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Cheeger estimates of Dirichlet-to-Neumann operators
on infinite subgraphs of graphs

Bobo Hua, Yan Huang, and Zuoqin Wang

Abstract. In this paper, we study the Dirichlet-to-Neumann operators on infinite subgraphs
of graphs. For an infinite subgraph, we prove Cheeger-type estimates for the bottom spectrum
of the Dirichlet-to-Neumann operator, and the higher order Cheeger estimates for higher order
eigenvalues of the Dirichlet-to-Neumann operator.

1. Introduction

Eigenvalue estimates are of interest in Riemannian geometry and mathematical phys-
ics. There are various eigenvalue estimates using geometric quantities. In this paper,
we focus on the isoperimetric-type estimate introduced by Cheeger [6], now called the
Cheeger estimate, which reveals a close relation between the first non-trivial eigen-
value of the Laplace-Beltrami operator on a closed manifold, and the isoperimetric
constant called Cheeger constant.

Let (M, g) be a compact, connected, smooth Riemannian manifold with smooth
boundary dM . The Dirichlet-to-Neumann operator A, called the DtN operator for
short, is defined as

A:HEOM) > H2 (M),

0
A =L

where uy is the harmonic extension of f to M. The DtN operator A is a first order
elliptic pseudo-differential operator [37, p. 37]. Since dM is compact, the spectrum of
A is non-negative, discrete and unbounded [2, p. 95]. We refer to [21] for a survey of
the spectral properties of the DtN operators. The eigenvalue problem associated to the
DtN operator A is also known as the Steklov problem. For the history of this problem,
cf. [28]. There are many results on the Steklov problem on Riemannian manifolds;
see, e.g., [9, 15-18,24,27].
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For the first non-trivial eigenvalue of the DtN operator, Jammes [27] introduced a
type of Cheeger constant,

hy (M) = inf Area(dQ2 Nint(M))

QCM Area(Q NoM)
Vol(22)< L vol(M)

where Area(-) and Vol(-) denote the Riemannian area (i.e., the (n — 1)-dim Hausdorff
measure) of the boundary, and the Riemannian volume, respectively. We call &y (M)
the Jammes-type Cheeger constant and the subscript “J” indicates the Jammes-type.
Let 02(M) be the first non-trivial eigenvalue of A. The Jammes-type Cheeger estimate
[27, Theorem 1] reads as

02(M) > ihﬂM)hJ(M), (L.1)

where iy (M) is the Neumann Cheeger constant associated to the Neumann Lapla-
cianon M.

There are many interesting interactions between Riemannian geometry and dis-
crete analysis on graphs. Many methods initiated in Riemannian geometry have been
generalized to the discrete setting, and conversely some approaches found on graphs
may also be applied to Riemannian geometry. The Cheeger estimate was first general-
ized to graphs by Dodziuk [13] and Alon and Milman [1] independently. Miclo intro-
duced higher order Cheeger constants and conjectured related higher order Cheeger
estimates; see [11,32]. The conjecture was proved by Lee, Gharan, and Tevisan [29]
via random partition methods on graphs. Then Miclo [33] and Funano [20] extended
the results to the Riemannian case and found some important applications.

Recently, the authors [26] defined the DtN operator on a finite subgraph of a graph,
and proved two Cheeger-type estimates for the first non-trivial eigenvalue of the DtN
operator: the Escobar-type Cheeger estimate following [15] and the Jammes-type
Cheeger estimate following [27]. Hassannezhad and Miclo [25] proved the Jammes-
type Cheeger estimate independently, and generalized it to higher order Cheeger estim-
ates for eigenvalues of the DtN operator in terms of higher order Cheeger—Steklov
constants. Their result is as follows. Consider a Markov process on a finite state space
U and a proper subset V' of U, serving as the boundary, on which the DtN operator is
defined. Let oy be the k-th eigenvalue of the DtN operator. Hassannezhad and Miclo
[25, Theorem A] proved that there exists a universal constant ¢ such that

o > = forall 1 <k <V, (1.2)

< Sk
—_— k6 A b
where A is the largest absolute value of the diagonal elements of the irreducible
Markov generator and ¢ is the k-th order Cheeger—Steklov constant.
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Spectral theory for finite graphs has been extensively studied in the literature; see,
e.g., [3,5,7,10]. For infinite graphs, there are also many results on the spectra of the
Laplacians; see [4, 14,19,34-36]. Infinite graphs have many applications in geometric
group theory, probability theory, mathematical physics, etc. In this paper, we study the
DtN operators on infinite subgraphs of graphs. By the well-known exhaustion meth-
ods, see, e.g., [4], we construct the DtN operator on an infinite subgraph of an infinite
graph and prove Cheeger-type estimates for the bottom spectrum and higher order
Cheeger estimates for the higher order eigenvalues of the DtN operators following
[25,27], which can be viewed as an extension of the results in [25,26].

We recall some basic definitions on infinite graphs. Let V' be a countable infinite
set and p be a symmetric weight function given by

w:VxVv —l0,00),
(x,y) = HUxy = Uyx.

This induces a graph structure G = (V, E) with the set of vertices V' and the set of
edges E such that {x, y} € E if and only if u,, > 0. Two vertices x, y satisfying
{x,y} € E are called neighbors, denoted by x ~ y. We only consider locally finite
graphs, i.e. each vertex only has finitely many neighbors. We call the triple (V, E, )
a weighted graph.

For an infinite graph, the exhaustion of the whole graph by finite subsets of ver-
tices is an important concept; see [4]. A sequence of subsets of vertices W = {W;}$2,
is called an exhaustion of the infinite graph G = (V, E), denoted by ‘W 1 V, if it
satisfies

e WMMCcW,C---CW,C---CV,
o f#iW; <oo,foralli =1,2,...,
s V=U Wi
For any quantity t defined on finite subgraphs of V' that is monotone, i.e. for any finite
subgraphs W C W’ of V, one has (W) < t(W') (or t(W) > t(W’)). The limit of
7(W;) is defined as

(V) = ll_l)r& t(W;). (1.3)

One can check that this limit exists in R U {00} and does not depend on the choice
of the exhaustion.
Given 21, Q5 C V, the set of edges between €2 and 2, is denoted by

E(Q21,Q2) :={{x,y} € E:x € Q1,y € Qa}.
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For any subset 2 C V, there are two notions of boundary:

1. the edge boundary of €2 is defined as

0Q := E(2,Q°), where Q¢ :=V\Q;
2. the vertex boundary of €2 is defined as

8Q :={x € Q% x ~ y for some y € Q}.

We write Q := Q U §Q. From now on, we only consider the graph structure (€2,
E(Q,Q), ), still denoted by Q for simplicity, where the weight 4 is modified such
that jxy, = 0 for any {x, y} & E(Q,Q), i.e. the edges between vertices in §Q,
E(52,8R), are removed. In this paper, we always assume Q is connected, unless
otherwise stated.

In what follows, for Q@ C V, we regard Q as the graph  with its vertex boundary
32 defined above, for which we may forget about the ambient graph (V, E, u). We
introduce weights on the vertex set Q as

Zﬂxw x €,

d(X) _ yeQ
Hxy, X €06,

yeQ
which extends to a measure d(-) on subsets of Q by

d(4) ;= d(x). forall ACQ.

xe€eA

Given a vertex set F', we denote by R¥ the set of all real-valued functions defined
on F.Let W C Q be a finite subset and W be the vertex boundary of W in Q. For
any f € RWVNQ et u}’V be the solution of the following equation:

Au}'V(x)zo, xeWne,
u}V(x) = f(x), xe WnNiQ, (1.4)
u}'V(x) =0, x € §W,

where the Laplacian A is defined in (2.2). For the existence of the solution, see
Lemma 2.2. The third condition above stands for the Dirichlet boundary condition
on W.

Now, let us define the DtN operator for infinite subgraphs of a graph. Let £4(5€2)
denote the set of functions on 62 with finite support. For any f € £¢(6$2), we write
f = ft—f~, where f* := max{f,0} and f~ := max{— f,0}. Forany W 1 Q,
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let u;ﬁ (u;Vi resp.) be the solution of (1.4) with W and f replaced by W; and f+

(f~ resp.). Set
wi _ Wi _ Wi
upt =l —upl.

Applying the well-known maximum principle, see, e.g., [22], we have

Wi

Wit1
uf:t

<u

w;
and |ufi| < sup | f(x)].
XESQ

Hence, the limit of u;V’ exists and we set

For any f € £((5S2), we define
ou
Af) =5k
n

where the operator % is defined in (2.3). From Lemma 3.6 and Proposition 3.1, A is
a bounded symmetric linear operator on £o(§€2), which can be uniquely extended to a
self-adjoint operator on £2(82) (See Section 2 for its definition). We call the extension
to £2(8S2) the DtN operator on Q2 and still denote it by A.

Remark 1.1. Our definition of the DtN operator is slightly different from that of
Hassannezhad and Miclo in [25]. In fact, the edges between vertices in €2, i.e.,
E(52,692), play no role in our definition, but they matter in Hassannezhad and
Miclo’s. There are no essential differences up to the fixed boundary information
E(522,8%). The geometric quantities for bounding the eigenvalues should be modi-
fied to fit the definitions, and the results are similar.

By the standard spectral theory [12, (4.5.1) on p. 88], for any k > 1, the k-th
eigenvalue of the DtN operator on €2 is equal to

ox(Q) = inf sup (A, fhsa (1.5)

HcboG), oxrer (. fse
dim H =k

where (-, -)sq is the inner product on £2(§€2) with respect to the measure d(-) defined
in Section 2. For k = 1, 01(R2) is called the bottom spectrum of A. If the number of
vertices in 82 is finite, we will prove that o7 (Q) = 0 if and only if  is recurrent; see
Proposition 4.6.

By exhaustion methods, in order to obtain Cheeger-type estimates for oy (2),
k > 1, we consider finite subsets of Q. Let W C Q be a finite subset. Then the
Cheeger-type constants of W are defined as follows.
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Definition 1.2. Let W C Q be a finite subset. The Jammes-type Cheeger constant of

W in Q is defined as (04)
. 0
hy(W) := _—
sW)i= min AN
We set hy (W) = o0 if W N §Q = @. Similarly, the classical Cheeger constant of

W in Q is defined as . )
w) = @;I,lcllgw m
Remark 1.3. For any finite W C Q, one easily shows that
hy(W) = h(W). (1.6)
The DtN operator on W, denoted by A, is defined as

AW' RWOSQ _ ]RWOSQ

[ Aw(f) =

oul

f
on

where the operator % is defined in (2.3) and u}’V is the solution of (1.4).
Letop (W), 1 < k < (W N §R), be the k-th eigenvalue of Ay . Similar to (1.5),
ok (W) can be characterized as

(Aw (f), [Iwnsa

ox(W):=  min max . (1.7)
HcRVNQ o£feH ([, flwnsa
dim H=k

We obtain the following Jammes-type Cheeger estimate for a1 (W), the first non-
trivial eigenvalue of Ay, which is an analog to (1.1) in the Riemannian case.
Theorem 1.4. For any finite subset W C Q with W N 8Q # @, we have

h(W)-hy (W)
2

By Lemma 3.7, o (W) is non-increasing when W increases. Moreover, we obtain
an approximation relation between oy (€2) and {o% (W;)}$2, for any W 1 Q.

o1 (W) = hy(W).

Proposition 1.5. Forany W 1 Q andk > 1,

lim ox (W) = 0 (2).
W%

As a corollary, we have the following estimate.
Corollary 1.6. Foranyk > 1,
ok (Q) > Ak (Q),

where A (Q) are eigenvalues of the normalized Laplacian on the graph Q = (Q,
E(22,9). ).
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By Definition 1.2, hy(W) and h(W) are non-increasing when W increases.
By (1.3), for any ‘W 1 , the corresponding Cheeger constants for £ can be defined
as

hy(Q) = lim hy (W), h(Q):= lim h(W).
wrQ wrQ

Hence, by Theorem 1.4 and Proposition 1.5, we have the following estimates for the
bottom spectrum o1 (£2).

Theorem 1.7. Let Q C V be an infinite subset. We have

h(Q) - hy (Q)
2
Remark 1.8. Combining (1.6) with Theorem 1.7, we have

01(82) < hy ().

01(@) = 2P@)

This can be also derived from the Cheeger estimate on € [19] and Corollary 1.6 for
k = 1. In particular, this yields that if () > 0, then o1() > 0.

For any finite subset W C Q with W N §Q # @, we denote by A (W) the collection
of all non-empty subsets of W and 4 (W) the set of all disjoint k-tuples (A41,. .., Ax)
such that A; € A(W), forall/ € [k], where [k] := {1,...,k}, k € N. Following [25],
we define the higher order Cheeger-type constants for the DtN operator on W.

Definition 1.9. The k-th order Cheeger—Steklov constant for the DtN operator on W
is defined as

/’l W = max h A h A
€ (44,..., Ak)e,A,k(W)l elk] J(ADh(Ap).

Similarly, the k-th order Jammes-type Cheeger constant for W is defined as

p(04;)

Www) = min max ————.
s (W) (A1 Ar)esi (W) lelk] d(A; N 8K)

Following [25], as an intermediary step to obtain a Cheeger-type estimate for
higher order eigenvalues of the DtN operators, we prove a higher order Cheeger
estimate for the Dirichlet problem on finite graphs; see Theorem 5.11 in the paper.
Initiated by [25, Proposition 3], any k-th eigenvalue of the DtN operator on W can
be approximated by a sequence of k-th eigenvalues of Dirichlet Laplacians defined
in (6.1) and (6.2) with blowing-up weights; see Proposition 6.1. Hence, combining
Theorem 5.11 with Proposition 6.1, we obtain the following result.

Theorem 1.10. Let Q@ C V be an infinite subset, and W be a finite subset W C Q
with W N 82 # @. There exists a universal constant ¢ > 0 such that

he(W) = ou(W) < 205(W).

where o (W) is the k-th eigenvalue of the DtN operator on W.



B. Hua, Y. Huang, and Z. Wang 1086

By Definition 1.9, hx (W) and h’}(W) are non-increasing when W increases.
Hence, the corresponding Cheeger constants for €2 can be defined as

he(R) = Lim he (W), h5(Q) := lim KA (W).
WIrQ WIrQ

Finally, by exhaustion, the monotonicity of the higher order eigenvalues of the
DtN operators, see Lemma 3.7 in the paper, and the convergence of eigenvalues, see
Proposition 1.5, we have the following higher order Cheeger-type estimate for the
DtN operator on infinite graphs.

Theorem 1.11. Let Q C V be an infinite subset. For any k € N, there exists a uni-
versal constant ¢ > 0 such that

() < 0n(@) < 205 ().

Remark 1.12. Hassannezhad and Miclo [25, Theorem B] defined the DtN operator
on a subset of a probability measure space (M, M, v), endowed with a Markov ker-
nel P leaving v invariant, and proved the higher order Cheeger estimate. Our result
applies to general infinite graphs with possibly infinite total measure, which can be
regarded as an extension of Hassannezhad and Miclo’s result.

The paper is organized as follows. In Section 2, we recall some facts on graphs.
In Section 3, we study the spectra of the DtN operators on infinite subgraphs. In
Section 4, we prove the Jammes-type Cheeger estimate for the bottom spectrum of
the DtN operators. In Section 5, we obtain higher order Cheeger estimates for the
Dirichlet problems. In Section 6, we prove higher order Cheeger estimates for the
DtN operators on infinite subgraphs of graphs.

2. Preliminaries

Let (X, v) be a discrete measure space, i.e., X is a countable discrete space equipped
with a measure v. For any A C X, we denote by £((A) the set of finitely supported
functions on A. For p € [1, 0o], the space of £ summable functions on (X, v) is
defined routinely. Given a function f € RX, for p € [, o0), we denote by

/
171 = (X 1 @irv)

xeX

the £ norm of f. For p = oo,

[/ lgee = sup [ f(x)].
xeX
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Let
(X, v) = {f e R¥:| fller < o0}

be the space of £# summable functions on (X, v). In our setting, these definitions
apply to (2,d) and (62, d) for @ C V in a graph (V, E, u). The case for p = 2 is
of particular interest, as we have the Hilbert spaces £2(2, d) and £2(§2, d) equipped
with standard inner products

(f.g)e =) f(gx)d(x), fgeRY,

xeQ

(0. ¥)sa = D _e()Y(x)d(x), ¢ ¥ € R*?,

x€efQ

Given W C Q, an associated quadratic form is defined as

Dw(fe)= Y uu(f)-fONEE-g0)). fgeR”.

e={x,y}eE(W,W)

The Dirichlet energy of f € R can be written as

Dw (f) = Dw(f. f). 2.1
For any f € R, the Laplacian of f is defined as
1
Af(x) = @ye%x pay () = f(x), xeQ. (2.2)

For any f € R2, the outward normal derivative of f at z € 62 is defined as

1
@ = am 2 M@= S0, (23)

xeQix~z

For any finite subset W C Q, the Dirichlet eigenvalue problem on W is defined as

{Af(x) =-Af(x), xeW,

2.4)
f(x) =0, x € §W.

We denote by Ay, p (W) the k-th eigenvalue of the above Dirichlet problem. Note that
Ak.p is monotone, i.e. Ax p (W) > Ag p(W') for W C W'. For any ‘W 1 Q, the k-th
eigenvalue of the normalized Laplacian on the graph Q = (Q, E(R, Q), 1) is defined
as

M () = lim g p(W)). (2.5)

We recall the following well-known results for the Laplace operators; see, e.g.,
[22] for their proofs.
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Lemma 2.1 (Green’s formula). For any finite subset W C Q and any f,g € ]RW, we
have

a
(Afghw =Dy (£.9) + (o) 2.6

sw’
where % on 8W is defined similarly to (2.3) with Q replaced by W.

Lemma 2.2. Forany f € RV there exists a unique function u}'V e RV satisfy-
ing (1.4).

We always denote by ujV,V the unique solution of (1.4) with the Dirichlet boundary
condition f in this paper. By Green’s formula, Lemma 2.1, we have the following
lemma.

Lemma 2.3. For any finite subset W C Q with W N §Q # @ and any f,g € RV M52

we have w
on °lwnsa’

Dyt ulf) =

3. DtN operators on infinite graphs

Let G = (V, E, 1) be an infinite graph, & C V is an infinite subset. Let A be the DIN
operator on §2 defined in the introduction.

Proposition 3.1. Forany f,g € £¢(652),

(A(S). &) = (S Alg)).

Proof. For sufficiently large i such that W; D supp(f) U supp(g), by Lemma 2.3,

) Wi
< :Z ’g>m:<agi ’f>

sQ

Since f and g are of finite support, only finitely many summands are involved in the
above equation. By passing to the limit,

Wi Wi ;
upt = up, Uy —>ug, i — 00,

we prove the proposition. |

Let f € £o(89). For any finite subset W C Q with W N §Q # 0, set

L W) :={p € R? | supp(¢) C W and @lwnsq = [}
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We define the capacity of W with boundary condition f as

Cap(f, W) = inf D .
PLW) = inf Dy ()

Similarly, the capacity of  with boundary condition f is defined as

Cap(f) := _inf Dgq(¢).
9€lo(Q),9ls=S

For any W 1 Q, since f € £o(8Q), there exists M € N, such that supp( f) C
W; N6, for all i > M. Note that £(f, W;,) C £(f. W;,), for any iy, i, > M and
i1 < i. Hence, by definition, Cap( f, W;) is non-increasing when i > M. One can
verify that

Cap(f) = lim Cap(f, W;). (3.1
Lemma 3.2. Cap(f, W) = DW(u}V).

Proof. We have

Cap(f,W)= inf D
ap(f, W) ¢€£1(1ﬁw) w(9)

= _inf  Dwna@) +) D Hay(f(x)=0)

deL(f,W) XEWNEQ yeQ\W

= DWHQ(M}V) + Z Zuxny(X)
XEWNSQ yGQ\W

_ w

The second last equality follows from the fact that the harmonic function u}’V minim-

izes the Dirichlet energy among functions with the same boundary condition. |
By Lemma 3.2 and 2.3, we have
w

a
Cap(f. W) = Dw () = (=L 1)

. 3.2
WNsQ (3-2)

Proposition 3.3. Forany f € £o(6S2), we have

Cap(f) = Daluy) = (A(f). f).
Proof. Forany ‘W 1 Q, since f € £o(8R), there exists M € N, such that supp(f) C
W; N 62, foralli > M. By (3.2),

Wi

9
Cap(f. W;) = vai(”;v") = <u_ff>

on At 18
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Letting i — oo, by (3.1) we have

. _qdug! duy
Cap(f) = lim Cap(f. W;) = hm<—,f> < f> 3.3)
i—00 i—oo\ On WinéQ
where the last equality follows from that u;V’ converges to uy pointwise and f €

£o(82). By Fatou’s lemma,

Dgq(ur) < liminf Dy, (u}V’) = liminf Cap(f, W;) = Cap(f). (3.4)
1—>00 1—>00
Foranyi > M,
Dw, (uy —uy’) = Dw, (uy) + Dw, (u}’) —2Dw, (us.uy"). (3.5)

By Green’s formula, Lemma 2.1, the last term in (3.5) can be written as

0
D, (g = (L v 5L f),, = Can(f).

ha =

where the last equality follows from (3.3). Therefore, (3.5) implies that
0 < Dw; (uy —uy") = Dw, (us) + Cap(f, W;) — 2 Cap(f),

i.e.
Dw, (uy) = 2Cap(f) — Cap(f, W),

whence by letting i — oo, we get
Da(uy) = lim Dy, (us) = 2Cap(f) — lim Cap(f.Wi) = Cap(f). ~ (3.6)
Combining (3.4) with (3.6), we have
Da(uy) = Cap(f). (3.7
Then the proposition follows from (3.3) and (3.7). |

The proof of the above proposition yields the following corollary.

Corollary 3.4. Forany W 1+ Q and f € £o(82), we have
Da(uys) = lim Dy ).
e(uyr) i, wug )

Combining (1.5) with Proposition 3.3, we have the following corollary.
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Corollary 3.5. We have

ot (AG)- Slsa

HClo(59), )

dgn%(zk) otrer (S flsa
D

= inf —Q(uf)

Hcﬁo(m), o£ren (f flse

_ i sup Cap(f)
Hcﬁo(m), 0#feH (f flsa

Ok(Q) =

In the next lemma, we show that A is a bounded operator on £¢(§€2).
Lemma 3.6. Forany f € £o(62), we have
AN 2y = 1/ ez
i.e. A is a bounded linear operator on £y(5S2).

Proof. We have

duy | 1 ’
ouy — —— ) Uy (up(x) —up(y))| d(x)
on 20 xe8Q d(x) ygS:Z Y ’

=< Z Z Mxy(uf(x) - Mf(y))2

x€fQ yeR
< Dq(uy).

For any f € £o(8Q) and any finite subset W C €, we denote by

A

f(x), xeWni,

0, otherwise,

fw(x) = {

the zero extension of f |y nsq to R2, By Corollary 3.4,

Da(uy) = lim Dy (u})
wArQ

1091

= 1im ( > £ Y Y@l 0 —uf ()2

WrQ _
T e={x,y}eE(WNQ,WNR) xEWNIQ yeQ\W

< lim L (Dwoo(m) + 32 2 e 7))

xeWNsQL yeQ\W

= hm( DL ey DDy f? (x))

xeEWNEQL yeWnQ XxEWNEQL yeQ\W

= lim || fllewnse) = 1/ o).
WiG
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where the inequality above follows from the fact that the harmonic function u}V min-
imizes the Dirichlet energy among functions with the same boundary condition, in
particular compared with fW.

Hence, we have
dus |
o

<1/ 1260 .
269) coe

By the boundedness of A on £((8€2) and the density of £4(8S2) in £2(8S2), A can
be uniquely extended to a bounded self-adjoint operator on £2(§2).

For any finite subset W C Q with W N §Q # @, we denote by oy (W) the k-th
eigenvalue of the DtN operator Ay . By (1.7) and (3.2), ox, (W), 1 <k <{(W NRQ),
can be characterized as

(Aw (f). fwnse

oxr(W): = min

HCRW N2 0£feH (fs flsa
dim H=k
_ Cap(f, W)
=  min —_— 7
HcRWNS2 o feH (f, f)wnsa
dim H =k
DW(” 3.8)
= mln max .
HCRVOS2 0tfeH (f. flsq
dim H=k

In order to give Cheeger estimates for infinite graphs, we need the following mono-
tonicity result.

Lemma 3.7. Forany W 1 Q,
ox (W) = oxg(Wit1), foralli =1,2,...,
where 1 < k < #(W; N Q).
Proof. For any i, by (3.8), one can choose H C RWiNS2 dqim H = k, such that

Cap(/, Wi)

or(Wi) = 0rfeH (f: lwinse

Then we have

O—k(u/i): max Mz max M
o£feH (f. lwinsa ~ 0£feH (f. f)w,, nsa

C W;
min max M o (Wit1). -

I‘I’C]RVV""IQ(KZ 0#feH’ <f f) Wi 1NéQ
dim H'=k

A%

Now, we are ready to prove the approximation result in Proposition 1.5.
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Proof of Proposition 1.5. Foranyi € N, by (3.8), choose H c R"iM€ dim H =k,

such that
o (W) = max ~2UWD)
o#£feH (f, fwnsa
Then by the monotonicity of Cap( f, W;) and the definition of Cap( f),
max SPUW) o Cap(f)
o£fed (f, flwynse — 0#/eH (. flw,nse
DaGus) _ .. Daluy)
o£feH (f, flsa — H'cloG) oxren (f [sa
dim H'=k

ox(Wi) =

= 0k (),
The second last equality follows from Proposition 3.3. Hence,
lim o (W) = 0 ().
i—00
On the other hand, by Corollary 3.5, for any &> 0, there exists H C{y(6$2), dim H =k,
such that

D D
0r(2) < sup —Q(uf) = max —Q(uf)

= o '
ot rem (fs flsa  o#feH (f, flsa <or(2) +¢

Since H is finite-dimensional, let {hl}é‘=1 be an orthonormal basis of H. We obtain
that there exists K € N, such that

supp(g) C W; NgQ, foralli > K, g€ H.

By (3.8), for sufficiently large i, there exists f; = Z;‘Zl abhy satisfying Y, (a})? = 1
such that

W W » Wi Wi

DWi(”f ) DI’Vi(ufi ) lel,sgk a;aéDWi(”h, ’uhy)
ox(W;) < max = = — ‘
o£feH (f, f)sa (fi, fi)se D o1<ts<k 4jakihi, hs)sa

By Corollary 3.4, using polarization, we get that forany 1 </,s <k

. w; W
lim Dy, (uhl’,uh;) = Dq(up,, upy).

1—>00
Moreover, by passing to a subsequence, still denoted by af,

lim @} =b;, foralll <I <k,
1—>00

where Y _;(b;)?> = 1. Set hoo = Y_; byh;. Hence, by hoo € H, hoo # 0,

Dq(up,,)

<0, () +e.
Troor hroolsn

lim ox (W) <
1—>00
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Letting ¢ — 0, we have
lim o (W;) < 0y ().
1—>00

Hence, the proposition follows. n
Now, we are ready to prove Corollary 1.6.
Proof of Corollary 1.6. By Proposition 1.5 and (2.5), it suffices to prove that for any
w1 Q,
ok (W) = Ag,p(W),

where A p (W) is the k-th eigenvalue of the Dirichlet problem (2.4). Given any linear
subset H € RWML e denote

H:= span{u}'V:f € H}.

By definition,
: Y e—tryeEw.) Koy 0 (X) =} (1))
oxr(W)=  min max >
HCRWNéQ 0# feH Y o rewnse f2(x)d(x)
dim H=k
. Ze:{x,y}eE(W’u_/) Mxy (g(x) — g()’))z
= min max _ >
HCRWM® 0o cff > xewnsq 8 (X)d(x)
dim H=k
- 7 (x) = f(»)?
> min  max 2e=lx.y ) EW.) szy Vo) = 70 = Ak,p(W).
H/CRY 0£feH’ Y rew S2(0)d(x)
dim(H")=k
This proves the corollary. |

Remark 3.8. Let Q be a finite subset of V. By Corollary 1.6, 02(2) > 1,(2). Note
that for any finite graph with the normalized Laplacian, all eigenvalues are bounded
by 2. In particular, for the finite graph Q, A,(R) < 2. This implies that

22(@) = 1:(@) = 3@

which is stronger than [26, Corollary 1.1].

4. Jammes-type Cheeger estimate for the bottom spectrum

Let (V, E, jt) be an infinite graph, Q C V be an infinite subgraph and W C Q be
a finite subset with W N 8Q # 0. Let 0 # f € RV be the first eigenfunction
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associated to the first eigenvalue o1 (W). For convenience, we write f for u}’V in the
following. Without loss of generality, we may assume that f is non-negative, since
Dw(f]) < Dw(f).By (3.2), we have

Ze={x,y}eE(W,W) Py (f(y) — f(x))?
Y xewnsge S (x)d(x)

Multiplying both the numerator and denominator of the fraction at the right-hand
side of (4.1) by > e f2(x)d(x) and setting

M _: Yoxew fP(0)d(x) - Y e=(xyye EW.W) My (f(¥) — f(x))?

o1(W) = .1)

N Y cew S20AE) - X ewnsq L2 (x) ’
we have M
O'1(W) = N

We need the following lemmas to prove Theorem 1.4; see [26] for the proofs.
Lemma 4.1 ([26, Lemma 5.2]).
1 2 2 2
M=s( Y ml2m-0I)
e={x,y}eE(W,W)
Set tg := maxyew{ f(x)}. For any ¢t > 0, set

St = [N (VI +00)) = {x € W: [2(x) = 1},

By the maximum principle, the maximizer of f cannot be only achieved in W N Q,
hence S; N §Q2 # @ for any ¢ € (0, zp]. The following is the discrete co-area formula;
see [22, Lemma 3.3].

Lemma 4.2 ([26, Lemma 5.3]).

/ n@SHdi= Y el 20 - 20
0 e={x,y}eE(W,W)

Lemma 4.3 ([26, Lemma 5.4]).

xXeEW

/d(S,)dt =Y fAx)d(x).
0

/d(s,mm)dz: > FAdx).
0

XEWNIQ
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Now, we are ready to prove Theorem 1.4.

Proof of Theorem 1.4. For the upper bound estimate, choose A C W that achieves
h J (W), ie.,

p(9A)

hy(W) = —————.

1" d(AN Q)

Setg = x4 € RW, ie.,
1, xe€ A,
g(x) = _
0, xeW\A.
Then we have
Dw ) D A
o) < W Mswwe) _Dwle) __pOD g

(g.8)wnsa ~ (g.8)wnse d(ANSQ)

where the second inequality due to the fact that harmonic function minimizes the
Dirichlet energy among the functions with fixed boundary condition.

For the lower bound estimate, combining Lemma 4.1, Lemma 4.2 with Lemma 4.3,
we have

o (W) > 1 Jo~ n@Syydt - [5° 1(3S,)dr
2) xew [P(X)A(X) - Y rewnsa S (0)d(x)
- lfooo h(W)d(Sy)dt - [y hy(W)d(S; N 8Q)dt
T2 Yiew [P0)AX) Y iewnsa S2(0)d(x)
_ W), (W)
2

The theorem follows from the above estimates. ]
Finally, we are ready to prove Theorem 1.7.

Proof of Theorem 1.7. For the upper bound estimate, by Proposition 1.5 and The-

orem 1.4,
01(Q) = lim o1 (W) < lim hy(W) = h;j ().
WAQ WAQ

Similarly, we have the lower bound estimate

01(R2) = lim o1 (W) > lim h(W) - hy(W) _ h(2) 'h_](Q)'
wiQ WAR 2 2

Hence, we complete the proof of the theorem. ]

At the end of this section, we give a necessary and sufficient condition for the
positivity of o (€2) for an infinite subgraph €2 with finite vertex boundary.
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Definition 4.4. Let (V, E, i) be an infinite graph. For any finite subset F C V, we
define

Ca V)= inf D .
PF(V)I= oty PV (@)

In order to obtain the sufficient condition for the positivity of o (£2), we need the

following criterion for an infinite graph to be recurrent; see, e.g., [38, Theorem 2.12].

Lemma 4.5. An infinite graph (Q, E(2, Q), i) is recurrent if and only if we have
Cap (Q) = 0 for any finite subset F C Q.

Then we have the following result.

Proposition 4.6. If Q2 is a subgraph of G = (V, E) and §6Q2 < oo. Then 01(2) =0
ifand only if @ = (Q, E(2, Q)) is recurrent.

Proof. For the case that €2 is a finite subgraph of G, then the Steklov eigenvalues
defined in the introduction reduce to those on finite subgraphs defined in [25, 26]. In
this case, o1 () = 0. Moreover, since Q is finite, it is recurrent.

Now, we consider the case that €2 is an infinite subgraph of G.
For the “if” part. If  is recurrent, then Cap z (€2) = 0 for any finite subset F C .
Choosing F = §€2, we have
0 = Capsq (Q) = Cap(xsq)-

Hence, by Corollary 3.5, 01(2) = 0.
For the “only if” part. If o1 (£2) =0, then there exist { f; ;’iOCR‘m, I fill2sy=1,
such that
Dq(uy,) — 0, i — oo.

Hence, there exist a subsequence { f;; }72, and foo such that

and

| foollezsq) = 1.

Moreover, by the exhaustion method and the maximum principle on finite set, one can
show that

uf,, = Uf_, j —> 00.

Then by the lower semi-continuity,
Dq(uy,) < lim Dq(uys, ) = 0.
j—o00 J

Hence, us, = const. This implies that Capsq(Q) = 0 and Q is recurrent. ]
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Figure 1

We give an example with positive bottom spectrum for the DtN operator.

Example 4.7. Consider the graph in Figure 1 with unit edge weight. Let 2 be a part
of the homogeneous tree with degree three and {62 = 1. By calculation, 45 (Q2) = 1,
h(Q) = % and 01(R2) = % See the related discussions in Remark 1.8.

Remark 4.8. We consider the case that 2 is not connected. Suppose that §Q < oo.
By the proof of Proposition 4.6, 01 = - -+ = 0x = 0 < 0k if and only if the number
of the recurrent connected components Q = (2, E(2, Q)) containing 8 is k. Note
that finite connected components are always recurrent.

5. Higher order Cheeger estimates for the Dirichlet eigenvalue
problems

Higher order Cheeger estimates for the Laplace operator on finite graphs (without
boundary condition) have been proved in [29]. In this section, we prove higher order
Cheeger estimates for the eigenvalues of the Dirichlet Laplacian problem on finite
graphs with boundary. We remark that the steps of the proof in this section are the
same as in the case of finite graphs without boundary.

Let V be a countable set of vertices, and

w:VxV —1[0,00), {x,y} pxy = yx
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be a symmetric weight function. Instead of the vertex measure d(-) defined in the
introduction, we introduce a general measure v(-) on V,

v:V — (0, 0),
X = v(x).

This induces a (general) weighted graph structure G = (V, u,v). Forany f €[%(V,v),
the Laplacian on (V, u, v) is defined as

M) = —— 3 iy (F3) = f(x)), forall x € V.
ES)
yev

Let W C V be a finite subset. Consider the following Dirichlet eigenvalue problem

{A’J(f)(x) = -Af(x), xeW,

(3.1
f(x) =0, x € 8W.

We denote by A} (W) the k-th eigenvalue of the above Dirichlet problem. For any
subset A C W, the associated first Dirichlet eigenvalue can be characterized as

Da(f)
(/. f)a

where (-, -) 4 is the inner product with respect to the measure v(-).
Set N := fW.For any k € [N], define

A p(A) = inf{ 10 f eRW and f(x) =0, forall x W\A},

H) = ' A p(Ap). 52
€ (Av o g s (W) 1E(R] 1.0 (A1) 5.2)

Let f1, f2,. .., fx be the first k orthonormal eigenfunctions of the Dirichlet eigen-
value problem (5.1). Consider the following mapping

F:W — R,
(5.3)
X = (fl(x)’ f2(x)’ R ] fk(x))
We denote by | - || the Euclidean norm of vectors in R¥. By the Rayleigh quotient

characterization of )L,‘é’ p (W),

Y emtxyyeEw.i) Py [ F(X) = F()1?
> cew VOOIF )2
et Do peyem iy oy (Fe(x) = fe(1))?
- S E ) e () SR ()
Xl M) Yrew v () 2()
b Deew v ()

5 ]‘;D(W)’
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where the second equality follows from the definition of A} (W) and the inequality

follows from the monotonicity of {kz, D}IE=1 in £. We denote by S the support set
of F,i.e.,
Sp:={x € W:F(x) # 0.

Consider the map induced by F

L _F)
TFeOT

F:8p > sk71,

We define a pseudo-metric d FonW. Forany x,y € S F, it is defined as

F)  F() “
FOI ~ TFEDI

For x,y € W with F(x) = F(y) =0,setdz(x,y) =0.Putdz(x,y) = oo, otherwise.

The goal is to “localize” F on k disjoint subsets 7; to produce functions ¥;: V —
R¥ with disjoint support, each with small Rayleigh quotient. For that purpose, we
need that F|r, captures a large fraction of the {2 mass of F. Then by the vari-
ational principle, the Rayleigh quotient of W; bounds the first Dirichlet eigenvalue
A p(supp ¥;) and the result follows.

5.1. Spreading lemma and localization lemma

In order to find k disjoint subsets 7;, each with large £2 mass of F, one needs that the
€2 mass of F is sufficiently well-spread. This follows from the so-called spreading
lemma. Let F be the map defined in (5.3).

Definition 5.1. For any r > 0, § > 0, F is called (r, §)-spreading, if for any subset
S C W with diam(S N SF,dg) < r, one has

S v@IF@IP <8 Y vl FI2,

x€S xeWw
Following [29, Lemma 3.2], one can prove the following spreading lemma.

Lemma 5.2. If0 <r < 1and S C W is a subset satisfying diam(S N Sr, dg) <r,
then we have

D v@IF@)|* <

xeS

< k(l i . Z V() F ).

Remark 5.3. By Definition 5.1, the map F is (r 2)) spreading.

k(-
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For the map F and a subset S, we want to localize F' near S, i.e. construct a
function supported on a small-neighborhood S, which retains the £2 mass of F on S,
and which has controlled Dirichlet energy. This is done by the so-called localization
lemma using cut-off functions. The e-neighborhood of S C Sr with respect to d  is
defined as

Ne(S.dg) :={x € W:dp(x,S) < &}.

For any subset S C W, we define the cut-off function

0, if F(x) =0,
o) = max{O, 1— M} otherwise. G5
The so-called localization of F on the subset S is defined as
Wi=0-F: W RF (5.5)

It is obvious that W|g = F|g and supp(¥) C N,(S N Sp, d ). One can prove the
following localization lemma; see [29, Lemma 3.3].

Lemma 5.4. For 0 < ¢ < 2, let ¥ be the localization defined in (5.5). Then for any
e={x,y} e E(W, W), we have

196 w0l = (14 2)1FE) — FO)IL 5.6)

5.2. Some results on random partitions

The goal of the section is to partition (S¢, d 7) into well-separated subsets 7;, which
retains a large fraction of the £? mass of F. This is done by the random partition tech-
nique. Random partition theory was firstly developed in theoretical computer science
and has many important applications in pure mathematics; see [23,29-31].

Let (X, d) be a metric space. Forany x € X, r > 0, we denote by B(x,r) :={y €
X:d(y, x) < r} the ball of radius r centered at x. The metric doubling constant px
of (X, d) is defined as

px = inf{c € N:forallx € X,r > 0,

c

r
there exist x1,...,x. € X, suchthat B(x,r) C U B(x,-, 5)}
i=1

The metric doubling dimension of (X, d) is defined as

dimg (X) := log, px.
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A Borel measure  on (X, d) is called a doubling measure if there exists a finite
number C;, such that forany x € X,r > 0,

0 < u(B(x,r)) < CM/L(B()C, %)) < 400.
Similarly, the measure doubling dimension is defined as
dim,, (X) :=log,(Cp).

The two doubling dimensions are related by the following lemma; see [8, p. 67].

Lemma 5.5. If a metric space (X, d) has a doubling measure [, then
dimg (X) < 4dim, (X).

One can check that d(x, y) := ||x — y|| is a metric on S¥~! and we have the
following property.
Proposition 5.6 ([30, Corollary 3.12]). For the metric space (S¥~',d), we have
e diam(SF1,d) = 2;
o dimg(S*¥1) < 4(k — 1) log, .
A partition of (X, d) is a map P: X — 2%, such that P(x) is the unique set in

{S;}7L, that contains x, where §; N S; =@, forall i # j, and X = U, S;. We
denote by & (X) the collection of partitions of (X, d).

Definition 5.7 (Random partition). Let (X, d) be a finite or countable metric space.
Any probability distribution @ on £ (X) is called a random partition of (X, d).

We denote by supp(w) := {P € P(X): w(P) # 0} the support set of random
partition . The existence of nice random partition is given in the following theorem;
see [23,30] and [31, Theorem 2.4].

Theorem 5.8. Let (X, d) be a finite metric subspace of (Y,d). Then for any r > 0,
8 € (0, 1) there exists a random partition w, such that

* forany P € supp(w), any set S in the partition P, one has diam(S) < r;

» forany x, one has Py [B(x, %) C P(x)] > 1 -8, where e = %‘m,

Remark 5.9. A random partition obtained in the above theorem is called an (r, ¢,
1 — §)-padded random partition.

The following result was proved by [29, Lemma 3.5] and [31, Lemma 6.2]. This
yields the well separated subsets T;, which retains a large fraction of the £2 mass of F.
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Lemma 5.10. LetO <r <1, > 0, k € N. Suppose that F is (r, %(1 + ﬁ))-spread—
ing, and there exists an (r,a, 1 — ﬁ)—padded random partition on (Sf,df), then
there exist k non-empty disjoint subsets Ty, T», ..., Ty C S such that

o di(T;, Ty) =2, foralll<i7£j§k;

© Yier VOIF)? = 55 Ygew VI F(X) |2, forall 1 <i < k.

5.3. The main result of the section

Combining the previous results, we prove the higher order Cheeger estimates for
eigenvalues of the Dirichlet Laplacian on finite graphs with boundary, which is import-
ant for our application; see, e.g., [25, Theorem 5].

Theorem 5.11. Let (V, u,v) be a weighted graph and W C V be a finite subset. For
the Dirichlet eigenvalue problem (5.1) on W, we have

Ak, p(W) = Fk(W)

where Uy (W) is defined in (5.2).

The proof strategy is as follows. For the map F, by the random partition theorem
and the spreading lemma, we have well separated subsets 7;, which retains a large
fraction of the £2 mass of F; see Lemma 5.10. Using cut-off functions on 7;, we
obtain localized function W; supported on the small-neighborhood of 7; with con-
trolled Dirichlet energy; see Lemma 5.4. Then applying the variational principle of
A} p for W, we get the desired estimate.

Proof of Theorem 5.11. For the completeness, we give the proof here. Choosing r=
3[ Fis (r, g+ #))-Spreading by Lemma 5.2. If we further take § = then

Sphasan (r,a, 1 — ﬁ)-padded random partition by Theorem 5.8 with

v

a = 128k dimg (S*71).

From Proposition 5.6, we know that « < 128Ck(k — 1), where C = 4log, 7. Then
by Lemma 5.10, we can find k disjoint subsets 77, T3, ..., Tx C SF, such that

. F(T,,T)>2r_3[m,f0ralllfl;éjSk,

¢ Y rer, VOIF@I? = 5 Y iew VO F(0)|. forall 1 <i <k.
Let {0; }le be k cut-off functions defined as in (5.4), where S is replaced by T;

and ¢ = ﬁ W(k—l)‘ Similar to (5.5), we obtain k localizations of F' satisfying

V|7, = Flr,, forall <i <k,
supp(¥;) Nsupp(¥;) =@, foralll <i # j <k.
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Applying Lemma 5.4, for any 1 <i < k, we have

Y et yyeEw.i) Moy | Wi (x) — Wi (0) |7
> xesupp(w;) VO (x) |2
=0+ DY emeonim) Pyl F) — FO)I?
- 3% Lwew VO F()]2
Y emtxyyeEw.) Byl F(X) = F()1?
2 xew VOIIF(x)[?

= 2k(1 + 768C Vkk(k — 1))?
<2 x (7186C)*k°A} p(W).

Write ¥; (x) = (¥ (x), ¥2(x), ..., ¥¥(x)). Hence, for any 1 <i < k, there exists a
coordinate index a; € {1,2,...,k} such that ¥/ is not identically zero and
Ze:{x,y}eE(W,W) Mxy |wlal ('x) - wlal (y)|2
Y rew VOV (O

where ¢ = 2 x (786C)2. Set A; := supp(wfi), for any 1 <i < k. Then we have
(A1, As, ..., Ap) € A (W) andforany 1 <i <k,

< ck®AL p (W),

1 p(Ai) < ck®A} p(W).

Then by the definition of 'y (W), (5.2), we have

C
Ao (W) = ZZTe(W). .

6. Higher order Cheeger estimate for DtN operators

Let (V, E, 1) be an infinite graph and €2 C V' be an infinite subset. For a finite subset
W C Q with W N §Q # @, let o3 (W) be the k-th eigenvalue of the DN operator
on W.

Following the method proposed in [25], we prove higher order Cheeger estimates
for the DtN operators. For any r > 0, consider the following measure defined on Q:

) d(x), x €6,
my’ =
%d(x), x € Q.

For any f € R, set

AV = 5 T ke (F0) = f(), forallxe Q. (61)

X yeQ
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For W C Q, W N §Q # @, consider the following Dirichlet problem

{—A(’)(f)(X) =Af(x), xeW,

(6.2)
f(x) =0, x € §W.

We denote by A,(:)D (W) the k-th eigenvalue of the above Dirichlet problem. Recall
that N = W. Set P := (W N §2). The following approximation result was proved
in [25, Proposition 3].

Proposition 6.1. Forany k € [P]:={1,2,..., P}, we have
. (r) —
lim A0, () = ox(W)
and for any k € [N]\ [P],

lim AL (W) =

r—>—+oo

Now, we are ready to prove Theorem 1.10.

Proof of Theorem 1.10. For the upper bound estimate, choose (A1,. .., Ag) € A (W)
that achieves h’} (W). Consider H := span{y4,:! € [k]} C RY . Then dim H = k and
Hl|wnse C RPN Note that

Dw(xa) _ Le—tuyyerw, ) Hxy (a4, (V) — x4, ()% 1(d4))

(xa;> x4, wnsa d(A; NQ) Cd(4,N8Q)°

Hence, by (3.8) and a direct argument

W
w iy, 94
or(W) < 2max— = maXM — 2h’}(W),
1elk] (XA, X4, )WnsQ lelk] d(A; N 8R)
Next, we prove the lower bound estimate. For any k € [P],
ox(W) = lim l(r) (W) > lim £ ma (Al)
r—>+o0 r—>+o0 k6 (4,..., Ak)e.Ak(W)le[k]
¢ (r)
= min max lim A} 5 (A4
K6 (A Ar)e sk (W) Ieth] r— oo 1 p(A41)
c
== max o (A
kS (A1 hirb oy iy 71 (AD
c

A%

k6 min max — h ANVh(A
k6 (A1,...,Ag ) e (W) Le[k] 2 J(ADh(A)

- kéhk<W)

the first inequality follows from Theorem 5.11. ]
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Finally, by Theorem 1.10 and Proposition 1.5, we can prove Theorem 1.11.

Proof of Theorem 1.11. For the upper bound estimate,
or(Q) = lim o (W;) < 2 lim k% (W;) = 205 (Q).
1—>00 1—>00
For the lower bound estimate,
0k(Q) = lim 0p (W) = lim —he(Wh) = o hi(9).
i—00 1—>00 k6 k®
This proves the theorem. ]
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