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On the Landis conjecture
for the fractional Schrodinger equation

Pu-Zhao Kow

Abstract. In this paper, we study a Landis-type conjecture for the general fractional Schro-
dinger equation ((—P)*% + ¢g)u = 0. As a byproduct, we also prove the additivity and bounded-
ness of the linear operator (—P)* for non-smooth coefficents. For differentiable potentials g,
if a solution decays at a rate exp(—|x|'T), then the solution vanishes identically. For non-

. . . . . 45 .
differentiable potentials g, if a solution decays at a rate exp(—|x| #5-11), then the solution must

again be trivial. The proof relies on delicate Carleman estimates. This study is an extension of
the work by Riiland and Wang (2019).

1. Introduction

In this work, we study a Landis-type conjecture for the fractional Schrodinger equa-
tion
n
(=P’ +q@u =0 inR", whereP = Za,-a,-k(x)ak (1.1)
Jk=1
with s € (0, 1) and |g(x)| < 1. Here, the operator (—P)* is defined as

DS, i s _ 1 i tP dt
(—P)’u:= /A dEu = —F(—s) /(e u Tt (1.2)
0

0

for all

u € dom((—=P)*) := {u € Lz(R"):/Azs d||Ejul® < oo}
0

where {E,} is the spectral resolution of —P (each {E;} is a projection in L2(R"))
and {e'? }¢>0 is the heat-diffusion semigroup generated by — P, see, e.g., [11,34].
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The Landis conjecture was proposed by E.M. Landis in the 60’s [21]. He con-
jectured the following statement. Let |g(x)| < 1 and let u be a solution to (1.1) with
P =Aands = 1.If |u(x)| < Cp and |u(x)| < exp(—C|x|'T), then u = 0. However,
this statement is false. In [26], Meshkov constructed a (complex-valued) potential g
and a (complex-valued) nontrivial u with |u(x)| < C exp(—C |x|%). In the same liter-
ature, he also showed that if |u(x)| < C exp(—C |x|%+), then u = 0. In other words,
the exponent %—i— is optimal. In [1], Bourgain and Kenig derived a quantitative form of
Meshkov’s result, which is based on the Carleman method; their result then extended
by Davey in [4], including the drift term. Following, in [22], Lin and Wang further
extend Davey’s result by replacing A by P.

The results mentioned above allowing complex-valued solutions. It is also inter-
esting to study the real-version of Landis conjecture, which proposed by Kenig in
[20, Question 1]. The case when n = 1 and n = 2 were resolved in [24, 28], respect-
ively. To the best of the author’s knowledge, the real-version of Landis conjecture is
still open for n > 3. Here we also refer some related works [5-8, 19].

In [31], Riiland and Wang consider the Landis conjecture of the fractional Schro-
dinger equation (1.1) with P = A and 0 < s < 1. For the case when s = 1/2, in [3],
we remark that Cassano proved the Landis conjecture for the Dirac equation. In some
sense, the Dirac operator is the square root of the Laplacian operator, that is, the
phenomena are similar when s = 1/2.

1.1. Main results
We assume that the second order elliptic operator P satisfies the elliptic condition
n
AlE)? < Zajk(x)fjék < A7YE]?  for some constant 0 < A < 1. (1.3)
Jk=1
Assume that aj; = ag; € €% (R") forall 1 < j, k < n, and satisfy

max sup |ajx(x) —8jx(x)| + max sup |x||Var(x)| <e (1.4)
I=jk=n|x|>1 1=jk=n |x|>1

for some sufficiently small ¢ > 0 and

max sup |VZax(x)| < C (1.5)
1=jk=n|x|>1
for some positive constant C.
In this paper, we prove the following Landis-type conjecture for the fractional
Schrédinger equations.

Theorem 1.1. Lets € (0, 1) and assume that u € dom((— P)?) is a solution to equa-
tion (1.1) with (1.3), (1.4), and (1.5). We assume that the potential q € €' (R")
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satisfies |g(x)| < 1 and
[xX[[Vg(x)| < 1.

If u further satisfies

/elxa|u|2dx <C <00 forsomea > 1,

R}’l
then u = 0.

We also have the following result for non-differentiable potential g.

Theorem 1.2. Lets € (1/4,1) and assume that u € dom((— P)*) is a solution to (1.1)
with (1.3), (1.4), and (1.5). Now, we assume that the potential q satisfies |q(x)| < 1.
If u satisfies

4s
4s —1°

o
/exl lul?dx < C < oo for some o >
Rn
thenu = 0.

Remark 1.3. Whens = %, Theorem 1.1 and Theorem 1.2 still hold without (1.5).

Remark 1.4. We prove Theorem 1.2 using the splitting arguments in [31]. Similarly
to [31], we assume s € (i, 1) due to the sub-sllipticity nature. We also see that, as
s — 1, the exponent 4;‘f 7 in Theorem 1.2 tends to %, which is the optimal exponent

for the classical Schrédinger equation.

Remark 1.5. The condition (1.4) allows small perturbations of Laplacian only, which
works as a sufficient condition in deriving Carleman estimate. In [10], they also
imposed similar assumption to prove the strong unique continuation property for (1.1).
In contrast to the works [6,28], which studied the real-version of Landis conjecture,
such condition is not needed, since their proofs did not involve any Carleman estimate.

1.2. Main ideas

The main method of proving Theorem 1.1 and 1.2 is Carleman estimates. However,
due to the non-locality of (—P)*, the techniques here are much complicated than
those for the classical case, i.e., s = 1. One of the major tricks is to localize (—P)*,
which is motivated by Caffarelli and Silvestre’s fundamental work [2]. Here we will
use the Caffarelli-Silvestre-type extension of (—P)* proved in [33,34]. After local-
izing (—P)*, we will derive a Carleman estimate on Rffrl mimicking the one proved
in [30]. This Carleman estimate enables passing of the boundary decay to the bulk
decay.
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1.3. Main difficulties: regularity of (—P)*
Using the Fourier transform, it is easy to see that
(—0)*(=A)P = (=A)*"F and (—A)* € L(HPTR™), HF*(R™)).

However, extension of these properties to (— P)® is not trivial. We establish the addit-
ivity property of (—P)* by introducing the Balakrishnan definition of (—P)*, which
is equivalent to (1.2), see, e.g., [25] or [37, Section I[X.11]. The continuity of the map
(—=P)*: H?>S(R") — L?(R™) can be also obtained by the Balakrishnan operator, as
well as the interpolation of the single operator —P. Here, we shall not interpolate
on the family of the operator (—P)*, see also [12] for the interpolation theory of the
analytic family of multilinear operators.

Remark 1.6. In [32], R. T. Seeley showed that the operator (—P)® is a pseudo-
differential operator of order 2s if aj; are smooth. In this case, we can apply the
theory of pseudo-differential operator, see, e.g., [36]. As a byproduct, we loosened
the smoothness hypothesis that required by theories of the pseudo-differential oper-
ator. Moreover, the boundary value theories for the fractional Laplacian have been
elaborated in recent years, see, e.g., [13—17]. In [17], Grubb calculated the first few
terms in the symbol of (—P)*.!

1.4. Main difficulties: Carleman estimates

In [31], Riiland and J.-N. Wang proved their Carleman estimates by estimating a cer-
tain commutator term, see [31, (31)—(33)]. In our case, we shall approximate P by A.
However, we face difficulties while controlling the remainder terms. Here, we solve
this problem using the ideas in [27]. It is also interesting to mention that the terms of
second derivative in the Carleman estimate should be ﬁ(Vﬁ) rather than V2ii, where
V =(V,0,41) is the gradient operator on R”*!, and i is the Caffarelli-Silvestre-type
extension of u.

1.5. Organization of the paper

In Section 2, we localize the operator (—P)* and solve the problems described in
Paragraph 1.3. Following, in Section 3, we show that the decay of u implies the decay
of the Caffarelli-Silvestre-type extension # of u. Then, we derive some delicate Car-
leman estimates on R’} in Section 4. Finally, we prove Theorem 1.1 and Theorem 1.2
in Section 5.

'T would like to thank Prof Gerd Grubb for bringing these issues to my attention and for
pointing out several related references.



On the Landis conjecture for the fractional Schrédinger equation 1027

2. Caffarelli-Silvestre-type extension

Let ]R’er =R" xRy = {(x, xp+1): Xn+1 > 0}, and we write x = (x’, x,+1) with
x" € R" and x,4+1 € R4+. We also denote V' = (d1,...,9,) and V = (V’, 0,,4+1). For
Xxo € R" x {0}, we denote the half balls in RTFI and R” x {0} by

Bf(x0):={x € RTFI: |x — xo| < r},
B(xo) = {(x",0) € R" x {0}: [(x, 0) — xo| < r},
B (0) = B;t, and B/(0) = B,. We define the annulus
A:R ={x e RY":r <|x| <R},
A, g ={(x".0) e R" x {0}:r < |[(x,0)] < R}.

We consider the following Sobolev spaces:

L*(D,x,{3%) = {v: D — R:/x;fls|v|2 dx < oo},
HY(D,x)7%) := {v: D — R:/x,lljrzls|Vv|2dx < oo},

HI(D,x,ijrzls) = {v: D — R:/x,ﬁjrzls(|v|2 + |[Vv]?)dx < oo},
D

where D is a relative open set in RTFI.
For s € (0, 1), let # be a solution to the following degenerate elliptic equation:

[On130 73 01 + X272 Plii =0 in R%FY, 2.1)
i=u onR"x{0}. (2.2)

Refer to [34, equation (1.8) in Theorem 1.1], the fractional elliptic operator (—P)’
satisfies

(=P)*u(x’) =c¢; lim xp7 350,410 (x), (2.3)
Xn+1—0
with
TG o (in particul 1)
Cyg = ———— 1n particular, ¢ = —1),
$ T 25T (=) P 1/2

see also [33]. The following lemma is a special case of [10, Proposition 2.1]:

Lemma 2.1. Let 0 < s < 1, and assuming that ajx = ay; € €% (R") satisfies the
elliptic condition (1.3). Then, there exists an extension operator

Es: dom((—P)*%) — Hléc(Riﬂ’X,ﬁzls) N EZ’I(RTFI)

loc

such that u = Eg(u) is a solution of (2.1) and the boundary conditions (2.2) and (2.3)
are attained as L*(R™)-limits.
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The proof of Lemma 2.1 is same as in [33,34]. The following estimate also holds
true:
||ﬁ(., -xn-i-l)”LZ(]R”) < ||”||L2(]R") for all Xn+1 > 0. (24)

with # = Eg(u), see [34, p. 2097] or [33, p. 48-49]. From [38, Proposition 2.6], indeed
Eg: HS(R") — H! (R%H X173 (2.5)
is a bounded linear operator. Using [23, Remark 7.4], we know that

e (@) is dense in H\ (R7+1, x172

loc n-‘rl
thus, given any v € H*(R"), we have v = E;(v) € Hl(l)c(Rn-i-l x}725) and
‘ / ((=P)*u)vdx’
R x{0}
R x{0}
= ‘ / r1z+%s3n+1 On+1U0p+10dx + / AXYV'u-V'odx
]Rﬁ_'H Rﬁ-—H

<A™ IVl 2 gt 12 IVl 2 gt c1-2s)
= A Bl 1yt 12 Es(O) i st 12,
< Cllullgs®mllvlgs®n) using (2.5).
Therefore, by arbitrariness of v € H*(R"), we conclude the following lemma:

Lemma 2.2. Let 0 < s < 1 and aji given as in Lemma 2.1. Then (—P)*: H*(R") —
H™5(R") is a bounded linear operator.

Note that

n n
Pu = Zajkajaku + Z(Bjajk)aku.
jk=1 jk=1

Since aj is uniformly Lipschitz, then
| = Pullp2mny < Cllullg2mny- (2.6)

We here also remark that dom(—P) = H?(R") is the maximal extension such that
— P is self-adjoint and densely defined in L?(R"), see [11, equation (2.8)]. Given any
¢ € €X(R"), we see that

(Pu,p) = (u, PP)r2mny < lullpz@n)| POlL2@ny < CllullLz@n ¢l m2mn)
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where (e, ) is the H~2(R") @ H?*(R") duality pair. Since
€°(R") is dense in HY (R") foreachy € R (see, e.g., [23, Remark 7.4]),

then we know that
[Pullg—2m@ny = CllullL2@ny- (2.7)
We shall prove the followings:

Lemma 2.3. Let 0 < s < 1 and a;i given as in Lemma 2.1. We have the inequality
[(=P) ullL2@ny = Cllullg2s ®ny- (2.8)
Moreover, we have
(=P ull g5y < Cllull 2y (2.9)

Remark 2.4. Using the duality argument as in (2.7), we know that (2.8) and (2.9) are
equivalent.

In order to prove Lemma 2.3, we introduce the Balakrishnan operator as in [25,
Definition 3.1.1 and Definition 5.1.1].

Definition 2.5. Leta € C4 = {z € C: Rz > 0}.
(1) If 0 < NRa < 1, then dom((—P)%) = dom(—P) and

o0

/A“‘l(k —P) Y (=P)pdA.

0

sin s

(—P)30 =

(2) If Ra = 1, then dom((—P)%) = dom((—P)?) and

(~P)5e = 2 [ae - p) -

g
0

e 1](—P)¢ dA + sin %(—Pm

(3) Ifn < K <n + 1 forn € N, then dom((—P)%) = dom((—P)"*1) and
(=P)gp = (=P)g "(-=P)"9.

(4) If e = n + 1 for n € N, then dom((—P)%) = dom((—P)"*+2) and
(=P)gp = (=P)g "(=P)"9.

The following proposition, which can be found at [25, Theorem 6.1.6], shows that
(—P)% and (—P)® are equivalent.
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Proposition 2.6. Let 0 < s < 1. Ifu € dom((—P)%), then the strong limit

i d
t
. _tP
Jim [0
&

exists, and

o0
. dt
(—P)ju = c; 82r(r)1+ /(1 —ePyu TTs for some positive constant ci,,

&
where {e’P},Zo is the heat-diffusion semigroup generated by —P.

Here and after, we shall not distinguish between (—P)® and (—P)%, as well as
dom((—P)®) and dom((—P)%). Using [25, Theorem 5.1.2], we have the following
fact:

if u € dom((—P)**#), then (—=P)Pu € dom((—P)%).

and the following identity holds:
(=P)*(=P)Pu = (=P)**Pu  forallu € dom((—P)*"#) (2.10)

for all o, B € C with R > 0 and RB > 0. Since (—P)* is self-adjoint in LZ(R"),
then

”(_P)su”i2(Rn) = ((_P)Zsu’u)LZ(]R")'
Now, we are ready to prove Lemma 2.3.

Proof of Lemma 2.3. We first consider the case when 0 < s < 1/2. Since (—P)* is
self-adjoint, by observing that (—P)?* = (—P)*(—P)* (using (2.10)), Lemma 2.2
immediate implies

I=PYulZ g = (—P)u.u) 2 n)

< ” (_P)Zsu ||H—2s (R") ”u ”HZS (R™)
2
< ClulPpos gy, (2.11)

When 1/2 < s < 1, by observing that (—P)?$ = (—P)?>"1(=P) = (= P)(—P)*!
(using (2.10)) and 0 < 25 — 1 < 1, using Lemma 2.2 we can easily show that

1= PY> ull 120y < C el gr1+25 e

||(—P)2sM||H—1—2s(Rn) < C”M”H—H—Zs(Rn).

By interpolating the above two inequalities, we conclude that (2.11) holds for all
0 < s < 1, and we complete the proof of Lemma 2.3. |
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3. Boundary decay implies bulk decay

Firstly, we translate the decay behavior on R” to decay behavior which is also holds
on R™*1,
+

Proposition 3.1. Lets € (0,1) andu € H*(R™) be a solution to (1.1), with (1.3) and
(1.4). For s # %, we further assume (1.5). Assume that |q(x)| < 1 and there exists
o > 1 such that

/elxa|u|2dx <C <.

R7
Then there exist constants C1, C, > 0 so that the Caffarelli-Silvestre-type extension
u(x) satisfies

i(x)] < Cre= X" forall x e REF.

The ideas of proving Proposition 3.1 is similar to [3 1, Proposition 2.2]. The proof
of [31, Proposition 2.2] utilized [30, Propositions 5.10-5.12]. The extension of such
propositions involving many details, especially the Carleman estimate in [30, Propos-
itions 5.7]. For sake of readability, here we present the details of the proofs.

In order to obtain the interior decay, similar to [31, Proposition 2.3], we need the
following three-ball inequalities.

Lemma 3.2. Lets € (0,1) and u € H! (B+, x,llﬁs) be a solution to
[On+1X0 35041 + Xp3 7 Pli =0 in R

with (1.3). Assume that r € (0, 1) and X9 = (X(,5r) € B;‘. Then, there exists o =
a(n,s) € (0,1) such that

~ ~na ~nl—«o
||u||LOO(B;;()_CO)) = C”u||L°°(Br+()_co))”u”LOO(Bj;()_C()))'

Proof. As (X¢)n+1 = 5r, this follows from a standard interior L? three ball inequal-
ities together with L°°-L? estimates for uniformly elliptic equations. ]

Also, we need the following boundary-bulk propagation of smallness estimation:

Lemma 3.3. Let s € (0,1) and let i € H' (R, x1325) be a solution to (2.1)
with (1.3) and g € L>®(R"). We assume that

max Jlajx —8jxlloo + max [Viajillo <€
1<j.k<n 1<j.k<n

for some sufficiently small ¢ > 0. For s # %, we further assume
max_[[(V')?ajklleo < €
1<j,k<n

for some positive constant C. Assume that xo € R" x {0}. Then
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(a) there exista = a(n,s) € (0,1) and ¢ = c(n,s) € (0, 1) such that

Ay ﬁ”L2(3+(X0))
a
= C[”xn-i-l u||L2(B+ (x0)) + r! ”u”Lz(B{()r(xO))]

s+1
x [ xn1+111n_)0 Xn 31 17 28], (xo)
1— 11—«
+r S||U||L2(B;6,(x0))]
=25 1—s lz-ﬁf
Clxn ey @l pagpt oy 7 Tullz2gsg, xon]

s+1
x [r* x,,hm Oxn+1 P01l 287 (xo))

+r ||u||Lz<Bm,<x0»]‘+s

(b) there exista = a(n,s) € (0,1) and ¢ = c(n,s) € (0, 1) such that
1 &1 1l oo B, (o)
T

—2s
_n -1, 2 ~ *
< Cr2 [y il g, o + 1228, 0]

~ 1—«a
x [r2]] N hm X},ﬁ On+1ull2B),, (xo)) T ”u”LZ(er(xo))]

2s
+Croe[rs 1||xn+1 1258 oy + 1022081, o0 ]

[
o

2s . 1-2s ~ ¥
x [r?] xnign_m X1 Onr18l 28], oy + 1281, on ]

n 1 1
75 .S 2 2
+ Cr ’r ”qu”LZ(Biér(xO))”u”LZ(Biér(xO))'

Using Lemma 3.2 and Lemma 3.3, and imitating the chain-ball argument in [31],
we can obtain Proposition 3.1.

3.1. Proof of the part (a) of Lemma 3.3 for the case s € [1/2,1)

We first prove the following extension of the Carleman estimate in [30, Proposi-
tion 5.7].

Lemma34. Lets € [1.1) and let w € H' (R, x172%) with supp(w) C Bfr/2 be a
solution to
n
[a,,ﬂx},;ﬁfanﬂ +x )22 Za,-kajak]w =f inR"
k=1
w=0 onR" x{0}.
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Suppose that
B0 = B xn) =~ 4 2(—;%‘“ + 5241
s vn 4 2 _ 25 n+1 2 n+1
We assume that
max |lajk —Sjklloo + max [Viajxlloo <&
1<j.k<n 1<j.k=n
for some sufficiently small ¢ > 0. For s # %, we further assume
max [[(V")?ajkllec < C
1<j,k<n
for some positive constant C. Assume additionally that
232—1 ,
X + lim |A'w
oot Sty +  lim 1AWl L2 @oxgon
lim |V'w
+ i [V'wllz2®nxqoy)
lim ||x!32%0, 1w < 00.
+ i 751" On+1w | 2R x{0})
Then there exist Ty > 1 and a constant C such that
1—2s 1—2s
3,Th 2,02 9.2 2
e, Fy Wl g, + T, Fy Vwl, g,
2s5—1
=3 72
E C(”erqs'xn-‘fl f”Lz(RrH-l)
+
-1 1 TH AL N2
+7 xﬂkrln_)o ”e A w||L2(R”x{0})
: L1 N v/ 2
+ Txnkrln—’() ||€ x -V w||L2(R”X{0})
: ¢, 1-2s 2
+ Tx,,lﬂn»o ||€ Xn+1 an+1wl|L2(RnX{0}))
forall T > 1.
Proof. Now, we prove the Carleman estimate for s € (%, 1), as the case s = % is
naturally included in our estimates.

1-2s

Step 1: Conjugation. Let i = x, °;, w, we have

2s—1 e o - n _
X, 0 f = A+ cex, i+ Z(afk — 8k)0;j Ol

Jk=1
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o _4¢2 -
where &, = 1 js .Letu = "1, we have

25-1 o
e"”x,ﬂf1 f=[A+7Vo|* +éx, 2 — AP — 21V - V]u

+ Y @k — 81)0;xu
jk=1

— 7Y (@jk — 80 p)d; + (37¢)0k]u

Jk=1

+ ) (ajk = 810 (0kp) (9 ¢) — T(D; 0 ).

J.k=1
We write LT = § + A + (I) + (II) + (III), where

S=A+7Ve|> +éx,7,. A=-2tV$-V—1Ad,

M) = (ajx — 8)0; 0k

Jk=1

() = —7 Y (ajx — 1) [(9d)d; + (3;¢)0k]

Jk=1

(D) = > (ajx — 81) [ (k) (3;6) — T(3; 9k P)]-

Jk=1
We now define L™ := S — A + (I) — (AI) + (1ID),
D= |[LTu|® = |L7ull> and 8:= |L*ul® + L u|?,
where
Fell=1elzzgmtry. [ello=1elr2@mxop
(0,0) = <"’)L2(R1+‘)’ (0,0)0 = (o, )12 Rnx{0}

and we omit the notations “limy,, , ,0” in || @ ||o and (e, ®)o.

Step 2: Estimating the bulk contributions.

1034

Step 2.1: Estimating the difference D. Observe that D = 4(Su, Au) + R, where

R = 4(Su, M) u) + 4(Au, D u) + 4(Au, () u)
+ 4((M) u, AT u) + 4((I0) u, () u).
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Step 2.1.1: Computation the principal term. Note that

2(Su, Au) = ([S, Alu, u) + 2t(Su, (3,+19)u)o
— (Au, Op+1u)o + (On+1(Au), uo. (3.1

Observe that [S, A] =[S, A]; + [S, A]», where

[S, Al1 = [A" + 2|V'$|?, 2tV'p - V/ — T A'¢],
— 452
e
The following identity can be found in [30, equation (5.20) of Proposition 5.7]:

(S, Al = [0241 + 20s19) + 2212004101 — 702419

1
(IS, AJiu, u) = —ET3IIIX’|MIIZ =22 V'ul|?. (3.2)

For our purpose, we need to refine the estimate [30, equation (5.22) of Proposi-
tion 5.7]. The following identity can be found in [30, equation (5.19) of Proposi-
tion 5.7]:

([S. Alou, u) = 47> (u, (9n+19)* (974 1 )u)
+ 47 (Bn g1, (9741 ) Ot 11)
—(u, (3 4, p)u)

— 4¢5T(u, X, 31 (Bnr190)u)

+ 47((32 41 8)On 110, 1)o.
From [30, equation (5.21) of Proposition 5.7], we have

On+10)° @ 119) = 805,37 — xne)* (25 — DX, 25 + 1)
and

—t(u, (B @) + 25 + 1)(25 — Dt (u, x,3 1 Bpr19)u)
=21(1-25)(1 + 2s)2||x;}r15u||2 — 8rcs||xn+1u||2.

Hence, we have

([S, Alau, u) = 3227 (x, 37" — Xp1)u?
+32(2s — 1)‘1:3”()(?,1:_21‘9 - xn+1)x;fr1u||2
+87(25 — Dl 3 1 dn+1ul|?
+27(1 = 25)(1 + 298)* || x4 ull?
+ 87| dpy1ul® — 8TCs||xn+1”||2

+4f((8n+1¢)8n+1u,u)0. (33)
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Combining (3.1), (3.2), and (3.3), we reach

4(Su, Au) = 64r3||(x,1,ﬁs — )c,,_|_1)u||2
+ 6425 = DT (0,33 = xn ) Ll
+ 167(2s — 1)||x;i18,,_|r1u||2
+ 167]|3p11u)?
— 87&|x, 1 u)?
+ 47 (1 —28)(1 + 28)? x4 7" ul?
— | Jul|* — 47| V'ul?
+ 8r((3ﬁ+1¢)8n+1u,u)0
+ 47(Su, (In+14)u)o
— 2(Au, 0411
+ 2(0n+1(Au), uo. (3.4

Step 2.1.2: Estimating the remainder. Using integration by parts, we can estimate
R from below:

R = —Ce[t) (133 = X )Vull? + tlldnriull® + I eA3 — xns)
1—2s 2s—1
-1 2 = 2 = 2
+ llxg i ull® + Tllx, 2y Onrrullp + Tllx, 4 X[V ullg
3 v1-2 L2
+ (51 — Xn+1)2u||o]-

Here we would like to highlight some features when estimating the second term of R,
that is, (Au, (I) u). Note that

(=270n+100n+1u, (ajx — 8jx)0; 0k u)
= T(On+190n+ 11, (3jasu) ) —| (95 P01, (ajr — &) du)

+ T{0n+100;u, (Okajk)On+1u) — T(On+190u, (ajx — 8jx)0ku)o  (3.5)

and
(—T (951 P)u. (aji — 8jx)d; 0xu)
= (@1 Pu. Bja;) ) + {95199 (@i = 1)) (3.6)
- —%((8,2,“(;5)14, (8 daji)u) + | T(0h 4 Pdju, (@jx — 8jx)dku) | (3.7)

So, summing up (3.5) and (3.7), we note that the problematic term

r(aiﬂqﬁaju, (ajx — 8k )0ku)
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is canceled. It problematic because 8,2, 119 has singularity xn 11 fors e (1/2,1). How-
ever, when s = %, 85 +1¢ has no singularity. In this case, we consider (3.6) rather
than (3.7). This is the reason why we can loosen the second derivative assumption for
1

the case s = 5

Step 2.1.3: Combining the commutator and the remainder. Using the Hardy
inequality in Lemma A.1, we reach

—s—1 ”2

— 2 - 2
”xn+1 ”xnilan-i-lu” + ”xn+1 7/‘”07

4
B -
= 25+ 1)? 25 + 1

thus
167(2s — D%y dnrul? — 4o (2s — D(@s + D1 7°ull?
>—-8t(2s —1)(2s + 1)||)anrl u||%.

Therefore, choosing sufficiently small ¢ > 0, we reach

_ 639 _ _
D 2 6477 (5,33 = o )ul? 4+ 2525 = DTN = ) 2

159
+ WT”anHu”Z —T(zs — D@ + Doy qul® — 4| Vu|?
— Cetl||(x, 37" — Xn+1)vlu||2 + 87((97 4 1) Inr1u.u)o + 4T(Su. dnt10)o

1-2s
— 2(Au, Opg1u)o + 2(0ny1(Au), u)o — tllx, 7 Onrruls

25—1 _ 1
—llx, 7y XV ull§ - r3||(x,1+215 — Xn+1) 2§
—8t(2s — 1)(2s + 1)||x,,+1 “ul2. (3.8)
Step 2.2: Estimating the sum 8. Observe that
n
8 = 20 Sull + 2/ Aul® = Ce[ 3 119l + 1 V'ul® + ]
J.k=1
Since ¢ < 0, then
20| Sull? = 2| A"u + (95 u + |V Pu + Ex, 7 w)|?
= 2||A"u|® + 4(Au, 3% qu) + 47 (A'u, |Vo|*u)
+ 48 (Au, xp 3 qu) + 20105 u + PV Pu + Coxy Ful?
- 22 18 dxul|® + 4(A"u, 32, ju) + 4c2(A'u, |[Vp|*u)
J.k=1
- 43s(V/u,x;J2er’u) + 2102 ju + 2|V Pu + Exp qull?

> 22 l|9; 8ku||2 + 4(A'u, 3n+1“) + 4r2(A’u, |V¢|2u).
Jk=1
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Since
AN u, 02 u) = 4V Oy, VVOpgqu) — 4(A U, dpp1u)o

and for gy > 0, we have
o (A'u, |Vo|*u)
= o2 (Au, |x'Pu) + 167> (Au, (xp73° — Xnt1)?u)

>~ (1 +£0) | Vul® — Ceqtlull* — 1622 (x,33° — X 1) V'ut |2

Thus,

n
8 = 201Sull? + 20 Aull? = Ce| Y 11 dhal® + <2V'ull? + 7* u)?]
J.k=1
= 2)V(Vu) |2 = (1 + e0)|| Vu
— 2Ce5 ulP = 16726373 = 2a) V'
n
= Ce D10 0kul® + IVUIP + 7 ulP] - 4A W, dprrudo. (B9)
jk=1

Step 2.3: Combining the difference D and the sum 8. After combining (3.8) and
(3.9), we choose small ¢ > 0, and consequently choose small ¢y > 0 and large 7, hence

(r + 5+ )||L+u||2 0(2s = DIVVW|? + [|Sul?
+ 6474 (xp 7 — Xna0)ul?

+ 7o @8 = DT 03T = xne)xgdull?

159
ol — 473 V)

171
— 55 25— D2(xp33° — Xna1) Vul|?

&2(23 — D@ + Dl uf?
+ 8%((35419) -1, u)o + 42 (Su, Bpt19)0
—2t(Au, 0p+1u)o + 27 (0n+1(Au), u)o
2y Onsrul — 22y 1V
— G2 — ) 20
—87%2(2s — 1)(2s + 1)||xn+1 u||%
—2(2s — 1)(A U, Op+1U)0- (3.10)
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Step 2.4: Obtaining gradient estimates. Since supp(u) C BIJF/2 and s > % thus
0< (37 — Xna)Xppy = X035 — X0l < x5 < 1.

and hence
172 _
2o 28 = DTN — X)) Viull®
__E(zs_l)TZ((xl—Zs_x ) SA/ ( 1-2s ) —s )
=720 n+1 n+1)X U, (X, 41 Xn+1)X U
86 _
= 5528 = D8I 0637 = xnn) " Au?
86 _ _ _
+ %(ZS — D37 — xer )X u?

86 86 _ _ _
< S0 @5 = DSIA I + 2@ = DT (AT — e )x w2

Choose § = 4—83, we reach

172 _
%(2S - 1)72||(xy1;+21s - xn+1)V,“||2
8
< 1—0(2s — DA ul* +23.11252s — DTt (533 — Xnr)xSul® 3.11)

Moreover, we have

41 41 41 41
To7 (Sua) = TP IVul = St IVl + (25 + 125 = Dl Lyl
41
+ E72<3n+1u,u)0
41 41 1 -
= So T IVuIP = T 7 (e Il + 410o3 = xasul?)
41 1 2 41,
+ ?(2S + D (2s = Drllx, pul” + To© (On+1u,u)o
41 41 164 -
= T IVul? = S Il = S NG = xpul?

10 160 10
41
+ ?(25 + 1(2s — 1)‘1:”)(7;_,’1_11/{”2

41 41
+ ?(2s + 1)(2s — 1)r||x;}r1u||2 + 1—0r2(8n+1u, u)g. (3.12)

Define s (Xn41) 1= X7
s € (1/2, 1), the derivative can be easily estimated

25 — Xn+1. Since supp (u) C B1+/2’ $00 < x,41 < 1/2, for

Vi(Xng1) = (1 =28)x,25 =1 <0 for0 < x,41 <1/2.
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Since V5 (x,+1) is decreasing on [0, 1/2], for s € (1/2, 1),

N —

1 1
inf 1-2s _ — inf = (—) = — 4S —1) >
05an151 /z(xnﬂ Xn+1) 05an151 i Vs(Xnt+1) = Ys 5 2( ) >

Combining this with (3.12), we reach the estimate

41 41 _ 41
— 2| V'ul|® + ?(ZS + 1)(2s — 1)12||)c,h1L1u||2 + —12(Dpr1u, U)o

10 10
41 41 _ 41
< ETZHVMHZ + ?(25 + 1)(@2s — D7 ||x, L ull* + 1—0r2(8n+1u,u)0
1 41 164 _
< Efz(suﬂ) + ﬁfllﬂuﬂ2 + ﬁf‘”(x;l,ﬁs — Xp+)u|?
41 41 41 164 _
< %SHSMH2 + %5 Yt fu]? + ET“”M”2 + WT4||(X}I+215 — Xp1)ul?
41 82 _ 41 _
< %5”5“”2 + ES Y (en 3t — xne)ul? + 4—0T4||(Xi+%s — Xp+)u|?
164 _
+ WT4||(X}I+21S — Xpg1)ul?

. _ 20
Choosing § = 71 hence

SNV + s+ D@5 = D2l + 357 s g
< [|Sull® + 34.2357*|(xp 135 — xut)u|? (3.13)
Step 2.5: Plugging gradient estimates into (3.10). Combining (3.10), (3.11),
and (3.13), we reach
(v+s+ %)nﬁuuz > 11—0<2s ~ DIV(VW)|? + 297650 (6153 — xusn)ul?
+40.7875(2s — DT (xp33° — Xn41) X5 u]|?
159

1
+ sznanﬂu”2 + Erzllv’ullz

+ 5505 = DI —xn )Vl

+ 1217225 — 1)(2s + 1) [|x, 1L u]?

+ 872((3,21+1¢)3n+114, u)o + 47%(Su, (Ont19)u)o
— 2t (Au, 0y41u)o + 27 (0n+1(Au), u)o

2 2 2025 o2
-7 ||Xn+1 an-}—l“”o -7 ||Xn+1 |x |Vu||0
4y 0.1-2 o2
-7 ||(xn+1s — Xn41)2ullg
_1_
—872(2s — 1)(2s + Dllx, 2, Su||3

41
— 425 — D){A'u, dpq1u)o + Erz((‘a,,ﬂu,u)(). (3.14)
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Hence, we reach

— 1
20| L*ul? = 25¢* (330 — xnr)ul? + —TZIIWIIZ

+ 127%(2s — 1)(2s + 1)||xn+1u||2 + 87%((02 4 18) Dn+ 114, U)o
+ 472 (Su, (Fn+10)u)o — 27 (Au, Int1u)o + 27 (Dn1(Au), u)o

2s5—1
2 2 212 2
”xn+1 8n-i-luno - ||Xn_£1 |x’|V’u||0

— (37 - xﬂ4ﬁum—8#@s—nﬁs+1w%+lu%
41
—42s — D(A'u, 0,4 1u)o + E#(B,,Hu, u)o. (3.15)

1—2s
Since u = ¢*?x, 2, w, we estimate that

1-—2s
2 2 2 2
[Vl —IIe”’ 2 Vul? -2t le™1Vlx, 2 wi

n+1
1 2 _142s

2

—-2( ) e, vl

—wwnHVwW—MrMﬁﬁtwﬁuw2(m—nnxlwz

Step 3: Estimating the boundary contributions. We want to show that

le™x, 2 wllo < Cslle™ Xt 33 dng1wllo < oo. (3.16)

Indeed, since w(x’, 0) = 0, thus
1

xn+1w(x xn+1)—xn+1 /an—i—lw(x [Xp+1) dt
= /(tan)l_zsanHw(x’,txn+1)t25_1 dt.

Multiplying above equation by e*®, taking the L?-norm with respect to x” and using
the fact that d,+1¢ < 0 on supp(w) gives

le*® 2, 21w (. xnt1)llo 1

< sup ||e’¢("’x”+‘)(txn+1)1_2s3n+1w(0,txn+1)||o/tzs_l dt.

te(0,1
) 0

Taking x,+1 — O proves (3.16).
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We observe that
(S, (Ins10)u)o — 27 (Au, Inr1u)o + 27 (Int1(Au), u)o

= 87 (D14, V'$ - V'u)o + 47> ((On41u)>, 0nt19)0
—47%((Bn119). [V'ul?)o + 47> (A" — 07, 1 ))u. D 1u)o
—20%((B5 41 9)u, u)o —|—4r4((an+1¢)|V¢|2u,u)0
— 7225 + 1)(2s — D) {x, 3 1. (3n119)1)o

> 87 (On41u. V' - V'u)o + 47%((0n411)%. dns19)0
+ 47 (AP — 07 d)u, Ons1udo + 4T*{(On419)| Vo *u, u)o.

Note that (3.16) imply

¢ 152 25 —1 _# 2
Optu=e (xn+1 On1w — 7 Y w) +x,/1 R,

o / s+
Viu = e™ n+1Vw+xn+1R

where |R]lo < Ct and ||R'|jo < Crt.

Hence,
[{On+1u, V,¢'V, Jol
—2s 2s —1 _142s
_K r¢ Xpt1 Ont1W — ) Xpg1 w),e Xpt1 V¢ Viw >0‘

2s — 1 _ 1
= ‘< r¢( n+1 8n+1w — Txnilw), Ee"px/ . V’w>0‘

—1
(e™x, 2w, e™x" - V'w)ol.

SHe™x i dnr1w, e’ - Vw)o| +

|
Using (3.16), we reach

(@410, V' - Vol < [€7x)33 B 1wllolle™x’ - VVaw]lo.

Similarly, using (3.16), we have
(@120, Bn1)ol + [{(A'D — 954y ). Dngaudol < Clle™®x, 33 0naw][5,

{(On+19) IV [Pu, udo| < Clle™x2 1 wll3 — 0.

Also,

[{(P3419)n+10,u)ol < Clle™x, 3 Bnsr w3,

2s — 1 s 5
er¢xn+slw”0’

1—2s
1-2
||)Cn+1 8n-Hu”O = ”e‘ttﬁ n+1s

<C ”ertﬁ rlz+%san+1w||g’

Ont1w —
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% v TP,/ |7/ 2
I, &1 XVl = e [x"[Viwllg,
Loz
||(xn+1 - Xn+1)2M||0 — 0,

1
—2 2 1-2 2
||xn+1 u”o = |le P n+slw||0 = C||er¢xn+1san+lw”o7

[(0p+1u,u)o| — O.
Finally, we also have
, 2S2—1 , 2 1—22S 2
2
nt T
= H—7e’¢w + T|x/|2e’¢w —1e™x - V'w + e Aw

1—22s 2
+ ||Xn+1 On1u ”0

1043

< Cle*® Aw|§ + C3[e™x" - V'w|§ + Clle*® 5,37 dnrw][5-

Step 4: Conclusion. Put them together, we reach

1—2s
3112 128 2
2 ||ul]* + T||€r¢xn+21 Vul|

< C(IL ul? + e Awlff + tlle™x" - V'w|§ + tle™ x) 3 dnrrwll3).

which is our desired result.

As in [30], we introduce the following sets for s € [%, 1):

|)C/|2 2=2s
Cs-!_r = {(X/, xn-‘rl) € R1+1:xn+l = [(1 —S)(r — T)] }’

ro.
cl,:

{(x’,O) e R" x {0}:0 < [(1 —s)(r _ %)]2 & }

With this notation, we infer the following analogous to [30, Proposition 5.10]:

Lemma 3.5. Lets € [%, 1). Suppose that © € H' (IRZ’FH 1725Y s a solution to

n+1

n
1-2 1-2 ~ . +1
[3n+1xn+lsan+1 + Xn_,_ls Z ajajkak]w =0 in R'f}_ ,
Jk=1
w=w onR"x{0},

with w = 0 on BY. We assume that

max [lajx —8jklloo + max [[Viajrlleo <
1<jk=<n 1<jk=<n
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for some sufficiently small ¢ > 0. For s # % we further assume

max [[(V)?ajklle < C
1<j.k<n

for some positive constant C. Then, there exists @ = a(n, s) € (0, 1) such that

”xn-i-Tll’E”LZ(C:'l/g) C”xn-H w||L2(C+ lim ”xn-i-l an-l—lw”Lz(C/ )-

2) Xn+1—>

1-2s
Proof. We may assume that ||x,, % ﬁ)'||L2(C+ , > Oand
s.1/2

2 - ; ~11—a
||Xn+1 w||L2(CS‘f'1/2) Z Co xn!:lin ”xn-i-l a"'Hw”LZ(CA’,’]/Z)

for some sufficiently large constant ¢g > 0. Otherwise the result is trivial.
Let n be a smooth cut-off function satisfies

+
1) = 1 inC 3/16°
0 in IR”H\C

s,1/4°

and |0,4+17] < Cxy41 in R"+1 with d,+1n7 = 0 on R” x {0}. Define w = nw. Note
that w satisfies supp(w) C B , and it solves

n

1-2 1-2 — - mntl
[an+1xn+lsa,,+1 +x,517 Za,-ka,-ak]w = f inRY™,

J.k=1
w=0 onR" x {0},
where
n
S = 01 (3 01 + ,77° D 0 (@)D + 2X, 73 04170011 D
J.k=1

+x,51 Zajkakna B+ 2,57 Za,ka Nk — X, 37" 2(8 ajk) Ok W.
j.k=1 j.k=1 j.k=1

Since 1 and V7 are bounded, together with |d,+17| < Cxp41, we know that

2s5—1

—2s 1-2s
2 2 T 2 ord
||xn+1 f”LZ(RT'l) = C(”xn+1 w||L2(C:.—1/4) + ||xn+1 Vw”LZ(C:.—lM)) < o0.
Moreover, since w| g =0and supp(n) C B on R” x {0}, then

lim V'w =0, lim A'w=0

x,,_H—)O xn+1—>0
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and also

: 1-2s ~
lim an S0 = n lim x,.7°0p+1W.
Xn+1—0 Xp+1—0

So, by the Carleman estimate in Lemma 3.4, there exists to > 1 such that

317
”‘er n+1 w”LZ(R’H'l) +T”e xn+1 Vw||L2(Rn+l)

= C(”enp n+1 f||L2(]R”+1) + T hm ”er¢ Xpi] an-}—lw”iZ(Rnx{g}))

1—)

for all © > 7¢. Then, for large 79, the last term of f was absorbed by the gradient term
in the left-hand-side, so we have

3
”er¢ n+1 w”LZ(R”‘H)
0 2 2 ¢ . 1-2s — 12
<C(|le xn-}—l g”LZ(RT’l) +7T hrln—>0 lle Xn+1 8"'Hw”LZ(]R”X{O}))’
where g = f +x)73° D7 1 (97a;4) 3k .
Let
¢ = 1nf ¢(x) and ¢y = sup ¢ (x).
xeCf s xeCH A\CH 6
Hence,
S
3 2t ~12
T e ¢ ||xn+1 w||L2(C+ 8)
< C[e?¢+ x T lim  ||x}72%9,4, @2 .
[ l1x,-£1 g”LZ(c a\CH 3/16)4‘ s 257" Ont1 ||L2(c‘;.1/4)]

Dividing above equation by t, since T > 1 and applying Caccioppoli’s inequality
(Lemma A.6), we obtain

1-2s

s Tllas < Clm® e, 2

n41 w||L2(C+ )

—T¢—
te xn!:llIl 1%, 35 0n41 Bl L2 ol

Observe that

and also since s

A%
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and .
|x'] 1 w2725 _ 2 \ C
4 —1—3 n+1 16 Sl/4 S3/16’
SO ¢p— > —% and ¢4 < —%, thatis, ¢4 —¢p_ < —= < 0. So, we can choose T (which

is large) to satisfy

lim, x17259, w152
+1~>0 Itp4+1 On+1 2(c’
eT@+—¢-) — " L2(C0/0) < i

—25
=2 c
”xn-‘,-l w| 0

LZ(C+ )
for large co, where o € (0, 1) will be chosen later. Note that

1=2s d)%(l_a)
x 2 w0
e T — ” o ”LZ(C:.—l )

o= = GO
hmxn+1—>0 ”xn+1 an—i—lw”Lz(C/ )

Finally, choosing o € (0, 1) satisfies o = ¢+¢%¢_(1 — o) will implies our desired
result. u

For our purpose, we only need the following simplified version of the Lemma
above:

Corollary 3.6. Lets € [%, 1). Suppose that W € H'! (RT'I ,IH_%S) is a solution to

n
1-2 1-2 =~ : 1
[8n+1xn+1s3n+1 +x,57 E ajajkak]w =0 inRYH,
Jk=1

w=w onR"x{0},

with w = 0 on BY. We assume that

max |lajx —Sjklloc + max [[V'ajillee <e
1<j.k<n 1<jk=<n

for some sufficiently small ¢ > 0. For s # % we further assume

max ”(V )2a1k||oo <C
1<j,k<n

for some positive constant C. Then, there exist « = a(n,s) € (0,1), ¢ =c(n,s) €
(0, 1), and a constant C such that

1—2s —

”xn—i-l w||L2(B+) = C”xn—i-l w||L2(B+) Xn}gn ”xn-i-l an-i-lw”LZ((xBé)'

Now, we are ready to prove the part (a) of Lemma 3.3 for the case when s € [%, 1)
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Proof of the part (a) of Lemma 3.3 for s € [%, 1). In order to invoke the estimation
from Corollary 3.6, we split our solution u into two parts i = u; + u,, where u; :=
Es(Cu) satisfies

n
1-2 1-2 - 1
[an+1xn+lsan+1 +x,07 Z 8jajk8k]u1 =0 inRYM,
Jk=1
uy = Cu onR"” x {0},

where { € €§°(Bj}¢) is a smooth cut-off function with { = 1 on B{. Since u; :=
Es(Cu), from (2.4) we have

2 2 2
/ |u1(-x,’ Xnt+1)] dx' < “ul“Lz(R”x{O}) = ”u”LZ(B{())'
Rn

So,

10
1—2s
2 2 1-2 2
||)Cn_f1 u1||L2(Bl.|E)) E//xn+ls|u1(x’,Xn+1)| dx" dx, 1
0 R”
10

< (/ X172 dxn+l)||u||]%2(316) - C||u||iz(B{6). (3.17)
0

Note that u, satisfies
n
[8n+1x,1;2153n+1 + x5 Z 8jajk8k]u2 =0 in R%*!,
J.k=1
Uy =u—<Ctu onR" x {0}

Since u, = 0 on B}, by Corollary 3.6, there exist @« = a(n,s) € (0,1),¢c = c(n,s) €
(0, 1), and a constant C such that

1-2s 1-2s

2 2 : 1-2 1—
Iufr 2l 2zt < Cll, 2y all® lim 33 010250, (3.18)

LZ(B;_) Xn+1—>

Let n be a smooth, radial cut-off function with n = 1 in BZJr and 1 = 0 outside BI .
Plug w = 1x,;3*8x11u2 into the trace characterization lemma (Lemma A.5), we
reach

lim ||x!3250,4qu
Xpp 10 | n+1 %n+1 2||L2(Bé)

1—2s
1_
=< C[M S(”xnfl an-i-1u2||L2(Bj‘)
21 1-2s
+ [lx, £ V(x, 11 a"+1“2)”L2(R’f‘))

+p7% lim 0||77x;1121s3n+1u2||H—25(Rn><{o})]- (3.19)

x,,_H—)
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We first control the boundary term of (3.19). Since 1 is a bounded multiplier on
H?5(R"™), using duality, we have

||77U||H—2A»'(Rnx{o}) = sup (v, 7790)L2(Rn><{o})|
”‘p”HZS(RnX{()}):l
< lvllg—2s sy sup Im@ 1l 725 ®n x{o})
@ HZS(RHX{O})ZI
< Cllvllg—2s sy sup @1l 725 w7 x{0y)

(/)”HZS (R” x{0}) =1

= Clvllg—2s(By-

Plug v = x}73*0,41u2, we have

. 1-2s : 1-2s
lim nx, 37 dn1uzll g —2s @nxop = € 'xnklln_)() 037" Ont 102 ]| =25 (y)-

Xn+1 —
(3.20)
Applying the Caccioppoli’s inequality in Lemma A.6, with zero Dirichlet condition
and zero inhomogeneous terms, we have

1—2s 1—2s
2 2
||Xn+1 VuZHLZ(B:') < C||Xn+1 u2||L2(B;_)' (321)
Also, we have
251 1-2s
”xn-i-l V(an+1 an+1u2)”L2(Rﬁ_+1)
=< [lx,£1 (Vn)3n+1u2||Lz(R1+1) + x4 nV a""‘luz”LZ(R’_’ﬁ'l)

2s5—1

+ ”xn-ﬁl 7]8”4_1)(,1;2153"4_1u2||L2(R1+1)
=< C||xn+21 8n+1u2”L2(Bj') + ||Xn_£1 an-}—l(v/uZ)”Lz(B:‘)
1—25 2
Xpt1 Zajajkakuz‘
J.k=1

+

L2(B])

1-2s 1-2s
= C[Ia 1 Vitalagy + 0t VOV gn |

where the last inequality follows by the boundedness assumptions of aj. Observe
that

n
0= V[ 01 (5 T nr2) + 5333 D 0 @) |
jk=1

n
1-2 1-2
= [8n+1xn+1san+1 + )Cn_Hs Z 8jajk8k](vlu2)
J-k=1

n n
+ X,i:_zls Z Bj (Z V/ajkaku2>.
j= k=1
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Applying Caccioppoli’s inequality in Lemma A.6 on V'u, with zero Dirichlet condi-
tionand fj = Y ;_, V'a;x0kuz, since |V'a x|loo < &, we have

1=-2s
”xn-ﬁl 8n+lv(vlu2)”L2(Bj')
< C ||Xn+1 \% u2||L2(Bg—) = C||Xn+1 uZ”Lz(B;_)’ (322)

where the second inequality follows by (3.21). Hence, we reach

1=2s
||)Cn+1 V(nxrlz—}—%san-i-lul)||L2(R:l_+1) = C”xn-}%l u2||L2(Bg')' (3.23)

Plugging (3.20), (3.21), and (3.23) into (3.19), and optimizing the result estimate in

w > 0 gives
xn1+1m B3y In+1u2llL2(By)
< Cldy wall 5, im0
xn-i—l Uz L2(B+) xn_:m Xn+1 On+1U2 H=25(B})"

Plugging this into (3.18) leads to

1—22s
||Xn+1 u2||L2(B+)

—2s ~
: 1-2 1-
= C||)Cn+1 M2|| hm_)o ||xn+1s8n+lu2“H—aZs(Bé)

+
L2BF) " xpp

< C(”)Cn_H u”LZ(Bg') + ”xn.H ul”LZ(Bg'))

: 1-2s ~ : 1-2s 1-a
X (xnkfln_)o [P an-i—lu”H—ZS(Bé) + xnkfln_)o [Xp 41" On+101 ||H—25(Bé)) )
(3.24)

where @@ = 11—+soz + A . Then we have
lim ||Xn+1 On+1u1 | g—2sRrxqoy) = 1(=P)*u1ll g—2s mnxgop

Xn41—>
< Cllurllz@nxqoy = Cllili2ay). (325

where the second inequality follows by Lemma 2.3.
By combining (3.17), (3.24), and (3.25), we reach

1=25 1225 _ &
”xn-ﬁl u”L2(Bﬁ') = C(”Xn_,fl u”LZ(Bl‘t)) + ”u”LZ(Bié))
: 1-2s ~ 1—a
X (xnklln_)() 1%, 53" nrtill L2y ) + IullL2sy)) s (3:26)

which is our desired claim of (a). [ ]
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Indeed, by combining (3.26) with the Caccioppoli’s inequality (Lemma A.6), we
reach

”xn+1 u”LZ(B(j') + ”xn+1 Vu”LZ(BCj')

1-2s
= ~ ~ o
< C(Ixu 2y Wlagay, + Nl 2cay)

: 1-2s ~ 1-a
< (tim e e 2 + lle)

1 1
1-2s 712 2
+ xnkﬁn ”xn-i-l 8n+1u”L2(B;6)”u”LZ(B{G)’ (3.27)

with ¢ = ¢ /2. Slightly modify the proof of (3.24), we can obtain the following ana-
logue of [30, Proposition 5.11]:

Lemma 3.7. Let s € [%, 1) and W is the Caffarelli-Silvestre-type extension of some
f e HY(R") as in (2.1), where y € R with f|C; , = 0. We assume that

max flajx —8jxlloo + max [Viajilleo <€
1<j.k<n 1<j.k<n

for some sufficiently small ¢ > 0. For s #* % we further assume

max [[(V)?ajklle < C
1<j.k<n

for some positive constant C. Then, there exist C = C(n,s)and o = a(n,s) € (0,1)
such that

1-2s 1—2s
Pondy Tt g = Cl 2 Bla ey lim i o Bl S ey

Proof. Let n be a smooth cut-off function supported in C " 5 1/2 with n = 1 in C 4

Using this cut-off function, and following the ideas in the proof of (3.24), by using
Lemma A.4 rather than Lemma A.5, we can obtain the above inequality. |

3.2. Proof of the part (a) of Lemma 3.3 for the case s € (0,1/2)
Let w solves (2.1). If we defines :=1—5 € (1/2,1),

v(x) = Xy 7 041 W(x) and f = N Em Ox,lljrzlsanﬂtﬂ = ¢, (—P)*u, (3.28)
n+1—>
then

[8n+1x,1,ﬁ Int1 + Xp 43 Z 0; a]kak]v =0 inR%H,
Jk=1
v=f onR" x{0}.

Using this observation, and follows the ideas in [30, Proposition 5.12], we can obtain
an analogue of Lemma 3.7:
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Lemma 3.8. Lets € (0,1/2) and let xo € R™ x {0}. Suppose

n
1-2 1-2 =~ - 1
[8n+1xn+1s3n+1 +x,07 E ajajkak]w =0 inRYT,
Jk=1

w=w onR"x{0},

with w = 0 on C{ ,. We assume that

max [|ajx —8jxlloc + max [[V'ajxlloo <&
1<j.k<n 1<jk=<n

for some sufficiently small ¢ > 0. We further assume

max [[(V)?ajkllec < C
1<j.k<n

for some positive constant C. Then there exist C = C(n,s) anda = a(n,s) € (0,1)
such that

1—22s -

||Xn+1 w”LZ(C;—l/S)
% ot . 1-2s ~ o
< Cmax{6, 2, Tz lim 133 e Bl-scs )

. N
X XHBIITI (Bl P i i S(CLo)
Proof. Let v and f as in (3.28). Let ¥ be the Caffarelli-Silvestre-type extension of
nf asin (2.1), where 5 is a cut-off function satisfies

1 inCx*

n= 5,1
+

0 outside CE,Z’

with 0,411 < Cx,41. As consequences, the function v := v — ¥ is the Caffarelli—

Silvestre extension of (1 — #) f and solves

n
1-2 1-2 = -l
[8n+1xn+1s3n+1 +x,517 E ajajkak]v =0 inRY",
Jk=1

Hence, by Lemma 3.7 and since s = 1 — s, we have

1-2§ 1-25

[Eo 6”L2(C;—1/8) Cllxy s v||L2(C+) anm ”xn+1 an+lv”H (€510
: 1-25
U W e T
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Since W = 0 on CS 5> thus

lim x!7259,.4qv = hm x} 117250, 11
X1 On e, =, 1Im nit One10, 31001 D)ley

=— lim Za ajkdkBlcy, , = 0.

x,,+1—>0 —1

Hence,

lim an 8n+1v|C/ = hm an 8n+1v|C7

xn+1—> Xn+ 1/2

and thus
1—22§_ 1-25 l—a
bindy Oz, o = Clndy 35 o tim 13350100 5y

Using
lim xn+1 910 = =5 (=P’ (nf) = —c5(=P)' 7 (f),

x,,+1—>

we have

lim ||Xn+1 In+10]| g I+s(cy
Xn+1—>

eCl(=P)' )| a=1+s@nyr = ClInf lmi-s@m. (3.29)

where the last inequality follows by Lemma 2.2. Thus,

1/2)

1-25 1-25
”xn-fl v”LZ(C;._l/s) C”xn-H U||L2(C+)||77f||H1 s(R™)* (330)

Firstly, we estimate the right-hand side of (3.30) by

||xn+1 v”LZ(C;_l) §||Xn+1 v”LZ(Cg_l) + ||xn+1 v”LZ(C;—l)
1=25
§||Xn+21 v||L2(C§+1) + C||77f||H5(R"x{0})
1—223 -
=[x £1 Int1 Wl ooty + ClnS s @exion

1=2s
<Clllx, 2 w”LZ(c;LZ) + IS | gr1-s e xgop]s

where the second inequality follows by (2.4) and the last one is followed by the Cac-
cioppoli’s inequality in Lemma A.6. Similarly, we can estimate the left-hand side of
(3.30) by
||Xn+1 v”LZ(C;_l/S) Z”xn.g_l v”LZ(C;_l/S) - ||Xn+1 U”LZ(C;US)
1—2s
Z||xn.|.Tlan+lw”L2(C§+1/8) = Clnf -5 ®rxop

1—2s
>cllx, 4 w”LZ(C;q/S) = ClInfllg1-s ®nxgoy)
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where the last inequality is followed by Poincaré inequality. Thus, (3.30) becomes

”xn-}-T]w”LZ(c+ Q)
1-2s
[IIX,,H B2ty + 11 e1=s extop]® 10 | 1% geny- (33D

Next, we estimate the boundary contribution || || g1-s n xoy)- Using the inter-
polation inequality in Lemma A.4, we have

||Tlf||HB(]Rn><{o})
= ”(D/)ﬂnf”LZ(]R”x{O})
25—1
<Cu'*(Ix, 7 (D)P (nv)lle(Rn+1 +||xn+1 V(D) (77”))”L2(R1+1))
+ Cu DY ) -5 @ xion -

Using |[(D")Bu|;2 < |ullp2 + ||V'u|| 2 for B < 1, we have

_—1
b, &1 (DN ( 77”)||L2(]R<"+1)
25—1
= % i ol 2gn+ty + ||xn+1 V! )| L2 gty
”'xn-‘rl V(( ) (nv))”LZ(Rﬁ:Fl)
2s 2s—1
2 2 /
< lxpdy V)l oty + 1xn £y VY 0l

Using (3.21) and (3.22), we know that
% nB % nB
a2 (DY) 2y + 102 VUDY 0D 2

= C”xn-i-l w||L2(C+ )

hence

IS 78R xioy < Cli'~ ||X,,+7115||L2(C§+2) + 1 IS as—s @nxiopl-  (3:32)
Choosing © > 0 in (3.32) such that the right contributions become equal, i.e.
||Tlf||Hﬁ Y(]Rnx{o})

25—1
”xn-‘rl w”LZ(C;'Z)

Here, using unique continuation, we notice ||xn I w|| L2c) 2 0, unless W vanishes
globally. Using this choice of > 0, we reach the multlphcatlve estimate

Inf e xtop < Cllxnsy Dl I i oo (333
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Starting from 8 = 1 — s, if we iterate (3.33) for k times, we reach

If Ner-s enton = Ca s B s IS L st oy

Choose k € N be the smallest integer such that 1 — ks < 0, we reach

”nf”Hl S(R7x{0}) = < Cl|xn+1 w” 2(C+ ||77f|| S‘(Rnx{o})
M
= C”xn-i-l U)” 2(C+ ”f”H S‘(C/ )

Inserting (3.34) into (3.31) gives our desired result.
For our purpose, we only need the following version of inequality:
Corollary 3.9. Lets € (0,1/2) and let xo € R™ x {0}. Suppose
n
[a,,+1x,1,;2;san+1 + xR Za,-a,-kak]w =0 inR"F!,

J.k=1
w onR" x {0},

w
with w = 0 on C{ ,. We assume that

max [|ajx —8jklloc + max [[V'ajxlloo <&
1<j.k<n 1<jk=<n

for some sufficiently small ¢ > 0. We further assume

max [(V)?ajillec < C
1<j,k<n

1054

(3.34)

for some positive constant C. Then there exist C = C(n,s), ¢ = c(n,s) and ¢ =

a(n,s) € (0,1) such that

1—22s -
||Xn+1 w”Lz(B[f')
1-2s
S~ . 1-2 ~
< Cmax(ll, 7y Bllagapy im0 015 ap)”

X lim ”'xn-i-l 8n-i-lw||]-[ ‘(B)
Xn+1—>

= : 1-2
— C[”xn—f] w||ZZ(B+) : xﬂk?l_)o ||xn+lsan+1w||H—S(B’)

+ tim T O Bl sy
Xn+1—>

Now, we are ready to proof the part (a) of Lemma 3.3 for the case s € (0, 1/2).
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Proof of the part (a) of Lemma 3.3 for s € (0, %) The case s € (0, 1/2) is similar to
the case s € (1/2, 1). As above, the estimation for u; is a direct result of (2.4). For
up, we use Corollary 3.9 and the interpolation inequality in Lemma A.5. With this
estimation, the analogues of (3.26) and (3.27) are followed by combining the estimates
in splitting argument as above. Note that (3.27) becomes

”xn+21 u”Lz(BLj') + ”xnfl Vu”LZ(BE")

1-2s - - o
= Ol 21 il poaty + lil2gsy)

: 1-2s ~ l-a
x (Jim o il + lela,)
1—22s ~ ~ 12_
CI 2y il gty + Iil2gar) T
1—s
x (_ lim ||xn+1 In+1itllL2cpy ) + lullL2gsy ) '
Xpn+4+1—>
. 1-2s ~ 7 i
+ xﬂkﬁn_)() ”xn—i-l an+1u”L2(Bié) ||u||L2(Bi6)v (3.35)
which is our desired result. n

Finally, combining (3.35) and Lemma A.7, we can immediately obtain the part (b)
of Lemma 3.3.

4. Carleman estimate

4.1. A Carleman estimate with differentiability assumption
Modifying the arguments in [27], we can proof the following Carleman estimate.

Theorem 4.1. Lets€(0,1) and letii € H'(R”"', x1725) with supp(it) CR" '\ B

be a solution to

n
1-2 1-2 ~ ; +1
[8n+1xn+1san+l + X1 E ajkajak]u =f iR,
J.k= 1

lim x, 30418 = Vi onR" x {0},
Xp+1—>0

where x = (X', x,41) e R" xRy, f € LZ(R’_"_Jrl x2571) with compact support in
R and V € € (R™). Assume that

max sup |ax(x’) — ]k(x)|—|— max sup |[x'||V'ajp(x)] <e
1<j,k<n [x/|>1 <j,k<n |x/|>1
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for some sufficiently small ¢ > 0. Let further ¢(x) = |x|* for « > 1. Then there exist
constants C = C(n, s,a) and 19 = 19(n, 8, &) such that

3 1—2s5 B
e x| T 1y, 2, il

9,14 250
et + tlle*?|x|2x, 7 Vil

2
L2®R" L2®R"

1—2s

-1, 1—%+1 2 1=\ (12
T e, T VDI,

2s5—1 [3 1 1 10~
= Cllle™x, &y X111 yHTle X2 (V]2 + X2 V'V ]2

2
LZ(]R’_K_—H ”Lz(]R”X{O})

+ e TEHVIZ + Y2 VYD) V2 g o )

forall Tt > 9. Here, V = (01,...,0,) and V = (01, ..., 0n, On+1)-

Proof of Theorem 4.1. We proceed in eight steps.

Step 1: Changing the coordinates. Write x = ¢’w with7 € R and w € §”, we have

9 =e "(wjd, + ;) forallj=1,....,n+1.

Since

Qrwj = §jx — wrw;, 4.1
SO
00k = e 2 (0j w07 + w; Q0 + kR 0; + (8jx — 20 wk)r + Qj Qe — w; Q).
Since d; and d; commute, then

Q;Q —w; QU = Qe Qj — w25,
that is, 2; and €2 commute up to some lower order terms. Write
30k = %(31'3/« + 0k 95);

we reach

00 =e > (a)ja)kB% + w; Qe + 0k 250 + Sk — 20wk )0,
1 1 1 1
+§Qij+§Qij—§ ij—Ea)ij).

Also, the vector fields have the following properties

n+1 n+1

—_— . . — ] n
Za)]ﬂj—O and ZQ]a)] =n inSk,
j=1 =1

n n
Za)ij =0 and ZQ]'C()]‘ =n ondS’.
j=1 j=1
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Using this coordinate,

n+1
£ =R Q30 ol - 290+ Y 20l ]
j=1
+e—(1+2s)t 1- ZSZ(a]k jk)[a)ja)ka$ +wj9k8t

J.k=1 1 1 ~
+ o9 + S5 Qe + EQij]u

n
) ) 1
Lo (1+2S)ta)’1+%SZ(ajk — Sjk)[(gjk - 2Cl)j60k)at - ij Qp
Jk=1 1
_ Ewkgj],; in§" xR,

Next, let it = 2> and f = en_zzste“”s)tf = e%tf’
n+1 2
y (n—2s8)"7._
f=[oin + oolibies o3
n
+ 0,31 (@i~ 5jk)[ijk82 + o) Qkat + we$2;0r

J.k=1
+ = Q Qp + QkQ ]

ol g - ,k)[(S,k—<n+2 25)0; 06)0,

Jk=1 n+1-2s n+1-—2s _
_fa)ij —fwkﬂj]u
(n —2s)?
+a)n1+%SZ(a,k ]k)[ijwk
J.k=1

i — 2w i in ST xR, (42)

1—2s - V"’_
1111] n+1 n+1
wn 1—)0

where V = 251V,

Step 2: Conjugation. Next, setting v = a),,Jr_Tl e™ i, where ¢(1) = ¢(e'w) = '
we reach

25—1

w, 5 e“f=LTo=(S-A+O+AD+ D)7 inS" xR, (4.3)

where

(n —2s)2

S =07+ Ro + g7 — 19" -
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n+1 s 25—1
1-2s
Ap = § :‘Un+1 Qjw, {18 ‘Un+1 )

A =2t¢0;,
n
5 1 1
@D = Z(ajk —Sjk)[a)jka, + a)ijat + a)ijat + EQij + EQij],
k=1

an = Y (i - sjk)[<—2up/w,-wk + Bjk = (0 + Dwjor))ds
sk (rgo + )(wJQk + w2 )]

n

1) = Z(ajk —8j)[wjwr (19> — 19" + (n + D19’ + C1) + G2,
jk=1
for some constants C; and C,. Also,
2s—1 ~ 25—1

lim o!7Quii0 5 0=Vo, 2 v ondS" xR. 4.4
D410 n+1 n+1®@ph 41 n+1 + 4.4)

We denote the norm and the scalar product in the bulk and the boundary space by
Foll:=1eli2snxry,  [ollo:=1Il®lr2s2 xr):
(0.0) := (o, 0) 1257 xr), (. ®)0:= (o, 9) 120357 xR),
and we omit the notation “lim,, , ,~0” in || @ ||o and (e, e)o.
Step 3: Showing the ellipticity of Ao. We need to prove the ellipticity of A
Lemma 4.2. Suppose (4.4) holds, then

~ _ 2s5s—1
”vanz > Co Z ||Cl)n+1 Q; Qka)n-}—l v||2
(,k)#(m+1,n+1)
n+1 1-2s _
_C(Z ”wn+1 Q; wn+1 U||2 + [[o)?
j=1 B
TR ALE N

AR )

Proof. Note that

n
~ _2 252—1 1—2s 252—1 _ 252—1 1—2s 252—1 _ 2
lAuv]|” = “§ :wn-i-l Qjo, 7R, £y U+ 0y ) Qu 1@y T Lnt 104y UH
Jj=1
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sl )12
“§ :wn-i-l Q; wn+1 Q2 “)n+1 UH
} : 2l 1-aso  BRbs 2 1-2s 25t
+2 (wn+1 Qiw, 1'Qjw, 2 0,0, 5 Q10,77 Q10,7 v).
j=1

The integration by parts is given by

/(Qn+1v)u dx+/v(§2n+1u) dx =/Qn+1(uv) dx

n+1 n+1 n+1
R R Ry

/|x|8n+1(uv)dx—//ra)n+13 (wv)r*drdw

Rn-H

/|x luv dx’ —/wn+1uvdx+(n+ 1)//a)n+1(uv)r drdw

R” x{0} R
= —/ |x'|uvdx’ +n / Wp4+1UV dX.
]R”X{O} R3—+1
Similar integration by parts formula holds for 2; for j = 1,...,n.
Indeed, by (4.1), we know that for j = 1,...,n, Q; and w,4+; are commute

up to some lower order term. So, to estimate the first term, it is suffice to estimate
I Z;’zl QJZ.E |%. Finally, the lower order terms can be easily estimated using integra-
tion by parts. ]

Defining L™ := S + A + (I) — (1) + (1I),
D= |L*5|> — |L75)% and §:=|l¢/[T2LT5|? + |ll¢/| 72 L7012,
Step 4: Estimating the difference D. Observe that D = —4(Sv, Av) + R, where
R = 4(Sv,(I1) 0) — 4(AD, (I) 1) — 4(AD, (1)) B) + 4(() 5, (A1) B + 4(AD) 7, (1) D).

By using (4.1) and integration by parts, we can compute

n+1
—4(S, Av) > 4ell0"120, 52 — 4t 3 ¢ PBe, iy o, 7y 02
j=1

119 1_ ~ 1 ~ 1 1 2=l
+ ﬁﬁllfﬂ/lfﬂ”lwll2 =2t (IV]Z 4+ 18, V|2)l¢" |20, 21 I3
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Since
max |ajr — x| + max [0;ajk| + max |V(’uajk| <eg,
1<j,k<n 1<j,k<n 1<j,k<n
by using integration by parts, again we reach
n+1
2 2
R> —1eCll¢/120,5]2 — teC Y g By 2y oo, 2y ol
j=1

1060

1_ ~ 1 ~ 1 ~ 1 1 2s=1
—3eCllp'l¢”"|20]|> — teC (V|2 + [0, V|2 + [V, VI2)¢" 2w, 7 VI3

Hence, for small ¢ > 0 and large 7y, we reach

n+1

39 118 1_
D = 5elle’1 28,01 - T Z " 1Fon s Ryop s 0l + <=0l 12l

~ l ~ 1 ~ 1 1 7__
—Co| (712 +10, 712 + |V, 712)l¢" 12, 2y B3,
Step 5: Estimating the sum 8. Note that
1 1
8 =2l¢'|7280* + 2|l¢'| "2 45|

=L 212 T P . g
—Celllg| 28701 = Ce Y ll¢'| 720w, 2y Qjw, 7y Ol

j=1

n
_1 _ 1 _
—Ce Y Nl Qi — Cer? g |20,52
j.k=1
" 1 3
2 Lo =2 4 3.2
—Cer? Y I3, 01 - Certlle) 351
Jj=1

Observe that

1 19 _1l,.5_ 1~ 3_ 1_
2|1’ 25U||2EE|||¢’,| 2070 4 |¢'|72 At + 291207 — C2|lg" |20

For § € (0, 1), write

@' |720%5 + |¢/| 2 Aub + 2|0/ |22
= |ll¢'I” 232v||2 + (1=8)|l¢ I‘wavll2
+8)|l¢’ |72 Ry 8] + Tl 12512
+ (l¢'|71970, Ay ) + T7(¢' 070, 0) + 729/ Au D, D).

4.5)

2
I~
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By using integration by parts, and apply Lemma 4.2 on the term 5|||¢’|_%Zwﬁ||2,
choose § > 0 small, and then choose ¢ > 0 small, we reach

19n-}—l
> Slle'l 4 455 2l o, o, 00IP

1 1=2s _—_ 1~
+ 1 > o' ™ 2w, ) Q)Quw, v||2+—|||<p| 200
(J,k)#(n+1,n+1)
9 3 n+1
+ =g 1257 + 2|||<p 120, IIZ——TZZIIIW @,y ) wn+1 v||2

10

~ 1 ~ 1 ~ 1 _1 2s-1 _
—CI(VIZ +10: V|2 + |V, V[2)l¢'| 23twn+21 vllﬁ

1

~ 1 ~ 1 —
—CI(PIZ + 13,712 + |V, PI2)l¢' 2 Vo n+21 o3

N

~ l ~ 1 ~ 1 1 __ _
— AT +18, 712 + IV, P ID)l¢' 12w, 2y 5113 (4.6)
Step 6: Combining the difference D and the sum 8. Multiplying (4.5) by t, and
summing with (4.6), we reach

T+ D|LTD> =D +8
n+1

> eIl 22007 + 32 Il 20, 2y e,y 0012
j=1

1 1=z2s 2s—1
Y e 2%, OP)
(J,k)#(n+1,n4+1)
39 1. _ 208 1_
+ 2l Bl + el e 1)

n+1
18 1
——*ZHI@I ond Qs 1P + 3ol ARl

—

1 1 ~ 1 _1 251 _
—CI(T)2 + 10, 7] + |V, 7 |5)¢] zatw,,ﬁ1 v||%
~ 1 ~ s
OGP+ 18: 712 + 1V, PN AV, 2 62
—C2| (V)2 + [0, 7] + |V;,V|f)|<p”|7w,ﬁﬁ||3. (4.7)

Step 7: Obtaining gradient estimates. Note that

12 ,' 8 12 55 25l 2
ZZ Il¢'|2 wn+1 2 wn+1 U||2 10 Vo, 0.¢'0, 71 D)o
j=1
12

- 16 1~ 144
2/ /= I—> 4 2
—_ ’A < — 2A + — 2 4.8
107 (90 v oV ) = 10'“90 | “ 1007 |||§0 | v” ( )
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Step 8: Conclusion. Summing up (4.7) and (4.8), we reach

n+1
|72 825)1% + > e’ 20,7, Y wn+1 9,2

j=1
sl 1—225 232—1 _2
+ Y e e, ke, Ol
(J,k)#m+1,n+1)

n+1

+ 220 20,12 + 22 3 10 o2y Ryondy B2 + 7 0512
j=1

~ ~ 1 ~ 1 ~ 1 1 25—1 _
< Ct|FIP+ CIAT|> + 10, 7|2 + |V, V|2)|¢’| zatwnfl 512
FCIATI + 18,713 + |V, 71510 3w, 2, 52
~ 1 ~ 1 ~ 1 1 _—_
+ C(V12 + 10,712 + IV, V1)l 2w, 2 012 (4.9)

Changing back to the Cartesian coordinate, and we obtain our result. ]

4.2. A Carleman estimate without differentiability assumptions

Imitating the splitting arguments in [31, Theorem 5], we can prove the following
Carleman estimate.

Theorem 4.3. Let s € (0, 1) and let i € H' (R, x1725) with supp(ii) C R%F1\

B} be a solution to

n
1-2 1-2 ~ ; +1
[8n+1xn+1san+l + X1 E ajkajak]u =f inRYT,
J.k= 1

lim xi 30,41 = Vi onR" x {0},
Xp+1—>0

where x = (X', x,41) € R" xR, f € LZ(R1+1 2111) with compact support in
R1+1, and V € L*°(R"). Assume that

max sup |ajx(x’) — ]k(x)|—|— nax sup |x [|V'ajr(x")] <&
1<j.k=n|x/|>1 <Jk=n |y

Sfor some sufficiently small ¢ > 0. Let further ¢(x) = |x|* for @ > 1. Then there exist
constants C = C(n, s,a) and 19 = 19(n, s, &) such that

1—2
3,10, | -1, 2 12
e F 7, R g, + el E, VA

= Clle™x, 7y 161 sy + 72 1€ Vx| 2o

forall T > 1.
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Proof of Theorem 4.3. We proceed in three steps.

Step 1: Changing the coordinates. As in the proof of Theorem 4.1, firstly, we pass
to conformal coordinates. With the notations mentioned before, recall (4.2):

<

= /.

n+1 (n _ 25)2
k2 + 3ok, ol O s

where

R=w,]
Jk=1

+ a)n—i-l Z(a]k - 8]k) [(Sjk - (n +2-— 2s)a),a)k)at
Jk=1

1 1
1725 Z(a]k jk)[a)ja)kaf + 0 Q0 + 0 2;0; + EQij + EQij]

1-2 1-2
_ ’H_Tswjgk _ ’H—Tskaj]

1-2s e (n_zs)z
+w, 7 Z(a]k Sjk)[ 4 wjw

J.k=1

ik — ija)k)].

Step 2: Splitting u into elliptic and subelliptic parts. We split # into two parts
u = uq + u,. Here u; is a solution to

n+1
[t + L eniirey

n—2s -
— w7 Zs—( ) K212|(p'|2a)1_zs]u1 + Ru; = f inS8} xR,

n+1 2 n+1
- n
lim a)n+1 SQuiiu; = lim a)n+1 ‘Qpiu ondSY xR. (4.10)
wp4+1—0 wy4+1—>0

We remark that existence of unique energy solution to this problem is followed by the

Lax-Milgram theorem in H'($% x R, w,73%).

Step 2.1: Obtain an elliptic estimate. Testing 2¢27%|¢” |?u; in (4.10), for § > 0,
we reach

™" wnH 2 dan |2+ T2 etey” wn+1 2 Vsmun|?

,(n—2s)%
4

2s—1 o
2
= e el

2 —2s
+71 le™ " C0n+1 up|? + K27* ||ew€0/€0”wn+1 ur])?
2 22

"0, £1 ”1>
2?

2
" N4
—(te™g wn+1 dup, t2e™9’p a),,+1 ur)
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1—2s 1-2s
2 2tQ | 12 TQ I 2 TQ I 2
+ 5 (Ruy, e™ o7 ["u1) = 2(re™ 9 w, 2y dur, e w0, 5y i)

1— ZS
2 " (xst 1-2s BN/
— (e’ Wy 41 Qu+i1u1,e™9'e a)n+1 U)o

< ety FI2 + te™l0" Pan s urll? + 57276 0, 2y dur 2
+ Cyetle™g 9w, 2y url? + 823 |e™ " w, 2, |2
+ G2 w2y ui |
+ %||e™P g e ﬁﬁsﬂnﬂft||o||e“”90'¢"wn+1 utllo
+ 22 |(Ruy. 1" ).

Firstly, we choose small § > 0 and small ¢ > 0, then choose large K > 1, so

—2s
% e™q" wn+1 3tu1|| + %™ wn+1 71 Venus |2 +f4||e""<ﬁ'<ﬁ"wn+1 ]

~ —2s
=< Cllewwnfl fI? + Cr?||e™ " e iﬁsﬂnﬂu||o||e“"<0’<0”w,,f1 utllo
25—1 .
< Clle®, 2y fIP + Cye? €™ e 0, 3 Qiillo

2+2s”er¢7 ’on

i
+ 1t @' ¢"w, 2 uillo. 4.11)

From Proposition A.2, we have

2 2ast 2
|¢//|eas /”1

n
38+
~2-25| 12 2ast 1-2s,,2 ~=251,.172 2ast 1-2s
<ot ol + CHl e [ ol 3Vl
n n
s 8"

Choosing T = e“', we reach

|(p//|2e2ast / u%

n
BS+
228,172 2at 1-2s,,2 =25, /712 1-2s 2
<Cr lp”|"e /wn+1 uy + Ct=*|¢"| /a)n_H |Vgnuyl|”.
n n
S+ S+

Multiplying with e2%%, using that ¢’ = ae®*’ and integrating in the radial direction,
thus implies

T2 e " e us || < CT“IIB"’@,,H ¢'¢"ur||* + szlle"’wnﬂ ¢"Vsnur|?.
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Plug the inequality above into (4.11), and choose 1 > 0 small, so

2IIe"”so"w,,H dur|” + ?lle™¢"w, 7, 2, Vsnuy |2

—2s
4 754”3‘[(0(,0,90”(0”4_1 Uy ”2

= C||€w€0n+21 S+ C?7|e™¢" e 0,73 Q1o (4.12)
Step 2.2: Obtaining a sub-elliptic estimate. Indeed, u, satisfies
n+1 2
o (n—2s)
[ ;ﬁsaz + Z Q; wr%ﬁs - wr1+%s—4 ]”2 + Rus
—-K?1 2|¢ 0, 1 ur in 8} xR,
lim 'Q =0 ondS? xR.
wnil—wwnﬂ n+142 +
To compare with (4.2), we should put
f=—K*t|¢'Pwli®u; and V=0
in (4.9). Omitting the second derivative terms, we obtain
3 2 2 2o
le'le" 12812 + zllle”|2 8,112 + zlllg' |2, 7y Vs"wn+1 v
1—2s
4_4 2 T2
< CK*'* e |9 P, 21 uall”,
that is,
3,10 11 % 2
e 'lp |2a)n+1 us ||
1 1—2s
+ fIIe""Iso”lzw,,fl d:uz|?
1
+ r||ew|g0"|2a)nJrl Vsnus||?
—2s
§CK4I4||ew|(p'|2wn+21 ul®. (4.13)

Step 3: Conclusion. Summing up (4.12) and (4.13), since u = u; + uy, so
1 1=
e yllo" B,y @l + ey’ 12w, 2 dil + tlle g [Fay 2y Vil
25—1 .
<Clle*w, 2 1?4+ 177 [e™ 9" e 0,3 Qui1it 3] (4.14)
Finally, plug in the boundary condition

lim wp 3 Qi = Vi,
wp+1—0

and switch back to the Cartesian coordinate, we obtain our result.
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5. Proofs of Theorem 1.1 and Theorem 1.2

Proof of Theorem 1.1. We proceed in four steps.

Step 1: Applying Carleman estimate. Define w := ngu, where ng is radial,

1, 2<|x| <R,
nr(x) = { o (5.1)

0, |x|]<1lor|x|>2R,

and satisfies

Vgl < C/R. |V?qgr| < C/R* in A} ,p.

Virl<C.  |V*pr|=<C in A} ,.
Note that .
[3n+lx,112158n+1 + x5 3 Zajka,-ak]w = f,
jk=1
where

n
= 0 =255 sl + 533302k + Y ik kg |
jk=1

+ 26053 [ Ot 1nR) @n 1) + 3 e (Oe1R) (3510 |
jk=1

— 3D (0a0) (i)
jk=1

Since ng is radial, then 0, +1Mr = Ngdn+1]x| = 0 on R” x {0}. Thus,

lim Ox},flsa,,ﬂ w =

. 1-2s ~
lim x, 1"NROp+1U
Xp+1—> n+1—>0

X,

= c;}anu = c;jqw on R"” x {0}.

Note that w is admissible in the Carleman estimate in Theorem 4.1. For 8 > 1, since
lg| < 1and |x'||V'g| <1, we have

2s

3 384 2 g 1
e ¥, 2 w1, g + Tl lxlE, 2 V)

2
L2R"F)
1—2s

—1y,tp).-L+1, 12
+ e x| 2 x, 5 V(V w)”LZ(RTl)

2s5—1 B
2 5 2
< Clle™x, 21 X1 s gy + T 112wl 2y

o e x| A Y (5.2)

2
w||L2(R"x{O})]'
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Step 2: Estimating the bulk contributions. Since 1 < %‘ in A;,z gand I < |x]in
Atz, then

-
2 2
le™x, 71 |x|f||L2(Rn+1)

—4
S C[ ”er¢ n+1 |x|u||L2(A+ R +R 2||ef¢ n+1 |x|vu”L2(A+ )

& ¢
+ ”er n+1 |x|u|| 2(A+ + ||e‘r n+1 |x|vu”L2(A+ )

e, 2Vl g )

Write ¢ (r) = ¢(x) = r? with r = |x|, note that

41079 x 2|1 x
lle n+1 |x|u||L2(A+ ) + R “|le n+1 |X|Vu||L2(A+ R

< C[ -2 r¢(2R)||x + er¢(2R)||x

Vu||

u .
n+1 ||L2(A+ o) n+1 L2(A+ )]

Now, we estimate ||x Vu|| Choose ER satisfies

n+1 L2(A+

£20) . R=I|x[=2R,
R\X) =
0, |x|<2®or|x|>2R,

with |[V&g| < C/R forx € A;R orx € A;R’3R. By testing

n
1-2 ~ ~
8n+1xn+1s8n+1u + E ajajkaku =0
Jik=1

by the function %, we reach
220 -2
”xn+1 Vu||L2(A+ J0) = C[”xn-H u”L2(A’ )+R ”xn+1 u”L2(A+ )]-
5 3R

So,

—4 -2
e, 2y 12+ R, Vi

< Ce PP, 7 Wiy o+ R oy g o)

Using Proposition 3.1, we have

lii(x)| < Cre~C2R"  forx € A%
R 3R
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So, if we choose f = a — ¢ for some ¢ € (0, — 1), then we have

hm (R 4||e’¢ 1 |x|u|| —|— R~ 2||e"’5 1 |x|Vu|| ) =0.

L2(A% 5R) L2(A% »z)

However, (5.2) writes

3 ﬁ_ 1—_
3e? x| ¥ an w||L2(Rn+1) -|—r||er¢|x|2anrl Vw||L2(R,,+1)

o e, 2 V()2

n+1 LZ(RH+1)

—4
S C[ ”er¢ n+1 |x|u||L2(A+ +R 2||ef¢ n+1 |x|vu”L2(A+ )

+lex, 2, Ixlil]? T2ty T le™x, 2, |x|Vu||L2(A+)

T e, Vw||L2(Rn+1) + 2le™ x| w2 gregon
-1y ,t¢ ——+1 /

+T ”e |'x| 2 Vw”LZ(]RnX{O})]'

Taking R — oo in (5.2) and choosing large t, we reach

3 ﬂ_ i
23e® x| ¥ an w||L2(R,,+1) +T||ef¢|x|2xn+1 Vw||L2(Rn+1)

— B4
7 e x5, V<V’w)||L2(Rn+1)
1=2s
< ClIe™x, 2y W11 )+ €7, IV,
B _ _b
e ¥ B0 sggop + 7 I XTIV IR o] (53)

Step 3: Estimating the boundary contributions. Using Proposition A.2, we have
1=2s
tle”le* IollL2qsyy < C[F7>'e* 9" @, 2y vlITasn,
1—
+ T_2S€2St|g0//|“wn+l Vo v”LZ(S” )]

2517725 — 1725 (j.e. T = te’), our choice of ¢ gives

Setting e
%2_2S32St |(p//| — T2_2S€2t |(p//| < T2_2S|(p/|2|§0//|.

Hence, we reach

1—2s
2s5+1 2 3 2 2
et |¢//|IIUIIL2(331) < C[2°l"ll¢"Pllw, Vliz2esm)

+ el Mo, 71 VarlZas, ]
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Multiplying the above inequality by e*?, and then integrating with respect to the radial
variable ¢, we obtain

25+1 L2 3 1A
25+ ||er<p|(pu|2v||L2(aSiXR) ) C[‘L’ ||ew(,0'|(p”|2wn+21 v”LZ(SixR)

1 1=2s 2
+ 2l 10”120, 7y Vol gasn xmy)-
that is,

1—2s
2

25+1 ) 3 384 2
e B0 oy < CLE N el ¥ w2 i,

+r||e’¢|x|2x Vw||

n+1 LZ(RH'H)]

Similarly, we have

25—1 -84
o e x| 2T V,w”LZ(R"X{O})

<C[r||e"”|x|2x Vw||

n+1 Lz(Rn'H)

b e E 2 V(T )|

n+1 Lz(R"_H)]

So, for large 7, the boundary terms of (5.3) are absorbed, and we reach

3 38, 5B 5
e, 2 I g g, + Tl 1, T Vol zinga

3 ﬂ_ 1—_
<3 e*?|x|2 an w||L2(Rn+1) + ‘E||ef¢|x| 2xn+1 Vw||L2(R,H_1)

+ 1IIe’"’IXI b1, 2 V()2

fl“rl LZ(RH+1)

< Clllex, Xnt1 IXIMIIZZ(A+ + [e™x, 2, IXIVMIIZZ(A+ 1.

Pulling out the exponential weight in the above estimate yields

" 4
379 )||Xn+1 U||L2(B+\B+) + et )”x"“ Vu“LZ(B’L\l"’”L)

< Cle™ @), 2 il2, o+ ey, 7 Vil

L2(A+ ) n+1 LZ(A+ )]

Step 4: Conclusion. Since ¢(4) > ¢(~2), taking t — oo will leads a contradiction,
unless # = 0 in 36+ \ BI . Finally, applying the unique continuation property for
classical second order elliptic equations (see e.g. [27, Theorem 1.1]), we conclude

that = 0. ]
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Following exactly the arguments in [31, Theorem 2], we can obtain Theorem 1.2.
For sake of completeness, here we give a sketch of the proof of Theorem 1.2.

Sketch of the proof of Theorem 1.2. Let ng be the function given in (5.1), and write
w(t, 0) = u(t, O)nr(e'0) = u(e'O)nr(e'd), where (¢, 0) is the conformal polar
coordinate used in the proof of Carleman estimates (Theorem 4.1 and Theorem 4.3).
Plugging w into (4.14) (i.e. the Carleman estimate in Theorem 4.3 with conformal
polar coordinate) with ¢(r) = eP? (that is, ¢(x) = |x|#) with 4;‘f 7 < B <a,and
taking the limit R — oo, we obtain [31, equation (49)]:

3 1 1=2s 2 1 1=2s —12

T ||eT(0|¢’||¢”|2wn+21 w”L2(S_’f_x]R) + T||er(p|§0”|2a)n+21 8tw“L2(SiXR)
TQ|, . L % — 12

+ T”e |§0 |2wn+1 Vsnw||L2(SixR)

25— o _ B —
< Clle™w, &1 flliaqsnspan + 7 > 1e1¢"1de Bl 25n wgy)-  (54)

with
|f] < Col72(|8,0| + |Vsnit| + []).

Using the trace estimate in Proposition A.2 (by replacing t by e#?7), the boundary
term in (5.4) can be absorbed in to the left-hand side of this estimate:

1—2s
e 10/l 120, 2 D125y r)
1 1=2s
+7lele" 12w, F 9Bl 72 s wr)
1 1=2s
+7lle™lg" 170, 7y VsnBlZa sy m)
2s—1 o
S C”er(pwn-ﬁl f”iZ(g_n’_X[l’z])- (55)

The observation 28 + 4s — 28s < 8 + 2Bs is helpful. Pulling out the weight e*®
in (5.5) leads to

4 3 1 1—2s _ 2 2s—1 o 2
enp( )T |||(/7/||(/7//|260n+21 u||L2(Sj_x[4,6] = Cer(p( )||wn+21 f”LZ(S_’:_x[l,z])'

Using the monotonicity of ¢, and passing to the limit T — oo, we know that u = 0
inS% x(4,6),ie.u =0in Bgr \ BI . By unique continuation property, we conclude
that7 = 0 in RTFI, which conclude the argument. [

A. Auxiliary lemmas

A.1. Some interpolation inequalities

The following Hardy inequality can be found in [30, Lemma 4.6]:
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Lemma A.l. If«o ;é and if v vanishes for x, 41 large, then

- 2
||xn$1“||L2(R1+1) = m”anrollanHU”Lz(Rnﬂ)

+2a—1” hm xn+1u||L2(R,,X{O})
Proof. Using integration by parts, we have
xl-
ey = [ onea[ 2 L2
-2 /xl_z"‘ua +1u + : / lim  x, 3%
200 —1) "t 20 — 1) xpp1>0 "H1

1 1—a 2
< Em”xn-i-lan-i—lu”Lz(RT—l) + 2||xn+1u||L2(Rn+l)

+

|| lnln xn-i-l u”LZ(Rnx{O})’

200 — 1
which gives our desired result. |
We shall use the following interpolation inequality in [10,29,31]:

Proposition A.2 (Interpolation inequality I). Lets € (0,1) and u: §Y — R withu €
H(S", w,lljr%s). Then there exists a constant C = C(n, s) such that

lullz2sny < C[TI_SwauHu(si) + 7w,y Voulzzesn)]
forall T > 1.
The following trace characterization lemma can be found in [30, Lemma 4.4]:
Lemma A.3. Letn > 1 and 0 < § < 1. There is a bounded surjective linear map
T: H' (R x12%) — HS(R™ x {0})
so that u(e, x,+1) — Tu in L>(R") as x,+1 — 0.
We need the following interpolation inequality in [30, Proposition 5.11, Step 1]:

Rn+1 2s—1
+

Lemma A.4 (Interpolation inequality II (a)). Forany w € H( x,47) and any

w > 0, the following interpolation inequality holds:

lwllL2@exiop < Clr'~*Ix,24 w||L2(R1+1) + X, Vw||L2(]R1+1))

+ 1wl s e xiop |-
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Proof. Let (e) := /1 4 | ® |2. Note that

IIWIILz(Rnx{o})Z[ /((EE)Z_ZS|u3IZ)S(<$>_2“‘|113|2)1_Sdé}2

R”x{0}
< (' P wll gi-s oxqop)* (W5 Nlwll - @7 xgop) '~
and hence our result follows by Lemma A.3 with § = 1 — . ]
Slightly modify the proof, we can obtain the following:

Lemma A.5 (Interpolation inequality 11 (b)). Forany w € H'(R""!, x257") and any
w > 0, the following interpolation inequality holds:

2s5—1
lwllL2@®nxqop = C[ x4 w||Lz(Rn+1)
25—1

+ ”xn+1 Vw”LZ(R"‘H)) +u 2S||w||H 2Y(]R”X{O})]
Proof. Using Lemma A.3 with § = 1 — s, we have

w2 @7 <oy
1—s

2s
= C ” w ”Il_l—iis—s(Rn x{0}) ” w ||11.I+—Y2s (R”x{0})

< Clxy {1 wllgagerty + 1602 V0l n) 5 10l oy

25—1 25—1
1— 25—1 25—1
< Cl U &y wllogrsy + Iy Vol agnsy)

+ /'L_ZS ”w”FI;_SZs R”X{O})]’

which is our desired result. [

A.2. Caccioppoli inequality
We need a generalized the Caccioppoli inequality in [30, Lemma 4.5]:

Lemma A.6. Lets € (0,1) andu € H! (BZr, ,lhﬁs) be a solution to

n
1-2 1-2s p1~s _ 12 . npt
[On+12, 47" 01 + 2%, 57" Pl = —x, 57 Z 9 fj in By,
Then there exists a constant C = C(n, A) such that

1=2s
-2
b Va2, e < Clr i 7 g, + Zilxn+1 il72ms)
=1

: 1-2
+ I lim Oxn+1san+1u||L2(B§,.)||”||L2(B§,.)]-

x,,_H—)
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Proof. Letn: B . — R be a smooth, radial cut-off function such that0 <n <1,np=1
on Bt supp(n) C B3}, and |Vn| < C/r for some constant C. Note that

23 [ e d @i+ Z [ usp 2 g

A_I]Rn_H Rn—H

—Z [z e moen

Jj=1 Rn-H

n
= /(3n+1x;flsan+1ﬁ +x,1,;215 Z 3iaij3jﬁ>(n2ﬁ)

n+1 i,j=1
Ry

—/77211 lim xn+1 1l — /(xn+lsan+lu)an+l(77 u)
Xp+4+1—>0

R”x{0} Rn+1

—/ Xnigt Z a;j0;10; (i)

i,j=1
Rn—‘,—l
+

2~ 1-2s ~ ~
= —/ i Hm xp 3 Oprtl — /(an On41U)N0p+11MU
Xp+1—>0
R” x{0} R+

— [P i~ 2 [ 73 a0 @i

R:l:f'l R1+1 i,j=1
n
/nzx}zﬁs( > aijajﬁaiﬁ>
: ij=1
R
_ —/xnkrln_)on Gx) 72 01t — 2Vl V) — [V (A1)
R x{0}

where A = (49). Here we use the notation
(o.0) = (0. 0)on x1-207) and [lef =1 el 2@y c1-20 7
By (1.3), indeed

IVl = M, 2y Vi gy = Ay 2y Vil
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Also, by (1.3), for § > 0, we have
2(nVii, uVn) < 8|lpVii||* + 8~ avy|?

< S0,y Vi sy + 87 AT IV ul g

Moreover, we have

: 2~ 1-2s ~ : 1-2s ~ 2~
<
/ g X On12| =< || ol X In+1ttllL2cps ) 1m0l 285 )-
R {0}

Plug the inequalities above into (A.1), with small § > 0, we obtain our desired result.
[ ]

A.3. L>™-L2 type interior inequality

Following the arguments in [35, Proposition 3.1] (see also [18, Proposition 2.6] or
[9, Proposition 3.2]), we can obtain the following:

Lemma A.7. Lets € (0,1) andu € H'(B5,, x,72*) be a solution to
[On41X, 37 01 + X431 Pli =0 in R},
#=u onR" x{0},
lim Ox},ﬁsanﬂa(x) =Vu onR" x {0},

xn+1—>

with (1.3) and |V'| < 1. Then there exists a constant C = C(n, A) such that
”u”Loo(Bl‘tz) = C[”xn-l,-l u”LZ(B#') + ||xn+1 Vu”LZ(BIF)]-
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