J. Spectr. Theory 12 (2022), 1589-1622 © 2023 European Mathematical Society
DOI 10.4171/JST/438 Published by EMS Press
This work is licensed under a CC BY 4.0 license

Discrete approximations to Dirac operators
and norm resolvent convergence

Horia Cornean, Henrik Garde, and Arne Jensen

Abstract. We consider continuous Dirac operators defined on R% 4 e {1, 2, 3}, together with
various discrete versions of them. Both forward-backward and symmetric finite differences
are used as approximations to partial derivatives. We also allow a bounded, Holder continu-
ous, and self-adjoint matrix-valued potential, which in the discrete setting is evaluated on the
mesh. Our main goal is to investigate whether the proposed discrete models converge in norm
resolvent sense to their continuous counterparts, as the mesh size tends to zero and up to a nat-
ural embedding of the discrete space into the continuous one. In dimension one we show that
forward-backward differences lead to norm resolvent convergence, while in dimension two and
three they do not. The same negative result holds in all dimensions when symmetric differences
are used. On the other hand, strong resolvent convergence holds in all these cases. Neverthe-
less, and quite remarkably, a rather simple but non-standard modification to the discrete models,
involving the mass term, ensures norm resolvent convergence in general.

1. Introduction

We study in detail in what sense continuous Dirac operators [8] can be approximated
by a family of discrete operators indexed by the mesh size. To investigate spectral
properties based on the discrete models, it is essential to know whether we can obtain
norm resolvent convergence or only strong resolvent convergence of the discrete mod-
els (suitably embedded into the continuum) to the continuous Dirac operators.

In this paper we present a remarkable new phenomenon. In dimensions two and
three we cannot obtain norm resolvent convergence of the discrete operators (embed-
ded into the continuum) as the mesh size tends to zero, if we use the natural discret-
izations based on either symmetric first order differences or a pair of forward-back-
ward first order differences. The models require a simple modification to obtain norm
resolvent convergence. In dimension one the discretization using a pair of forward-
backward first order differences does lead to norm resolvent convergence, whereas
the model based on symmetric first order differences does not.
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These results are now described in some detail. To unify the notation, we define
v(1) = v(2) = 2 and v(3) = 4. The Hilbert spaces used for the continuous Dirac
operators are

K =L2RY)QC'@D, 4 =1,2,3.

For mesh size & > 0, the corresponding discrete spaces are denoted by
HE =22 @ C"D, d=1,2,3.

The norm on J@ﬁ is given by

2 d 2 d
lunllGga = 1" Y lunt) 2, un € 35
kez4

Here | - | denotes the Euclidean norm on C”@). We index uy, by k € Z¢; the h depend-
ence is in the subscript of uy,.

To relate the spaces Jf;f and #¢, we introduce embedding operators J: Jf;f —
#? and discretization operators Kj: #% — J(’;f, constructed from a pair of biortho-
gonal Riesz sequences, as in [2, Section 2]. We describe the construction briefly, with
further details and assumptions given in Section 2. Let ¢g, V¢ € L? (R%) and assume
that {@o (- —k)}reza and{Yo(+ —k)},cza are a pair of biorthogonal Riesz sequences
in L2(R?). Define g, 1 (x) = @o((x — hk)/h), and Y (x) = Yo((x — hk)/h),
x € R4, k € Z4, h > 0. The embedding operator Jj, is then defined as

(Jnun)(x) = Y onr ()un(k).

kezd

Note that here ¢j, 4 (x) is a scalar multiplying a vector uy(k) € C*). To construct
the discretization operator, let fh be defined as J; with g replaced by . The dis-
cretization operator is then defined as Kj = (Jp)*. For d = 1,2, it can be written
explicitly as

1 1 1
e P I P

A similar formula holds for d = 3. We have K, J, = Ij, where [, is the identity in
J(’,‘li, and Jy, K}, is a projection in J4 onto JhJ(’,‘f.

Let Hy be the free Dirac operator in d ,d =1,2,3, and let Hy j, be an approx-
imation defined on # ;f. We compare the operators

Jn(Hop —zI) 'Ky and  (Ho—zI)™!

acting on J4. The question of interest is in what sense will J,(Ho 5 — zIp) 'Ky
converge to (Hy — zI)~! as h — 0. We now summarize the results obtained. First we
briefly define the operators considered.
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Leto;, j = 1,2, 3, denote the Pauli matrices

0 1 0 —i 1 0
al=[1 0], 02=|:i Ol], a3=[0 _1] (1.1)

Let m > 0 denote the mass. To simplify, we do not indicate dependence on the mass
in the notation for operators. In dimension d = 1, the free Dirac operator is given by
the operator matrix

H() = —i—O’l + mos
dx

on J!. We consider two discrete approximations based on replacing —id—‘; by finite
difference operators. Let I;, denote the identity operator on £2(hZ). We define

mly D . mly, D3
Hy, = h d Hy,= bt
0.k |:D;:_ —mlhi| an 0.k |:D;1 —mly,

Here the forward and backward finite difference operators are defined as
1
(Dyun) (k) = — Gun(k + 1) —un(k)), (1.2a)
_ 1
(Dyun)(k) = o (un(k) —up(k — 1)), (1.2b)

and satisfies (D;:)* = D, . The symmetric difference operator is the self-adjoint oper-

ator DZ = %(D;r + D;),i.e.,

(Djup) (k) = ﬁ(”h(k + D —up(k —1)). (1.3)

In dimension d = 2, the free Dirac operator is defined as

0 0
H() = —i—Ol — i—0'2 + mos
0x1 0xo

on #2. As in the d = 1 case, there are two natural discrete models given by

ot [ Ml D _iDiz]
0,h — + ip+ _
Dh;1 +1Dh;2 mly,
and
S 1 S
s = |: mly Dh;l _th;Z]
0,h — S NS _ .
Dh;1 + 1Dh;2 mly,

Here D }T_j and Dz_j are the corresponding finite differences in the j’th coordinate. It
turns out that these two discrete models do not lead to norm resolvent convergence,
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so we also define two modified versions. Let —Aj denote the discrete Laplacian;
see (2.4). Then the modified operators are given by

Here —h Ay 03 is understood to be the operator matrix

—hAy 0
[ 0 hAh]
The details on the discretizations in dimension d = 3 can be found in Section 5.
Let K and K, be two Hilbert spaces. The space of bounded operators from Ky
to K, is denoted by B(Kq, K>). If K1 = Ky = K, we write B(K) = B(K, K).
In the following theorem, we collect the positive results obtained on norm resolvent

convergence in B(H#¢). We use the convention (—0, 0) = @ in the statements of res-
ults.

Theorem 1.1. Let Hy j, be equal to Hgbh, d =1, orequal to HP 4 = 2,3, orequal

~ 0,h’
to Hy,, d =1,2,3. Let Hy denote the free Dirac operator in the corresponding
dimension. Then the following result holds.

Let K C (C \ R) U (—=m,m) be compact. Then there exists C > 0 such that
1 7n(Ho,n — 213) ™" Ky = (Ho — 1)~ | g(geay < Ch (1.4)

forallz € K and h € (0, 1].

Theorem 1.1 can be generalized to also include a potential, by following the
approach in [2]. Let V: R4 — B(C"@)) be bounded and Hélder continuous. Assume
V(x) is self-adjoint for each x € R¥. Define the discretization as Vj, (k) = V(hk)
for k € Z%. Then we can define self-adjoint operators H = Hy + V on #¢ and
H, = Hop + Vpon Jf;f for all the discrete models. The results in Theorem 1.1 then
generalize to H and Hj, with an estimate C h(”, where 0 < 6’ < 1 depends on the
Holder exponent for V'; see Section 7.

In the next theorem we summarize some negative results with non-convergence in
the B(H?)-operator norm in part (i), and in part (ii) a result using the Sobolev spaces
H'(R?) ® C"@ is given. In particular, the estimate (1.5) implies strong resolvent
convergence in B(H?).

Theorem 1.2. Let Hy j, be equal to Hébh, d = 2,3, orequal to Hy d =1,2,3. Let
Hy denote the free Dirac operator in the corresponding dimension. Then the following

results hold.

i. Letz e (C\R)U (—m,m). Then J,(Hy  — zI,)" ' K} does not converge
to (Hy — zI)™" in the operator norm on B(¥%) as h — 0.
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ii. Let K C (C\R)U (—m,m) be compact. Then there exists C > 0 such that
I Jh(Hon = 211) ™" K — (Ho — 21) ™|l g (a1 ey@ o) ey < Ch (1.5)

forallz € K and h € (0, 1].

The estimate (1.4) implies results on the spectra of the operators Hy j, and Hyp and
their relation, see [2, Section 5]. Such results are not obtainable from the strong con-
vergence implied by the estimate (1.5). Thus, we are in the remarkable situation that
in dimensions d = 2,3 we need to modify the natural discretizations in order to obtain
spectral information. Furthermore, in dimension d = 1 to obtain spectral information
we must use either the forward-backward discretizations or the modified symmetric
discretizations. Moreover, this is relevant for resolving the unwanted fermion doub-
ling phenomenon that is present in some discretizations of Dirac operators [1].

Results of the type (1.4) were first obtained by Nakamura and Tadano [5] for
H =—A+V on L2(R%) and Hj, = —Aj, + V}, on £2(hZ?) for a large class of
real potentials V, including unbounded V. They used special cases of the J; and Kj,
as defined here, i.e., the pair of biorthogonal Riesz sequences is replaced by a single
orthonormal sequence. Recently, their results have been applied to quantum graph
Hamiltonians [3]. In [4] the continuum limit is studied for a number of different prob-
lems. Here strong resolvent convergence is proved up to the spectrum and scattering
results are derived.

In [2] the authors proved results of the type (1.4) for a class of Fourier multi-
pliers Hy and their discretizations Hy 5, and obtained results of the type (1.4) for
perturbations H = Hy + V and Hy, = Hy  + V;, with a bounded, real-valued, and
Holder continuous potential. Note that the results in [2] do not directly apply to Dirac
operators, since the free Dirac operators do not satisfy an essential symmetry con-
dition [2, Assumption 3.1(4)]. In [7] Schmidt and Umeda proved strong resolvent
convergence for Dirac operators in dimension d = 2 using the discretization H&’h.
They allow a class of bounded non-self-adjoint potentials and also state correspond-
ing results for dimensions d = 1, 3.

The remainder of this paper is organized as follows. Section 2 introduces addi-
tional notation and operators used in the paper. Sections 3, 4, and 5 prove Theorem 1.1
and Theorem 1.2(i) in the one-, two-, and three-dimensional cases, respectively. Since
some of the arguments are very similar in the different dimensions, we will give the
full details in dimension two, and omit parts of the proofs in dimensions one and three
that are essentially the same verbatim. Theorem 1.2 (ii) is proved in Section 6. Finally,
we show how a potential V' can be added to our results in Section 7.
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2. Preliminaries

In this section we collect a number of definitions and results used in the sequel.

2.1. Notation for identity operators

We use the following notation for identity operators on various spaces: / on 4.1,
on J¢, 1 on L2(R?), I, on £2(hZ?), 1 on C?, and 1 on C*. In Section 5, in the
definitions of the operator matrices for the free Dirac operator and its discretizations,
1 denotes the identity on L2(R3) ® C? and 1;, denotes the identity on {2 (hZ3) ® C?2.

2.2. Finite differences

The forward, backward, and symmetric difference operators on # }} are defined in (1.2)
and (1.3). Let {e1, e, e3} be the canonical basis in Z3. The forward partial difference
operators for mesh size 4 are defined by

(D, un) (k) = %(uh(k +e¢j) —up(k)), j =123, 2.1
and backward partial difference operators by
(D yun () = o Gonlk) — un(k — ). j =1,2.3, 22)
The symmetric difference operators are given by
(D, jun) (k) = ﬁ(uh(k +ej) —uplk —e;)), j=12.73. (2.3)
Note that (D;:j)* = D;; and (D} )* = D;_ .

The discrete Laplacian acting on £2(hZ¢) is given by

d
Ao = 25 Qo) —wlk +e) —mk —e). @A)
j=1

2.3. Fourier transforms
We use Fourier transforms extensively. They are normalized to be unitary. Write

F4 = L2(R?) @ C*D and let F: H? — J be the Fourier transform given by

frod 1 —ix-
(FNEO = G [ W, gere,

R4
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with adjoint & *: F9 - g4 We suppress their dependence on d in the notation, as
it will be obvious in which dimension they are used.

Let T,‘f =[-7 %]d, d=1,2,3,and JA(,’;f = LZ(T}‘f) ® CV@)_The discrete Four-
ier transform Fp: J(’;f — Jr’?;f and its adjoint Fy: Jr’?;f — Jf;f are given by

h? ‘
(Fuan) §) = g 2 unkye "5, & € T,
kez4
Ch0®) = Goan / MEg() dt, ke Z¢,
T

ford =1,2,3.

2.4. Embedding and discretization operators

We describe in some detail how the the embedding and discretization operators in [2,
Section 2] are adapted to the Dirac case.

Let KX be a Hilbert space. Let {ug };cze and {vg}recza be two sequences in K.
They are said to be biorthogonal if

(ukyvn> :Sk,n’ k’n GZda

where dy , is Kronecker’s delta.
A sequence {uy };cza is called a Riesz sequence if there exist A > 0 and B > 0

such that
A el < I crurl> < B el

kezd keZd kezd
for all {cx }reza € L2(ZY).

Assumption 2.1. Letd = 1,2, or 3. Let ¢o, ¥o € L?(R?). Define
Onk(x) = @o((x —hk)/h),  Yni(x) = Yo((x —hk)/h), h>0,keZ°.

Assume further that {¢q ¢ }cze and {Y; x}rcza are biorthogonal Riesz sequences
in L2(R%).

To simplify, we omit the dependence on d in the notation for embedding and
discretization operators. The embedding operators Jj: H ;li — H#¢ are defined by

Jpup = Zfﬁh,kuh(k), up € K. (2.5)
kezd
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Ford = 1,2, and

m1
_ |4 (k)
une) = _u,%(k)]
the notation above means
m1
N up B enk
enxup(k) = _Mi(k)fph,k]’

with an obvious modification in case d = 3. As a consequence of the Riesz sequence
assumption we get a uniform bound

sup||Jh||£(J€g,J€d) < 00.
h>0

The operators J~h are defined as above by replacing ¢y, x by ¥y in (2.5). Then the
discretization operators are defined as K, = (Jp)*. Explicitly, ford = 1,2,

(Wh,bfl)] d
Wi 12 KL

with an obvious modification for d = 3. We have the uniform bound

(Knf)(K) = hid[

SUP”Kh ||£(J€d’3€;ll) < 00.
h>0
Biorthogonality implies that
KnJn = In

and that J, K}, is a projection onto Jj, J€;f in #9. A further assumption on the func-
tions ¢g and g is needed.

Assumption 2.2 ([2, Assumption 2.8]). Let o, Yo € L2(R?) be essentially bounded
and satisfy Assumption 2.1. Assume further that there exists ¢ > 0 such that

. 37 3mw7d . T w4
supp(@o) € [~ 5| and [go(@l zco. e |- 5]

and
~ 3 3mqd A r md
supp(fo) € [~ 5] and [e®l z o Ee|[-3.7]

For examples of ¢y and v satisfying Assumption 2.2, see [2, Section 2.1].
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2.5. Two lemmas

We often use the following elementary result, where the identity matrix is denoted
by I.

Lemma 2.3. Let G € B(C") be a self-adjoint n x n matrix. Then

IG =il | gcm = 11G* + 1| giem. (2.6)
IG =iy gem = G + D™ [ gien- 2.7

Proof. Tt suffices to prove (2.6). We use the C *-identity in 8(C") to get
1G — il |3n = (G +il)(G ~iD]gen = 1G>+ I|gcn. =

The following lemma will be used in the proofs related to the non-convergence
results; see, e.g., [6, Theorem XIII.83].

Lemma 24. Let d = 1, 2, or 3. Assume that My,: T}‘f — B(C"D) is a continuous
matrix-valued function. Let Ty, denote the operator of multiplication by My,

@
Ty = [ M4(6) .
Tl
on J/g}‘f o~ LZ(T}?; C'D). Then

| Tar, || of 52y = max || My (§)]l (d)y- (2.8)
h i:’(](h) EET;{J B(C )

3. The 1D free Dirac operator

We state and prove results for the 1D Dirac operator. On J! the one-dimensional free
Dirac operator with mass m > 0 is given by the operator matrix

. d
d m —i—
H() = —1—01 + mosz = d dx s
dx —i—  —ml
dx

where | denotes the identity operator on L?(R).
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3.1. The 1D forward-backward difference model
Using (1.2), the forward-backward difference model of Hj is defined as

mly, D
Hy, = ho,
0.k |:D}-:_ —mlh]

where 1, denotes the identity operator on £2(hZ). The operators Hy and Hgbh are

given as multipliers in Fourier space by the functions Go and G, , respectively, where

0,h°
_|m &
Go(§) = [E _m] 3.1)
and .
—— (e —1)
Go® =, i (3.2)
—(e" —1) —m
ih
We define
go(§) =m” + &, (3.3)
and A N
gon(®) = m” + —sin”(3£). (34
Then
Go(§)* = go(§)1 and Gy, (6)* = go,(O)1. (3.5)

Lemma 3.1. Assume & # 0. Then we have

o 1
1(Go(§) — i) M g(c2) < Ik (3.6)
There exists C > 0 such that for hE € [—37”, 37”] we have
fb 1\ —1 c
[(Gor®) =D g2y < [k (3.7)
Proof. Using Lemma 2.3 together with (3.3) and (3.5), we get
1 1
_ i1 _ 2 -11/2 -
1(Go(®) =i)" " g(c2) = I(Go(®)” + D I g(c2y = T m e < Tk

proving (3.6).
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To prove (3.7), we use Lemma 2.3, (3.4), and (3.5) to get
G E) =i g2 = IGPE” + D 3ice,

_ (1 +m? + % sinz(gé))_l/z

< (o (39)

There exists ¢ > 0 such that for |0 < %” we have [sin(0)| > c|6]. For h€ € [—37”, 37”

then (3.7) follows. [ ]

Lemma 3.2. There exists C > 0 such that
1(Go(§) —iD™" = (Gg,(6) — i) g(c2)y < Ch

for h e [-3& 3%

2 2 F

Proof. We have

(Go(§) —i) ™" — (G, (&) i)™
= (Go(§) =)™ (Gg(§) = Go(©))(Gyy(§) =i

To estimate the 12 and 21 entries in Gg: 1(6) — Go(§) we use Taylor’s formula:

1
e = 1 4 ihE 4 (ih§)? / e (1 — 1) dr.
0

It follows that the 12 and 21 entries are estimated by C/|£|%. Using Lemma 3.1 the
result follows. ]

Using Lemmas 3.1 and 3.2, we can adapt the arguments in [2] to obtain the follow-
ing result. We omit the details here, and refer the reader to the proof of Theorem 4.4
where details of the adaptation are given.

Theorem 3.3. Let K C (C \ R) U (—m, m) be compact. Then there exists C > 0 such
that
1Jn(Hyy, = 2In) ™" K = (Ho — 21) ™" | g(gery < Ch

forallz € K and h € (0, 1].
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3.2. The 1D symmetric difference model

The discrete model based on the symmetric difference operator (1.3) is

Hy, = [";';’l‘ _’; hlh] (3.8)
In Fourier space, it is a multiplier with symbol
Gor) = [% sinh) %Si—n;;hg)] 59
We have
Gon(€)” = gouE)1 where g ,(§) = m* + - sin® (hf). (3.10)
Lemma 3.4. There exists ¢ > 0 such that
;naxll(G on® =i = (G (&) =i gc2) = ¢ (3.11)
forall h € (0, 1].
Proof. We have
(Gon(®) —iD[(G} h(s)—ll) "= (GPLE) —IDT'NG] ,(5) —iD)
=GPy — G, (6) = E“ — cos(h§))on. (3.12)

From (3.5) and (3.10),

(1 + goxEN VG, E) —il) and (1 + g5 ,(5) 3G} ,,(6) — 1)

are unitary matrices for all £ € T;}. Since o5 is also unitary, (3.12) gives the norm
equality
1 — cos(hé)

1 _ 1
||(G h(S)_ll) —(G h(S) 11) ”i)’(C) h(1+g (E))1/2(1+g0h($))1/2

If we take hE = 7, the right-hand side becomes

2
VA +m®)h? + 41T+ m?

Thus, for 0 < 7 < 1 one can take ¢ = 2((1 + m?)% + 4(1 + m?))~"/2in (3.11). This
concludes the proof. ]
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Using Lemmas 2.4 and 3.4 together with Theorem 3.3 and properties of J; and
Kj,, we get the following result.

Theorem 3.5. Letz € (C \ R) U (—m,m). Then J,(H; , — zI;)~ 1 K}, does not con-
verge to (Ho — zI)~! in the operator norm on 8(H') as h — 0.

We can introduce a modified operator H, 5" , given by

~ s —hAy 0
0,h :HO,h+|: 0 hAhj|’

where —Aj, is the 1D discrete Laplacian; see (2.4). We obtain norm resolvent conver-
gence for the modified symmetric difference model, similar to the results in dimen-
sions two and three; see Theorems 4.4 and 5.1. The proof is omitted as it is nearly
identical to the proof of Theorem 4.4.

Theorem 3.6. Let K C (C \ R) U (—m,m) be compact. Then there exists C > 0 such
that

IJa(Hy, — z1n) " K — (Ho — 1) || g(gery < Ch
forallz € K and h € (0, 1].

4. The 2D free Dirac operator

In two dimensions, the free Dirac operator on 2 with mass m > 0 is given by

K
ml i
Hy=—izoi—izoytmoy= | 5 5, % 0%l
dxi - 0x A
axl 8)(72

where the Pauli matrices are given in (1.1). In J62 it is a Fourier multiplier with
symbol

_ m &1 —i&
Go(§) = [El+iéz o ] (4.2)

The corresponding discrete Dirac operator can be obtained by replacing the derivat-
ives in (4.1) by finite differences.

4.1. The 2D symmetric difference model

We first consider the model obtained by using the symmetric difference operators;
see (2.3) for the definition.

i Pl ~ iD'S“Z]. (4.3)

=
0,h — s : ) _
Dh;1 + 1Dh;2 mly,
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In, J# }3 it acts as a Fourier multiplier with symbol

‘ m 1 sin(h&;) — i sin(h&;)
Gon®) = | ; h h . (44
;A sin(hér) + 7 sin(hé,) —m

The 2D discrete Laplacian is defined in (2.4). We introduce the modified symmet-
ric difference model as
~ s —hAp 0O
HO,h == HO,h + |: 0 hAh}

We will show that Jy, (HS n z1,) "' K}, converges in norm to (Ho — z1)™!.

In J ;% the operator H 0., acts as a Fourier multiplier with symbol

~ X 1 O
Gan® = Gau® + o)y ] @)
where A A
Sy = Fsine(her) + Fsine (552), (4.6)
Related to the symbols Gy, GS’ 5 and GS’ 5> We define
go(§) =m> + &7 + 55, 4.7)
1
gon(&) =m” + 0 sin” (h&1) + 3 smz(héz), (4.8)
and
gon(6) = (m + fu(§)* to2 Slnz(hél) +i3 smz(héz) (4.9)
We have

Go(€)> = go(E)1, G} ,(6)> = g, (O, and G}, ()" = & ,(E)1. (4.10)

Lemma 4.1. For £ # 0, we have

e 1
1(Go(®) = i) Mg = T 4.11)
There exists C > 0 such that for hE € [—37”, 37”]2 we have

C
(G, &) —iD) g2y < Tk (4.12)
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Proof. Lemma 2.3 and (4.10) imply

1 1
[(Go(§) —il)_IH:B(CZ) = W = E’

such that (4.11) holds.
To prove (4.12), we first use Lemma 2.3 and (4.10) to get
1

1G34® =0 s = oz gy

Then note that there exists ¢ > 0 such that [sin(0)| > ¢|6| for 6 € [-3Z, 3Z]. Thus,

44
for |h;| < %’,j = 1,2, we have
| .
h—zsmz(héj) > cl|$j|2, j=12.
For 37” < |h§;| < 37” we have
1 . ,/h 5 )
Zsi?(58) = chlg Pz elgl, =12,
h 2
Combining these estimates, we get
~ 3w 3mq2
Ga® = cléP. hee -]
The estimate (4.12) follows. [ ]

Lemma 4.2. There exists C > 0 such that
1(Go(®) —iD)™" = (G} ,(6) —i) | g(c2) < Ch
3T 3
for h & [~ P

Proof. We have

(Go(§) —i)™" = (G, (&) —iD™!
= (Go(§) — i) UG} ,(6) — Go(§))(G} ,,(8) —iD) 7.

The 11 entry in 58’}! (&) — Gy (&) is estimated using |sin(6)| < |6]. We get

1[G 1 (6) — Go(®)1| < | fn(®)] < Chlg|>. (4.13)

The same estimate holds for the 22 entry.
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Taylor’s formula yields

1
sin(f) = 0 — %93 / cos(10)(1 —1)? dr. (4.14)

0

This result implies the estimates
1 . .
 sin(he) =& | < CIJg P, j =12,

that are used to estimate the 12 and 21 entries in GS 2(6) — Go(8).
Combining these results with the estimates from Lemma 4.1, we get

~ hlEP? + h2|EP
1(Go(&) —i1)™! = (G} ,(5) = i)' gc2) < C%

= C(h + h?|£]) < Ch,

for h§ € [-3F, 3Z]2. ]

We state [2, Lemma 3.3] in a form adapted to the Dirac operators and outline its
proof.

Lemma 4.3. Let d = 1,2, or 3. Let Hy be the free Dirac operator in #¢. Let ¢q
and Vo satisfy Assumption 2.2. Let K C (C \ R) U (—m, m) be compact. Then there
exists C > 0 such that

I(Jn K — I)(Ho — zI) ™" | ggeay < Ch,
forallz € K and h € (0, 1].

Proof. We assume d = 2. It suffices to consider K = {i}, since (Ho —il )(Ho —z1)™!
is bounded uniformly in norm for z € K. Let u € §(R?) ® C?2, the Schwartz space.
Going through the computations in [2, Section 2] using that ¢y and v are scalar
functions, we get the result

(F (JnKp — 1) (Ho — i)' F*u)(£)
= 0m)G0(h) 3 Polht + 27/ (Go(e + 257) —it) (e + 27 ))
jezZ?

—(Go(§) —iD™u(®), &eR%

Here Gy is given by (4.2). If hé € [-7, 7 2 then the j = 0 term is the only non-zero

term in the sum. Using [2, Lemma 2.7], we conclude that this term and the last term
cancel. For h§ ¢ [—Z., Z]?, we use Lemma 4.1 to get ||(Go(§) — i) ~'| g(c2) < Ch,
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0 < h < 1. Since @o and 1}0 are assumed essentially bounded, we conclude that the
j = 0 term in the sum and the last term are bounded by C & ||u|

- w2

Due to the support assumptions on @y and g, only the terms in the sum with
|j| < 1 contribute. Assume |j| = 1 and h& € supp(@o) N supp(Yo(- + 275)). Then
for some ¢g > 0 we have |§ + ZT” Jj| = 52, which by Lemma 4.1 implies

H (GO(‘E + 27”]) - il)_l H:s(c2) =Ch

Again, using the boundedness of @y and 1}0 we conclude that
— 2 -1 2
d ~ . ST\ iy
@) gotherfothe +277) (Go(§ + =75 ) —i1) u(&+ =)

h
< ciluer )

’

0 < h < 1, £ € R?. Squaring and integrating the result gives an estimate of the form
Chllul| 7> - By density, adding up the finite number of terms corresponding to | j | < 1
gives the final result. ]

We have now established the estimates necessary to repeat the arguments from [2].
Using the embedding operators J; and discretization operators K defined in Sec-
tion 2, we state the result and then show in some detail how the arguments in [2] are
adapted to the Dirac case.

Theorem 4.4. Let K C (C \ R) U (—m,m) be compact. Then there exists C > 0 such
that
I Jn(HS ), — 21n) " K — (Ho — z1) ™| g2y < Ch

forallz € K and h € (0, 1].
Proof. We start by proving the result for K = {i}. We have
Tn(Hy = ilp) ™ Ky — (Ho —il)™!
= Ju(Hy, — 1) Ky — JnKy(Ho — i)™ + (JyKp — I)(Ho —il)™".

The last term is estimated using Lemma 4.3.
To estimate the remaining terms we go to Fourier space. We have

F(Jn(Hy p, —ilp) " Ky — Iy Kp(Ho —il) ™) F*
= F InFrFu(Hy , —ily) FrFR K F* — F Iy Ky F*F (Ho —il) ' F*.
(4.15)
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Let u € $(R?) ® C2. We now use a modified version of the computation leading
to [2, equation (2.11)]. For the first term we get

[F JuFyFn(Hy ), —iln) " FiFa Kn  *ul ()

= 0G0 (G (©) ~ 17 Y JolhE + 2mjpu(+ o)) @16)

jeZ?
For the second term we get
[FInKnF*F (Hy —il) " F*u](§)
— 27 -1 27
_ d A . e W It
= @) ¢o<h5)j§2wo<hs +2mj)(Go(§ + 5-j) —it) u(§+-)):

4.17)

We need to rewrite (4.16). First, we note that

S __ s 2 . 2

Goa® =Coa(s+ 7)), ez
Next, we can rewrite part of (4.16) as follows, since 1/}0 is a scalar-valued function:

~s . — 27,
(Goa(® =D Y okt +2mj (g + 7))
jeZ?
— 27 N -l 27
= > ok +2mj) (G (6 + 5-i) —it) u(s+=7))-
jeZ?

We now insert (4.17) and the rewritten (4.16) into (4.15) to get

F(In(Hyjy —il) " Ky — I Kp(Ho —iD) ™) F*u =Y gjn.
jeZ?

where
q7.1(€) = 1) o (hE) Yo (hE + 27))
((@ale+ ) ) (onle - 25) ) )
X u(f + 27”])

Due to the support conditions on ¢o and Vo in Assumption 2.2, only terms with | j| <1

contribute. First, consider j = 0. We have assumed supp(¢o), Supp(l/}()) c[-3Z, 32,

272
Using Lemma 4.2 and Assumption 2.2, we get

90,11l o= = Chllul
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Fix j € Z? with | j| = 1. Define

M = supp(o) N supp(Vo( - + 27/)).

From the supports of ¢y and 1}0 we have

37 3m72 . T
Mg{ze[—TT] :|z+2m|25}.

Assume h§ € M, then Lemma 4.1 implies

H (GO (‘E + 2%]) _il)_l Hia(cZ) =Ch,

’)(~8’h($ + 27”]) B il)_l H:B(CZ) = Ch

These estimates imply

and

Igjnll 32 < Chllull 2. 1j1=1.

Since we have a finite number of j with |j| < 1 and since u is in a dense set, the
estimate in Theorem 4.4 follows in the K = {i} case. For the general case, we use the
estimates

1(Go(§) = z21)(Go(§) = i)' g(c2) = €

and _ ~
”(G(g)h(g) - Zl)(G:),h é) - il)_l ||g3((32) <C

for z € K where K C (C \ R) U (—m, m) is compact. Combining these estimates

with Lemma 4.2, we get for h§ € [-3F, 3Z]2

1G4 (&) = z21) 7" = (Go(§) — z1) V| g(c2) < Ch. z € K.
This is the crucial estimate used above. Further details are omitted. n

Next, we show that, without modification to the symmetric difference model, the
norm convergence stated in the theorem fails.

Lemma 4.5. There exists ¢ > 0 such that

max (G0~ 107 = Gop®) i aen 2e @19
el

forall h € (0, 1].
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Proof. Using the notation from (4.5) we have
(G 4(§) —iDI(G () =)™ = (G 1, () =D 'N(G} 4 (5) —iD)
= Gy 1(6) = G5 (&) = fu(§)os.
From the same reasoning as in the proof of Lemma 3.4, we obtain

1G5, (&) —iD)™" = (G} , (&) —iD | 3(c2)
_ fn(®)
(1+ g5 ,EN2(1 + &5, (N2

Here g, , (&) is given by (4.8), gg’h(g) by (4.9), and f;, (&) by (4.6).
Take h&; = 7 and h&, = 7, and insert them in the last term in (4.19). We get

a6, 6) =10 = (G346~ 1D s

8
> .
T V1 +m2/h? 4 (8 + hm)?

(4.19)

The result (4.18) then holds for 0 < 7 < 1 with ¢ = 8[(1 + m2)(1 + (8 + m)?)]" /2.
]

Combining Theorem 4.4 with Lemma 2.4 and Lemma 4.5, we obtain the following
result using the operators Jy and K} introduced in Section 2.

Theorem 4.6. Let z € (C \ R) U (—m,m). Then J,(H; , — zI;)~ ' K}, does not con-
verge to (Ho — zI)~ ! in the operator norm on B8(¥?) as h — 0.

4.2. The 2D forward-backward difference model

We now consider the model for the discrete Dirac operator obtained by using the
forward and backward difference operators; see (2.1) and (2.2) for definitions. The
discretized operator is given by

mly, D, —iD7.
HY, = [ : ki1 ’%2]. (4.20)
0.k D;El + 1D;l':2 —mly,
In # }3 it is a Fourier multiplier with the symbol
m _i(e—ihél -1+ l(e—ihfz -1
ih h

Gfbh(f) =11 1
* (@ 1) 4 (e 1) —m
ih h
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We also consider the modified model, where the modification is the same as in the
symmetric case, i.e.,

~ —hA 0
o b n
Hy), = Hy), + [ }

0 hAy |

The corresponding Fourier multiplier is
Gon®) = Gou® + /u®)| ) |-
where f(§) is given by (4.6). We recall the expression

Sy = Tsin* (56, ) + +sin?(282).

Define
&) = m? 4 osin(56) + o sin(0es)
b il —£2) — o sin(hE) + o sinhE) (42D
and

E0(E) = (n + fu®) + 7 sin ( ) + o sin? (562)

+h%sin(h<sl £)) — oy sin(hE) + sin(hey). @422)

Straightforward computations show that
Gon€)? = gou®1 and G, (6)° = 5,91,
We now prove the analogue of (4.12) for G h(é)

Lemma 4.7. There exists C > 0 such that for hE € [—3Z, 3%]2 we have

2072
1R () — i) gc2y < |C_|
Proof. We will show that we have a lower bound
& = clel. e e[0T @.23)

The result then follows from Lemma 2.3. We start with the estimate

go (&) = h—251n (h&) + %Sln (é§2>

+ h% sin(h(&; — &)) — s1n(h$1) —|— 2 s1n(h$2). (4.24)
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‘We have

2 sin(h(E) — £2)) — o sin(hE) + o sin(hEy)

= h%(sin(h&)(cos(hsz) 1) + sin(hE2)(1 — cos(hE).
We recall the elementary estimates
[sin(f)] < |6] and 1 —cos(f) < %92
for all 8 € R. Using these estimates we get
h%lsin(hél)(COS(hEz) — 1) +sin(hé2) (1 — cos(héN)| < hlEr |21 + hlga|161]%.

Recall that there exists ¢g > 0 such that };iz sinz(%éj) > col&j|? for all hE;| < 3Z,
Jj = 1,2. Thus, using these estimates and (4.24), we find

1
Zon(®) = (co = hl&DIE + (co — hl&1])I&)* = —COISI2

for hl§;| < 3¢, j = 1,2.
For %co < hl§| < 3 j = 1,2, the estimate (4.23) is obtained as in the proof of
Lemma 4.1. We omit the details. [

Lemma 4.8. There exists C > 0 such that
1(Go(§) —il)™" — (GF W€ — i) g2y < Ch

for h € [-32, 3212,

27 2

Proof. We have

(Go(§) =i~ = Gy, (&) —iD™!
= (Go(&) — i) (G, (§) — Go(E)(Grr, (&) —i) ™"

The 11 and 22 entries in 68’,!(5) — Go(£) are estimated by Chl|&|?; see (4.13). To
estimate the 12 and 21 entries we use Taylor’s formula:

1
e = 1 ihgs + h)? [ (1 -0 ar. 4.25)
0

It follows that the 12 and 21 entries also are estimated by C h|€|?. Using Lemmas 4.1
and 4.7 the result follows. |
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We can now state the analogue of Theorem 4.4. The proof is omitted, since it
is almost identical to the proof of Theorem 4.4; indeed the key ingredients are the
estimates in Lemmas 4.7 and 4.8, that correspond to the results from Lemmas 4.1
and 4.2 with the modified symmetric difference model.

Theorem 4.9. Let K C (C \ R) U (—m, m) be compact. Then there exists C > 0 such
that
1In (o = 211) ™ Kp = (Ho — 1)~ | gge2) < Ch

forallz € K and h € (0, 1].

The negative result in Theorem 4.6 for the symmetric model holds also in the
forward-backward case.

Lemma 4.10. There exists ¢ > 0 such that

;naXII(G 0n ) =D = (G, &) — i) g = ¢

SJorall h € (0,1].

Proof. As in the proof of Lemma 4.5 we get

fn(§)
(1 + g0, ENV2(1 + g, (E)1/2

I(GE,E) =D~ = (G, E) = i) gc2) =

Using (4.6), (4.21), and (4.22) we get

fh(%,—%)=%, ggj’h(;_h’_;_h):mz’ and g&h(%,—%>=(m+%)2.

It follows that we have a lower bound
;nax I(GHE) — i)™ — (G} on &) —iD g2

4

>

~ (1 +m?)V2(h2 + (4 + hm)?)1/2
4

>

— (L m)(1 4 (44 m)?)12

forO0 <h <1. m

Theorem 4.9 combined with Lemma 2.4 and Lemma 4.10 gives the following
result.

Theorem 4.11. Let z € (C \ R) U (—m, m). Then Jy(H), — zI)~' K} does not
converge to (Hy — zI)™! in the operator norm on B(#?) as h — 0.

This result implies that the strong convergence result in [7] cannot be improved to
a norm convergence result, without modifying the discretization.
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5. The 3D free Dirac operator

Write 0 = (01, 02,03). Let 0 and 1 denote the 2 x 2 zero and identity matrices, and
let 0 and 1 denote the corresponding 4 x 4 matrices.

For U, W € C3, there is the following identity related to the Pauli matrices, where
the “dot” does not involve complex conjugation:

U-0)(W-0)=U -W)1+i(U xW)-o. (5.1)
The Dirac matrices « = (a1, o2, &3) and f satisfy

oo + oo = 25]',]{1,
Olj,B + ,BOlj =0,
B2 =1

1 0 0 o .
= , P = , =1,2,3.
ﬂ |:0 _11| o |:0f 0] /

The free Dirac operator with mass m > 0in #3 is given by

‘We can choose

1 —io -V
Hy = —ia-V+mp = .m 10 s (5.2)
—ioc-V  —ml
see, for instance, [8], where 1 in the context of (5.2) denotes the identity operator on

L2(R3) ® C2. In Fourier space J¢3 it is a multiplier with symbol

Go(E) = [’”1 5'“], £ e R3. (5.3)
-0 —ml
Define
go) =m>+ & + & + €. (5.4)
then
Go(§)* = go(6)1. (5.5)

As in dimension two there are two natural discretizations of (5.2), using either the pair
of forward-backward partial difference operators or the symmetric partial difference
operators.
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5.1. The 3D symmetric difference model

The symmetric partial difference operators are defined in (2.3). We use the notation
DZ = (DZ;I’ DZ;Z’ DZ;_’,)

for the discrete symmetric gradient. The symmetric discretization of the 3D Dirac

! mly, Dy -0
S , 5.6
0.k |:D;1 -0 —mlh] (5.6)

operator is defined as

where 1, is the identity operator on £2(hZ3) ® C2. In Fourier space this operator is
a multiplier with symbol

Ga®© =t Ton] 67
where
5,6) = (5 sin(h). 1 sin(hta), 7 sinhés) ).
We have
Gf),h(g)z = g?),h é)1,
where

‘ 1 1 1
gonE) =m?+ 3 sin(h;) + % sin(hé,) + 7z sin?(h&3).

As in the two-dimensional case we also define a modified discretization. Let —Ay,
denote the 3D discrete Laplacian; see (2.4). Let —Ap1 denote the 2 x 2 diagonal
operator matrix with the discrete Laplacian on the diagonal elements. Then define

g s 4|l 0
Ok T 0K 0 hAu1f

Its symbol is

Gant®) = Gia® + 1]y O]

1
where
f,(6) = — sm ( 51) ism2(§gz) n % sinz(g&). (5.8)
We have
Gy n(6)” = &, (61,
where

go.n(8) = (m +f(§))* + islrlz(hfl) + 77 sin 2(h&2) +o3 ! 5 sin®(hé3).
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Since go, g - and g ;, have similar expressions in dimensions d = 2, 3, one can
directly repeat the computations leading to Theorems 4.4 and 4.6, which yield the
following results.

Theorem 5.1. Let K C (C \ R) U (—m, m) be compact. Then there exists C > 0 such
that
I Jh(Hy j, = 211) ™ K — (Ho — 21) || g3y < Ch

forallz € K and h € (0, 1].

Theorem 5.2. Let z € (C \R) U (—m,m). Then J(H} , — z1) " K}, does not con-
verge to (Ho — zI)~! in the operator norm on B8(¥>) as h — 0.

5.2. The 3D forward-backward difference model

Using the definitions (2.1) and (2.2), we introduce the discrete forward and backward
gradients as
+ + + +
Diy = (Di;1> Dias Dia)-

The forward-backward difference model is then given by

1 D, -0
HE = | " Eh 5.9
0.h |:D}-1i- o —ml, (5.9)

The symbols of D ,T,j in Fourier space are

1 ..
+— (et — 1), j=1,2,3.
ih
The symbols of the discrete gradients are then
1 . 1 .. 1 .
SE(E) = (£ (M — 1), £ (2 — 1), £ (e — 1)), 5.10
P& = (£ )t )t (e ). 610

such that the symbol of H", is

1 S, ()0
Gﬂa — |: m h :|
0 ®) Sf¢) -0 —ml
We also define the modified discretization as
~ —hA,l 0
fo _ fb h
HO,h - HO,h + |: 0 hAh11|

which has the symbol
St m o
Gon® = GO +0® |, |

with fj given in (5.8).
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The arguments for norm resolvent convergence of the 3D modified forward-back-
ward difference model do not follow as straightforwardly as in the symmetric differ-
ence case, since in particular ng h (§)2 is not a diagonal matrix. A computation reveals

that
[ 0 s;(g)~a][1 0}_[—1 0][ 0 s,;(g)~a]
SFE o 0 0 -1 [0 1]|Sf(¥) -0 0

which implies

—(§) - +£).

0 (Sy (§)-0)(S,(§)-0)
(5.11)
We proceed to show the required estimates related to Gg: 5 (&) in detail.

Lemma 5.3. Assume & # 0. Then we have

L= 1
1(Go(&) —iD) | g(csy < Gk (5.12)
There exists C > 0 such that for hE € [—37”, 37” 3 we have
~ - C
I(GPRE) — i) g4y < (5.13)

E .
Proof. The estimate (5.12) follows from (5.4) and (5.5), together with Lemma 2.3.
To prove the estimate (5.13) use Lemma 2.3 and note that
1
(Amin (E)) 1/2

where Amin (&) is the smallest eigenvalue of 1 + 63? 63 )2. Estimating Amin &) > cl€)?
for h§ € [—2Z, 2213 will conclude the proof.

The matrices (S, (§) - a)(S,T(E) -0) and (S}T(E) - 0)(S;,(§) - 0) have the same
spectrum, so by (5.11) it is enough to focus on one of these blocks. Applying (5.1)
to the top left block of (5.11), and noticing that S}T (§) = S, (&), we thereby need to

investigate the smallest eigenvalue of
(14 (m + f(8))? + IS, (©) )1 +i(S;, (§) x S, () - 0.

The smallest eigenvalue of the last term is —[S, (§) x S, (£)[, so we have

1GR, &) — i) [l g(cs) =

Imin(®) = 1+ (m + £,(6)* + IS, (©)* — |5, (§) x S, (B)]. (5.14)
If 0 <8 < h|&| and K€ € —37”, 37”]3 for some § > 0, and as [S; (§) x S, (§)] <

IS, (§ )|2, then (5.14) and (5.8) imply the lower bound

Amin(§) > f(8)% > c|£]%.
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What remains is an estimate when /|&| < § for some small § > 0. Here we first
need a bound on [S; (§) x S (§)|, where

o | sin(r(Es — £2)) — sin(hé3) + sin(hé2)
Sp(§) xS, (§) = - | sin(h(§1 — §3)) — sin(h§y1) + sin(hé3) | . (5.15)
sin(h(§2 — §1)) — sin(hé2) + sin(hé1)

Using the same estimate as in the proof of Lemma 4.7, we have

2 . . .
h—2|sm(h(x —y)) —sin(hx) + sin(hy)| < h|x||y|* + h|y||x|* < 28|¢|?.

for 2|(x, y)| < h|€] < 8. We have S, (§) x S, (§)| < 2+/38]§|.
For h|§| < 8o < 1 there exists co > 0 such that [S, (§)|> > col§]?. A fixed § with
0<é< min{%, 8o} gives the estimate

nin(€) = |55 (E)* — IS, (§) x S, ()] = c[&]?
for h|&| <. u

Lemma 5.4. There exists C > 0 such that
1(Go(®) —i)™" — (G, () —i1) 'l g(csy < Ch
for h§ € -3, 32]3,
Proof. We have
(Go(§) — i)' = (GP, (&) —in)~!
= (Go(§) —i1) (G, (E) — Go(E)(Gy(§) —in ™"

We estimate the entries in 6(f)bh (&) — Go (&) as in the proof of Lemma 4.8. Thus, the
entries are estimated by C h|£|2. Using Lemma 5.3 the result follows. ]

Using Lemmas 5.3 and 5.4, we can adapt the arguments in [2] to obtain the follow-
ing result. We omit the details here, and refer the reader to the proof of Theorem 4.4
where details of the adaptation are given.

Theorem 5.5. Let K C (C \ R) U (—m,m) be compact. Then there exists C > 0 such
that
I Jn(Hey — 210) ™ K — (Ho — 1) ™| g(ge3) < Ch

forallz € K and h € (0, 1].

As in dimension two, the unmodified forward-backward difference model does
not lead to norm resolvent convergence.
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Lemma 5.6. There exists ¢ > 0 such that

max Gy — i)™ = (G, (€) — i) gcsy = ¢
€1

forall h € (0, 1].

Proof. Consider §, = (%, —2, 0) and notice that &, € T} for h > 0. From (5.8),
(5.10), and (5.15) then

4

) = 7 and (57 (EI” =157 (60 x 5@l = oo

From (5.14), the smallest eigenvalues ’Xmin(éh) of 1 + G(ffh (£1)? and Apin(£7) of 1+
G, (64)? are

£y 2 — 2 — () 4\2
TainE) = 1+ 01+ 6460 + 157 60 = 157 @) x S, @)l = 1+ (m+ 7).
Amin(En) = 14 m? + (8, (En) > =[S, (&) x S}, (En)| = 1 +m>.

Thus, by Lemma 2.3 we have

1 h

~b T o = =
1(Gyrr) —iD) " g4 Goin ENV2 (B2 + (mh + 4)2)1/2

and
1 1

||(G§fh (n) — il)_1 ||;3(c4) = FNCLE = (It m2)/2

which conclude the proof with

1 1
= — > 0
1 +m)2 1+ (m+ 4)2)1/2

Cc

Combining Theorem 5.5 with Lemma 2.4 and Lemma 5.6 gives the following
non-convergence result.

Theorem 5.7. Let z € (C \R) U (—m,m). Then Jy,(Hy", — z1) " K}, does not con-
verge to (Hy — zI1)™" in the operator norm on 8(#3) as h — 0.

6. Sobolev space estimates and strong convergence
In Sections 3—-5 we have shown that Jj, (Hy j — z1,) " K}, converges in the B(H)-

operator norm to (Ho — z1) ™! for several choices of discrete model Hy j, and we have
also shown that in other cases this norm convergence does not hold. This section is
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dedicated to the cases where Jj, (Hy j — z1,) "1 K}, does not converge to (Hg — z1) ™!
in the B(H#?)-operator norm, and instead we will prove that convergence holds in
the B(H'(R?) ® C*@D, 3¢9)-operator norm. These latter results obviously imply
strong convergence. In particular, we recover the result in [7] for d = 2 with the
discretization H .

6.1. The 1D model

The 1D symmetric model Hj , is defined in (3.8) and its symbol G , (§) in (3.9). The
symbol for the continuous Dirac operator Gy (§) is defined in (3.1).

Lemma 6.1. There exists C > 0 such that
(G5 4(8) =)™ = (Go(&) = i)™ (Go(§) = i)' g(c2) = Ch
for h € —37”, 37”].
Proof. Note that Lemma 2.3 and (3.10) imply the estimate
1(Gy (&) —iD g2y < (1 +m*) ™!

and that this estimate cannot be improved for h§ € —37”, 37”]. We have

((Go(§) =iD™" = (Gg (&) —iD™)(Go(§) —iD) ™!
= (Gy 4(8) =D TH(GG 4(8) — Go(§))(Go(§) —i) ™%

Now !
- sin(h§) —§
Gy () — Go(®) = | 4 h
7 sin(hé) — & 0
Using Taylor’s formula (4.14) together with the estimates
1 ‘ n—
1(Go(&) —iD) ™Ml g(c2y < Al and [ (G§,,(6) —iD) g2y < 1.
we get
(G5 (&) =)™ = (Go(&) — i)™ (Go(§) — i)' g(c2) = CH*|E| < Ch

for h§ € [-2F, 3Z]. "

Proposition 6.2. Let K C (C \ R) U (—m, m) be compact. Then there exists C > 0
such that

I Jn(H = 21n) " Ky — (Ho — 1) ™| g1 Ry 2,501y < Ch (6.1)

forallz € K and h € (0, 1].



Discrete approximations to Dirac operators and norm resolvent convergence 1619

Remark 6.3. The estimate (6.1) implies
sh-lim Jn(Hy , —z1) 'Ky = (Ho — zI) ™!
—0 ’

uniformly in z € K.

Proof. The result follows if we prove the estimate
I(Jn(Hg, — z1) ™ K — (Ho — z1) ") (Ho —il) ™" || g(gery < Ch.

The proof is very similar to the proof of Theorem 4.4. In the arguments one replaces
F*u by F*(Ho — il )~ 'u and uses Lemma 6.1. Further details are omitted. [

6.2. The 2D model

Consider first the symmetric difference model. The continuous 2D free Dirac operator
is denoted by Hy and its symbol by G (£); see (4.2). The symmetric difference model
is denoted by Hj ,; see (4.3). Its symbol is denoted by Gy , (§); see (4.4).

Lemma 6.4. There exists C > 0 such that
1(G§ 4 (&) — i)™ = (Go(§) —i1)™)(Go(§) —iD ' g(c2) < Ch
for h& € [—37”, 37”]2.

Proof. The proof is almost the same as the proof of Lemma 6.1. It follows from
Lemma 2.3 and (4.8) that we have [|(G; ,, (§) — i~ | g(c2)y < 1 forhé € [—37”, 37” 2,
We have

s ey _ 0 (} sin(h1)—D)—i(}; sin(hg2)—£2)
Go.4(®) G"(S)_[(%sm(hs])—slm(%sin(hsz)—sz) 0 '

Then (4.14) implies |G ,(§) — Go(§) |l g(c2) < C h?|£|3. The remaining parts of the
argument in the proof of Lemma 6.1 can then be repeated. |

The proof of the next result is almost identical to the proof of Proposition 6.2 and
is omitted.

Proposition 6.5. Ler K C (C \ R) U (—m, m) be compact. Then there exists C > 0
such that

||Jh(H8,h —zIy) " Ky — (Ho — ZI)_1||£(H1(R2)®C2,,}€2) <Ch

forallz € K and h € (0, 1].
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Next we consider the forward-backward difference model. The arguments are
almost identical to those for the symmetric model. We state the result without proof.
The discretization Hébh is defined in (4.20).

Proposition 6.6. Ler K C (C \ R) U (—m, m) be compact. Then there exists C > 0
such that

”Jh(Hg::h - Z[h)_lKh - (HO - Z[)_IHB(HI(RZ)@CZ’J{Z) < Ch

forallz € K and h € (0, 1].

6.3. The 3D model

In this section Hy denotes the free 3D Dirac operator. The symmetric difference
model Hg,h is given by (5.6) and the forward-backward difference model H(‘fh is
given by (5.9).

We state the following results without proofs, since they are very similar to the
proofs of Propositions 6.2, 6.5, and 6.6.

Proposition 6.7. Let K C (C \ R) U (—m, m) be compact. Then there exists C > 0
such that

I Jn(H = 21n) " K — (Ho — 21) ™| g1 R3)ec4 963y < Ch
and
1 Jn(Hgy, — 21n) " K — (Ho — 21) ™| g1 R3)ec4 963y < Ch

forallz € K and h € (0, 1].

7. Perturbed Dirac operators

In this section we state results on perturbed Dirac operators and their discretizations,
with respect to norm resolvent convergence. We use the following condition on the
perturbation.

Assumption 7.1. Assume that V:R¢ — B(C"@) is bounded and H6lder continuous
with exponent 6 € (0, 1]. Assume (V(x))* = V(x), x € R?.

We require another assumption on v in addition to Assumption 2.2. We emphas-
ize that concrete examples of V¢ satisfying these assumptions are given in [2, Sec-
tion 2.1].
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Assumption 7.2. Assume there exists T > d such that
o) < (1 +]xD", xeR%
Define a discretization of V' by
Vi(k) = V(hk), ke Z°. (7.1)

Let Hy j be one of the discretizations of Hy from Sections 3—5. Then we define self-
adjoint operators H = Ho + V and H, = Hyj + Vj,.

The following result is an adaptation of [2, Proposition 4.3] to the present frame-
work.

Lemma 7.3. Let V satisfy Assumption 7.1 and let g satisfy Assumption 7.2. Define
1 1 1

=g t— (7.2)

Then

Proof. The proof in [2] can be directly adapted to the current framework. We omit the
details. Note that ¥o(x) is a scalar, such that Yo (x)V(x) f(x) = V(x)¥o(x) f(x),
f e -

We can then state our main result on the perturbed Dirac operators, which follows
from Lemma 7.3 and a direct adaptation of the proof of [2, Theorem 4.4].

Theorem 7.4. Let Jy, and Ky, be the operators defined in Section 2, and let V satisfy
Assumption 1.2. Let V satisfy Assumption 7.1 and define Vy, by (7.1). Let Hy j, equal
either of

fb —
Ho,h’ d=1,
agiy —
{'Io’hv d - 2’ 37
Ay, d=12.3

Let Hy = Hop + V. Let H = Ho + V, where Hy is the free Dirac operator in the
relevant dimension. Assume V # 0 and let 0’ be given by (7.2). Then the following
result holds.

Let K C C \ R be compact. Then there exist C > 0 and hog > 0 such that

I Jn(Hp — z15) ' Ky — (H — 21) Y| ggpay < ch?

forallz € K and h € (0, hy).
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