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On inverse problems arising in fractional elasticity
LiLi

Abstract. We first formulate an inverse problem for a linear fractional Lamé system. We
determine the Lamé parameters from exterior partial measurements of the Dirichlet-to-Neumann
map. We further study an inverse obstacle problem as well as an inverse problem for a nonlinear
fractional Lamé system. Our arguments are based on the unique continuation property for the
fractional operator as well as the associated Runge approximation property.

1. Introduction

The classical Lamé operator L, , for a three-dimensional isotropic elastic body is
given by

3 3
(Lagwi =Y 0iQuj )+ >0 (uui; +up) (1<i<3)
j=1 j=1

where u; denotes the i-th component of the vector-valued displacement function u
and u; ;j := dju;. The associated inverse problem has been studied in [8,21] where
the authors considered the Dirichlet problem

Ly,u=0inQ, u=gondQ.

They determined the variable Lamé parameters A, i from the Dirichlet-to-Neumann
(displacement-to-traction) map

3 3
(AQ)i ==Y (Auj v + > puluij +uji)v; (1<i <3)

j=1 j=1
where v is the unit outer normal to d€2 under certain assumptions on A, (.

In this paper, we study a fractional analogue of L, , and its associated inverse
problems.
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First we recall that the classical elastic model is based on the constitutive relation
3
Oij = Zcijklekl

k,l=1

where the fourth-order elastic stiffness tensor is
Cijkl = )k(gij(gkl + /L((gik(gjl + Silfgjk)v

the linearized strain tensor is

1

eij 1= 5 (i j +uji)

and o;; denotes the stress tensor. Here §;; is the standard Kronecker delta.
Recently, the theory of nonlocal elasticity has attracted much attention. The integ-
ral linear constitutive relation

3
Oij = Zcijkl(K * ex])
k=1

has been introduced to describe complex materials characterized by nonlocality. Then
the fractional Taylor series approximation for the Fourier transform of the interaction
kernel K, which is given by

(FK)(ED) ~ (FK)(O0) + 5[ (0<s5<1)
leads to the definition of the fractional Lamé operator
L:=Ljy,+ (—A)° Ly, (1)

See [25] and the references there for more background information. In [25], A, u are
constants proportional to the constants Ag, (o but in this paper we allow A, u to be
variable functions.

We consider the exterior Dirichlet problem

Lu=0inQ, u=ginQ, )

where Q2 is a bounded Lipschitz domain and Q. :=R?3 \ Q. Under appropriate assump-
tions on Ag, lo, A, 4, we can show its well-posedness so we will be able to define the
associated Dirichlet-to-Neumann map A, which is formally given by

Ag = (_A)SL/’L(),M()ungg' (3)

Our goal here is to determine both A and u from exterior partial measurements of A.
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We remark that our problem can be viewed as a variant of the fractional Calderén
problem first introduced in [12] where the authors considered the exterior Dirichlet
problem

(A +qu=0inQ, u=ginS,

and they proved the fundamental uniqueness theorem that the potential ¢ in 2 can be
determined from exterior partial measurements of the map

Ag: g = (—A)’uglq,.

It has been shown that the knowledge of A, g is equivalent to the knowledge of the
nonlocal Neumann derivative of u, (see [12] for more details). Hence, our problem
can also be viewed as a nonlocal analogue of the inverse problem for the classical
Lamé system.

We mention that inverse problems for fractional operators have been extensively
studied so far. See [24] for low regularity and stability results for the fractional Calde-
ron problem. See [11] for reconstruction and single measurement results for the frac-
tional Calderén problem. See [10] for inverse problems for variable coefficients frac-
tional elliptic operators. See [2, 6] for inverse problems for fractional Schrodinger
operators with local and non-local perturbations. See [5, 15, 17] for inverse problems
for fractional magnetic operators. See [14, 18, 19] for inverse problems for fractional
parabolic operators.

The following theorem is our first main result in this paper.

Theorem 1.1. Let 0 < s < 1. Suppose the constants Ay, [Lo satisfy Lo > 0 and Ay +
o >0.Let 0 <A 1) e CH(Q) and let W; C Q. be nonempty and open(j =1,2).
Let AY) be the Dirichlet-to-Neumann map associated with (2) when A, (i are replaced
by A 1D in (1). Suppose

ADgly, = ADgly,
orall g € C>®(Wy). Then A0 =@ O =@ Q.
geCs = p

We remark that our problem provides an example which suggests that the inverse
problem for the fractional operator is more manageable than its classical counterpart.

Recall that to solve the classical inverse problem, we first reduce the Lamé sys-
tem to a first order system perturbation of the Laplacian. Then we construct com-
plex geometrical optics (CGO) solutions and apply the integral identity to obtain the
uniqueness of A, u. For some technical reasons, the uniqueness result is only proved
provided that p is close to a constant. The full classical problem remains open. See
[8,22] for details.

Here such a priori knowledge of p is not required for solving the fractional prob-
lem. Instead of constructing CGO solutions, we will use the unique continuation
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property and the Runge approximation property associated with our fractional oper-
ator to prove the strong uniqueness result. This scheme was first introduced in [12]
for solving the fractional Calderén problem.

We further study an inverse obstacle problem associated with our fractional oper-
ator.

We consider the following obstacle problem

Lu=0inQ\D, u=0inD, u=ginQ,, 4)

where D C Q is a nonempty open set satisfying that  \ D is a bounded Lipschitz
domain.

As we did for the exterior problem (2), we can similarly show the well-posedness
of (4) and define the Dirichlet-to-Neumann map Ap by

ADg = (_A)SL)»(),MOug|Qe' (5)

Our next goal is to determine D, A,  from the knowledge of Ap.
The following theorem is our second main result.

Theorem 1.2. Let 0 < s < 1. Suppose the constants Ay, [Lo satisfy Lo > 0 and Ay +
o = 0. Let D; C Q be nonempty and open such that Q \ D_, is a bounded Lipschitz
domain, 0 < A0) ) e c1(Q\ D;) and let W; C Q. be nonempty and open (j =
1,2). Let Agj be the Dirichlet-to-Neumann map corresponding to A ;1) and D;.
Suppose
AS3gIW2 = A%Zglw2

foranonzero g € CZ°(Wy). Then Dy = D, =: D. Further assume the identity holds
forall g € CX(Wy). Then AV = 1@ and ™ = u® in Q \ D.

We also study an inverse problem for a nonlinear fractional Lamé system.
We consider the following nonlinear exterior problem

Lu+Nu=0inQ, u=gin, (6)

where the nonlinear operator N is given by

3
(Nu) =) 9 Nju (1 <i <3) 7

Jj=1

A+ B 2 B
N,-ju = 3 Zufn’n&‘j + E(Z Um,m) Sij + E Zum,nun,mgij
m,n m m,n
A
+ B Xm:um,muj,i + Z ;uj,mum,i + (A + :8) ;um,mui,j

A
+ (ﬂ + Z) ;(”m,ium,j + UimUjm + UimUm,j)-



On inverse problems arising in fractional elasticity 1387

This nonlinearity comes from the higher order expansion of the energy density as well
as the nonlinear term in the strain tensor

1
ejj = E(ui,j +uji + Zum,ium,j)'
m

In fact, 4, B, € are the coefficients of terms cubic in e;; in the expansion of the energy
density. They are all constants in the original model but in this paper we allow them to
be variable functions. See [16, Section 26] for more background information on N .

We remark that our N is the static version of the nonlinearity considered in [7,26],
where the inverse problem for the associated nonlinear elastic wave equation was
studied.

Under certain assumptions, we can show the well-posedness of (6) for small g €
C2°(£2,) and then for such g we can define the associated Dirichlet-to-Neumann map
Ay formally given by

Ang = (=A)’ Ly, uotglee- (®)

Our last goal is to determine A, i, 4, € from the knowledge of A .
The following theorem is our third main result.

Theorem 1.3. Let % < s < 1. Suppose the constants Ay, jLo satisfy o > 0 and Lo +
wo > 0andlet B € CH(Q). Let 0 < A ) e C1(Q), let AV, €WV € CV(Q) and
let W; C Q, be nonempty and open(j =1,2). Let A%) be the Dirichlet-to-Neumann
map corresponding to AV ;D A €W Suppose

1 2
Agv)glwz = A§v)g|W2

Sfor small g € C°(W1). Then

PO TR pC)

s

AWD — e74)(2)’ e = p@
in Q.

Note that here we only claim that 4, € can be determined for a fixed 8. The
question whether we can simultaneously determine 4, B, € is still open.

The rest of this paper is organized in the following way. In Section 2, we summar-
ize the background knowledge. In Section 3, we show the well-posedness of the linear
exterior problem; We prove the unique continuation property and the Runge approx-
imation property associated with our fractional operator; Then we prove Theorem 1.1
and Theorem 1.2. In Section 4, we show the well-posedness of the nonlinear exterior
problem for small exterior data; We combine linearization arguments with the Runge
approximation property to prove Theorem 1.3.
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2. Preliminaries

Throughout this paper we use the following notations.

*  We fix the space dimension n = 3 and the fractional power 0 < s < 1.

* X = (x1, X2, x3) denotes the spatial variable.

* For vector-valued function u, u; denotes the i-th component of u and u; j := 0, u;.
+  Q denotes a bounded Lipschitz domain and Q, := R3\ Q.

* §;; denotes the standard Kronecker delta.

* (-,-) denotes the distributional pairing so formally, (/. g) = [ fg.

Throughout this paper we refer all function spaces to real-valued function spaces. For
convenience, we use the same notation for the scalar-valued function space and the
vector-valued one. For instance, C2°(Q2) can be either C2°(2; R) or C°(2; R3).

2.1. Sobolev spaces

For r € R, we have the Sobolev space
e = (e s @ [ 61T f©FdE < oo
R”
where ¥ is the Fourier transform and §’(R") is the space of temperate distributions.
We have the natural identification
H™7"(R™) = H (R™)*.
Let U be an open set in R”. Let F be a closed set in R”. Then
H"(U) :={uly:ue H"(R")}, HpR"):={u e H" (R"):suppu C F},
H"(U) := the closure of CX(U) in H"(R").
Since 2 is a bounded Lipschitz domain, we also have the identifications
H(Q)=HLR")., H(Q) =H (Q)*"
Let 0 < s < 1. Itis well known that we have the following continuous embedding
H5(Q) — L5 (Q).

See, for instance, [20, Section 1.5]. It has also been proved that we have the continuous
embedding
L25(Q) — M(H® — H™)
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where M (H*® — H ™*) is the space of pointwise multipliers from H*(R") to H 5 (R")
equipped with the norm

—s = sup{[{/.p¥)]: 9. ¥ € CZ(Q). |¢llas@ry = IV a5 @y = 1}

See for instance, [6, Section 2] or [24, Section 2].

2.2. Fractional Laplacian

Let 0 < s < 1. The fractional Laplacian (—A)* is formally given by the pointwise

definition ) o)
) u(x) —u(y
—A S = 1 _

(=A)u(x) Cn,s T / Ix — y|nt2s dy

R7\ B¢ (x)
as well as the equivalent Fourier transform definition

(=A)u(x) == FH(E* Fu©) ().

It is well known that one of the equivalent forms of the H*-norm is given by
|f(x ) - SO
11 = 1 f 125 + [ [ T [

and we have the following bilinear form formula

(o=, [ [ Ot v

R R”?

dxdy, u,ve H*(R").

It is also well known that one of the equivalent forms of the H !*-norm is given by

3 f(x) — 0; f(»)|?
||f||§,1+s:=||f||§,1+2f '”]fflﬂn’f;ﬁy)', fe H'W®).

j R7 Rn

By the classical and fractional Poincaré inequalities, we have the following norm
equivalence:

LA W pias ~ D010 £1172 + ((—A)70; £.0; £))
J
~ Y (=AY £0, 1), f € HF(Q).
J

The following unique continuation property of (—A)® was first proved in [12].

Proposition 2.1. Suppose u € H" (R") for some r € R. Let W C R” be open and

non-empty. If
—A)Y’u=u=0 inW,

thenu = 0in R".
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3. Linear fractional elasticity

3.1. Well-posedness

We first study the equation
fu=f inQ. )

The bilinear form associated with —& (see (1) in Section 1 for its definition) is

Blu,v] = <Z(—A)S?touj,j, Zvj,j> + /A(Z ”JJ)(Z vm)

J Q J
1
3 i2j:|:<(_A)sM0(ui’j + i) vij o+ V)
+ /N(ui,j +uji)(vi; + Uj,i)]- (10)
Q

Here Ag, (o are constants and we assume A, u € L°(R2).
We claim that B is bounded over H!**(R?) x H!*$(R3). In fact, note that we
have

‘(Z(—A)Slouj,j’ > vj,j> + % D (=AY o i,y + i), vij + vji)

J J 1]

< C Y 3sullas vl

i,j

since the bilinear form ((—A)¢, ¥) is bounded over H*(R3) x H*(R3). Also note
that we have

‘/A(Z u”)(z vj,j) + % Z/M(Ui,j + uji) (Vi + vj,0)
o 7 i g

= C,Z 9;ullp2110; vl 2.
i,j
Hence, we have
Bl v]l < C”llullgies vl g,

Now, we further assume A, t > 0, o > 0 and A9 + o > 0.
We claim that B is coercive over H'!*¥(Q) x H'75(Q) in this case. In fact, note
that

(=D)ujjuji) = (A uii uj, )
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foru € H'*5() so we have

Blu,u] > <Z( Ay AO”]J’Z”JJ> Z (=) o (i j o+ uji) i j + i)

i,

<Z( A) AOMJ]’X:MJJ> Z( A) /’Loul]suz]>

+ Z (=A) pous,j, uj ;)

<Z( A)? AO”]!?Z“]]) Z( A) pouij, ui,j)
i,j

+ Z (=A) pouii, uj,;)
iJ
= <Z(—A)S(Ao + wo)uj,j, Z uj,j> + Z((—A)Sﬂoui,]‘, Ui,j)
J J i,Jj
> Y (= A) poui g i ).
i,Jj
The first inequality holds by the assumption A, & > 0. The last inequality holds by the

positivity of the fractional Laplacian and the assumption A¢ + o > 0. Note that for
u € H'15(Q), we have

2 2
SO U=AY o o) ~ S M2 ~ el
i

iJ

by the assumption jto > 0 and the H !™5-norm equivalence in Section 2.2. Hence, we
conclude that B is coercive over H!75(Q) x H!*t5(Q).

Now, the Lax-Milgram theorem implies that the solution operator f — ur
associated with (9) is well defined, which is a homeomorphism from H “1=5(Q) to
Hs+!1 (Q).

From now on, we will always assume 0 <A, u € L*°(2), o > 0and Lo + o > 0.

Let f :=—(=A)*Ly,, 08| in (9). Then we have the well-posedness of the exter-
ior problem (2).

Proposition 3.1. For each g € H'™S(R3), there exists a unique solution
c H 1+s (R?’)

of (2) such that ug — g € FIHS(Q). Moreover, the solution operator § — ug is
bounded on H'*5(R3).
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3.2. Dirichlet-to-Neumann map and integral identity
Let X := H'tS(R3)/H'5(Q) = H'*5(Q,) and § := the natural image of g €
H'™S(R3)in X.

We define the Dirichlet-to-Neumann map A by

(Mg, h) := —Blug,h], g.he H™R?

where ug is the solution corresponding to the exterior data g in (2).
Note that if g — g1 € H!™5(Q) and hy — hy € H'T(Q), then ug, = ug, and

Blug,,hy] — Blug,,h1] = Blug, —ug,,h2] + Blug,,ho —h1] =0

so A is well defined. For convenience, we will write Ag and (Ag, h) instead of Ag

and (Ag, h).
Also note that for g, h € C°(2,), by (10) we have

~ (D200 0 > )
J J

3 S AY ollug),  + Gag)y 1 o + )

i,j

S A Roug) o hid) = S N=AY molug),.; + (ug), 1 b p)
i,j

i,J

(Ag.h)

D {0 (=AY Ao(ug); ; hi) + D (9 (=AY polug), ; + (ug); ) i)
i,j i,j
= <(_A)SL/'\0,Moug’ h)

Hence, the bilinear form definition given here coincides with the one given by (3) for
g € CZ(L).
The symmetry of A immediately follows from the symmetry of B. In fact,

<Ag7h) = _B[ug7uh] = _B[uh’ ug] = (Ah7 g)
so we have the integral identity
(AD gD 4@y _(A@) (D) 4(2))

— _BOpM @] 4 AR 4,0

_ / (A2 20y (Fu) (X u?)
j J

Q

1 1 1 2 2
5 [0 w0 e . an
Q k.j
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where £ B 1) correspond to Lamé parameters A0, u(j ). u() denotes the
solution of
Dy =0in Q, u= g(j) in Q..

We remark that this integral identity has the same form as its classical counterpart
(see [8]).

3.3. Unique continuation property and Runge approximation property

Recall that a classical operator L possesses the unique continuation property in a
domain U if
fu=0 inU, u=0inV

where V' is a nonempty open subset of U imply thatu = 0 in U.

It is well known that the classical constant coefficients Lamé operator L3y, .,
possesses the unique continuation property in this sense. (This property even holds
true for the general variable coefficients Lamé operator L, ,. See for instance, the
main theorem in [1].)

The following proposition is the unique continuation property of (=A)*L;, .-

Proposition 3.2. Letu € H'75(R3). Let W be open. If
(=A)’Lyguou =u=0 inW,
thenu = 0 in R3.

Proof. By the unique continuation property of (—A)*® (Proposition 2.1), we have
Ljguo = 01in R3. Then by the unique continuation property of L Ao, o WE have
u = 0inR3. "

Based on the unique continuation property above, we can prove the following
Runge approximation property.

Proposition 3.3. Let W C Q. be nonempty and open. Then
S = {uglg: g€ CIW)}

is dense in H'TS (2) where ug is the solution corresponding to the exterior data g
in (2).

Proof. By the Hahn—Banach Theorem, it suffices to show thatif f € H~!7%(Q) and
(f,w) =0forallw € S, then f = 0.
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In fact, we can choose v € H!75(Q) to be the solution of £v = f in Q. For
any g € C°(W), note that uy, — g € Ht5() so by the assumption ( f, w) = 0 for
w € S we have

0=(fug —g) =—Blv,ug —gJ.

Since u is the solution of the exterior problem, we have Blug, v] = 0 so
0= B[v,8] = —((=A)*Lag,uov: &)-

This implies (—A)*L;, ,,v = 0 in W. By the unique continuation property above
we have v = 0 in R3. Hence, f = 0. n

3.4. Proof of Theorem 1.1

Now, we are ready to prove Theorem 1.1. The key point is to approximate certain
carefully chosen functions by solutions of the linear exterior problems based on the
Runge approximation property. This will enable us to exploit the integral identity (11)
to determine A, u.

Proof. Let u'/) denote the solution of
£y =0in2, u —g 1nQ

For any given e > O and /) € C 2°(2), by the Runge approximation property (Pro-
position 3.3) we can choose g € C2°(W)) such that

”u(l) - f(1)||ﬁ1+s(g) <e

and for this chosen gV, again by the Runge approximation property we can choose
g@ e C2(W3) such that

@ — fPlgirsg ¢

”u(l)”ﬁH—s(Q)”u
(Actually we only need the H !-norm approximation.) By the assumption
AVglw, = APglw,

for g € C2°(W) and the integral identity (11) we get

/(A(z) 20y Zu(l))(z (2))

1
@ _ (1) (1) (1) (2) (2)
3 / )Zw Dw® +u?) = 0.

Q
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Based on our choice for g(j ). we get

'/(1(2) A(l)) f(1)> (Z f(z))

/(M(z) (1))Z(f(1)+f(1))(f(z)+f(2)) < Ce
J.k J.k - ’

where C is a constant depending on AW, u(j ) and f (). Hence, we conclude that

/(A(z) _A(l))(z f(”)(Z £2)

Q

+;/ @ _ (1))2( O+ FAD 4 £2) =0 (12)

Q

since ¢ is arbitrary.
We will appropriately choose /) in (12) to determine A, .
In fact, for any given ¢ € C°(€2), we can choose ¢ such that ¢ € C2°(2) and

¢ = x; on supp .
We can show that

/w@—ummw=0 (1=j=<3).

Q

For instance, to obtain the equality above for j = 2, we can choose

f=0.¢.0, f?=y.0,0)

in (12). We can also show that

/u@—M%%w=o (1<) <3).

For instance, to obtain the equality above for j = 2, we can choose
=00, f@=0.y.0
in (12). Hence, we get
V(M(Z) _ M(l)) — V(l(z) _ )k(l)) =0.

Now, we show that the constants ¢, := u® — u™® and ¢; := 1@ — 1M are
Zeros.
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In fact, we can choose ¥ € C2°(€2) such that |01V ||z2 # |02V |12 Then we can
show that

(ca + ZCM)||81W||]%2 + CM”azlﬂ”iz + CM”%W”%Z =0,
(cn +2¢)1029 172 + culldsyll;2 + cplldryll7. = 0.
(cn +2¢)1039 1172 + culldry )72 + culldav |72 = 0.
In fact, in order to obtain the first identity, we can choose
fO=1®=@.00.
Then we have
25 =205 =y
J J
and the five non-vanishing terms in the sum

S A+ FEOGE + 1D
k,j

are 4|0, y|?> when (k, j) = (1, 1), |d>¥|*> when (k, j) = (1,2) or (2, 1) and |03y |?
when (k, j) = (1,3) or (3, 1). Now, it is clear that (12) becomes the first identity in
this case. Similarly we can choose

D =@ =0,9,00 (resp. fV = @ =(0,0,v))

to obtain the second (resp. third) identity.
On one hand, we sum up the three identities to obtain

(ca +4c) (10191172 + 192917 + 183¥1172) = 0.

Since at least one of 9,1, 02 is nonzero, we conclude that ¢; + 4¢,, = 0.
On the other hand, we combine the first two identities to obtain

(ex + e yllZ = (ca +c)ld2917,
which implies ¢; + ¢, = 0. Hence, the only possibility is c; = ¢, = 0. |

Remark. Similar strategy has been applied to solve inverse problems for fractional
Schrodinger operators with local perturbations. See [4, 6] for details.
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3.5. Proof of Theorem 1.2

We can identically apply the considerations for the exterior problem (2) in previous
subsections to the obstacle problem (4). (We just replace 2 by Q \ D in earlier argu-
ments.) Our main task in this subsection is to prove the first part of Theorem 1.2. We
will see that this part is an immediate consequence of the unique continuation prop-
erty (Proposition 3.2). Once we have determined the obstacle D, we can use the same
arguments as in the proof of Theorem 1.1 to determine A, .

Proof. For the fixed nonzero g € C2° (W), let u7) denote the solution of the obstacle
problem
£Du=0inQ\D;, u=0inD;, u=gin,.

Since we have the assumption

1 2
A glw, = A glw,

1
andu® = u® = gin Q,, we get
(=AY Ly g @ —u@) =u® — 4@ =0 in Ws.

Then Proposition 3.2 implies that u(D = 4@ in R3,

Suppose D # D,. Without loss of generality we can assume V := D, \ D is
nonempty. Note that u) = ¥ = 0 in V. Then the equation for u") in V implies
(—=A)*Ljg o™ = 0 in V. But now Proposition 3.2 implies that u™ = 0 in R,
which contradicts that g is nonzero. ]

Remark. Similar inverse obstacle problems have been studied for fractional elliptic
operators. See [3] for details.

4. Nonlinear fractional elasticity

4.1. Well-posedness and Dirichlet-to-Neumann map

We first study the nonlinear equation
fu+Nu=f inQ (13)

See (7) in Section 1 for the definition of N .
From now on, we will always assume 4, B, € € CI(S_Z) in (7). Let % <s<l.

Then % > % for n = 3 so we have the continuous embeddings (see Section 2.1)

BH(Q) = L5 (Q) < L¥(Q) < M(H® — H™).
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Note that foru € H5+! (£2), each component of Nu is a sum of terms which have
the form 9; (a¢/) where a € C'(Q) and ¢, ¢ € H* (). The embedding H%(Q) —
M(HS — H™°) ensures that pyy € H5(R?) so Nu € H~'75(R3). Hence, the map
F defined by

F(fiu) = (Lu+ Nu)lg — f

maps from H™175(Q) x H5t1(Q) to H™'75(Q).
Note that F(0,0) = 0 and it is easy to verify that the Fréchet derivative

Dy Fl,0)(v) = £v]q,

which is a homeomorphism from H*1t1(Q) to H~1%(). By Implicit function the-
orem (see, for instance, [23, Theorem 10.6]), there exists 6 > 0 such that whenever
| f 1l r—1-s (@) < 8, we have both existence and uniqueness of small solutions of (13),
and uy smoothly depends on f.

Let f := —(=A)*Lj,, 1,8l in (13). Then we have the well-posedness of (6).

Proposition 4.1. For each sufficiently small g € C>°(2,), there exists a unique small
solution ug of the exterior problem (6) such thatuy — g € H175(Q2) and ug smoothly
depends on g.

Now, we can conclude that the associated Dirichlet-to-Neumann map A y given
by (8) is well defined at least for small g € C°(£2,).

4.2. Proof of Theorem 1.3

We are ready to prove Theorem 1.3. We will first apply the first order linearization
and the linear result (Theorem 1.1) to determine A, . Then we will apply the second
order linearization and the Runge approximation property (Proposition 3.3) to determ-
ine A, €.

Proof. i. Determine A, u. Let ugj g), be the solution of the exterior problem

LU+ Ny =0inQ, u=¢eginQe (14)

for g € C°(W) and small e. Applying a% |E=0 to (14), we obtain that

u = 0

)
: u
g de

e=0 >¥

is the solution of
2Dy =0inQ, u=gine.

Since we have the assumption

APg=ADg inws,
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i.e.,
1
(—=A)° Lag,uott () = (=A)" Ljg,pot ag)' in W2,

we can apply 36 to the identity to obtain that

=0
(_A)SLM),MO W= (=)’ Lg,pou g) in W2,
i.e.,
AVg=APDg inw,.

Hence, we conclude that

A0 =@ . =,

M(l) — M(Z) =pu
based on Theorem 1.1.

Now, we use £ to denote both £ and £@.

ii. Determine 4, €. Let u(J ) be the solution of the exterior problem
Lu+NDu=0inQ, u:slg(l)—|—82g in Q, (15)

for g e C 2°(W1) and small ¢;. First note that
0 0
g u®

. _n &8
88] £;=0

— ) —
. — &
38] £;=0

since both of them are the solution of

Lu =0inQ2, u_g 1nSZ

Hence, we can denote both of them by v, Next we apply % e1=ey=0 [0 (15).
Then
Gw._ ()
W 010 81=82=0u8’g
satisfies
2w + NO@WD @)y =0inQ, w") =0in Q.. (16)

Here (based on (7)) we can compute that

N = Za N =i=21=i<3)
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with
YaU
NP D) =2+ 8) ) oD, o2, 8 +2€® (Z vfé,%)(Zv‘” )3
m,n
1
+ B Z Ur(r})n r(if)ngl] + B Z(Ur(r})m ](21) + Ur(if)m j(l))
m

A()Z(U(l) @ @, 0

Jj.m mz ]m ml

mymVi,j m,mVi,j

AD 1 @ @ (1)
+(M+ 4)Z(vm1m1+vm1m1
4o ,@ @

+ 0+ 8) Y 0,02 + 0@, M)
m

i,m ]m zm ]m
M, @, M
+vlm m] lm m])

2 .. .
We also apply 36‘?—382 le;=e,=0 to the Dirichlet-to-Neumann map assumption

(=4)° Lot (1) =(= A)SLM) nolY s;,)r in W>.

Then we get
(=AY Ly uow? = (=A) Ly yow®  in Wa.

Since w™ = w® = 0 in Q,, the unique continuation property (Proposition 3.2)
implies that w™ = w® in R3.

Now, we combine the two equations (j = 1, 2) in (16) to obtain

3
Zajéij(v(l)’ V@) =0 (1<i<3) a7
j=1

where
Gij WD, @) = N.(.Z)(v(l) v@) — ]\7_(_1)(1)(1)’ v@)
_ A(Z) AD (Z(U(l) (1) )(v(z) (2))
+ Z(v(2) (2) )(v(l) (1) ))

+2(e® - em)(z o0, ) (Z o2, )6,
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Let both sides of (17) act on ¢ € C°(£2). Then Proposition 3.3 implies that
3
Z/Gw(f“’,f@’)ajw =0 (1<i=<3) (18)
j=1

forany fU) e C 2°(£2). We can appropriately choose f () to show that
[A@ a0 a=j<3.

For instance, if we choose i = 1, fM) = (0,¢,0) and f® = (¢, 0,0) where ¢ €
CX(K2) satisfies ¢ = x; on supp ¥ for a chosen ¢ € C>°(2), a direct computation

shows that

- - A@ _ 4@ —
Gi1 =0, Gp= — Gi3 =0,

which verifies the equality for j = 2. Hence, we conclude that A® — AM 1= ¢4 is
a constant.
We can also appropriately choose /) to show that

f(f‘” —eM)gy =0 (1< <3).

For instance, if we choose i = 1, f() = (0,¢,0) and f@® = (¢, 0,0) where ¢
is defined as before and ¢ € C2°(£2) satisfies ¢ = x» on supp ¥ for a chosen ¥ €
CX(£2), a direct computation shows that

G =2€@—€eM) G,=0, Gi3=0,

which verifies the equality for j = 1. Hence, we conclude that €® — €M := ce is
a constant.

Now, we show that c 4 and ce are zeros. In fact, we can choose ¥y € C2°(£2) such
that |91 2 # |02 ||, 2. Then we can appropriately choose f ) to obtain

(4ca +4ce) 1Y 72 + calld2V Il + calldsvllz. =0,
(4ca +4ce) 02972 + callds¥ Iz + calldrvllz. =0,
(4ca +4ce)[03Y 72 + calldr vl + calld2vllz. = 0.

For instance, if we choose ™) = (1,0,0) and /@ = (¢, 0, 0) where ¢ is defined
as before, a direct computation shows that

~ ~ C ~ C
Gii =24 ¥ + 2cedy, Gia = %azw, Gis = 7”“’831//.
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Leti = 1in (18). Then we have

/(ZQAalW + 2ced1 )1y + /(%321/f>321/f + /(%331/f>331/f =0,

which coincides with the first identity.
On one hand, we sum up the three identities to obtain

(6c + dce) (1019 117> + 1329117 + 1339 117.) = 0.

Since at least one of 91, d> Y is nonzero, we conclude that 6¢4 + 4ce = 0.
On the other hand, we combine the first two identities to obtain

Coh celllo 2 = (5c4 ce)lllo2 2
(Bea +4ce) 101917, = Bea + dce) 029117
which implies 3c4 + 4ce = 0. Hence, the only possibility is ¢4 = ce = 0. |

Remark. The multiple-fold linearization procedure performed in the proof has been
widely applied in solving inverse problems. For instance, see [9, 13] for this approach
for inverse problems for semilinear elliptic operators. Also see [26] for this approach
for an inverse problem for a nonlinear elastic wave operator.

Acknowledgement. The author would like to thank Professor Gunther Uhlmann for
suggesting the problem and for helpful discussions.
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