnC1/t
2s�1 dt:

Multiplying above equation by e�� , taking the L2-norm with respect to x0 and using
the fact that @nC1� < 0 on supp.w/ gives

ke��x�2s
nC1w.�; xnC1/k0

� sup
t2.0;1/

ke��.�;txnC1/.txnC1/
1�2s@nC1w.�; txnC1/k0

1
Z

0

t2s�1 dt:

Taking xnC1 ! 0 proves (3.16).
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We observe that

4�2hSu; .@nC1�/ui0 � 2�hAu; @nC1ui0 C 2�h@nC1.Au/; ui0

D 8�2h@nC1u;r
0� � r 0ui0 C 4�2h.@nC1u/

2; @nC1�i0

� 4�2h.@nC1�/; jr
0uj2i0 C 4�2h.�0� � @2

nC1�/u; @nC1ui0

� 2�2h.@3
nC1�/u; ui0 C 4�4h.@nC1�/jr�j2u; ui0

� �2.2s C 1/.2s � 1/hx�2
nC1u; .@nC1�/ui0

� 8�2h@nC1u;r
0� � r 0ui0 C 4�2h.@nC1u/

2; @nC1�i0

C 4�2h.�0� � @2
nC1�/u; @nC1ui0 C 4�4h.@nC1�/jr�j2u; ui0:

Note that (3.16) imply

@nC1u D e��
�

x
1�2s

2

nC1 @nC1w �
2s � 1

2
x

� 1C2s
2

nC1 w
�

C x
3�2s

2

nC1 R;

r 0u D e��x
1�2s

2

nC1 r 0w C x
sC 1

2

nC1R
0;

where kRk0 � C� and kR0k0 � C� .
Hence,

jh@nC1u;r
0� � r 0ui0j

D
ˇ

ˇ

ˇ

D

e��
�

x
1�2s

2

nC1 @nC1w �
2s � 1

2
x

� 1C2s
2

nC1 w
�

; e��x
1�2s

2

nC1 r 0� � r 0w
E

0

ˇ

ˇ

ˇ

D
ˇ

ˇ

ˇ

D

e��
�

x1�2s
nC1 @nC1w �

2s � 1

2
x�2

nC1w
�

;
1

2
e��x0 � r 0w

E

0

ˇ

ˇ

ˇ

�
1

2
jhe��x1�2s

nC1 @nC1w; e
��x0 � r 0wi0j C

2s � 1

4
jhe��x�2

nC1w; e
��x0 � r 0wi0j:

Using (3.16), we reach

jh@nC1u;r
0� � r 0ui0j � ke��x1�2s

nC1 @nC1wk0ke��x0 � r 0wk0:

Similarly, using (3.16), we have

jh.@nC1u/
2; @nC1�i0j C jh.�0� � @2

nC1�/u; @nC1ui0j � Cke��x1�2s
nC1 @nC1wk2

0;

jh.@nC1�/jr�j2u; ui0j � Cke��x2�4s
nC1 wk2

0 ! 0:

Also,

jh.@2
nC1�/@nC1u; ui0j � Cke��x1�2s

nC1 @nC1wk2
0;

kx
1�2s

2

nC1 @nC1uk2
0 D ke��x1�2s

nC1 @nC1w �
2s � 1

2
e��x�2s

nC1wk2
0;

� Cke��x1�2s
nC1 @nC1wk2

0;
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kx
2s�1

2

nC1 jx0jr 0uk2
0 D ke�� jx0jr 0wk2

0;

k.x1�2s
nC1 � xnC1/

1
2uk2

0 ! 0;

kx
� 1

2
�s

nC1 uk2
0 D ke��x�2s

nC1wk2
0 � Cke��x1�2s

nC1 @nC1wk2
0;

jh@nC1u; ui0j ! 0:

Finally, we also have

jh�0u; @nC1ui0j � kx
2s�1

2

nC1 �
0uk2

0 C kx
1�2s

2

nC1 @nC1uk2
0

D




�
n�

2
e��w C

�2

4
jx0j2e��w � �e��x0 � r 0w C e���0w







2

0

C kx
1�2s

2

nC1 @nC1uk2
0

� Cke���0wk2
0 C C�2ke��x0 � r 0wk2

0 C Cke��x1�2s
nC1 @nC1wk2

0:

Step 4: Conclusion. Put them together, we reach

�3kuk2 C �ke��x
1�2s

2

nC1 rwk2

� C.kLCuk2 C ��1ke���0wk2
0 C �ke��x0 � r 0wk2

0 C �ke��x1�2s
nC1 @nC1wk2

0/;

which is our desired result.

As in [30], we introduce the following sets for s 2 Œ1
2
; 1/:

CC
s;r WD

°

.x0; xnC1/ 2 R
nC1
C W xnC1 �

h

.1 � s/
�

r �
jx0j2

4

�i
1

2�2s
±

;

C 0
s;r WD

°

.x0; 0/ 2 R
n � ¹0ºW 0 �

h

.1� s/
�

r �
jx0j2

4

�i
1

2�2s
±

:

With this notation, we infer the following analogous to [30, Proposition 5.10]:

Lemma 3.5. Let s 2 Œ1
2
; 1/. Suppose that zw 2 H 1.RnC1

C ; x1�2s
nC1 / is a solution to

h

@nC1x
1�2s
nC1 @nC1 C x1�2s

nC1

n
X

j;kD1

@j ajk@k

i

zw D 0 in R
nC1
C ;

zw D w on R
n � ¹0º;

with w D 0 on B 0
1. We assume that

max
1�j;k�n

kajk � ıjkk1 C max
1�j;k�n

kr 0ajkk1 � "
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for some sufficiently small " > 0. For s ¤ 1
2

, we further assume

max
1�j;k�n

k.r 0/2ajkk1 � C

for some positive constant C . Then, there exists ˛ D ˛.n; s/ 2 .0; 1/ such that

kx
1�2s

2

nC1 zwk
L2.C

C
s;1=8

/
� Ckx

1�2s
2

nC1 zwk˛

L2.C
C
s;1=2

/
� lim

xnC1!0
kx1�2s

nC1 @nC1 zwk1�˛
L2.C 0

s;1=2
/
:

Proof. We may assume that kx
1�2s

2

nC1 zwk
L2.C

C
s;1=2

/
> 0 and

kx
1�2s

2

nC1 zwk
L2.C

C
s;1=2

/
� c0 lim

xnC1!0
kx1�2s

nC1 @nC1 zwk1�˛
L2.C 0

s;1=2
/

for some sufficiently large constant c0 > 0. Otherwise the result is trivial.
Let � be a smooth cut-off function satisfies

�.x/ D

8

<

:

1 in CC
s;3=16

;

0 in R
nC1
C n CC

s;1=4
;

and j@nC1�j � CxnC1 in R
nC1
C with @nC1� D 0 on Rn � ¹0º. Define xw D � zw. Note

that xw satisfies supp. xw/ � BC
1=2

and it solves

h

@nC1x
1�2s
nC1 @nC1 C x1�2s

nC1

n
X

j;kD1

ajk@j @k

i

xw D f in R
nC1
C ;

xw D 0 on R
n � ¹0º;

where

f D @nC1.x
1�2s
nC1 @nC1�/ zw C x1�2s

nC1

n
X

j;kD1

@j .ajk@k�/ zw C 2x1�2s
nC1 @nC1�@nC1 zw

C x1�2s
nC1

n
X

j;kD1

ajk@k�@j zw C x1�2s
nC1

n
X

j;kD1

ajk@j �@k zw � x1�2s
nC1

n
X

j;kD1

.@jajk/@k xw:

Since � and r� are bounded, together with j@nC1�j � CxnC1, we know that

kx
2s�1

2

nC1 f k
L2.R

nC1
C

/
� C.kx

1�2s
2

nC1 zwk
L2.C

C
s;1=4

/
C kx

1�2s
2

nC1 r zwk
L2.C

C
s;1=4

/
/ < 1:

Moreover, since wjB 0
1

D 0 and supp.�/ � B 0
1 on R

n � ¹0º, then

lim
xnC1!0

r 0 xw D 0; lim
xnC1!0

�0 xw D 0
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and also
lim

xnC1!0
x1�2s

nC1 @nC1 xw D � lim
xnC1!0

x1�2s
nC1 @nC1 zw:

So, by the Carleman estimate in Lemma 3.4, there exists �0 > 1 such that

�3ke��x
1�2s

2

nC1 xwk2

L2.R
nC1
C /

C �ke��x
1�2s

2

nC1 r xwk2

L2.R
nC1
C /

� C.ke��x
2s�1

2

nC1 f k2

L2.R
nC1
C

/
C � lim

xnC1!0
ke��x1�2s

nC1 @nC1 xwk2
L2.Rn�¹0º/

/

for all � � �0. Then, for large �0, the last term of f was absorbed by the gradient term
in the left-hand-side, so we have

�3ke��x
1�2s

2

nC1 xwk2

L2.R
nC1
C

/

� C.ke��x
2s�1

2

nC1 gk2

L2.R
nC1
C

/
C � lim

xnC1!0
ke��x1�2s

nC1 @nC1 xwk2
L2.Rn�¹0º/

/;

where g D f C x1�2s
nC1

Pn
j;kD1.@jajk/@k xw.

Let
�� WD inf

x2C
C
s;1=8

�.x/ and �C WD sup
x2C

C
s;1=4

nC
C
s;3=16

�.x/:

Hence,

�3e2��� kx
1�2s

2

nC1 zwk2

L2.C
C
s;1=8

/

� CŒe2��Ckx
2s�1

2

nC1 gk2

L2.C
C
s;1=4

nC
C
s;3=16

/
C � lim

xnC1!0
kx1�2s

nC1 @nC1 zwk2
L2.C 0

s;1=4
/
�:

Dividing above equation by � , since � � 1 and applying Caccioppoli’s inequality
(Lemma A.6), we obtain

kx
1�2s

2

nC1 zwk
L2.C

C
s;1=8

/
� CŒe�.�C���/kx

1�2s
2

nC1 zwk
L2.C

C
s;1=2

/

C e���� lim
xnC1!0

kx1�2s
nC1 @nC1 zwkL2.C 0

s;1=2
/�:

Observe that

�
jx0j2

4
�

1

1 � s
x2�2s

nC1 �
1

8
in CC

s;1=8
;

and also since s � 1
2

,

x2
nC1 �

h

.1� s/
�1

4
�

jx0j2

4

�i
1

1�s

�
1

8
1

1�s

�
1

64
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and

�
jx0j2

4
�

1

1 � s
x2�2s

nC1 �
3

16
in CC

s;1=4
n CC

s;3=16
;

so �� � �1
8

and �C � �11
64

, that is, �C � �� � �19
64
< 0. So, we can choose � (which

is large) to satisfy

e�.�C���/ D
limxnC1!0 kx1�2s

nC1 @nC1 zwk1�˛
L2.C 0

s;1=2
/

kx
1�2s

2

nC1 zwk1�˛

L2.C
C
s;1=2

/

�
1

c0

for large c0, where ˛ 2 .0; 1/ will be chosen later. Note that

e���� D
kx

1�2s
2

nC1 zwk
��

�C���
.1�˛/

L2.C
C
s;1=2

/

limxnC1!0 kx1�2s
nC1 @nC1 zwk

��
�C���

.1�˛/

L2.C 0
s;1=2

/

:

Finally, choosing ˛ 2 .0; 1/ satisfies ˛ D ��

�C���
.1 � ˛/ will implies our desired

result.

For our purpose, we only need the following simplified version of the Lemma
above:

Corollary 3.6. Let s 2 Œ1
2
; 1/. Suppose that zw 2 H 1.RnC1

C ; x1�2s
nC1 / is a solution to

h

@nC1x
1�2s
nC1 @nC1 C x1�2s

nC1

n
X

j;kD1

@j ajk@k

i

zw D 0 in R
nC1
C ;

zw D w on R
n � ¹0º;

with w D 0 on B 0
1. We assume that

max
1�j;k�n

kajk � ıjkk1 C max
1�j;k�n

kr 0ajkk1 � "

for some sufficiently small " > 0. For s ¤ 1
2

, we further assume

max
1�j;k�n

k.r 0/2ajkk1 � C

for some positive constant C . Then, there exist ˛ D ˛.n; s/ 2 .0; 1/, c D c.n; s/ 2
.0; 1/, and a constant C such that

kx
1�2s

2

nC1 zwk
L2.B

C
c /

� Ckx
1�2s

2

nC1 zwk˛

L2.B
C
2

/
� lim

xnC1!0
kx1�2s

nC1 @nC1 zwk1�˛
L2.B 0

2
/
:

Now, we are ready to prove the part (a) of Lemma 3.3 for the case when s 2 Œ1
2
; 1/.
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Proof of the part (a) of Lemma 3.3 for s 2 Œ1
2
; 1/. In order to invoke the estimation

from Corollary 3.6, we split our solution u into two parts Qu D u1 C u2, where u1 WD
Es.�u/ satisfies

h

@nC1x
1�2s
nC1 @nC1 C x1�2s

nC1

n
X

j;kD1

@j ajk@k

i

u1 D 0 in R
nC1
C ;

u1 D �u on R
n � ¹0º;

where � 2 C
1
0 .B 0

16/ is a smooth cut-off function with � D 1 on B 0
8. Since u1 WD

Es.�u/, from (2.4) we have
Z

Rn

ju1.x
0; xnC1/j

2 dx0 � ku1k2
L2.Rn�¹0º/

� kuk2
L2.B 0

16
/
:

So,

kx
1�2s

2

nC1 u1k2

L2.B
C
10

/
�

10
Z

0

Z

Rn

x1�2s
nC1 ju1.x

0; xnC1/j
2 dx0 dxnC1

�

�

10
Z

0

x1�2s
nC1 dxnC1

�

kuk2
L2.B 0

16
/

D Ckuk2
L2.B 0

16
/
: (3.17)

Note that u2 satisfies

h

@nC1x
1�2s
nC1 @nC1 C x1�2s

nC1

n
X

j;kD1

@j ajk@k

i

u2 D 0 in R
nC1
C ;

u2 D u � �u on R
n � ¹0º:

Since u2 D 0 on B 0
8, by Corollary 3.6, there exist ˛ D ˛.n; s/ 2 .0; 1/, c D c.n; s/ 2

.0; 1/, and a constant C such that

kx
1�2s

2

nC1 u2k
L2.B

C
c /

� Ckx
1�2s

2

nC1 u2k˛

L2.B
C
2

/
� lim

xnC1!0
kx1�2s

nC1 @nC1u2k1�˛
L2.B 0

2
/
: (3.18)

Let � be a smooth, radial cut-off function with � D 1 in BC
2 and � D 0 outside BC

4 .
Plug w D �x1�2s

nC1 @nC1u2 into the trace characterization lemma (Lemma A.5), we
reach

lim
xnC1!0

kx1�2s
nC1 @nC1u2kL2.B 0

2
/

� C
h

�1�s.kx
1�2s

2

nC1 @nC1u2k
L2.B

C
4

/

C kx
2s�1

2

nC1 r.�x1�2s
nC1 @nC1u2/kL2.R

nC1
C

/
/

C ��2s lim
xnC1!0

k�x1�2s
nC1 @nC1u2kH �2s.Rn�¹0º/

i

: (3.19)
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We first control the boundary term of (3.19). Since � is a bounded multiplier on
H 2s.Rn/, using duality, we have

k�vkH �2s .Rn�¹0º/ D sup
k'k

H2s .Rn�¹0º/
D1

jhv; �'iL2.Rn�¹0º/j

� kvkH �2s .B 0
8

/ sup
k'k

H2s .Rn�¹0º/
D1

k�'kH 2s .Rn�¹0º/

� CkvkH �2s .B 0
8

/ sup
k'k

H2s .Rn�¹0º/
D1

k'kH 2s .Rn�¹0º/

D CkvkH �2s .B 0
8

/:

Plug v D x1�2s
nC1 @nC1u2, we have

lim
xnC1!0

k�x1�2s
nC1 @nC1u2kH �2s .Rn�¹0º/ � C � lim

xnC1!0
kx1�2s

nC1 @nC1u2kH �2s.B 0
8

/:

(3.20)
Applying the Caccioppoli’s inequality in Lemma A.6, with zero Dirichlet condition
and zero inhomogeneous terms, we have

kx
1�2s

2

nC1 ru2k
L2.B

C
4

/
� Ckx

1�2s
2

nC1 u2k
L2.B

C
8

/
: (3.21)

Also, we have

kx
2s�1

2

nC1 r.�x1�2s
nC1 @nC1u2/kL2.R

nC1
C /

� kx
1�2s

2

nC1 .r�/@nC1u2k
L2.R

nC1
C

/
C kx

1�2s
2

nC1 �r
0@nC1u2k

L2.R
nC1
C

/

C kx
2s�1

2

nC1 �@nC1x
1�2s
nC1 @nC1u2k

L2.R
nC1
C

/

� Ckx
1�2s

2

nC1 @nC1u2k
L2.B

C
4

/
C kx

1�2s
2

nC1 @nC1.r
0u2/kL2.B

C
4

/

C





x

1�2s
2

nC1

n
X

j;kD1

@j ajk@ku2







L2.B
C
4

/

� C
h

kx
1�2s

2

nC1 ru2k
L2.B

C
4

/
C kx

1�2s
2

nC1 r.r 0u2/kL2.B
C
4

/

i

;

where the last inequality follows by the boundedness assumptions of ajk. Observe
that

0 D r 0
h

@nC1.x
1�2s
nC1 @nC1u2/C x1�2s

nC1

n
X

j;kD1

@j .ajk@ku2/
i

D
h

@nC1x
1�2s
nC1 @nC1 C x1�2s

nC1

n
X

j;kD1

@j ajk@k

i

.r 0u2/

C x1�2s
nC1

n
X

j D1

@j

�

n
X

kD1

r 0ajk@ku2

�

:
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Applying Caccioppoli’s inequality in Lemma A.6 on r 0u2 with zero Dirichlet condi-
tion and fj D

Pn
kD1 r 0ajk@ku2, since kr 0ajkk1 � ", we have

kx
1�2s

2

nC1 @nC1r.r 0u2/kL2.B
C
4

/

� C 0kx
1�2s

2

nC1 r 0u2k
L2.B

C
6

/
� Ckx

1�2s
2

nC1 u2k
L2.B

C
8

/
; (3.22)

where the second inequality follows by (3.21). Hence, we reach

kx
2s�1

2

nC1 r.�x1�2s
nC1 @nC1u2/kL2.R

nC1
C

/
� Ckx

1�2s
2

nC1 u2k
L2.B

C
8

/
: (3.23)

Plugging (3.20), (3.21), and (3.23) into (3.19), and optimizing the result estimate in
� > 0 gives

lim
xnC1!0

kx1�2s
nC1 @nC1u2kL2.B 0

2
/

� Ckx
1�2s

2

nC1 u2k
2s

1Cs

L2.B
C
8

/
� lim

xnC1!0
kx1�2s

nC1 @nC1u2k
1�s
1Cs

H �2s .B 0
8

/
:

Plugging this into (3.18) leads to

kx
1�2s

2

nC1 u2k
L2.B

C
c /

� Ckx
1�2s

2

nC1 u2k Q̨

L2.B
C
8

/
� lim

xnC1!0
kx1�2s

nC1 @nC1u2k1� Q̨
H �2s.B 0

8
/

� C
�

kx
1�2s

2

nC1 Quk
L2.B

C
8

/
C kx

1�2s
2

nC1 u1k
L2.B

C
8

/

� Q̨

�
�

lim
xnC1!0

kx1�2s
nC1 @nC1 QukH �2s .B 0

8
/ C lim

xnC1!0
kx1�2s

nC1 @nC1u1kH �2s .B 0
8

/

�1� Q̨
;

(3.24)

where Q̨ D 1�s
1Cs

˛ C 2s
1Cs

. Then we have

lim
xnC1!0

kx1�2s
nC1 @nC1u1kH �2s .Rn�¹0º/ D k.�P /su1kH �2s .Rn�¹0º/

� Cku1kL2.Rn�¹0º/ � Ck QukL2.B 0
16

/; (3.25)

where the second inequality follows by Lemma 2.3.
By combining (3.17), (3.24), and (3.25), we reach

kx
1�2s

2

nC1 Quk
L2.B

C
c /

� C
�

kx
1�2s

2

nC1 Quk
L2.B

C
16

/
C k QukL2.B 0

16
/

� Q̨

�
�

lim
xnC1!0

kx1�2s
nC1 @nC1 QukL2.B 0

16
/ C kukL2.B 0

16
/

�1� Q̨
; (3.26)

which is our desired claim of (a).
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Indeed, by combining (3.26) with the Caccioppoli’s inequality (Lemma A.6), we
reach

kx
1�2s

2

nC1 Quk
L2.B

C
Qc

/
C kx

1�2s
2

nC1 r Quk
L2.B

C
Qc

/

� C
�

kx
1�2s

2

nC1 Quk
L2.B

C
16

/
C k QukL2.B 0

16
/

� Q̨

�
�

lim
xnC1!0

kx1�2s
nC1 @nC1 QukL2.B 0

16
/ C kukL2.B 0

16
/

�1� Q̨

C lim
xnC1!0

kx1�2s
nC1 @nC1 Quk

1
2

L2.B 0
16

/
kuk

1
2

L2.B 0
16

/
; (3.27)

with Qc D c=2. Slightly modify the proof of (3.24), we can obtain the following ana-
logue of [30, Proposition 5.11]:

Lemma 3.7. Let s 2 Œ1
2
; 1/ and zw is the Caffarelli–Silvestre-type extension of some

f 2 H  .Rn/ as in (2.1), where  2 R with f jC 0
s;1

D 0. We assume that

max
1�j;k�n

kajk � ıjkk1 C max
1�j;k�n

kr 0ajkk1 � "

for some sufficiently small " > 0. For s ¤ 1
2

, we further assume

max
1�j;k�n

k.r 0/2ajkk1 � C

for some positive constant C . Then, there exist C D C.n; s/ and ˛ D ˛.n; s/ 2 .0; 1/
such that

kx
1�2s

2

nC1 zwk
L2.C

C
s;1=8

/
� Ckx

1�2s
2

nC1 zwk˛

L2.C
C
s;1

/
� lim

xnC1!0
kx1�2s

nC1 @nC1 zwk1�˛
H �s .C 0

s;1=2
/
:

Proof. Let � be a smooth cut-off function supported in CC
s;1=2

with � D 1 in CC
s;1=4

.
Using this cut-off function, and following the ideas in the proof of (3.24), by using
Lemma A.4 rather than Lemma A.5, we can obtain the above inequality.

3.2. Proof of the part (a) of Lemma 3.3 for the case s 2 .0; 1=2/

Let zw solves (2.1). If we define Ns WD 1 � s 2 .1=2; 1/,

v.x/ D x1�2s
nC1 @nC1 zw.x/ and f D lim

xnC1!0
x1�2s

nC1 @nC1 zw D c�1
s .�P /su; (3.28)

then
h

@nC1x
1�2Ns
nC1 @nC1 C x1�2Ns

nC1

n
X

j;kD1

@j ajk@k

i

v D 0 in R
nC1
C ;

v D f on R
n � ¹0º:

Using this observation, and follows the ideas in [30, Proposition 5.12], we can obtain
an analogue of Lemma 3.7:
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Lemma 3.8. Let s 2 .0; 1=2/ and let x0 2 R
n � ¹0º. Suppose

h

@nC1x
1�2s
nC1 @nC1 C x1�2s

nC1

n
X

j;kD1

@j ajk@k

i

zw D 0 in R
nC1
C ;

zw D w on R
n � ¹0º;

with w D 0 on C 0
Ns;2. We assume that

max
1�j;k�n

kajk � ıjkk1 C max
1�j;k�n

kr 0ajkk1 � "

for some sufficiently small " > 0. We further assume

max
1�j;k�n

k.r 0/2ajkk1 � C

for some positive constant C . Then there exist C D C.n; s/ and ˛ D ˛.n; s/ 2 .0; 1/
such that

kx
1�2s

2

nC1 zwk
L2.C

C
Ns;1=8

/

� C max¹kx
1�2s

2

nC1 zwk
L2.C

C
Ns;2

/
; lim

xnC1!0
kx1�2s

nC1 @nC1 zwkH �s .C 0
Ns;2

/º
˛

� lim
xnC1!0

kx1�2s
nC1 @nC1 zwk1�˛

H �s .C 0
Ns;2

/
:

Proof. Let v and f as in (3.28). Let Qv be the Caffarelli–Silvestre-type extension of
�f as in (2.1), where � is a cut-off function satisfies

� D

´

1 in CC
Ns;1;

0 outside CC
Ns;2;

with j@nC1�j � CxnC1. As consequences, the function Nv WD v � Qv is the Caffarelli–
Silvestre extension of .1� �/f and solves

h

@nC1x
1�2s
nC1 @nC1 C x1�2s

nC1

n
X

j;kD1

@j ajk@k

i

Nv D 0 in R
nC1
C ;

Nv D 0 on C 0
Ns;1:

Hence, by Lemma 3.7 and since Ns D 1 � s, we have

kx
1�2Ns

2

nC1 Nvk
L2.C

C
Ns;1=8

/
� Ckx

1�2Ns
2

nC1 Nvk˛

L2.C
C
Ns;1

/
� lim

xnC1!0
kx1�2Ns

nC1 @nC1 Nvk1�˛
H �Ns .C 0

Ns;1=2
/

D Ckx
1�2Ns

2

nC1 Nvk˛

L2.C
C
Ns;1

/
� lim

xnC1!0
kx1�2Ns

nC1 @nC1 Nvk1�˛
H �1Cs .C 0

Ns;1=2
/
:
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Since zw D 0 on C 0
Ns;2, thus

lim
xnC1!0

x1�2Ns
nC1 @nC1vjC 0

Ns;1=2
D lim

xnC1!0
x1�2Ns

nC1 .@nC1x
1�2s
nC1 @nC1 zw/jC 0

Ns;1=2

D � lim
xnC1!0

n
X

j;kD1

@jajk@k zwjC 0
Ns;1=2

D 0:

Hence,
lim

xnC1!0
x1�2Ns

nC1 @nC1 NvjC 0
Ns;1=2

D lim
xnC1!0

x1�2Ns
nC1 @nC1 QvjC 0

Ns;1=2
;

and thus

kx
1�2Ns

2

nC1 Nvk
L2.C

C
Ns;1=8

/
� Ckx

1�2Ns
2

nC1 Nvk˛

L2.C
C
Ns;1

/
� lim

xnC1!0
kx1�2Ns

nC1 @nC1 Qvk1�˛
H �1Cs .C 0

Ns;1=2
/
:

Using
lim

xnC1!0
x1�2Ns

nC1 @nC1 Qv D �cNs.�P /
Ns.�f / D �cNs.�P /

1�s.�f /;

we have

lim
xnC1!0

kx1�2Ns
nC1 @nC1 QvkH �1Cs .C 0

Ns;1=2
/

leCk.�P /1�s.�f /kH �1Cs.Rn/r � Ck�f kH 1�s .Rn/; (3.29)

where the last inequality follows by Lemma 2.2. Thus,

kx
1�2Ns

2

nC1 Nvk
L2.C

C
Ns;1=8

/
� Ckx

1�2Ns
2

nC1 Nvk˛

L2.C
C
Ns;1

/
k�f k1�˛

H 1�s .Rn/
: (3.30)

Firstly, we estimate the right-hand side of (3.30) by

kx
1�2Ns

2

nC1 Nvk
L2.C

C
Ns;1

/
�kx

1�2Ns
2

nC1 vk
L2.C

C
Ns;1

/
C kx

1�2Ns
2

nC1 Qvk
L2.C

C
Ns;1

/

�kx
1�2Ns

2

nC1 vk
L2.C

C
Ns;1

/
C Ck�f kH Ns.Rn�¹0º/

Dkx
1�2s

2

nC1 @nC1 zwk
L2.C

C
Ns;1

/
C Ck�f kH 1�s.Rn�¹0º/

�CŒkx
1�2s

2

nC1 zwk
L2.C

C
Ns;2

/
C k�f kH 1�s .Rn�¹0º/�;

where the second inequality follows by (2.4) and the last one is followed by the Cac-
cioppoli’s inequality in Lemma A.6. Similarly, we can estimate the left-hand side of
(3.30) by

kx
1�2Ns

2

nC1 Nvk
L2.C

C
Ns;1=8

/
�kx

1�2Ns
2

nC1 vk
L2.C

C
Ns;1=8

/
� kx

1�2Ns
2

nC1 Qvk
L2.C

C
Ns;1=8

/

�kx
1�2s

2

nC1 @nC1 zwk
L2.C

C
Ns;1=8

/
� Ck�f kH 1�s .Rn�¹0º/

�ckx
1�2s

2

nC1 zwk
L2.C

C
Ns;1=8

/
� Ck�f kH 1�s .Rn�¹0º/;
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where the last inequality is followed by Poincaré inequality. Thus, (3.30) becomes

kx
1�2s

2

nC1 zwk
L2.C

C
Ns;1=8

/

� CŒkx
1�2s

2

nC1 zwk
L2.C

C
Ns;2

/
C k�f kH 1�s .Rn�¹0º/�

˛k�f k1�˛
H 1�s .Rn/

: (3.31)

Next, we estimate the boundary contribution k�f kH 1�s .Rn�¹0º/. Using the inter-
polation inequality in Lemma A.4, we have

k�f kH ˇ.Rn�¹0º/

D khD0iˇ�f kL2.Rn�¹0º/

� C�1�s.kx
2s�1

2

nC1 hD0iˇ .�v/k
L2.R

nC1
C

/
C kx

2s�1
2

nC1 r.hD0iˇ .�v//k
L2.R

nC1
C

/
/

C C��skhD0iˇ .�f /kH �s.Rn�¹0º/:

Using khD0iˇukL2 � kukL2 C kr 0ukL2 for ˇ � 1, we have

kx
2s�1

2

nC1 hD0iˇ .�v/k
L2.R

nC1
C /

� kx
2s�1

2

nC1 �vk
L2.R

nC1
C /

C kx
2s�1

2

nC1 r 0.�v/k
L2.R

nC1
C /

;

kx
2s�1

2

nC1 r.hD0iˇ .�v//k
L2.R

nC1
C

/

� kx
2s�1

2

nC1 r.�v/k
L2.R

nC1
C

/
C kx

2s�1
2

nC1 rr 0.�v/k
L2.R

nC1
C

/
:

Using (3.21) and (3.22), we know that

kx
2s�1

2

nC1 hD0iˇ .�v/k
L2.R

nC1
C

/
C kx

2s�1
2

nC1 r.hD0iˇ .�v//k
L2.R

nC1
C

/

� Ckx
2s�1

2

nC1 zwk
L2.C

C
Ns;2

/
;

hence

k�f kH ˇ.Rn�¹0º/ � CŒ�1�skx
2s�1

2

nC1 zwk
L2.C

C
Ns;2

/
C ��sk�f kH ˇ�s.Rn�¹0º/�: (3.32)

Choosing � > 0 in (3.32) such that the right contributions become equal, i.e.

� D
k�f kH ˇ�s.Rn�¹0º/

kx
2s�1

2

nC1 zwk
L2.C

C
Ns;2

/

:

Here, using unique continuation, we notice kx
2s�1

2

nC1 zwk
L2.C

C
Ns;2

/
¤ 0, unless zw vanishes

globally. Using this choice of � > 0, we reach the multiplicative estimate

k�f kH ˇ.Rn�¹0º/ � Ckx
2s�1

2

nC1 zwks

L2.C
C
Ns;2

/
k�f k1�s

H ˇ�s.Rn�¹0º/
: (3.33)
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Starting from ˇ D 1 � s, if we iterate (3.33) for k times, we reach

k�f kH 1�s .Rn�¹0º/ � Ckx
2s�1

2

nC1 zwk

L2.C
C
Ns;2

/
k�f k1�

H 1�s�ks .Rn�¹0º/
:

Choose k 2 N be the smallest integer such that 1 � ks < 0, we reach

k�f kH 1�s .Rn�¹0º/ � Ckx
2s�1

2

nC1 zwk

L2.C
C
Ns;2

/
k�f k1�

H �s .Rn�¹0º/

� Ckx
2s�1

2

nC1 zwk

L2.C
C
Ns;2

/
kf k1�

H �s.C 0
Ns;2

/
: (3.34)

Inserting (3.34) into (3.31) gives our desired result.

For our purpose, we only need the following version of inequality:

Corollary 3.9. Let s 2 .0; 1=2/ and let x0 2 R
n � ¹0º. Suppose

h

@nC1x
1�2s
nC1 @nC1 C x1�2s

nC1

n
X

j;kD1

@j ajk@k

i

zw D 0 in R
nC1
C ;

zw D w on R
n � ¹0º;

with w D 0 on C 0
Ns;2. We assume that

max
1�j;k�n

kajk � ıjkk1 C max
1�j;k�n

kr 0ajkk1 � "

for some sufficiently small " > 0. We further assume

max
1�j;k�n

k.r 0/2ajkk1 � C

for some positive constant C . Then there exist C D C.n; s/, c D c.n; s/ and ˛ D
˛.n; s/ 2 .0; 1/ such that

kx
1�2s

2

nC1 zwk
L2.B

C
c /

� C max¹kx
1�2s

2

nC1 zwk
L2.B

C
2

/
; lim

xnC1!0
kx1�2s

nC1 @nC1 zwkH �s .B 0
2

/º
˛

� lim
xnC1!0

kx1�2s
nC1 @nC1 zwk1�˛

H �s .B 0
2

/

� C
�

kx
1�2s

2

nC1 zwk˛

L2.B
C
2

/
� lim

xnC1!0
kx1�2s

nC1 @nC1 zwk1�˛
H �s .B 0

2
/

C lim
xnC1!0

kx1�2s
nC1 @nC1 zwkH �s .B 0

2
/

�

:

Now, we are ready to proof the part (a) of Lemma 3.3 for the case s 2 .0; 1=2/.
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Proof of the part (a) of Lemma 3.3 for s 2 .0; 1
2
/. The case s 2 .0; 1=2/ is similar to

the case s 2 .1=2; 1/. As above, the estimation for u1 is a direct result of (2.4). For
u2, we use Corollary 3.9 and the interpolation inequality in Lemma A.5. With this
estimation, the analogues of (3.26) and (3.27) are followed by combining the estimates
in splitting argument as above. Note that (3.27) becomes

kx
1�2s

2

nC1 Quk
L2.B

C
Qc

/
C kx

1�2s
2

nC1 r Quk
L2.B

C
Qc

/

� C
�

kx
1�2s

2

nC1 Quk
L2.B

C
16

/
C k QukL2.B 0

16
/

�˛

�
�

lim
xnC1!0

kx1�2s
nC1 @nC1 QukL2.B 0

16
/ C kukL2.B 0

16
/

�1�˛

C C
�

kx
1�2s

2

nC1 Quk
L2.B

C
16

/
C k QukL2.B 0

16
/

�
2s

1Cs

�
�

lim
xnC1!0

kx1�2s
nC1 @nC1 QukL2.B 0

16
/ C kukL2.B 0

16
/

�
1�s
1Cs

C lim
xnC1!0

kx1�2s
nC1 @nC1 Quk

1
2

L2.B 0
16

/
kuk

1
2

L2.B 0
16

/
; (3.35)

which is our desired result.

Finally, combining (3.35) and Lemma A.7, we can immediately obtain the part (b)
of Lemma 3.3.

4. Carleman estimate

4.1. A Carleman estimate with differentiability assumption

Modifying the arguments in [27], we can proof the following Carleman estimate.

Theorem 4.1. Let s2.0; 1/ and let Qu 2H 1.RnC1
C ; x1�2s

nC1 / with supp. Qu/�R
nC1
C nBC

1

be a solution to

h

@nC1x
1�2s
nC1 @nC1 C x1�2s

nC1

n
X

j;kD1

ajk@j @k

i

QuD f in R
nC1
C ;

lim
xnC1!0

x1�2s
nC1 @nC1 QuD V Qu on R

n � ¹0º;

where x D .x0; xnC1/ 2 Rn � RC, f 2 L2.RnC1
C ; x2s�1

nC1 / with compact support in
R

nC1
C , and V 2 C1.Rn/. Assume that

max
1�j;k�n

sup
jx0j�1

jajk.x
0/ � ıjk.x

0/j C max
1�j;k�n

sup
jx0j�1

jx0jjr 0ajk.x
0/j � "
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for some sufficiently small " > 0. Let further �.x/ D jxj˛ for ˛ � 1. Then there exist
constants C D C.n; s; ˛/ and �0 D �0.n; s; ˛/ such that

�3ke�� jxj
3˛
2 �1x

1�2s
2

nC1 Quk2

L2.R
nC1
C

/
C �ke�� jxj

˛
2 x

1�2s
2

nC1 r Quk2

L2.R
nC1
C

/

C ��1ke�� jxj�
˛
2

C1x
1�2s

2

nC1 r.r 0 Qu/k2

L2.R
nC1
C /

� C
�

ke��x
2s�1

2

nC1 jxjf k2

L2.R
nC1
C /

C �ke�� jxj
˛
2 .jV j

1
2 C jx0j

1
2 jr 0V j

1
2 / Quk2

L2.Rn�¹0º/

C ��1ke�� jxj�
˛
2

C1.jV j
1
2 C jx0j

1
2 jr 0V j

1
2 /r 0 Quk2

L2.Rn�¹0º/

�

:

for all � � �0. Here, r 0 D .@1; : : : ; @n/ and r D .@1; : : : ; @n; @nC1/.

Proof of Theorem 4.1. We proceed in eight steps.

Step 1: Changing the coordinates. Write x D et! with t 2 R and ! 2 �
n
C, we have

@j D e�t .!j @t C�j / for all j D 1; : : : ; nC 1:

Since
�k!j D ıjk � !k!j ; (4.1)

so

@j @k D e�2t .!j!k@
2
t C !j�k@t C !k�j @t C .ıjk � 2!j!k/@t C�j�k � !j�k/:

Since @j and @k commute, then

�j�k � !j�k D �k�j � !k�j ;

that is, �j and�k commute up to some lower order terms. Write

@j @k D
1

2
.@j @k C @k@j /I

we reach

@j @k De�2t

�

!j!k@
2
t C !j�k@t C !k�j @t C .ıjk � 2!j!k/@t

C
1

2
�j�k C

1

2
�k�j �

1

2
!j�k �

1

2
!k�j

�

:

Also, the vector fields have the following properties

nC1
X

j D1

!j�j D 0 and
nC1
X

j D1

�j!j D n in �
n
C;

n
X

j D1

!j�j D 0 and
n

X

j D1

�j!j D n on @�n
C:
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Using this coordinate,

f D e�.1C2s/t
h

!1�2s
nC1 @

2
t C !1�2s

nC1 .n � 2s/@t C
nC1
X

j D1

�j!
1�2s
nC1 �j

i

Qu

C e�.1C2s/t!1�2s
nC1

n
X

j;kD1

.ajk � ıjk/
h

!j!k@
2
t C !j�k@t

C !k�j @t C
1

2
�j�k C

1

2
�k�j

i

Qu

C e�.1C2s/t!1�2s
nC1

n
X

j;kD1

.ajk � ıjk/
h

.ıjk � 2!j!k/@t �
1

2
!j�k

�
1

2
!k�j

i

Qu in �
n
C � R:

Next, let Nu D e
n�2s

2
t Qu and Qf D e

n�2s
2

te.1C2s/tf D e
nC2C2s

2
tf ,

Qf D
h

!1�2s
nC1 @

2
t C

nC1
X

j D1

�j!
1�2s
nC1 �j � !1�2s

nC1

.n � 2s/2

4

i

Nu

C !1�2s
nC1

n
X

j;kD1

.ajk � ıjk/
h

!j!k@
2
t C !j�k@t C !k�j @t

C
1

2
�j�k C

1

2
�k�j

i

Nu

C !1�2s
nC1

n
X

j;kD1

.ajk � ıjk/
h

.ıjk � .nC 2 � 2s/!j!k/@t

�
nC 1 � 2s

2
!j�k �

nC 1 � 2s

2
!k�j

i

Nu

C !1�2s
nC1

n
X

j;kD1

.ajk � ıjk/
h .n � 2s/2

4
!j!k

�
n � 2s

2
.ıjk � 2!j!k/

i

Nu in �
n
C � R: (4.2)

Also,
lim

!nC1!0
!1�2s

nC1 �nC1 Nu D zV Nu;

where zV D e2stV .

Step 2: Conjugation. Next, setting Nv D !
1�2s

2

nC1 e
�' Nu, where '.t/ D �.et!/ D e˛t ,

we reach

!
2s�1

2

nC1 e
�' Qf D LC Nv D .S �AC (I) C (II) C (III)/ Nv in �

n
C � R; (4.3)

where

S D @2
t C z�! C �2j'0j2 � �'00 �

.n � 2s/2

4
;
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z�! D
nC1
X

j D1

!
2s�1

2

nC1 �j!
1�2s
nC1 �j!

2s�1
2

nC1 ;

A D 2�'0@t ;

(I) D
n

X

j;kD1

.ajk � ıjk/
h

!j!k@
2
t C !j�k@t C !k�j @t C

1

2
�j�k C

1

2
�k�j

i

;

(II) D
n

X

j;kD1

.ajk � ıjk/
h

.�2�'0!j!k C .ıjk � .nC 1/!j!k//@t

�
�

�'0 C
n

2

�

.!j�k C !k�j /
i

;

(III) D
n

X

j;kD1

.ajk � ıjk/
�

!j!k.�
2j'0j2 � �'00 C .nC 1/�'0 C C1/C C2

�

;

for some constants C1 and C2. Also,

lim
!nC1!0

!1�2s
nC1 �nC1!

2s�1
2

nC1 Nv D zV!
2s�1

2

nC1 Nv on @�n
C � R: (4.4)

We denote the norm and the scalar product in the bulk and the boundary space by

k � k WD k � kL2.�n
C

�R/; k � k0 WD k � kL2.@�
n
C

�R/;

h�; �i WD h�; �iL2.�n
C�R/; h�; �i0 WD h�; �iL2.@�

n
C�R/;

and we omit the notation “lim!nC1!0” in k � k0 and h�; �i0.

Step 3: Showing the ellipticity of z�!. We need to prove the ellipticity of z�! :

Lemma 4.2. Suppose (4.4) holds, then

k z�! Nvk2 � c0

X

.j;k/¤.nC1;nC1/

k!
1�2s

2

nC1 �j�k!
2s�1

2

nC1 Nvk2

� C
�

nC1
X

j D1

k!
1�2s

2

nC1 �j!
2s�1

2

nC1 Nvk2 C kNvk2

C k.j zV j
1
2 C jr 0

!
zV j

1
2 /r 0

!!
2s�1

2

nC1 Nvk2
0

C kjr 0
!

zV j
1
2!

2s�1
2

nC1 Nvk2
0

�

:

Proof. Note that

k z�! Nvk2 D






n
X

j D1

!
2s�1

2

nC1 �j!
1�2s
nC1 �j!

2s�1
2

nC1 Nv C !
2s�1

2

nC1 �nC1!
1�2s
nC1 �nC1!

2s�1
2

nC1 Nv






2
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�






n
X

j D1

!
2s�1

2

nC1 �j!
1�2s
nC1 �j!

2s�1
2

nC1 Nv






2

C 2

n
X

j D1

h!
2s�1

2

nC1 �j!
1�2s
nC1 �j!

2s�1
2

nC1 Nv; !
2s�1

2

nC1 �nC1!
1�2s
nC1 �nC1!

2s�1
2

nC1 Nvi:

The integration by parts is given by
Z

R
nC1
C

.�nC1v/u dx C

Z

R
nC1
C

v.�nC1u/ dx D

Z

R
nC1
C

�nC1.uv/ dx

D

Z

R
nC1
C

jxj@nC1.uv/ dx �

Z

�
n
C

1
Z

0

r!nC1@t .uv/r
n dr d!

D �

Z

Rn�¹0º

jx0juv dx0 �

Z

R
nC1
C

!nC1uv dx C .nC 1/

Z

�
n
C

1
Z

0

!nC1.uv/r
n dr d!

D �

Z

R
n�¹0º

jx0juv dx0 C n

Z

R
nC1
C

!nC1uv dx:

Similar integration by parts formula holds for �j for j D 1; : : : ; n.
Indeed, by (4.1), we know that for j D 1; : : : ; n, �j and !nC1 are commute

up to some lower order term. So, to estimate the first term, it is suffice to estimate
k

Pn
j D1 �

2
j Nvk2. Finally, the lower order terms can be easily estimated using integra-

tion by parts.

Defining L� WD S C AC (I) � (II) C (III),

D WD kLC Nvk2 � kL� Nvk2 and S WD kj'0j�
1
2LC Nvk2 C kj'0j�

1
2L� Nvk2:

Step 4: Estimating the difference D. Observe that D D �4hS Nv;A Nvi CR, where

R D 4hS Nv; (II) Nvi � 4hA Nv; (I) Nvi � 4hA Nv; (III) Nvi C 4h(I) Nv; (II) Nvi C 4h(II) Nv; (III) Nvi:

By using (4.1) and integration by parts, we can compute

�4hS Nv;A Nvi � 4�kj'00j
1
2 @t Nvk2 � 4�

nC1
X

j D1

kj'00j
1
2!

1�2s
2

nC1 �j!
2s�1

2

nC1 Nvk2

C
119

10
�3k'0j'00j

1
2 Nvk2 � 2�k.j zV j

1
2 C j@t

zV j
1
2 /j'00j

1
2!

2s�1
2

nC1 Nvk2
0:
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Since
max

1�j;k�n
jajk � ıjkj C max

1�j;k�n
j@tajkj C max

1�j;k�n
jr 0

!ajkj � ";

by using integration by parts, again we reach

R � � �"Ckj'0j
1
2 @t Nvk2 � �"C

nC1
X

j D1

kj'00j
1
2!

1�2s
2

nC1 �j!
2s�1

2

nC1 Nvk2

� �3"Ck'0j'00j
1
2 Nvk2 � �"Ck.j zV j

1
2 C j@t

zV j
1
2 C jr 0

!
zV j

1
2 /j'00j

1
2!

2s�1
2

nC1 Nvk2
0:

Hence, for small " > 0 and large �0, we reach

D �
39

10
�kj'00j

1
2 @t Nvk2 �

41

10
�

nC1
X

j D1

kj'00j
1
2!

1�2s
2

nC1 �j!
2s�1

2

nC1 Nvk2 C
118

10
�3k'0j'00j

1
2 Nvk2

� C�k.j zV j
1
2 C j@t

zV j
1
2 C jr 0

!
zV j

1
2 /j'00j

1
2!

2s�1
2

nC1 Nvk2
0: (4.5)

Step 5: Estimating the sum S. Note that

S � 2kj'0j�
1
2S Nvk2 C 2kj'0j�

1
2A Nvk2

� C"kj'0j�
1
2 @2

t Nvk2 � C"

n
X

j D1

kj'0j�
1
2 @t!

1�2s
2

nC1 �j!
2s�1

2

nC1 Nvk2

� C"
n

X

j;kD1

kj'0j�
1
2�j�k Nvk2 � C"�2kj'0j

1
2 @t Nvk2

� C"�2

n
X

j D1

kj'0j
1
2�j Nvk2 � C"�4kj'0j

3
2 Nvk2:

Observe that

2kj'0j�
1
2S Nvk2 �

19

10
kj'0j�

1
2 @2

t Nv C j'0j�
1
2 z�! Nv C �2j'0j

3
2 Nvk2 � C�2kj'00j

1
2 Nvk2:

For ı 2 .0; 1/, write

kj'0j�
1
2 @2

t Nv C j'0j�
1
2 z�! Nv C �2j'0j

3
2 Nvk2

D kj'0j�
1
2 @2

t Nvk2 C .1� ı/kj'0j�
1
2 z�! Nvk2

C ıkj'0j�
1
2 z�! Nvk2 C �4kj'0j

3
2 Nvk2

C hj'0j�1@2
t Nv; z�! Nvi C �2h'0@2

t Nv; Nvi C �2h'0 z�! Nv; Nvi:
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By using integration by parts, and apply Lemma 4.2 on the term ıkj'0j�
1
2 z�! Nvk2,

choose ı > 0 small, and then choose " > 0 small, we reach

S �
19

10
kj'0j�

1
2 @2

t Nvk2 C
19

10

nC1
X

j D1

kj'0j�
1
2!

1�2s
2

nC1 �j!
2s�1

2

nC1 @t Nvk2

C c1

X

.j;k/¤.nC1;nC1/

kj'0j�
1
2!

1�2s
2

nC1 �j�k!
2s�1

2

nC1 Nvk2 C
18

10
kj'0j�

1
2 z�! Nvk2

C
9

10
�4kj'0j

3
2 Nvk2 C

39

10
�2kj'0j

1
2 @t Nvk2 �

11

10
�2

nC1
X

j D1

kj'0j
1
2!

1�2s
2

nC1 �j!
2s�1

2

nC1 Nvk2

� Ck.j zV j
1
2 C j@t

zV j
1
2 C jr 0

!
zV j

1
2 /j'0j�

1
2 @t!

2s�1
2

nC1 Nvk2
0

� Ck.j zV j
1
2 C j@t

zV j
1
2 C jr 0

!
zV j

1
2 /j'0j�

1
2 r 0

!!
2s�1

2

nC1 Nvk2
0

� Ck.j zV j
1
2 C j@t

zV j
1
2 C jr 0

!
zV j

1
2 /j'0j

1
2!

2s�1
2

nC1 Nvk2
0: (4.6)

Step 6: Combining the difference D and the sum S. Multiplying (4.5) by � , and
summing with (4.6), we reach

.� C 1/kLC Nvk2 � �D C S

� c1

�

kj'0j�
1
2 @2

t Nvk2 C
nC1
X

j D1

kj'0j�
1
2!

1�2s
2

nC1 �j!
2s�1

2

nC1 @t Nvk2

C
X

.j;k/¤.nC1;nC1/

kj'0j�
1
2!

1�2s
2

nC1 �j�k!
2s�1

2

nC1 Nvk2
�

C
39

5
�2kj'0j

1
2 @t Nvk2 C

208

10
�4k'0j'00j

1
2 Nvk2

�
11

10
�2

nC1
X

j D1

kj'0j
1
2!

1�2s
2

nC1 �j!
2s�1

2

nC1 Nvk2 C
18

10
kj'0j�

1
2 z�! Nvk2

� Ck.j zV j
1
2 C j@t

zV j
1
2 C jr 0

!
zV j

1
2 /j'0j�

1
2 @t!

2s�1
2

nC1 Nvk2
0

� Ck.j zV j
1
2 C j@t

zV j
1
2 C jr 0

!
zV j

1
2 /j'0j�

1
2 r 0

!!
2s�1

2

nC1 Nvk2
0

� C�2k.j zV j
1
2 C j@t

zV j
1
2 C jr 0

!
zV j

1
2 /j'00j

1
2!

2s�1
2

nC1 Nvk2
0: (4.7)

Step 7: Obtaining gradient estimates. Note that

12

10
�2

nC1
X

j D1

kj'0j
1
2!

1�2s
2

nC1 �j!
2s�1

2

nC1 Nvk2 C
12

10
�2h zV!

2s�1
2

nC1 Nv; '0!
2s�1

2

nC1 Nvi0

D �
12

10
�2h'0 Nv; z�! Nvi �

16

10
kj'0j�

1
2 z�! Nvk2 C

144

100
�4kj'0j

3
2 Nvk2: (4.8)
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Step 8: Conclusion. Summing up (4.7) and (4.8), we reach

kj'0j�
1
2 @2

t Nvk2 C
nC1
X

j D1

kj'0j�
1
2!

1�2s
2

nC1 �j!
2s�1

2

nC1 @t Nvk2

C
X

.j;k/¤.nC1;nC1/

kj'0j�
1
2!

1�2s
2

nC1 �j�k!
2s�1

2

nC1 Nvk2

C �2kj'0j
1
2 @t Nvk2 C �2

nC1
X

j D1

kj'0j
1
2!

1�2s
2

nC1 �j!
2s�1

2

nC1 Nvk2 C �4k'0j'00j
1
2 Nvk2

� C�k zf k2 C Ck.j zV j
1
2 C j@t

zV j
1
2 C jr 0

!
zV j

1
2 /j'0j�

1
2 @t!

2s�1
2

nC1 Nvk2
0

C Ck.j zV j
1
2 C j@t

zV j
1
2 C jr 0

!
zV j

1
2 /j'0j�

1
2 r 0

!!
2s�1

2

nC1 Nvk2
0

C C�2k.j zV j
1
2 C j@t

zV j
1
2 C jr 0

!
zV j

1
2 /j'00j

1
2!

2s�1
2

nC1 Nvk2
0: (4.9)

Changing back to the Cartesian coordinate, and we obtain our result.

4.2. A Carleman estimate without differentiability assumptions

Imitating the splitting arguments in [31, Theorem 5], we can prove the following
Carleman estimate.

Theorem 4.3. Let s 2 .0; 1/ and let Qu 2 H 1.RnC1
C ; x1�2s

nC1 / with supp. Qu/ � R
nC1
C n

BC
1 be a solution to

h

@nC1x
1�2s
nC1 @nC1 C x1�2s

nC1

n
X

j;kD1

ajk@j @k

i

QuD f in R
nC1
C ;

lim
xnC1!0

x1�2s
nC1 @nC1 QuD V Qu on R

n � ¹0º;

where x D .x0; xnC1/ 2 R
n � RC, f 2 L2.RnC1

C ; x2s�1
nC1 / with compact support in

R
nC1
C , and V 2 L1.Rn/. Assume that

max
1�j;k�n

sup
jx0j�1

jajk.x
0/ � ıjk.x

0/j C max
1�j;k�n

sup
jx0j�1

jx0jjr 0ajk.x
0/j � "

for some sufficiently small " > 0. Let further �.x/ D jxj˛ for ˛ � 1. Then there exist
constants C D C.n; s; ˛/ and �0 D �0.n; s; ˛/ such that

�3ke�� jxj
3˛
2 �1x

1�2s
2

nC1 Quk2

L2.R
nC1
C

/
C �ke�� jxj

˛
2 x

1�2s
2

nC1 r Quk2

L2.R
nC1
C

/

� CŒke��x
2s�1

2

nC1 jxjf k2

L2.R
nC1
C /

C �2�2ske��V jxj.1�˛/s QukL2.Rn�¹0º/�

for all � � �0.
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Proof of Theorem 4.3. We proceed in three steps.

Step 1: Changing the coordinates. As in the proof of Theorem 4.1, firstly, we pass
to conformal coordinates. With the notations mentioned before, recall (4.2):

h

!1�2s
nC1 @

2
t C

nC1
X

j D1

�j!
1�2s
nC1 �j � !1�2s

nC1

.n � 2s/2

4

i

NuCR Nu D Qf;

where

R D !1�2s
nC1

n
X

j;kD1

.ajk � ıjk/
h

!j!k@
2
t C !j�k@t C !k�j @t C

1

2
�j�k C

1

2
�k�j

i

C !1�2s
nC1

n
X

j;kD1

.ajk � ıjk/
h

.ıjk � .nC 2 � 2s/!j!k/@t

�
nC 1 � 2s

2
!j�k �

nC 1 � 2s

2
!k�j

i

C !1�2s
nC1

n
X

j;kD1

.ajk � ıjk/
h.n � 2s/2

4
!j!k �

n � 2s

2
.ıjk � 2!j!k/

i

:

Step 2: Splitting Nu into elliptic and subelliptic parts. We split Nu into two parts
Nu D u1 C u2. Here u1 is a solution to

h

!1�2s
nC1 @

2
t C

nC1
X

j D1

�j!
1�2s
nC1 �j

� !1�2s
nC1

.n� 2s/2

4
�K2�2j'0j2!1�2s

nC1

i

u1 C Ru1 D Qf in �
n
C � R;

lim
!nC1!0

!1�2s
nC1 �nC1u1 D lim

!nC1!0
!1�2s

nC1 �nC1 Nu on @�n
C � R: (4.10)

We remark that existence of unique energy solution to this problem is followed by the
Lax-Milgram theorem in H 1.�n

C � R; !1�2s
nC1 /.

Step 2.1: Obtain an elliptic estimate. Testing �2e2�' j'00j2u1 in (4.10), for ı > 0,
we reach

�2ke�''00!
1�2s

2

nC1 @tu1k2 C �2ke�''00!
1�2s

2

nC1 r�nu1k2

C �2 .n � 2s/2

4
ke�''00!

1�2s
2

nC1 u1k2 CK2�4ke�''0'00!
1�2s

2

nC1 u1k2

D ��2he�'!
2s�1

2

nC1
Qf; e�' j'00j2!

1�2s
2

nC1 u1i

� h�e�''000!
1�2s

2

nC1 @tu1; �
2e�''0'00!

1�2s
2

nC1 u1i
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C �2hRu1; e
2�' j'00j2u1i � 2h�e�''00!

1�2s
2

nC1 @tu1; �e
�''000!

1�2s
2

nC1 u1i

� �2he�''00e˛st!1�2s
nC1 �nC1u1; e

�''0'00!
1�2s

2

nC1 u1i0

� ke�'!
2s�1

2

nC1
Qf k2 C �4ke�' j'00j2!

1�2s
2

nC1 u1k2 C ı�2ke�''000!
1�2s

2

nC1 @tu1k2

C Cı�
4ke�''0'00!

1�2s
2

nC1 u1k2 C ı�2ke�''000!
1�2s

2

nC1 @tu1k2

C Cı�
2ke�''000!

1�2s
2

nC1 u1k2

C �2ke�''00e˛st!1�2s
nC1 �nC1 Nuk0ke�''0'00!

1�2s
2

nC1 u1k0

C �2jhRu1; e
2�' j'00j2u1ij:

Firstly, we choose small ı > 0 and small " > 0, then choose large K > 1, so

�2ke�''00!
1�2s

2

nC1 @tu1k2 C �2ke�''00!
1�2s

2

nC1 r�nu1k2 C �4ke�''0'00!
1�2s

2

nC1 u1k2

� Cke�'!
2s�1

2

nC1
Qf k2 C C�2ke�''00e˛st!1�2s

nC1 �nC1 Nuk0ke�''0'00!
1�2s

2

nC1 u1k0

� Cke�'!
2s�1

2

nC1
Qf k2 C C��

2�2ske�''00e˛st!1�2s
nC1 �nC1 Nuk0

C ��2C2ske�''0'00!
1�2s

2

nC1 u1k0: (4.11)

From Proposition A.2, we have

j'00j2e2˛st

Z

@�
n
C

u2
1

� C Q�2�2sj'00j2e2˛st

Z

�n
C

!1�2s
nC1 u

2
1 C C Q��2sj'00j2e2˛st

Z

�n
C

!1�2s
nC1 jr�nu1j2:

Choosing Q� D e˛t� , we reach

j'00j2e2˛st

Z

@�
n
C

u2
1

� C�2�2sj'00j2e2˛t

Z

�
n
C

!1�2s
nC1 u

2
1 C C��2sj'00j2

Z

�
n
C

!1�2s
nC1 jr�nu1j2:

Multiplying with e2�' , using that '0 D ˛e˛t and integrating in the radial direction,
thus implies

�2C2ske�' j'00je˛stu1k2
0 � C�4ke�'!

1�2s
2

nC1 '
0'00u1k2 C C�2ke�'!

1�2s
2

nC1 '
00r�nu1k2:
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Plug the inequality above into (4.11), and choose � > 0 small, so

�2ke�''00!
1�2s

2

nC1 @tu1k2 C �2ke�''00!
1�2s

2

nC1 r�nu1k2

C �4ke�''0'00!
1�2s

2

nC1 u1k2

� Cke�'!
2s�1

2

nC1
Qf k2 C C�2�2ske�''00e˛st!1�2s

nC1 �nC1 Nuk0: (4.12)

Step 2.2: Obtaining a sub-elliptic estimate. Indeed, u2 satisfies

h

!1�2s
nC1 @

2
t C

nC1
X

j D1

�j!
1�2s
nC1 �j � !1�2s

nC1

.n � 2s/2

4

i

u2 CRu2

D �K2�2j'0j2�1�2s
nC1 u1 in �

n
C � R;

lim
!nC1!0

!1�2s
nC1 �nC1u2 D 0 on @�n

C � R:

To compare with (4.2), we should put

Qf D �K2� j'0j2!1�2s
nC1 u1 and zV � 0

in (4.9). Omitting the second derivative terms, we obtain

�3k'0j'00j
1
2 Nvk2 C �kj'00j

1
2 @t Nvk2 C �kj'0j

1
2!

1�2s
2

nC1 r�n!
2s�1

2

nC1 Nvk2

� CK4�4ke�' j'0j2!
1�2s

2

nC1 u1k2;

that is,

�3ke�''0j'00j
1
2!

1�2s
2

nC1 u2k2

C �ke�' j'00j
1
2!

1�2s
2

nC1 @tu2k2

C �ke�' j'00j
1
2!

1�2s
2

nC1 r�nu2k2

�CK4�4ke�' j'0j2!
1�2s

2

nC1 u1k2: (4.13)

Step 3: Conclusion. Summing up (4.12) and (4.13), since Nu D u1 C u2, so

�3ke�''0j'00j
1
2!

1�2s
2

nC1 Nuk2 C �ke�' j'00j
1
2!

1�2s
2

nC1 @t Nuk2 C �ke�' j'00j
1
2!

1�2s
2

nC1 r�n Nuk2

� CŒke�'!
2s�1

2

nC1
Qf k2 C �2�2ske�''00e˛st!1�2s

nC1 �nC1 Nuk2
0�: (4.14)

Finally, plug in the boundary condition

lim
!nC1!0

!1�2s
nC1 �nC1 Nu D zV Nu;

and switch back to the Cartesian coordinate, we obtain our result.
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5. Proofs of Theorem 1.1 and Theorem 1.2

Proof of Theorem 1.1. We proceed in four steps.

Step 1: Applying Carleman estimate. Define w WD �R Qu, where �R is radial,

�R.x/ D

´

1; 2 � jxj � R;

0; jxj � 1 or jxj � 2R;
(5.1)

and satisfies

jr�Rj � C=R; jr2�Rj � C=R2 in AC
R;2R;

jr�Rj � C; jr2�Rj � C in AC
1;2:

Note that
h

@nC1x
1�2s
nC1 @nC1 C x1�2s

nC1

n
X

j;kD1

ajk@j @k

i

w D f;

where

f D x1�2s
nC1 Œ.1� 2s/x�1

nC1@nC1�R� QuC x1�2s
nC1

h

@2
nC1�R C

n
X

j;kD1

ajk@j @k�R

i

Qu

C 2x1�2s
nC1

h

.@nC1�R/.@nC1 Qu/C
n

X

j;kD1

ajk.@k�R/.@j Qu/
i

� x1�2s
nC1

n
X

j;kD1

.@jajk/.@k Qu/�R:

Since �R is radial, then @nC1�R D �0
R@nC1jxj D 0 on R

n � ¹0º. Thus,

lim
xnC1!0

x1�2s
nC1 @nC1w D lim

xnC1!0
x1�2s

nC1 �R@nC1 Qu

D c�1
n;sq�Ru D c�1

n;sqw on R
n � ¹0º:

Note that w is admissible in the Carleman estimate in Theorem 4.1. For ˇ > 1, since
jqj � 1 and jx0jjr 0qj � 1, we have

�3ke�� jxj
3ˇ
2

�1x
1�2s

2

nC1 wk2

L2.R
nC1
C /

C �ke�� jxj
ˇ
2 x

1�2s
2

nC1 rwk2

L2.R
nC1
C /

C ��1ke�� jxj�
ˇ
2

C1x
1�2s

2

nC1 r.r 0w/k2

L2.R
nC1
C /

� C
�

ke��x
2s�1

2

nC1 jxjf k2

L2.R
nC1
C

/
C �ke�� jxj

ˇ
2wk2

L2.Rn�¹0º/

C ��1ke�� jxj�
ˇ
2

C1r 0wk2
L2.Rn�¹0º/

�

: (5.2)
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Step 2: Estimating the bulk contributions. Since 1 � jxj
R

in AC
R;2R and 1 � jxj in

AC
1;2, then

ke��x
2s�1

2

nC1 jxjf k2

L2.R
nC1
C

/

� C
�

R�4ke��x
1�2s

2

nC1 jxj Quk2

L2.A
C
R;2R

/
CR�2ke��x

1�2s
2

nC1 jxjr Quk2

L2.A
C
R;2R

/

C ke��x
1�2s

2

nC1 jxj Quk2

L2.A
C
1;2

/
C ke��x

1�2s
2

nC1 jxjr Quk2

L2.A
C
1;2

/

C ke��x
1�2s

2

nC1 rwk2

L2.R
nC1
C

/

�

:

Write Q�.r/ D �.x/ D rˇ with r D jxj, note that

R�4ke��x
1�2s

2

nC1 jxj Quk2

L2.A
C
R;2R

/
CR�2ke��x

1�2s
2

nC1 jxjr Quk2

L2.A
C
R;2R

/

� C
h

R�2e� Q�.2R/kx
1�2s

2

nC1 Quk2

L2.A
C
R;2R

/
C e� Q�.2R/kx

1�2s
2

nC1 r Quk2

L2.A
C
R;2R

/

i

:

Now, we estimate kx
1�2s

2

nC1 r Quk2

L2.A
C
R;2R

/
. Choose �R satisfies

�R.x/ D

´

1; R � jxj � 2R;

0; jxj � R
2

or jxj � 2R;

with jr�Rj � C=R for x 2 AC
R
2

;R
or x 2 AC

2R;3R. By testing

@nC1x
1�2s
nC1 @nC1 QuC

n
X

j;kD1

@j ajk@k Qu D 0

by the function Qu�2
R, we reach

kx
1�2s

2

nC1 r Quk2

L2.A
C
R;2R

/
� CŒkx

1�2s
2

nC1 uk2
L2.A0

R
2

;3R
/

CR�2kx
1�2s

2

nC1 Quk2

L2.A
C
R
2

;3R
/
�:

So,

R�4ke��x
1�2s

2

nC1 jxj Quk2

L2.A
C
R;2R

/
CR�2ke��x

1�2s
2

nC1 jxjr Quk2

L2.A
C
R;2R

/

� Ce� Q�.2R/Œkx
1�2s

2

nC1 uk2
L2.A0

R
2

;3R
/

CR�2kx
1�2s

2

nC1 Quk2

L2.A
C
R;2R

/
�:

Using Proposition 3.1, we have

j Qu.x/j � C1e
�C2R˛

for x 2 AC
R
2

;3R
:
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So, if we choose ˇ D ˛ � " for some " 2 .0; ˛ � 1/, then we have

lim
R!1

.R�4ke��x
1�2s

2

nC1 jxj Quk2

L2.A
C
R;2R

/
CR�2ke��x

1�2s
2

nC1 jxjr Quk2

L2.A
C
R;2R

/
/ D 0:

However, (5.2) writes

�3ke�� jxj
3ˇ
2

�1x
1�2s

2

nC1 wk2

L2.R
nC1
C /

C �ke�� jxj
ˇ
2 x

1�2s
2

nC1 rwk2

L2.R
nC1
C /

C ��1ke�� jxj�
ˇ
2 C1x

1�2s
2

nC1 r.r 0w/k2

L2.R
nC1
C

/

� C
�

R�4ke��x
1�2s

2

nC1 jxj Quk2

L2.A
C
R;2R

/
CR�2ke��x

1�2s
2

nC1 jxjr Quk2

L2.A
C
R;2R

/

C ke��x
1�2s

2

nC1 jxj Quk2

L2.A
C
1;2

/
C ke��x

1�2s
2

nC1 jxjr Quk2

L2.A
C
1;2

/

C ke��x
1�2s

2

nC1 rwk2

L2.R
nC1
C

/
C �ke�� jxj

ˇ
2wk2

L2.Rn�¹0º/

C ��1ke�� jxj�
ˇ
2 C1r 0wk2

L2.Rn�¹0º/

�

:

Taking R ! 1 in (5.2) and choosing large � , we reach

�3ke�� jxj
3ˇ
2

�1x
1�2s

2

nC1 wk2

L2.R
nC1
C /

C �ke�� jxj
ˇ
2 x

1�2s
2

nC1 rwk2

L2.R
nC1
C /

C ��1ke�� jxj�
ˇ
2

C1x
1�2s

2

nC1 r.r 0w/k2

L2.R
nC1
C

/

� C
�

ke��x
1�2s

2

nC1 jxj Quk2

L2.A
C
1;2

/
C ke��x

1�2s
2

nC1 jxjr Quk2

L2.A
C
1;2

/

C �ke�� jxj
ˇ
2wk2

L2.Rn�¹0º/
C ��1ke�� jxj�

ˇ
2

C1r 0wk2
L2.Rn�¹0º/

�

: (5.3)

Step 3: Estimating the boundary contributions. Using Proposition A.2, we have

Q� j'00je2st kvkL2.@�
n
C

/ � C
�

Q�2�2se2st j'00jk!
1�2s

2

nC1 vk2
L2.�n

C/

C Q��2se2st j'00jk!
1�2s

2

nC1 r!vk2
L2.�n

C/

�

:

Setting e2st Q��2s D ��2s (i.e. Q� D �et ), our choice of ' gives

Q�2�2se2st j'00j D �2�2se2t j'00j � �2�2sj'0j2j'00j:

Hence, we reach

�2sC1j'00jkvk2
L2.@�

n
C

/
� C

�

�3j'00jj'0j2k!
1�2s

2

nC1 vk2
L2.�n

C
/

C � j'00jk!
1�2s

2

nC1 r!vk2
L2.�n

C
/

�

:
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Multiplying the above inequality by e�' , and then integrating with respect to the radial
variable t , we obtain

�2sC1ke�' j'00j
1
2 vk2

L2.@�
n
C

�R/
� C

�

�3ke�''0j'00j
1
2!

1�2s
2

nC1 vk2
L2.�n

C
�R/

C �ke�' j'00j
1
2!

1�2s
2

nC1 r!vk2
L2.�n

C
�R/

�

;

that is,

�2sC1ke�� jxj
ˇ
2wk2

L2.Rn�¹0º/
� C

�

�3ke�� jxj
3ˇ
2

�1x
1�2s

2

nC1 wk2

L2.R
nC1
C

/

C �ke�� jxj
ˇ
2 x

1�2s
2

nC1 rwk2

L2.R
nC1
C /

�

:

Similarly, we have

�2s�1ke�� jxj�
ˇ
2

C1r 0wk2
L2.Rn�¹0º/

� C
�

�ke�� jxj
ˇ
2 x

1�2s
2

nC1 r 0wk2

L2.R
nC1
C

/

C ��1ke�� jxj�
ˇ
2 C1x

1�2s
2

nC1 r.r 0w/k2

L2.R
nC1
C

/

�

:

So, for large � , the boundary terms of (5.3) are absorbed, and we reach

�3ke�� jxj
3ˇ
2 �1x

1�2s
2

nC1 wk2

L2.B
C
6

nB
C
4

/
C �ke�� jxj

ˇ
2 x

1�2s
2

nC1 rwk2

L2.B
C
6

nB
C
4

/

� �3ke�� jxj
3ˇ
2

�1x
1�2s

2

nC1 wk2

L2.R
nC1
C

/
C �ke�� jxj

ˇ
2 x

1�2s
2

nC1 rwk2

L2.R
nC1
C

/

C ��1ke�� jxj�
ˇ
2 C1x

1�2s
2

nC1 r.r 0w/k2

L2.R
nC1
C

/

� CŒke��x
1�2s

2

nC1 jxj Quk2

L2.A
C
1;2

/
C ke��x

1�2s
2

nC1 jxjr Quk2

L2.A
C
1;2

/
�:

Pulling out the exponential weight in the above estimate yields

�3e� Q�.4/kx
1�2s

2

nC1 Quk2

L2.B
C
6

nB
C
4

/
C �e� Q�.4/kx

1�2s
2

nC1 r Quk2

L2.B
C
6

nB
C
4

/

� CŒe� Q�.2/kx
1�2s

2

nC1 Quk2

L2.A
C
1;2

/
C e� Q�.2/kx

1�2s
2

nC1 r Quk2

L2.A
C
1;2

/
�:

Step 4: Conclusion. Since Q�.4/ � Q�.2/, taking � ! 1 will leads a contradiction,
unless Qu D 0 in BC

6 n BC
4 . Finally, applying the unique continuation property for

classical second order elliptic equations (see e.g. [27, Theorem 1.1]), we conclude
that Qu � 0.
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Following exactly the arguments in [31, Theorem 2], we can obtain Theorem 1.2.
For sake of completeness, here we give a sketch of the proof of Theorem 1.2.

Sketch of the proof of Theorem 1.2. Let �R be the function given in (5.1), and write
xw.t; �/ D Nu.t; �/�R.e

t�/ � Qu.et�/�R.e
t�/, where .t; �/ is the conformal polar

coordinate used in the proof of Carleman estimates (Theorem 4.1 and Theorem 4.3).
Plugging xw into (4.14) (i.e. the Carleman estimate in Theorem 4.3 with conformal
polar coordinate) with '.t/ D eˇ t (that is, �.x/ D jxjˇ ) with 4s

4s�1
< ˇ < ˛, and

taking the limit R ! 1, we obtain [31, equation (49)]:

�3ke�' j'0jj'00j
1
2!

1�2s
2

nC1 xwk2
L2.�n

C�R/
C �ke�' j'00j

1
2!

1�2s
2

nC1 @t xwk2
L2.�n

C�R/

C �ke�' j'00j
1
2!

1�2s
2

nC1 r�n xwk2
L2.�n

C�R/

� C.ke�'!
2s�1

2

nC1
Qf k2

L2.�n
C

�Œ1;2�/
C �2�2ske�' j'00j Qqe�ˇst xwk2

L2.@�n
C

�R/
/; (5.4)

with
j Qf j � C!1�2s

nC1 .j@t Nuj C jr�n Nuj C j Nuj/:

Using the trace estimate in Proposition A.2 (by replacing � by eˇ t� ), the boundary
term in (5.4) can be absorbed in to the left-hand side of this estimate:

�3ke�' j'0jj'00j
1
2!

1�2s
2

nC1 xwk2
L2.�n

C�R/

C �ke�' j'00j
1
2!

1�2s
2

nC1 @t xwk2
L2.�n

C�R/

C �ke�' j'00j
1
2!

1�2s
2

nC1 r�n xwk2
L2.�n

C�R/

� Cke�'!
2s�1

2

nC1
Qf k2

L2.�n
C�Œ1;2�/

: (5.5)

The observation 2ˇ C 4s � 2ˇs � ˇ C 2ˇs is helpful. Pulling out the weight e�'

in (5.5) leads to

e�'.4/�3kj'0jj'00j
1
2!

1�2s
2

nC1 NukL2.�n
C�Œ4;6�/ � Ce�'.2/k!

2s�1
2

nC1
Qf k2

L2.�n
C�Œ1;2�/

:

Using the monotonicity of ', and passing to the limit � ! 1, we know that Nu D 0

in �
n
C � .4; 6/, i.e. Qu D 0 in BC

6 nBC
4 . By unique continuation property, we conclude

that Qu � 0 in R
nC1
C , which conclude the argument.

A. Auxiliary lemmas

A.1. Some interpolation inequalities

The following Hardy inequality can be found in [30, Lemma 4.6]:
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Lemma A.1. If ˛ ¤ 1
2

and if v vanishes for xnC1 large, then

kx�˛
nC1uk2

L2.R
nC1
C /

�
4

.2˛ � 1/2
kx1�˛

nC1@nC1uk2

L2.R
nC1
C /

C
2

2˛ � 1
k lim

xnC1!0
x

1
2

�˛

nC1 uk2
L2.Rn�¹0º/

:

Proof. Using integration by parts, we have

kx�˛
nC1uk2

L2.R
nC1
C /

D

Z

@nC1

h x1�2˛
nC1

1 � 2˛

i

u2

D
2

2˛ � 1

Z

x1�2˛
nC1 u@nC1uC

1

2˛ � 1

Z

lim
xnC1!0

x1�2˛
nC1 u

2

�
1

2

4

.2˛ � 1/2
kx1�˛

nC1@nC1uk2

L2.R
nC1
C

/
C
1

2
kx�˛

nC1uk2

L2.R
nC1
C

/

C
1

2˛ � 1
k lim

xnC1!0
x

1
2

�˛

nC1 uk2
L2.Rn�¹0º/

;

which gives our desired result.

We shall use the following interpolation inequality in [10, 29, 31]:

Proposition A.2 (Interpolation inequality I). Let s 2 .0; 1/ and uW �
n
C ! R with u 2

H 1.�n
C; !

1�2s
nC1 /. Then there exists a constant C D C.n; s/ such that

kukL2.@�
n
C

/ � CŒ�1�sk!
1�2s

2

nC1 ukL2.�n
C

/ C ��sk!
1�2s

2

nC1 r!ukL2.�n
C

/�

for all � > 1.

The following trace characterization lemma can be found in [30, Lemma 4.4]:

Lemma A.3. Let n � 1 and 0 < Qs < 1. There is a bounded surjective linear map

T WH 1.RnC1
C ; x1�2Qs

nC1 / ! H Qs.Rn � ¹0º/

so that u.�; xnC1/ ! T u in L2.Rn/ as xnC1 ! 0.

We need the following interpolation inequality in [30, Proposition 5.11, Step 1]:

Lemma A.4 (Interpolation inequality II (a)). For anyw 2H 1.RnC1
C ; x2s�1

nC1 / and any
� > 0, the following interpolation inequality holds:

kwkL2.Rn�¹0º/ � C
�

�1�s.kx
2s�1

2

nC1 wk
L2.R

nC1
C /

C kx
2s�1

2

nC1 rwk
L2.R

nC1
C /

/

C ��skwkH �s .Rn�¹0º/

�

:
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Proof. Let h�i WD
p

1C j � j2. Note that

kwkL2.Rn�¹0º/ D

� Z

Rn�¹0º

.h�i2�2sj Owj2/s.h�i�2sj Owj2/1�s d�

�
1
2

� .�1�skwkH 1�s .Rn�¹0º//
s.��skwkH �s .Rn�¹0º//

1�s

and hence our result follows by Lemma A.3 with Qs D 1 � s.

Slightly modify the proof, we can obtain the following:

Lemma A.5 (Interpolation inequality II (b)). For anyw 2H 1.RnC1
C ; x2s�1

nC1 / and any
� > 0, the following interpolation inequality holds:

kwkL2.Rn�¹0º/ � C
�

�1�s.kx
2s�1

2

nC1 wk
L2.R

nC1
C

/

C kx
2s�1

2

nC1 rwk
L2.R

nC1
C /

/C ��2skwkH �2s .Rn�¹0º/

�

:

Proof. Using Lemma A.3 with Qs D 1 � s, we have

kwkL2.Rn�¹0º/

� Ckwk
2s

1Cs

H 1�s .Rn�¹0º/
kwk

1�s
1Cs

H �2s .Rn�¹0º/

� C.kx
2s�1

2

nC1 wk
L2.R

nC1
C

/
C kx

2s�1
2

nC1 rwk
L2.R

nC1
C

/
/

2s
1Cs kwk

1�s
1Cs

H �2s .Rn�¹0º/

� CŒ�1�s.kx
2s�1

2

nC1 wk
L2.R

nC1
C

/
C kx

2s�1
2

nC1 rwk
L2.R

nC1
C

/
/

C ��2skwk
1�s
1Cs

H �2s .Rn�¹0º/
�;

which is our desired result.

A.2. Caccioppoli inequality

We need a generalized the Caccioppoli inequality in [30, Lemma 4.5]:

Lemma A.6. Let s 2 .0; 1/ and u 2 H 1.BC
2r ; x

1�2s
nC1 / be a solution to

Œ@nC1x
1�2s
nC1 @nC1 C x1�2s

nC1 P � Qu D �x1�2s
nC1

n
X

j D1

@jfj in BC
2r :

Then there exists a constant C D C.n; �/ such that

kx
1�2s

2

nC1 r Quk2

L2.B
C
r /

� C
�

r�2kx
1�2s

2

nC1 Quk2

L2.B
C
2r

/
C

n
X

j D1

kx
1�2s

2

nC1 fj k2

L2.B
C
2r

/

C k lim
xnC1!0

x1�2s
nC1 @nC1 QukL2.B 0

2r
/kukL2.B 0

2r
/

�

:
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Proof. Let �WBC
2r ! R be a smooth, radial cut-off function such that 0� �� 1, �D 1

on BC
r , supp.�/ � BC

2r , and jr�j � C=r for some constant C . Note that

2

n
X

j D1

Z

R
nC1
C

.x
1�2s

2

nC1 �fj /.x
1�2s

2

nC1 .@j�/ Qu/C
n

X

j D1

Z

R
nC1
C

.x
1�2s

2

nC1 �fj /.x
1�2s

2

nC1 �@j Qu/

D �
n

X

j D1

Z

R
nC1
C

x1�2s
nC1 .@jfj /.�

2 Qu/

D

Z

R
nC1
C

�

@nC1x
1�2s
nC1 @nC1 QuC x1�2s

nC1

n
X

i;j D1

@iaij @j Qu
�

.�2 Qu/

D �

Z

Rn�¹0º

�2 Qu lim
xnC1!0

x1�2s
nC1 @nC1 Qu �

Z

R
nC1
C

.x1�2s
nC1 @nC1 Qu/@nC1.�

2 Qu/

�

Z

R
nC1
C

x1�2s
nC1

n
X

i;j D1

aij@j Qu@i .�
2 Qu/

D �

Z

Rn�¹0º

�2 Qu lim
xnC1!0

x1�2s
nC1 @nC1 Qu � 2

Z

R
nC1
C

.x1�2s
nC1 @nC1 Qu/�@nC1� Qu

�

Z

R
nC1
C

�2.x1�2s
nC1 @nC1 Qu/@nC1 Qu � 2

Z

R
nC1
C

x1�2s
nC1

n
X

i;j D1

aij .�@j Qu/.@i� Qu/

�

Z

R
nC1
C

�2x1�2s
nC1

�

n
X

i;j D1

aij@j Qu@i Qu
�

D �

Z

Rn�¹0º

lim
xnC1!0

�2 Qux1�2s
nC1 @nC1 Qu � 2h�r Qu; Qur�i � k�r Quk2 (A.1)

where zA D
�

A 0
0 1

�

. Here we use the notation

h�; �i D h�; �iL2.Rn
C

;x1�2s
nC1

zA/ and k � k D k � kL2.Rn
C

;x1�2s
nC1

zA/:

By (1.3), indeed

k�r Quk2 � �k�x
1�2s

2

nC1 r Quk2

L2.R
nC1
C

/
� �kx

1�2s
2

nC1 r Quk2

L2.B
C
r /
:
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Also, by (1.3), for ı > 0, we have

2h�r Qu; Qur�i � ık�r Quk2 C ı�1k Qur�k2

� ı��1k�x
1�2s

2

nC1 ruk2

L2.R
nC1
C

/
C ı�1��1kr�x

1�2s
2

nC1 uk2

L2.R
nC1
C

/
:

Moreover, we have
ˇ

ˇ

ˇ

ˇ

Z

Rn�¹0º

lim
xnC1!0

�2 Qux1�2s
nC1 @nC1 Qu

ˇ

ˇ

ˇ

ˇ

� k lim
xnC1!0

x1�2s
nC1 @nC1 QukL2.B 0

2r
/k�

2 QukL2.B 0
2r

/:

Plug the inequalities above into (A.1), with small ı > 0, we obtain our desired result.

A.3. L1-L2 type interior inequality

Following the arguments in [35, Proposition 3.1] (see also [18, Proposition 2.6] or
[9, Proposition 3.2]), we can obtain the following:

Lemma A.7. Let s 2 .0; 1/ and u 2 H 1.BC
2r ; x

1�2s
nC1 / be a solution to

Œ@nC1x
1�2s
nC1 @nC1 C x1�2s

nC1 P � QuD 0 in R
nC1
C ;

QuD u on R
n � ¹0º;

lim
xnC1!0

x1�2s
nC1 @nC1 Qu.x/D V u on R

n � ¹0º;

with (1.3) and jV j � 1. Then there exists a constant C D C.n; �/ such that

k Quk
L1.B

C
1=2

/
� CŒkx

1�2s
2

nC1 Quk
L2.B

C
1

/
C kx

1�2s
2

nC1 r Quk
L2.B

C
1

/
�:

Acknowledgments. I would like to thank Prof. Jenn-Nan Wang for suggesting the
problem and for many helpful discussions.

Funding. This research is partially supported by MOST 105-2115-M-002-014-MY3,
MOST 108-2115-M-002-002-MY3, and MOST 109-2115-M-002-001-MY3.

References

[1] J. Bourgain and C. E. Kenig, On localization in the continuous Anderson–Bernoulli model
in higher dimension. Invent. Math. 161 (2005), no. 2, 389–426 Zbl 1084.82005
MR 2180453

https://zbmath.org/?q=an:1084.82005
https://mathscinet.ams.org/mathscinet-getitem?mr=2180453


On the Landis conjecture for the fractional Schrödinger equation 1075

[2] L. Caffarelli and L. Silvestre, An extension problem related to the fractional Laplacian.
Comm. Partial Differential Equations 32 (2007), no. 7-9, 1245–1260 Zbl 1143.26002
MR 2354493

[3] B. Cassano, Sharp exponential decay for solutions of the stationary perturbed Dirac equa-
tion. Commun. Contemp. Math. 24 (2022), no. 2, article no. 2050078 Zbl 1491.35370
MR 4380110

[4] B. Davey, Some quantitative unique continuation results for eigenfunctions of the mag-
netic Schrödinger operator. Comm. Partial Differential Equations 39 (2014), no. 5,
876–945 Zbl 1320.35118 MR 3196190

[5] B. Davey, On Landis’ conjecture in the plane for some equations with sign-changing
potentials. Rev. Mat. Iberoam. 36 (2020), no. 5, 1571–1596 Zbl 1464.35069
MR 4161296

[6] B. Davey, C. Kenig, and J.-N. Wang, The Landis conjecture for variable coefficient second-
order elliptic PDEs. Trans. Amer. Math. Soc. 369 (2017), no. 11, 8209–8237
Zbl 1375.35061 MR 3695859

[7] B. Davey, C. Kenig, and J.-N. Wang, On Landis’ conjecture in the plane when the potential
has an exponentially decaying negative part. Algebra i Analiz 31 (2019), no. 2, 204–226;
reprint, St. Petersburg Math. J. 31 (2020), no. 2, 337–353 Zbl 1439.35109 MR 3937504

[8] B. Davey and J.-N. Wang, Landis’ conjecture for general second order elliptic equations
with singular lower order terms in the plane. J. Differential Equations 268 (2020), no. 3,
977–1042 Zbl 1453.35060 MR 4028997

[9] M. M. Fall and V. Felli, Unique continuation property and local asymptotics of solutions
to fractional elliptic equations. Comm. Partial Differential Equations 39 (2014), no. 2,
354–397 Zbl 1286.35250 MR 3169789

[10] M. A. García-Ferrero and A. Rüland, Strong unique continuation for the higher order
fractional Laplacian. Math. Eng. 1 (2019), no. 4, 715–774 Zbl 1436.35318
MR 4138565

[11] T. Ghosh, Y.-H. Lin, and J. Xiao, The Calderón problem for variable coefficients nonlocal
elliptic operators. Comm. Partial Differential Equations 42 (2017), no. 12, 1923–1961
Zbl 1387.35619 MR 3764930

[12] L. Grafakos and M. Mastyło, Analytic families of multilinear operators. Nonlinear Anal.

107 (2014), 47–62 Zbl 1308.46030 MR 3215473
[13] G. Grubb, Local and nonlocal boundary conditions for �-transmission and fractional

elliptic pseudodifferential operators. Anal. PDE 7 (2014), no. 7, 1649–1682
Zbl 1317.35310 MR 3293447

[14] G. Grubb, Fractional Laplacians on domains, a development of Hörmander’s theory of
�-transmission pseudodifferential operators. Adv. Math. 268 (2015), 478–528
Zbl 1318.47064 MR 3276603

[15] G. Grubb, Integration by parts and Pohozaev identities for space-dependent fractional-
order operators. J. Differential Equations 261 (2016), no. 3, 1835–1879 Zbl 1375.35600
MR 3501834

[16] G. Grubb, Regularity of spectral fractional Dirichlet and Neumann problems. Math. Nachr.

289 (2016), no. 7, 831–844 Zbl 1448.47062 MR 3503820

https://zbmath.org/?q=an:1143.26002
https://mathscinet.ams.org/mathscinet-getitem?mr=2354493
https://zbmath.org/?q=an:1491.35370
https://mathscinet.ams.org/mathscinet-getitem?mr=4380110
https://zbmath.org/?q=an:1320.35118
https://mathscinet.ams.org/mathscinet-getitem?mr=3196190
https://zbmath.org/?q=an:1464.35069
https://mathscinet.ams.org/mathscinet-getitem?mr=4161296
https://zbmath.org/?q=an:1375.35061
https://mathscinet.ams.org/mathscinet-getitem?mr=3695859
https://zbmath.org/?q=an:1439.35109
https://mathscinet.ams.org/mathscinet-getitem?mr=3937504
https://zbmath.org/?q=an:1453.35060
https://mathscinet.ams.org/mathscinet-getitem?mr=4028997
https://zbmath.org/?q=an:1286.35250
https://mathscinet.ams.org/mathscinet-getitem?mr=3169789
https://zbmath.org/?q=an:1436.35318
https://mathscinet.ams.org/mathscinet-getitem?mr=4138565
https://zbmath.org/?q=an:1387.35619
https://mathscinet.ams.org/mathscinet-getitem?mr=3764930
https://zbmath.org/?q=an:1308.46030
https://mathscinet.ams.org/mathscinet-getitem?mr=3215473
https://zbmath.org/?q=an:1317.35310
https://mathscinet.ams.org/mathscinet-getitem?mr=3293447
https://zbmath.org/?q=an:1318.47064
https://mathscinet.ams.org/mathscinet-getitem?mr=3276603
https://zbmath.org/?q=an:1375.35600
https://mathscinet.ams.org/mathscinet-getitem?mr=3501834
https://zbmath.org/?q=an:1448.47062
https://mathscinet.ams.org/mathscinet-getitem?mr=3503820


P.-Z. Kow 1076

[17] G. Grubb, Exact Green’s formula for the fractional Laplacian and perturbations. Math.

Scand. 126 (2020), no. 3, 568–592 Zbl 1453.35051 MR 4156436
[18] T. Jin, Y. Li, and J. Xiong, On a fractional Nirenberg problem, part I: blow up analysis and

compactness of solutions. J. Eur. Math. Soc. (JEMS) 16 (2014), no. 6, 1111–1171
Zbl 1300.53041 MR 3226738

[19] C. Kenig, L. Silvestre, and J.-N. Wang, On Landis’ conjecture in the plane. Comm. Partial

Differential Equations 40 (2015), no. 4, 766–789 Zbl 1320.35119 MR 3299355
[20] C. E. Kenig, Some recent quantitative unique continuation theorems. In Séminaire: Équa-

tions aux Dérivées Partielles. 2005–2006, Exp. No. XX, Sémin. Équ. Dériv. Partielles,
École polytechnique, Palaiseau, 2006 MR 2276085

[21] V. A. Kondrat’ ev and E. M. Landis, Qualitative theory of second-order linear partial dif-
ferential equations. In Partial differential equations III, pp. 99–215, Itogi Nauki i Tekhniki,
VINTI, Moscow, 1988 Zbl 0656.35012 MR 1133457

[22] C.-L. Lin and J.-N. Wang, Quantitative uniqueness estimates for the general second order
elliptic equations. J. Funct. Anal. 266 (2014), no. 8, 5108–5125 Zbl 1296.35033
MR 3177332

[23] J.-L. Lions and E. Magenes, Non-homogeneous boundary value problems and applications

Vol. I. Grundlehren Math. Wiss. 181, Springer, Berlin, 1972 Zbl 0223.35039
MR 0350177

[24] A. Logunov, E. Malinnikova, N. Nadirashvili, and F. Nazarov, The Landis conjecture on
exponential decay. 2020, arXiv:2007.07034

[25] C. Martínez Carracedo and M. Sanz Alix, The theory of fractional powers of operators.
North-Holland Math. Stud. 187, North-Holland, Amsterdam, 2001 Zbl 0971.47011
MR 1850825

[26] V. Z. Meshkov, On the possible rate of decrease at infinity of the solutions of second-order
partial differential equations. Mat. Sb. 182 (1991), no. 3, 364–383; English transl., Math.

USSR-Sb. 72 (1992), no. 2, 343–361 Zbl 0782.35010 MR 1110071
[27] R. Regbaoui, Strong uniqueness for second order differential operators. J. Differential

Equations 141 (1997), no. 2, 201–217 Zbl 0887.35040 MR 1488350
[28] L. Rossi, The Landis conjecture with sharp rate of decay. Indiana Univ. Math. J. 70 (2021),

no. 1, 301–324 Zbl 1467.35119 MR 4226657
[29] A. Rüland, Unique continuation for fractional Schrödinger equations with rough poten-

tials. Comm. Partial Differential Equations 40 (2015), no. 1, 77–114 Zbl 1316.35292
MR 3268922

[30] A. Rüland and M. Salo, The fractional Calderón problem: low regularity and stability.
Nonlinear Anal. 193 (2020), article no. 111529 Zbl 1448.35581 MR 4062981

[31] A. Rüland and J.-N. Wang, On the fractional Landis conjecture. J. Funct. Anal. 277 (2019),
no. 9, 3236–3270 Zbl 1423.35412 MR 3997635

[32] R. T. Seeley, Complex powers of an elliptic operator. In Singular Integrals (Proc. Sympos.
Pure Math., Chicago, Ill., 1966), pp. 288–307, American Mathematical Society, Provid-
ence, R.I., 1967 Zbl 0159.15504 MR 0237943

https://zbmath.org/?q=an:1453.35051
https://mathscinet.ams.org/mathscinet-getitem?mr=4156436
https://zbmath.org/?q=an:1300.53041
https://mathscinet.ams.org/mathscinet-getitem?mr=3226738
https://zbmath.org/?q=an:1320.35119
https://mathscinet.ams.org/mathscinet-getitem?mr=3299355
https://mathscinet.ams.org/mathscinet-getitem?mr=2276085
https://zbmath.org/?q=an:0656.35012
https://mathscinet.ams.org/mathscinet-getitem?mr=1133457
https://zbmath.org/?q=an:1296.35033
https://mathscinet.ams.org/mathscinet-getitem?mr=3177332
https://zbmath.org/?q=an:0223.35039
https://mathscinet.ams.org/mathscinet-getitem?mr=0350177
https://arxiv.org/abs/2007.07034
https://zbmath.org/?q=an:0971.47011
https://mathscinet.ams.org/mathscinet-getitem?mr=1850825
https://zbmath.org/?q=an:0782.35010
https://mathscinet.ams.org/mathscinet-getitem?mr=1110071
https://zbmath.org/?q=an:0887.35040
https://mathscinet.ams.org/mathscinet-getitem?mr=1488350
https://zbmath.org/?q=an:1467.35119
https://mathscinet.ams.org/mathscinet-getitem?mr=4226657
https://zbmath.org/?q=an:1316.35292
https://mathscinet.ams.org/mathscinet-getitem?mr=3268922
https://zbmath.org/?q=an:1448.35581
https://mathscinet.ams.org/mathscinet-getitem?mr=4062981
https://zbmath.org/?q=an:1423.35412
https://mathscinet.ams.org/mathscinet-getitem?mr=3997635
https://zbmath.org/?q=an:0159.15504
https://mathscinet.ams.org/mathscinet-getitem?mr=0237943


On the Landis conjecture for the fractional Schrödinger equation 1077

[33] P. R. Stinga, Fractional powers of second order partial differential operators, extension

problem and regularity theory. Ph.D. thesis, Universidad Autónoma de Madrid, 2010
https://repositorio.uam.es/bitstream/handle/10486/4839/
31630_stinga_pablo_raul.pdf?sequence=1

[34] P. R. Stinga and J. L. Torrea, Extension problem and Harnack’s inequality for some frac-
tional operators. Comm. Partial Differential Equations 35 (2010), no. 11, 2092–2122
Zbl 1209.26013 MR 2754080

[35] J. Tan and J. Xiong, A Harnack inequality for fractional Laplace equations with lower
order terms. Discrete Contin. Dyn. Syst. 31 (2011), no. 3, 975–983 Zbl 1269.26005
MR 2825646

[36] M. Taylor, Pseudo differential operators. Lect. Notes Math. 416, Springer, Berlin etc.,
1974 Zbl 0289.35001 MR 0442523

[37] K. Yosida, Functional analysis. Sixth edn., Grundlehren Math. Wiss. 123, Springer, Berlin
etc., 1980 Zbl 0435.46002 MR 617913

[38] H. Yu, Unique continuation for fractional orders of elliptic equations. Ann. PDE 3 (2017),
no. 2, article no. 16 Zbl 1397.35048 MR 3695403

Received 13 December 2020; revised 22 November 2021.

Pu-Zhao Kow

Department of Mathematics and Statistics, P.O. Box 35 (MaD), 40014 University of Jyväskylä,
Finland; pu-zhao.pz.kow@jyu.fi

https://repositorio.uam.es/bitstream/handle/10486/4839/31630_stinga_pablo_raul.pdf?sequence=1
https://repositorio.uam.es/bitstream/handle/10486/4839/31630_stinga_pablo_raul.pdf?sequence=1
https://zbmath.org/?q=an:1209.26013
https://mathscinet.ams.org/mathscinet-getitem?mr=2754080
https://zbmath.org/?q=an:1269.26005
https://mathscinet.ams.org/mathscinet-getitem?mr=2825646
https://zbmath.org/?q=an:0289.35001
https://mathscinet.ams.org/mathscinet-getitem?mr=0442523
https://zbmath.org/?q=an:0435.46002
https://mathscinet.ams.org/mathscinet-getitem?mr=617913
https://zbmath.org/?q=an:1397.35048
https://mathscinet.ams.org/mathscinet-getitem?mr=3695403
mailto:pu-zhao.pz.kow@jyu.fi

	1. Introduction
	1.1. Main results
	1.2. Main ideas
	1.3. Main difficulties: regularity of (-P)s
	1.4. Main difficulties: Carleman estimates
	1.5. Organization of the paper

	2. Caffarelli–Silvestre-type extension
	3. Boundary decay implies bulk decay
	3.1. Proof of the part (a) of Lemma 3.3 for the case s∈[1/2,1)
	3.2. Proof of the part (a) of Lemma 3.3 for the case s∈(0,1/2)

	4. Carleman estimate
	4.1. A Carleman estimate with differentiability assumption
	4.2. A Carleman estimate without differentiability assumptions

	5. Proofs of Theorem 1.1 and Theorem 1.2
	A. Auxiliary lemmas
	A.1. Some interpolation inequalities
	A.2. Caccioppoli inequality
	A.3. L^∞-L^2 type interior inequality

	References

