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Spectral convergence of high-dimensional spheres
to Gaussian spaces

Asuka Takatsu

Abstract. We prove that the spectral structure on the N -dimensional standard sphere of radius
(N — 1)!/2 compatible with a projection onto the first n-coordinates converges to the spectral
structure on the n-dimensional Gaussian space with variance 1 as N — oco. We also show the
analogue for the first Dirichlet eigenvalue problem on a ball in the sphere and that on a half-
space in the Gaussian space.

1. Introduction

A curvature-dimension condition CD(k, N) imposes restriction on the spectra of the
weighted Laplacian on a weighted manifold. For example, the Lichnerowicz—Obata-
type eigenvalue estimate is known (see [8, Theorems 1.2], [18, Corollary 1.3], [20,
Theorem 5.34], and the references therein). Here a weighted manifold (M, |1) is a
complete smooth n-dimensional Riemannian manifold (M, g) equipped with a meas-
ure p of the form

p = exp(—=W¥) voly,

where ¥ € C°°(M) and volys denotes the Riemannian volume measure on (M, g).
The weighted Laplacian A, on (M, 1) is defined as

AMfZ: AMf—g(VM\IJ,VMf) fOI’fECoo(M),

where Vys and Ay stand for the gradient and the Laplacian on (M, g), respectively,
so that the following integration by parts is satisfied

[ (Vo f1. Vg fo)dp = — [ Fibufodp for fi. fr € C(M).
M
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Given k € R and N € [n, o], we say that (M, u) satisfies the curvature-dimension
condition CD(k, N) if

. v(P)?
Ricys (v, v) + Hesspr W (v, v) — N >kg(v,v) forveTM,
—n

where Ricys is the Ricci curvature tensor and Hessys is the Hessian operator on
(M, g), respectively. To make sense, we employ the convention that é =0, % =
400, and oo - 0 := 0. A model space for comparison geometry under the condition
CD(1, N) is the N -dimensional standard sphere of radius (N — 1)!/2 for N € N with
N > 2, and the one-dimensional Gaussian space with variance 1 for N = oo.

For N € N and a > 0, let S¥ (a) be the N -dimensional standard sphere of radius
a. We denote by (-, -) the Euclidean inner product and set | - |, := (-,-)!/2. Forn € N
and o > 0, we denote by y” the n-dimensional Gaussian measure with variance o2,
that is,

n 2\—14 |X|§
dy,(x) = Qra®)"2 exp(—ﬁ>dx.

The weighted manifold I'j := (R", y[) is called the n-dimensional Gaussian space
with variance . Notice that a weighted manifold of S¥(a) equipped with its Rieman-
nian volume measure satisfies CD(a"2(N — 1), N) and T'? satisfies CD(a ™2, 00),
respectively. Set

Sy :=SN(WN-1), y":=yF T":=T7

Since CD(1, 0o) can be regarded as the limit of CD(1, N) as N — o0, the spectral
structure on I'"* would be derived from the asymptotic behavior of that on Sy as well.
For example, Borell [5, Theorem 3.1] and Sudakov and Cirel’son [25, Corollary 1]
independently proved the Brunn—Minkowski inequality on I'” by using that on Sy .
The Brunn—Minkowski inequality determines a domain minimizing the first Dirichlet
eigenvalue under the restriction of the volume. The key of the proof is the following
asymptotic behavior, so-called Poincaré’s theorem (we refer to [9, Section 6] for the
history of Poincaré’s theorem). Let oy be the normalized Riemannian volume meas-
ure on Sy to be a probability measure. For n, N € N withn < N, p,l,v denotes the
projection from RV +1 = R” x RN ="+1 onto R” defined by

szv(x’y) :=x for(x,y) e R" x RN-n+1
Then the push-forward measure of o by the restriction of prflV to Sy satisfies

d (P sy )1oN) dy" n
ngnoo P (x) = r (x) forx eR
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and {(p,11V|5N)ﬁ0N}NeN converges to y" weakly as N — oo. Since the weak con-
vergence of probability measures on R” is metrizable by the Prokhorov metric dp, it
holds that

lim dp((py|sy)son. ") = 0.
N—o0

Let ty: Sy <> RY*1 be the inclusion map. In contrast to Poincaré’s theorem,
Shioya and the author [24, Theorem 1.4] showed that

liminfdp (tygon, yV 1) > 0.
N—o0

This suggests that the asymptotic behavior of the spectral structure on Sy and TV +1
are different. Indeed, the multiplicity of the first nonzero eigenvalue on both of Sy
and T¥*+1 are N + 1, while the multiplicity of the second nonzero eigenvalue on
Sy is N(N + 3)/2 but that on T¥+1is (N + 1)(N + 2)/2. See [22, Sections 2.1
and 2.2] for instance. Thus, it is more appropriate to compare the spectral structure
on ' with the compatible spectral structure on Sy with pl¥, rather than the spectral
structure on Sy itself.

In this paper, we prove the convergence of eigenvalues on S¥ (ay) to those on
I'? together with the convergence of the composition of p,],v and compatible eigen-
functions on SV (ay) to eigenfunctions on T as N — oo when {an /v/N — I} nsn.2
converges to «. We also show the analogue for the first Dirichlet eigenvalue problem
on a ball in SV (a) and that on a half-space in I'".

We define some notation needed to state our theorems. Let Ny denote the set of
nonnegative integers. Unless specified otherwise in this paper, let

n,NeN with n,2<N, keNy, aa>0, 60€(0,7), ReR.

We shall for convenience denote a sequence {cy } N>n, DY {cN )N -

For the rest of this paper, a weighted manifold (M, ) is either SV (a) equipped
with its Riemannian volume measure volgw (4 or I'y = (R”, y). Note that we have
Ayol SNy = AgN ()- When it will introduce no confusion, we shall denote (SN(a),
volgn (4)) simply by SN (a).

A real number A is called a closed eigenvalue, or simply eigenvalue of —A,, on
M if there exists a nontrivial solution ¢ € C2(M) to

Aup=—L¢ inM. (1.1)

A solution to (1.1) is called an eigenfunction of eigenvalue A. Any constant function
on M is an eigenfunction of eigenvalue 0. We denote the list of distinct eigenvalues
on M by

0=210(M, ) <Ai(M,p) <A2(M,p) <--+ < Ae(M, p) <--- 1 00.
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Let Ex (M, 1) be the linear space of solutions to (1.1) for A = Az (M, ). It is known
that the linear space Ex(S" (a)) is spanned by the restriction of homogeneous har-
monic polynomials on RV +1 of degree k to S¥ (a) (see [7, Section I1.4]). We denote
by P(n) the linear space of polynomials on R”. Define the linear subspace of
Ex(S" (a)) by

EXSN(a) :={® € Ex(SV(a)) | Q o p) = ® onS¥(a) for some Q € P(n)}.

Theorem 1.1. Let {an } N be a sequence of positive real numbers. Forn, N € N with
n,2 < N and k € Ny,

dim EX(S¥ (an)) = dim Ex () =: di(n). (1.2)
Moreover, if {an /|~ N — 1} N converges to a positive real number « as N — 00, then
lim Ax(SY(an)) = Ae(TD). (1.3)

N —o0

dp (n) o

In this case, there exist a set of homogeneous harmonic polynomials { Py, J} n

RN*1 of degree k and {Q N, ; }dk ) P (n) satisfying the following three properties:
* the restriction of { Py ; }dk(n)to SN (a) forms a basis of E} (SN (an)).

® QN,jOpn —PN,]' on SN (aN).

* {On,j}n converges to some Q; € P(n) uniformly on compact sets and strongly
in L2(T") as N — oo for each 1 < j < di(n) and {Q; }dk(") forms a basis
of Ex(I'g).

Next we consider the analogue for the first Dirichlet eigenvalue problem. For
m,i € N with i < m, let e]" denote the m-tuple consisting of zeros except for a 1
in the ith spot. Let dgn (4 be the Riemannian distance function on SN (a). We define
the open ball B ‘% in SV (a) and the open half-space V. r in R by

={z e sV (@) | dgn (g)(z, ae; +1) < ab},
wr ‘= 1x = (xi)j—; € R" | x1 > R},
respectively. Let Q = B‘% if M = SV (a),and Q = ViRit M =T7.
A real number A is called the first Dirichlet eigenvalue of —A , on 2 if there exists

a solution ¢ € C2(Q) N C%(Q) to

Ay =—A¢ inQ,

¢ >0 in Q, (1.4)

¢=0 on 02.
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The first Dirichlet eigenvalue of —A,, on 2, denoted by A(£2, (M, w)), is positive
and a solution to (1.4) is uniquely determined up to a positive constant multiple. A
solution to (1.4) is called a first positive Dirichlet eigenfunction of —A, on £2.

Let H| (Vyr+ Ve ) denote the completion of C5°(V,%) with respect to the inner
product given by

v D, vz = / S1fadyy + / (VRn f1. VRn f2)dyg
124 Vir
for f1. f2 € Cg°(VR).
Theorem 1.2. Let{ay}n, {On} N be sequences of real numbers such that ay > 0 and

On € (0, 1) for N € N. Define two functions sy, Wy on [—ay,ay] and a function
Weo on R by

2
.
sn(r)i=1——,
an
N ‘v N -1
1wur=woﬁ”-(/w@ﬁ*@),
_a
1 )
Weo(r) := e 202
0o(7) o

respectively. Let ¢y be the first positive Dirichlet eigenfunction of —Agn (4, on
B éVN on such that

an

/¢N(z)2dvolgN(aN)(z) = VOISN_l(aN)(SN_I(aN))/SN(r)g]_ldr.
BN —an
anOn

Thenforn,N € N withn,2 < N, there exists Y € Hy (VI vZ) such that

ynopl =on- {(sN\/g) oplh on Bl (1.5)

Moreover; if there exist o« > 0 and R € R such that

li an
im —— = «,
N—ooo /N — 1
lim ay cosOy = aR,
N—>o0
2 2
ay —a“(N —2)
sup ——— < 00,
NeN an

ay cosfy > aR,
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then

anOn

Jim ABY o SN(an)) = AV, T,

In this case, {Yn}N converges to the first positive Dirichlet eigenfunction Voo of
—Ayn on Vs strongly in H(}(VJ’R, vy) and

/ Voo (0)2dyl(x) = 1.

n
VaR

Let us make a few comments on related works. Aside from the difference between
the asymptotic behavior of the spectral structure on Sy and 'V +1, the study of the
relation between the limit of Sy as N — oo and the infinite-dimensional Gaussian
space has a long history, which goes back to Boltzmann and Maxwell around the
1860s in the study of the motion of gas molecules. McKean [21] gave an exposi-
tion to explain how this study is fruitful (see also [14], where the classical idea of
Lévy [19] and Wiener [27] is explained with examples in physics and control the-
ory). Its mathematical foundations are established in the 1960s. For example, Hida
and Nomoto [15] constructed an infinite-dimensional Gaussian space as the project-
ive limit space of Sy and defined a family of functions analogous to homogeneous
harmonic polynomials restricted to Sy, which forms a complete orthonormal system
in the L2-spaces on the infinite-dimensional Gaussian space. Umemura and Kono [26,
Section 4] made clear the relation between the Laplacian on Sy and that on the
infinite-dimensional Gaussian space and investigated how this relation reflects on their
eigenfunctions. Peterson and Sengupta [23, Section 5] analyzed an asymptotic beha-
vior of the Laplacian on Sy and its eigenfunctions from the algebraic viewpoint.
Compare Theorem 1.1 with [26, Proposition 5] and [23, Proposition 4.3]. Note that
the difference of eigenvalues on Sy and I'! provides an quantitative estimate of the
difference between Sy and I'! by [3, Theorem 1.2].

As for the Dirichlet eigenvalue problem, Friedland and Hayman [10, Theorem 2]
proved that the positive root vy (s) of the equation

v(v 4+ N —1) = A(By . SN (1))

with
volgw (1) (Bgh, )/ volgw 1y (SN (1)) = 5 € (0. 1)

is nonincreasing in N € N hence the limit of {vy(s)}ny as N — oo exists. This
suggests that {A(Bé\jv, SN(1))/N}y converges to A(VA, T1) as N — oo (see [6,
p. 218]). In general, the spectral convergence with respect to the pointed measured
Gromov—Hausdorff topology under the curvature-dimension condition is known (for
instance, see [1, 2, 12, 28] and the references therein). With respect to the pointed
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measured Gromov—Hausdorff topology, although {S¥ (1)} 5 diverges (see [11, Pro-
position 1.1]), {(p,]lv (Sn), |- |2, (p,IIV|SN)ﬁ0N)}N converges to ' as N — oo. This
with the metric contraction principle (see [22, Proposition 3.4]) suggests

Am(Var: Ta) = Jim An(Bg g, S" (@n)),

where m € N and A, (2, (M, ) stands for the mth Dirichlet eigenvalue of —A, on
Q. In the case n = 1, Kazukawa [17, Example 4.18] used a projection from Sy to R
different from p{v and discussed the spectral convergence on Sy in the framework of
metric measure foliation.

This paper is organized as follows. Section 2 is devoted to recalling some known
facts of Eigenvalue problems on spheres and Gaussian spaces. We prove Theorem 1.1
in Section 3 and Theorem 1.2 in Section 4, respectively. We discuss the relation
between Dirichlet eigenspaces of high-dimensional spheres and those of Gaussian
spaces in Section 5.

2. Eigenvalue problems on S¥ (a) and ry

Let us briefly recall some known facts of eigenvalue problems on SV () and T'*. We
refer to [7, Sections II.4 and I1.5] and [22, Sections 2.1 and 2.2] for more details.

2.1. Eigenvalue problem on S¥ (a)

The kth distinct eigenvalue on SV (@) is given by

k f—
V@) = Sk + N = 1) with mutdplicity (¥ T F) = (M =2,
a’ k k—2
2.1)

where we adhere to the convention that (N_ _22) (N_ _11) =0.

For a first positive Dirichlet eigenfunction ¢ of —Agn (,) on B (%, there exists a
solution ¢ € C*°([0,a0)) N C([0,ab]) to

S0+ (N — 1) OD gy “A(BY. SV (@)p(®) ind e [0.ab),
asin (¥/a)

() >0 in ¥ € [0,a0),

p(ab) =0,

(DY)
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such that ¢(z) = ¢(dgn (4)(z, aeNH)) on Ba@’ where

/ ¢(2)%d volgn (4)(2) = volgn—1 (4 (SV 7 (a)) / e(®)?sinV "1 (¥ /a) dY < oo
BN
(2.2)
holds. It follows that

M(BY,, s¥ (a)) = aizx(BgV,SN(l)).

It is known that ¢ (z) = COS(dsN(a) (z, ae *t1)/a) is a first positive Dirichlet eigen-
function of —Agw (,) on B , and A(BM/Z, S¥(a))=N/a? Hence, p(r)=cos(r/a)
solves (DV) with the case 9 = 7r/2. Notice that

z
dSN(a)(Z,aQ{V+1) = g - arccos (—1> onz = (zl)N'H SN(a) c RN+
a

2.2. Eigenvalue problem on I'}

n is also called the Ornstein—Uhlenbeck operator and is

o

The weighted Laplacian A,,
given by

Ayn f(x) = Agn f(x) — %(X,VRnf(X» for f € C*>(R") and x € R".

For K = (K;)?_, € N§ and k € N, set
n
|K|:=> Ki. Ng(k):={K eNj||K|=k}.

The kth distinct eigenvalue on I'} is given by

k —
A (TY) = 2 with multiplicity di (n) := Ng (k) = (n ]1€+ k) (2.3)

and Ey (I'?) is spanned by

{¥ = o - f[HKi @ 'x)}

plle KeNZ (k)

where Hy is the kth order Hermite polynomial of the form

k 2

r2 d r
Hi(r) = (—1)ke7drk e 7. (2.4)
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An argument similar to the first Dirichlet eigenvalue problem on a ball in a sphere
implies that, for a first Dirichlet eigenfunction ¥ of —A,» on V', there exists a first
Dirichlet eigenfu_nction hof —A,1 on V) = (R, c0) such that ¥ (x) = h(x;) on
x = (x;)7_, € Vr, where

/ P2yl (x) = / h(r2dy)(r) < oo.
aR

n
VaR

Moreover, A(V,}z. Ta) = A(V, %) holds.

3. Proof of Theorem 1.1

To prove Theorem 1.1, we analyze the composition of p and homogeneous har-
monic polynomials on RN *1. Given j € N and m € Ny, set

n 82

Aﬁ%” = (Z ax—z) s c](m) = —m, C](m) = l_[Cl(m),

i=1 i I=1

and A%n :=idgrn, Co(m) := 1.For K = (K;)7_, € Nj and x = (x;)7_, € R", set

n

K:

1K= nxi ",
i=1

where by convention 0° := 1. For ¢ € R, let [¢] be the greatest integer less than or
equal to 7.

Definition 3.1. Forn, N € N withn < N, K € Nj and a, o > 0, define

[1Kl/2]
PNk (x,y) = Z Ci(N —n)|yl5’ Adux® for (x, y) €R" x RN ="+1,
j=0
[1Kl/2] o
ONpn.Ka(x) 1= Z Ci(N —n)(a® - |x|§)’ A]{MXK for x eR",
j=0
[k/2] 2

On.k:a(X) :=Z(_1)j2jj'A]{gnxK for x e R".

Jj=0

We easily check that Py, g is a homogeneous polynomial on RN *1of degree
|K| and ONpn.Ka> On.k;a € P(n). All of

{PNnk}keNt(k): {ONnKalkenik), {On.KiatkeNik)
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are linearly independent. It turns out that
ONn.K;a © p,l,v = Pyn,xk on SN(a).

Lemma 3.2. For n, N € N with n,2 < N and k € Ny, let P be a homogeneous
harmonic polynomial on RN*1 of degree k. Then P lsv (@) € Ef (SN(a)) if and only
if there exists bx € R for each K € N{ (k) such that P is decomposed as

P =Y bgPynx onRNTL
KeN (k)

Proof. Let P be a homogeneous harmonic polynomial on RV +1 of degree k.
If Plgnq) € E} (SN (a)), then P satisfies

P(x’ y) = P(x, |y|2e{v_n+l) = P(x’_|y|ze{V—n+l)

for (x,y) € S¥(a) ¢ R” x R¥N=+1 This implies that there exists a homogeneous
polynomial Qx_,; on R" of degree k — 2 for each 0 < j < [k/2] such that

[k/2]
P(x.y) = Y |yl Qr—aj(x) for(x.y) e R" x RN+
j=0

(compare with [23, Proposition 3.10]). Since P is harmonic, we find that

0= Agr~n+1P(x,y)
[k/2] . .
= ) {(Agv-nt1]y)) Qu2j(x) + |¥[5’ Arn Qr—2j (x)}
j=0
[k/2] it S
= > 2j(N =n+2j = DYV Q2 () + 1913 Arn Qu2j ()}
j=0
[k/2] 1 o)
= Arn Qk—a(i— —— Ok J=
;{ R Qi-2(i-)() = s Ok (MY
k
+ [y ¥ Agn O apie /2y (%)
[k/2]
= Y {Arr Qra—1)(¥) —

j=1

; . 2(j-1)
SN —m) 22 My 3.1)

which implies that

OQk—2j(x) = ¢;j(N —n)Arn Qg—a(j-1)(x)
= o= Cj(N = n)Ag, Qx(x) for 1 < j < [k/2].
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Thus, there exists bx € R for each K € N (k) such that

[k/2]

Pe.y) =3 GV =myB Ak (3 bkx®) =3 b Prx(x. ).
j=0

KeNZ (k) KeNg (k)

Conversely, we observe from (3.1) that Py, g is harmonic for each K € N (k). This
complete the proof of the lemma. ]

Proof of Theorem 1.1. The relation (1.2) follows from Lemma 3.2 and (1.3) follows
from (2.1) together with (2.3), respectively.

Fix K € N (k). We prove that {Q y,»,k;ay } N cOnverges to O, ;o uniformly on
compact sets and strongly in L?(T?) as N — oo together with Qp k:q € Ex(T'7).
For 0 < j <[k/2], define gy,; € P(n) and ¢; € R by

2j

: o
qn,j(x) := C;j(N —n)(ay — Ix[3), g :== (1)’ 2T

respectively. Then

[k/2] [k/2]
ONn.Kay (X) = Z qN,j(x)AﬁvxK, On.k:a(x)= Z qu]{x,,xK for x € R”.
Jj=0 j=0

Notice that gy 0 = 1 on R” and go = 1. For 1 < j < [k/2] and x € R", we see that

2

)= (- 1)11'[ i1 B 1)JH <
an.j Laiv - n+2l—1) 2 ~ U

Moreover, {gn,;}n converges to ¢; uniformly on compact sets as N — oo, which
implies that {Onx,k:ay N converges to O, ko uniformly on compact sets as
N — oo. We see that {gn,; } v is dominated by @/ (1 + |x|3)/ hence {OQN.n,K:an } N
is dominated by a certain polynomial on R”. Since any polynomials on R” belongs to
L*(T'"), the dominated convergence theorem implies that {Q N.n k:q, }N CONverges
to Qn ko strongly in L2(T?) as N — oo.

A direct computation gives

Ay Onkial) = Mg O Kia(¥) = (%, Vi O Kia()

[k/2] " [k/2] q;
— E : J K }: J K
= 4 q]'ARn X — L az(x VRnAR,,x )
j=

We find that A][éf,{z]HxK:O. Since Af{n xX is a linear combination of {x” }reNg (k—2)
and (x, Vrnx”?) = |J|x7 holds for J € N, it turns out that

(x, VRnARnx) (k — 2])ARnx
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and consequently

[k/2]—- [k/2]
Ayr On.ka(X) = Z CIJA]{J;IXK Z _(k ZJ)ARnX
j—O
[k/2
qok
[k/2]
— _ quA] _ MAO K
= o2 o2 R X
j=1

k
= _EQn,K;a(x)
Thus, On, k.o € Ex(I'}) and the proof is complete. ]

Remark 3.3. Notice that {Qn . k.qy )~ does not converge to Qp k.o uniformly
on R”. Indeed, if we take n = 1,k = 2,1 =2anday = N /2, then

N —x?
ON12:vw(X) = x* - N Q121(x) =x*—1,

sup |Q y 1 2.y (X) — Q121 (x)| = 00
x€R

For (M, i) = (S¥ (a), volgn (4)) and I'y, it is well known that all eigenfunctions
of —A,, on M forms an orthogonal system in L?(M, ). We denote by (-, VL2(M. )
and || - lL2¢pr,,) the L2-inner product and L?-norm on (M, 1), respectively. Let
E"(S™ (a)) be the direct sum of E} (SN (a)) overk € Ny and E*(S™ (a))* its ortho-
gonal complement in L2(S¥ (a)). The linear space E” (S (a)) is spanned by

{PN.nKlsN @) geny -
Set D7 :={x e R" | |x|2 < a}. We denote by 14 the indicator function of a set A.

Definition 3.4. Let {ay}n be a sequence of positive real numbers such that the
sequence {ay/~/ N — 1}y converges to a positive real number o as N — oo. We
define a function wq .« on R” by

2. N—n—1 Ix ‘2

waN,a(X)3=( _a—2> ’ (2”0‘2)292‘*2110'1 (x).

For Fy € E"(SN (ay)), define a function fy on R” by

SN (xX) == Fn(x,\/a — |x|§e{v_"+l)a/wal\,,a.

We call fn the horizontal part of Fy.
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It is easy to see that the horizontal part of Py k[N (4y) 18 ONn.Kiay v/ @Pay -

Lemma 3.5. Let {an}n be a sequence of positive real numbers such that the se-
quence {ay /v N — 1} converges to a positive real number a as N — 00. Assume
n < N. For Fy € E"(SN (an)) and its horizontal part fy, it follows that

2
” Fn ||L2(SN(aN))
VOlsN—n(aN)(SN_n(aN))

| /v ”22([‘3) =

Proof. Set
= [0, 7]V~ x [0, 27]
and define
¢=(£1n):0 - SY(1) cR* x RN F!
by

cos 0 ifi =1,

i—1
o), = (J]:[1 sinf ) cos; if2<i <N,
N

[[sin6; ifi =N +1.
=1

Moreover, put

f(x):= Fy(x, me{\[ nt1)

for x € Dy, . Then the change of variables yields

[ Fn ”iZ(SN(aN))
N—

a¥ [ Fviant©)? (1‘[ o ) de

® =

N—-1
= aly / f(aNg(e))z(]_[ sinV ei)de
® i=1

N—n—1

N-1 7%
zzn(_]_[ /sinN—" 0d9)-a%_”/f(x)2(l—%> > dx
i=n+1 0 DgN

= VOlSN—n(aN)(SN_n(aN))/fN(x)zdyg(x)'
R”

This concludes the proof of the lemma. ]
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As a corollary of Theorem 1.1, we show the L2-strong convergence of the heat
flow and the Mosco convergence of the Cheeger energy. These convergences with
respect to the pointed measured Gromov—Hausdorff topology under the curvature-
dimension condition are known. For example, see [1, Theorem 1.5.4], [12, Theor-
ems 6.8 and 6.11], [17, Theorem 1.1], and also [2, Theorem 3.4 and Proposition 3.9]
and [28, Theorem 3.8]. The results are concerned with the asymptotic behaviors of
Laplacians. It should be mentioned that, for each k € N, Peterson and Sengputa [23,
Proposition 5.4] proved the convergence of Agy ( /y—7 to the Hermite operator as
N — oo on the space of homogeneous polynomials of degree at most k, and that the
projection of the Hermite operator onto the first n-coordinates is Apn (see also [206,
Proposition 3]).

Corollary 3.6. Let {an}n be a sequence of positive real numbers such that the
sequence {an [/~ N — 1}y converges to a positive real number a as N — oo. Let
Un:[0,00) x S¥(ay) — R denote the solution to the heat equation

d

5U = AgN U in (0,00) x SN (an),

U@, = Fn in SN (a).

where Fy € E"(SN(ay)). Then Uy (t,-) € E"(SY (an)) for anyt > 0.

Let fn and un(-,t) be the horizontal part of Fn and Un(t, ), respectively. If
{fN}N converges to foo weakly in L*(T") as N — oo, then {un(t,-)}n converges
10 Uxo(t, ) strongly in L>(T) as N — oo for each t > 0 and {uoo(t,)}r>0 solves
the heat equation

0
Fride Aynuin (0, 00) x R",

u0,) = foo inR".

(3.2)

Proof. Let {¢n .k }ken be an orthonormal system in L2(S¥ (ay)) such that each ¢ &
is an eigenfunction of eigenvalue Ay and either ¢y € E"(SY(ay)) or ¢y €
E"(SN (ay))* holds. It is well known that Uy (¢, z) is given by

Un(t.z) = Z e IANE (Fy, AN L2(SN (an)) PN (2)-
keN

For instance, see [7, Section VI.1]. We deduce from
(FN. N 12N @yy =0 for gy € E"(SY (an))*

that Uy (¢,-) € E"(S" (ay)) holds for any ¢ > 0.
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Without loss of generality, we may assume that, for each ¢y € E*(SV (an)),
there exists K € N{ such that

PN,k lsN @y)

ONk = '
” PN,n,K|SN(aN) ||L2(SN(aN))

We shall abbreviate Py n k |s¥ (45) Y PN.n,x When there is no possibility of confu-
sion. We see that

(FN.PNu,K)12(sN
fv = Z n (SN (an))

2
geng N1PNn& 728 @)

ONn.Kiay v/ Pay a:

un(t,) = Yot any T IV isvann o e
Keny 1PN K L2(sN @n)

Similarly, for fo and a solution u to (3.2), it turns out that

foo(x) = Z (foos Qn,K;a)LZ(l"{}[) Qn,K;oca

2
KeN! ” Qn,K;tx ”LZ(pg)

u(t,x) = Z e—t/'\‘K‘(l"g) (foo’ Qn,K;oc)Lz(Fg) 0

2
KeN? ||Qn,K;oc||L2(rg)

n,K;o-

For instance, see [4, Theorem 1.4.4]. As well as the proof of Lemma 3.5, we find that

| PN, ”iZ(SN @an))
Volgn—n () (SN (an))’
(FN. PNy, K)L2(SN (an))
Volgn—n g,y (SN (an))’

2
1ONn.Kan (X)V@ay.alp2n =

(N, ONn.Kay A/ a)ﬂNﬂ)Lz(F&‘) =

forn < N. It follows from the inequality 1 —p < e ” on p € R that

2

(1 B ;_22)1\/_2"—1 5 exp(—;_zz ) %) < exp(—4i7) onr € (—an,an)
N N
(3.3)

for large enough N € N. Then
{(277052)_% QN,n,K;aN i waN,a}N

is dominated by the product of exp(|x|?/8c?) and a certain polynomial on R”, where
the product belongs to L?(T'?), hence the sequence converges to Qp ko Strongly
in L2(I'") as N — oo by the dominated convergence theorem. This with the weak
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convergence of { fy }x in L?(T'?) yields

2 . 2\ —24 2
”Qn,K;tX”LZ(pg) = ngnoo Cra”)" 3 ONn Kay \/a)aN,Ot“L2(1"g(l)

” PN’”’K”iz(SN(aN))

m ;
N—o0 VOISN(aN)(SN((lN))
(foo> Qn,K;a)LZ(I‘g) = A}i_f)noo(fN7 (271'052)_Z ONn.Kian \/waN,a)L2(I‘3)

2 Fy, P
=(2na2)zth (FNs PN, K)L2(SN (an))

, 3.4
—>00 VOlsN(aN)(SN(aN))

where we used the Stirling’s approximation to have

VOISN(aN)(SN(aN)) N—

o) n
2ra?)z,
VOISN—n(aN)(SN_n((lN)) ( )

The monotonicity of the L?-energy along the heat flow (see [7, Proposition VI.1.1])
provides

” Un ([’ .)”iz(SN(aN))

sup [un (6, )72y = sup
NeN LT ™ yen VOlgN - () (S¥ T (an)

” Fn ”iZ(SN(aN))

< sup - = sup || fnll72pn < 00
NeN VOlsn—n (g )(SN"(an))  wneN L2rg)

Then the Banach—Alaoglu theorem implies that there exists a subsequence of the se-
quence {uny (,-)}n, still denoted by {un (z,-)}n, converging weakly in L2(T'"). We
denote by u (%, -) the limit. We apply the strong convergence of

_n
{(27‘[0!2) Y ONn,Kan waN,a}N
again to have

(Uoo(t,"), On,k;0) 2Ty = Nli_I?OO(MN(L ), Q®) "4 ONn Ky v/ Pay @) 12T

SN @n) (FN’ PN,n,K)LZ(SN(aN))
Volgn (4 ) (SN (an))

=2na®)? lim e "MixI(
N —o0

= MKITD (£ On,K;a)L2(T2)

=(u(t."), On.K:a)12(T2)>

which leads to u(,-) = u(t,-). Thus, {un (¢, )}n converges to u(z,-) weakly in
L*>(T") as N — oo foreacht > 0.
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For N € N and k € Ny, set

(FN, PN,n,K)iZ(SN(aN))

’

N
Byi(t) := e 2tAk (ST (an))
Z VOISN—n(aN)(SN—n(aN)) . ”PN"”K”iZ(SN(gN))

KeN/ |K|<k
2
B (1) := Ze‘mlm(ra’) (foo. On K)o
= . .
KeN[,|K|<k ”Q"’K“"”U(I‘g)

By (3.4) and Theorem 1.1, we see that By x(f) — By (t) as N — oo and

sup By y(t) < sup lim By(r) = sup lun(t, )72
NeN,keNg NeN k—o0 NeN o

< sup [| /¥l 2pny < 00
ey L2(T%)
It follows from Dirichlet’s test that
| lim Bwm(t) — Br(t)| — | Bk (1) — By i ()]
m—>00

< | lim Bym(t) — Byi(1)]

<2 sup ||fm||L2(Fg)e_2f/'\k+l(SN(aN))'

meN
Fort > 0, letting N — oo first and then k — oo leads to
. 2 _ . . _ . _ . 2
ngnoo ”uN(tv')”LZ(Fg) = j\l'lgnoomh—{noo BN,m(t) - kligolo Bk(t) - ||u(t7 )”LZ([‘g)’

which is the equivalent to the strong convergence of {uy (z,-)}n to u(z,) in L2(T?)
as N — oo. This completes the proof of the corollary. ]

Aswellas Hy (VI y2), we define H 1(M, 11) as the completion of C$®(M) with
respect to the inner product given by

i )it ot = / fifadpt + / (Yot o Vg f)dpe for fu. fo € CE2(M).
M

M

For f € HY(M, i), we write |V f|a := g(Var f. Vs f)'/2. By [4, Proposition 1.5.4],

(f2 On.K:0) 72
H'(I") = {f c Lz(rg;)( 3 Ay (M) ) oo}
KEN{)' ” Qn,K;Ol ”LZ(Fg)
Similarly, we see that
H' (SN (an)) N E*(SN (an))

(FN7 PN,n,K)iz(SN(aN))

= {Fv e BV @) | DAk @n)

v P )
KeN? ” N!”!K”LZ(SN(aN))
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For f € HY(I'") and Fy € H (SM (an)) N E"(SY (ay)), we find that

(fv Qn,K;a)22 n
[ 1V tanart = ¥ diry L)

2
e KeN! ”Qn,K;Ol”LZ(Fn)

s

( N> PNn K)LZ(SN(aN))

/|VFN|SN( ydVOIsN (4) => xSV (an)) P E
SN an) KeNy N KlL2(sN (an))

(3.5)
Corollary 3.7. Let {an}n be a sequence of positive real numbers such that the se-

quence {ay/~'N — 1}y converges to a positive real number a as N — oo. Define
the Cheeger energy Chy on H'(SN (ay)) N E"(SV (ay)) by

1

Chy(Fy) =
v (Fx) VOlgN—n (g ) (SN " (an))

/|VFN|§N(aN)dV01SN(aN)'
sN(an)

For Fy € H' (SN (ay)) N E*(SY (an)) and its horizontal part fv, if { fv}nN con-
verges to foo weakly in L*>(T") as N — oo, then

/|Vfw|§ndyg < llivminfChN(FN). (3.6)
—00
Rﬂ
Conversely, for f € HY(T?), there exists FN eH (SN(aN)) N E"(SY (an)) such

that the sequence of the horizontal parts of Fy converges to f strongly in L*>(T'") as
N — oo and

/ IV f12,dy! = lim Chy(Fy). (3.7)
N —o00
Rl’l

Proof. By Theorem 1.1, Ag|(S¥ (an)) — Ak (T?) as N — co. Moreover, if { fi } n
converges to fo, weakly in L?(I'?) as N — oo, then (3.4) holds. These and (3.5) with
Fatou’s lemma provide (3.6).

Conversely, for f € H'(I'™), we can choose Fy € H (SN (ayn)) N E"(SV (a))
as

~ a? (ﬁ Qn,K;oc)iz rn
Fy = lenN—n SN—n N . Ty
N E VOlgN = (g )( (an)) KN 1 a2
KeNg

o)
. PNn kSN (ap)
| PNn.kllL2(SN (an)) '

In this case, the sequence of the horizontal parts of Fy converges to f strongly in
L?(T'") as N — oo and (3.7) holds. This completes the proof of the corollary. ]
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4. Proof of Theorem 1.2

We begin with two lemmas concerning boundedness. Notice that Stirling’s approxim-
ation yields
ay

N— N—
SN(V)%_ldr—o% 2ma  and wN(r)—oo>woo(r) for each r € R.

—an
Lemma 4.1. Let {an}n be a sequence of positive real numbers such that the se-

quence{an/~/N — 1}n converges to a positive real number o as N —oo. For N €N,

set
wy (1) . a%v —a?(N =2)

re(—ay,ayn) Woo(r) an

wWN =

Then {wn} N is bounded if and only if { Ay } N is bounded from above.

Proof. Forr € (—ay,an), we compute

d wy (r) (N=2r r r R , .
dr = — =————{ay —*(N —2)—r?}.
dr woo(r) a%v — 72 + o2 0‘2(“12\7 _ 7’2) {aN o ( ) r }

In the case of a% — a? (N —2) < 0, we see that

0 T -
wWN = wx () = ( /SN(r)g]_ldr) N2ra Nz,
Weo(0)
—an

Thus, if all N € N except a finite number satisfy a3, — «? (N —2) <0, then {wy }n
is bounded and {4y} 5 is bounded from above.

Assume that a3, — a? (N —2) > 0, that is, Ay > 0 for infinitely many N € N.
For such N with N > 2, we set

N o= \/alzv —a2 (N —2) = anAp.

Then we find that ry < ay and

_ wn(OnN) _ wN(=TN)
Woo(rn) — Woo(—rN)’
wy(ry) wy (0) N ra ra
lo o) 1 0oa(0) + (3 - 1) log(l - —2)

—tog 20O (3 ) fog(1- ) 4 A,
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Since fi(s) := log(1 — s) is strictly concave on (—o0, 1) and f1(0) =0, f{(0) = —
it turns out that

0 N 2
wy (ry) ~log wn(©) _ ( l)fl(r—;f’)
Woo(rN) Woo(0) 12 a3
N r2 r2 A2
(o xy v AN
<=5 )ag, 207 202

log

On the other hand, if we set

fo(s) := log(1 —s) + IL_S fors € (<2, 1),

then
, B s 1+s " 2(2 4 5)
fZ(s)_(l——s)Z’ 5 (5) = W 2 (8) = (1—s)* >0,
consequently,
wy(ry)  wn(©) (N Ty
o~ — (77 ) 12v)
N 1 rN _ 2
(GG -2

Thus, {wy}n is bounded if and only if {Ay}x is bounded from above. This com-
pletes the proof of the lemma. [

Lemma 4.2. Let {ay }n, {ON}N be sequences of real numbers so that ay > 0 and
Oy € (0,7) for N € N. If there exist o > 0 and R € R such that

= «, lim ap cosOy = aR,
N—oo /N — 1 N —o00

then

sup A(BY . SN (ay)) < .

anb
NeN NOUN®

Proof. Assume n,2 < N. We see that

On

sinV ! 646 an
) VOISN(I)(BéV )

anOn’ _ N — 0 = /w rydr.
Volgv @) S (an))  volgn y SV (D) % ~(r)

VOISN(LIN) (B

sinN_l 0d6 apn cos Oy

=}
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By an argument similar to (3.3) with Stirling’s approximation, we find that

_r2
e 42 onr €R.

wN(r)ﬂ(aNCOSGN,aN)(r) = ﬁa

Then the dominated convergence theorem yields

Nooy)
im anbn
N—o0 VOISN(aN)(SN(aN))

volgn (B
S (aN) — V;((XR,OO) € (Os 1)'

Let 0y € (0, ) satisfy

N N
VolsVian) (Bgygy ) Volsv By ) yl(aR, o)
volgn (4 ) (SN (an))  volgn (1) (SV (1)) 2

Then, for all N € N except a finite number, we see that Oy > 91/\, hence

anOn

1
A(B) ,SN<aN))5A<B§N%,SN<aN))=guBéZV,SN(l)) (4.1)

by the domain monotonicity of eigenvalues (see [7, Section 1.5]). Since the right-
hand side in (4.1) is bounded by the monotonicity due to Friedland and Hayman [10,
Theorem 2] as mentioned in the introduction, this concludes the proof of the lemma.

]

Proof of Theorem 1.2. Set

An = ABY . SN(aw)), Iy :=(ancosOn.ay), I :=(aR,o0).

anOn

Then Iy C I for any N € N by the assumption. Notice that the density of y} with
respect to the one-dimensional Lebesgue measure is Weo.
For a nontrivial solution ¢y to (DV) for (a, ) = (ay, Oy ), define

hy € C®(Iy) N C(Iy)

by
hn(r) == onN (aN ~arcc0s(L)).

an
A direct computation provides

Lyhy = —Anhpy in Iy,
hy >0 in (ay cosOy,an],

hN(aN COSQN) = 0,
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where Ly: C®(Iy) — C*®(Iy) is defined for f € C*°(Iy) by

Ly f() = sy () 1" () = L 7).
ay

We can assume that

anOn an —
I{ hy (r)*wy (r)dr = O/QON(O)2 sinN_l(%)dG . (_ZVSN(r)g_ldr) 1 =1

without loss of generality by (2.2). We see that the first positive Dirichlet eigenfunc-

tion ¢y (2) := @n (dgnN (45 (2, aNe *1)) of — —AgN (g,) ON B  satisfies

/¢N(z) dvolgn (4,,)(2) = volgn— 1(aN)(SN 1(aN))/sN(r)z

—an

BHN (%

An integration by parts leads to

AN = )LN/hN(r)sz(r)dr = —/(LNhN(r))hN(r)wN(r)dr
= /h?v(r)zsN(r)wN(r)dr.

Thus, we find that

f (2 eyl = 1,
woo(r)

/hgv(r)% (r) NE; Iy (Ndyi(r) = An.

Moreover, an integration by parts yields

/ rth(r)sz(r)dr

In
2

N

In

rhy (r)? (sw (rww (r)) dr

2
_ 9y / hN<r)2sN<r)wN<r)dr+2T / Py (M (F)s (P (F)dr

Iy Iy
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az 1 2a;; /
2 [ e roneiar + 52 [y ey oy edr

IA

N
Iy
2
ay 2aNAN l 5 5
<= (1 i )+ > [ P wn (),
Iy

where we used Young’s inequality in the first inequality. This ensures that

/ r2hy ()2wN E) 1 (PdyL(r) = / P2hy (r) 2wy (r)dr

Woo(T)
1 In
241]2V 2a12\,)kN
=5 1+ =)

Since {Ay }n is bounded by Lemma 4.2, by the Banach—Alaoglu theorem, there exist
a subsequence {N(m)}m of {N}n, hoo, hoo € L*(I,y}) and A € R such that

/ WN(m)
N(m) SNm)—— o HIN(m)

weakly in L?(1,y)) and Ayem) — A as m — oo. We see that hs is nonnegative

almost everywhere in /. For r € I, we calculate that

(hN<r)sN<r) ng))

= iy (s )| T+ D) [0

This with the boundedness of

sup /sy (r) < oo,

NeN

1
sup sup ‘(—ZSN(V) -—
NeNrely o a

h WN(m) 1 ! l:'l' . 2 1
N(m)SN(m) T INem — hoo weakly in L°(1, y,)
[e.e]

implies that
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as m — oo. By the compact Sobolev embedding on T} (see [16, Theorem 3.1] and
also [8, Section 6]), we can extract a subsequence, still denoted by {N(m)},,, such
that

[w
hNGm)SN(m) %ﬂlmm — hoo weakly in Hy (I, ,) and strongly in L*(1, y‘i)
[e.e]

as m — oo, where hgo = l;oo. Moreover, we find that

[w
hN(m) %111\,@”)(1 — SN(m)) — 0 strongly in L3(I,y))asm — oo
o0

and hence

/ heo(r)?dyl(r) = 1. (4.2)
I

For f € H}(I,yl), we observe from Lemma 4.1 that { /" /sy Wy /Wools, } N cOn-
verges to f’ strongly in L?(1,y}) as N — oo and compute

[ roarie)
7
= Jim [ Ry ()snon (1) £/ () wnem (1) dr
InGm)
. 1 Nr /
= — lim_ /(SN(m)(r)hN(m)(r) — 3 N(m)(r))f(r)wN(m)(”)d”
Inom N(m)
= lim_ /AN(m)hN(m)f(r)wN(m)(V)dV
INGm)
! / hioo(1) £y (),
7

which ensures that /i, is a weak solution to the Dirichlet eigenvalue problem of
—Ayolt on /. By the elliptic regularity theory (see [13, Theorem 7.10 and Corol-
lary 8.11] for instance), i is a Dirichlet eigenfunction of —A,1 on I of eigen-
value A. Since s is nonnegative on /, h is a first positive Dirichlet eigenfunction
and hence A = A(1,y}) = AV s, ve). Thus, {Ay}n converges to A(V . Vy) as
N — oo. Moreover, it follows from (4.2) that {An sy v/ WN/Weol1, } ¥ converges to
heo strongly in H} (1, y}) as N — oo.
If we define

wy (x1)
Woo(X1)

YN (x) := hn(x1)sn(x1) Iy (x1),  Yoo(X) := hoo(x1),
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forx = (x;)7_, € V‘;’R, then Yy, Voo € Hy (V. v2) and {{/y}§ converges to Yoo
strongly in Hg (V" R+ Ve )- Moreover, Yy satisfies (1.5) and ¥ is the first positive
Dirichlet eigenfunction Yo, of —A,» on V, satisfying

[ Voo 02yl (x) = / hoo(P)2dyl(r) = 1.

n
Voz R

Thus, the proof is complete. ]

5. Projection of Dirichlet eigenspace on high-dimensional sphere

We briefly recall some facts of the Dirichlet eigenvalue problem on a ball in a sphere.
See [7, Sections II.5 and XII.5] for details.

The Dirichlet eigenvalue problem on BY, 2o N S¥ (a) is reduced to a Sturm-Liou-
ville problem of the form

cos(d/a) ) = —(x (SN

(p//(ﬁ) + (N — l)a sin(z?/a)go a2 sinz(ﬂ/a)

)o@ in0.a0),
p(abd) =0,
DY)
for some k € Ny. The collection of A € R for which there exists a nontrivial solution
@ € C2([0,a6)) N C([0,ab]) to (DY) consists of a sequence

0 < 21BN, SN (@) < Ara(BY,, SN (@) < --- < A (BN, SN (a)) < -+ 1 o0,

and Ag, j( 20 S¥(a)) determines a one-dimensional linear space of solutions for
each j € N. The set of Dirichlet eigenvalues on Ba9 is given by

k. (B SV (@)}

keNg,jeN

Let (r, #) denote polar geodesic coordinates about aeN *1in SV (a), that is,

Ny
(r(2).0(2)) := (dSN(a)(Z,ae{VH), %)

on
z= ()N, e SN(a)\ {Faelt1}.

Given a solution @y  ; to (DN) for A = Ay ](Baa, S¥(a)) and ® € Ex(SVN71(1)),

define a function ¢ ;(P;-) onz € B o\ {ae{VH} by

PNk, j (P:2) = QN k,j (1 (2))P(0(2)). (5.1
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The function ¢k, ;(P;-) can be extended to z = ae{v *1 smoothly and becomes
a Dirichlet eigenfunction on B‘% of eigenvalue Ag (B‘%, SN (a)). Let Ex ; (B(%,
S¥ (a)) denote the linear space of all Dirichlet eigenfunctions dNk,j(P;-) on Bé\g
of eigenvalue Ax_; (B L%, S¥ (a)) given by the form (5.1). Then the linear space of all

Dirichlet eigenfunctions on B L% coincides with
N N
P Ex.; (B S¥ (a)).
keNp,jeN

Notice that
dim Ex (BN, SV (a)) = dim Ex(SV1(1)).

A similar argument implies that the Dirichlet eigenvalue problem on V% in Iy is
reduced to a Sturm-Liouville problem of the form

k .
A,ih = —(A - E)h in (@R, 00),
h(aR) = 0,

(Be)

for some k € Ny. The collection of A € R for which there exists a nontrivial solution
h € C?((aR, 00)) N C([aR, 00)) to (P) consists of a sequence

0 <A 1(Vyr Ty) < Akpo(Vog Ty) <+ < Ak, j(Vyr.Tg) < -+ 1 o0,

and Ay, ;j(V)s. T'y) determines a one-dimensional linear space of solutions for each
J € N. The set of Dirichlet eigenvalues on V' is given by

s (ViR T}

keNg,jeN

Given a solution Ay ; to (Pg) for A = Ag ; (Vs T'y) and K = (K;)?_, € N(’)‘_l(k),
define a function ¥g, j on x = (x;)7_; € @ by

hie.; (x) ifn =1,

Vk,j(x) = (5.2)

n
hi,j(x1) 1_[ Hg, (¢ 'x;) ifn>2,

=2

where Hy, is the kth order Hermite polynomial given by (2.4). Then vk ; is a Dirichlet
eigenfunction on V', of eigenvalue Ag ;j(V)'s, I'y). Let Ex ;j(V)p, ') denote the
linear space of all Dirichlet eigenfunctions Yk ; on V', of eigenvalue Ag ; (V. T'gy)
given by the form (5.2). Then the linear space of all Dirichlet eigenfunctions on V',
coincides with

DB E.; (ViR T

keNp,jeN
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Notice that
dim Ek’j( JIR, FZ) = dk(l’l - 1),
where we set di (0) := 1.

Let @ = BN if M = SN(a), and Q = V% if M = I'Z. The first Dirichlet
eigenvalue A(2, (M, p)) is Ao,1(2, (M, ) and the multiplicity of A(S2, (M, 1))
is 1. However, Ax ; (2, (M, n)) = Ay j7(2, (M, 1)) may happen for distinct pairs
(k,j),(k’,j") € Ng x N.

As a counterpart of £}/ (SN (a)), we define

E} /(B2 SN (a))

{¢ c E, ](Bae’ SN (a)) ¢ = ¢nk,;(P;-) defined in (5.1) such that }

$(x,y) = ¢(x,|yl2el "1 on (x,y) € BY,
By the definition and Lemma 3.2, we immediately find the following.

Proposition 5.1. Fix N, j e N with 2 < N, k € Ng, a > 0 and 0 € (O 7). Let
ONk,j(P:+) be a Dirichlet eigenfunction on B(% of eigenvalue Ak,j( 20 S¥(a))
defined in (5.1).

The linear space E1 (B‘%, SN (a)) is nontrivial if and only if k = 0, where
Eé’ (BN e SN (a)) is spanned by

{Pn.0,; (HSN—l(l); 0}

and hence dim Eé’ (BN 20 SN(a)) = 1.

Forn e Nwith2 <n <N, E" (Baa, S¥(a)) is spanned by

{¢N,k,j(P|SN—1(1)2')}PeElff—l(SN—l(l))-
In the sequel, dim E}} (Bae, SN (a)) = di(n —1).
Givenn, N e Nwith2 <n <N and K € N{)’_l, define Ry k.0 € P(n) by

[IKl/2]

Rymka(x1.X) = Y (@ =[x} C;(N —n)A],  x'*
j=0

for x = (x1,x) € R x R"~!. Then, for z = (x,y) € BN \ {ae} T'} C R* x RN-7+1,
it turns out that

PN—I,n—l,K(G(Z)) = (a _xl) RNn Ka(x)
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and hence

N, k1,j (PN-1.n—1.K|sN-1(1); Z)
= on,k),; (r(2)) PN—1,n-1,k(0(2))

X1 _ 1Kl
= ON,|K|,j (a . a.rccos(;)) . (a2 - x%) 2 RN K;a(X).

To establish a counterpart of Theorem 1.2 for higher Dirichlet eigenvalues and their
eigenfunctions, we may need a uniform estimate of Ay ; (Bé\jv on° S¥(ay)) with
respect to N € N as well as Lemma 4.2 and a detailed analysis of Ax ; (V5. [a)-
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