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Improved sharp spectral inequalities
for Schrodinger operators on the semi-axis

Lukas Schimmer

Abstract. We prove a Lieb-Thirring inequality for Schrodinger operators —d‘;—zz + V on the
semi-axis with Robin boundary condition at the origin. The result improves on a bound obtained
by P. Exner, A. Laptev, and M. Usman [Commun. Math. Phys. 362 (2014), 531-541] albeit
under the additional assumption V' € L!(R ). The main difference in our proof is that we use
the double commutation method in place of the single commutation method. We also establish
an improved inequality in the case of a Dirichlet boundary condition.

1. Introduction

In their proof of stability of matter, Lieb and Thirring [20,21] introduced the bound

SO = Lya / V(x)'+ dx

Jj=1 R4

for the negative eigenvalues A; < A, <--- <0 of a Schrodinger operator —A + V on
L?(R%) with real-valued potential V' that decays sufficiently fast. Here and below,
a— = (Ja] —a)/2 denotes the negative part of a real variable a € R. The bound
was proved for any y > max(0, 1 — %) and was later extended to the endpoint cases
d=1,y = % and d = 3,y = 0in [27] and [5, 19, 23], respectively. The sharp con-
stants L,, 4, which importantly do not depend on V', have been subject of intense
investigation over the last 45 years [25].

The case d = 1 and y = % has proved especially accessible to mathematical
investigations due to its connection to trace formulae. The sharp constant L 3= %
was established even before Lieb and Thirring’s original papers by Gardner, Greene,
Kruskal, and Miura [12]. The authors considered the Buslaev—Faddeev—Zaharov trace
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formula [3,28]

3 3 3
Zu,-ﬁ +—/k210g|a(k)|dk= —/V(x)zdx
b/ 16

Ry R

jz1

for the negative eigenvalues A; of —d‘i—zz + V on L2(R) and noted that the scattering
coefficient satisfies |a(k)| > 1. This yields the sharp inequality

Y13 < %/V(x)zdx. (1)
R

Jj=1

An extension of (1) to matrix-valued potentials by Laptev and Weidl [17] was crucial
in establishing the sharp Lieb-Thirring constants L, 4 for y > 3/2 in all dimensions
d > 1. Note that the trace formula also yields a bound on the integral involving the
scattering coefficient, which has proved very useful in the investigation of the absolute
continuity of the spectrum of the Schrodinger operator [8].

In this short note, we consider the Schrodinger operator

2

d
H=—5+ V()

on L?(R ) with real-valued potential and Robin boundary condition
¢'(0) — 00p(0) = 0,

where g € R. If the potential V is sufficiently smooth and decays sufficiently fast, the
negative spectrum of H consists of discrete eigenvalues A1 < A, < --- < 0 with cor-
responding eigenfunctions ¢;. While trace formulae have also been established in this
setting [10], there is no known analogue of |a (k)| > 1. Thus, Lieb-Thirring inequal-
ities have to be proved by different means and could in turn be used to shed more
light on the scattering coefficient. Our main result is the following Lieb—Thirring-type
bound.

Theorem 1.1. Let V € L'(Ry) N L?(R). The negative eigenvalues A of—d‘;—z2 +V
with Robin boundary condition ¢’ (0) — oo@(0) = 0 satisfy

o0
3 1 3 3
IR+ 2 Y (0} -7y < T / V(x)* dx + 1 Y 1Ail(o; —0j-1)
j=1 j=1 0 j=1
where
;i (0)]2
0i = 0j_1 , 1,2,.
P lloi 11

and @; denotes the eigenfunction to A;.
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Remark 1.2. From the proof, it is clear that the bound also holds if each of the three
sums only extends to j < N for some cutoff N > 1 (with additional terms replaced by
0 if there are fewer than N negative eigenvalues). All four quantities in the inequality
above are then non-negative and non-decreasing in N. Thus, the two sides of the
inequality are also well defined in the case of infinitely many negative eigenvalues,
though the theorem does not make any assertion about the finiteness of the two series
involving o;. However, the difference of the fourth and second term is always bounded
from above. Some explicit upper bounds that could be useful in applications will be
discussed in Section 4. Note that finiteness of the discrete spectrum holds for example
if fooo(l + x)|V(x)| dx < oo and in particular if V' € €5°([0, 00)).

In the special case of a Dirichlet boundary condition, we obtain the following.

Theorem 1.3. Let V € L' (Ry) N L?(R). The negative eigenvalues A of—d‘;—z2 +V
with Dirichlet boundary condition ¢(0) = 0 satisfy

>yl %5i6fv<x)2 ——Z

j=1

¢} ()2
ler 7

where @; denotes the eigenfunction to A;.

Remark 1.4. From the proof, it is again clear that the bound also holds if each of the
two sums only extends to j < N for some cutoff N > 1. Both sums are non-negative
and non-decreasing in N. Letting N — oo, we can conclude that under the assump-
tions of the theorem the two series are both finite, even in the case of infinitely many
eigenvalues.

Note that the inequality of Theorem 1.3 without the negative last term can be
obtained from the whole line result (1). The inequality of Theorem 1.1 should be
compared to the following result by Exner, Laptev, and Usman [11] which was estab-
lished in the same setting but without the assumption V € L' (R ).

Theorem 1.5 ([11, Theorem 1.1]). Let V € L2(R4),V <O0. The negative eigenvalues
Aj of—d‘;—z2 + V with Robin boundary condition ¢’ (0) — 6o@(0) = 0 satisfy

3
00-

[e.e]

1 3 3 3 5 3 1
§|Al|2+]§;|k 2 ?!V(X) dX—Z|Al|O'0+Z

Theorem 1.5 shows that, compared to the whole line case (1), the boundary con-
dition at zero leads to a change in the term corresponding to A; in the Lieb—Thirring
bound. Our result in Theorem 1.1 aims to further elaborate on the influence of the
boundary condition. In Section 4 we will show that the additional terms in The-
orem 1.] strengthen the inequality. In particular, Theorem 1.5 can be obtained from
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our result. While the inequality in Theorem 1.1 may be difficult to use in applications
due to the necessary knowledge of o; (and thus of |¢;(0)|/||¢;||) for j > 1, we will
show in Section 4 how in some cases the bound can be weakened to a form that does
not require this information. Some of these results cannot be obtained directly from
Theorem 1.5. Before we prove the main result, it is worth pointing out the differences
in our proof method compared to the existing literature.

For d = 1, the so-called commutation method has proved valuable in establish-
ing sharp Lieb—Thirring inequalities. This method goes back to the idea of inserting
eigenvalues into the spectrum of differential operators and was first discussed by
Jacobi [16], Darboux [7], and Crum [4]. A rigorous characterisation can be found
in [9, 13, 14]. For the purpose of proving Lieb-Thirring inequalities, the method is
reversed and eigenvalues are successively removed from the spectrum, starting with
the lowest, A;. To this end, one constructs a first-order differential operator D that
factorises the original Schrodinger operator as —d‘;—zz +V = DD* 4+ A;. Commuting
D and D* leads to a new operator —d‘;—zz + Vi = D*D + Ay, which has the same
spectrum as the original operator with the exception of the eigenvalue A;. In order to
obtain a spectral inequality, it is necessary to establish a connection between integ-
rals of powers of the potentials V' and V; (such as [ V2 dx), and the eigenvalue A;.
Assuming that there are only finitely many negative eigenvalues A1, ..., Ay, repetition
of this process removes all of these eigenvalues from the spectrum and one eventually
obtains an identity that links A1, ..., Ay to integrals of I and some potential Vy that
corresponds to a Schrodinger operator without negative eigenvalues. If this last term
has a definite sign, an inequality can be obtained.

In the case of a Schrodinger operator on the real line, the commutation method
was first used by Schmincke [26] to prove the lower bound

PTIEE —% / V(x) dx. 2)

Jj=1 R

Subsequently, it has been applied to provide a new, direct proof of (1) in the case
of matrix-valued potentials [1] (as first established by Laptev and Weidl [17]) and
to prove similar inequalities for fourth-order differential operators [15] and Jacobi
operators [24]. In a slight variation, this proof method has also been used to estab-
lish Theorem 1.5. Here, after removing the first eigenvalue, one obtains a Schrédinger
operator with Dirichlet boundary condition at zero. The Lieb—Thirring inequality is
then proved by continuing the problem to the whole line and applying (1). Our The-
orem 1.3 shows that such an approach cannot yield a sharp inequality if the potential
supports more than one eigenvalue (under the additional condition V € L'(R})).
Recently, the same variation of the commutation method has been applied to fourth-
order operators on the semi-axis [6].
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In all of theses results, the applied method is more precisely known as the single
commutation method. In comparison, the so-called double commutation method [13,
14] involves an additional step where after commuting D, D* the resulting oper-
ator is again factorised using a new first-order operator D, such that —d‘;—zz + V) =
D*D + Ay = Dy Dy + A1. Applying a second commutation, one obtains yet another
Schrodinger operator —d‘;—zz +Va= D},D;f + A1 that has the same spectrum as the
original operator with the exception of the eigenvalue A;. This method has several
advantages compared to the single commutation method. For example, it allows to
remove eigenvalues in arbitrary order, as it does not require the corresponding eigen-
function to have no zeros. In our case, its main advantage is that after the first step, we
do not obtain a Schrédinger operator with Dirichlet boundary condition, but rather
one with a new Robin boundary condition. This leads to the additional terms in
Theorem 1.1 compared to Theorem 1.5. To the best of our knowledge, the double
commutation method has not been used previously in the context of Lieb—Thirring
inequalities. In [2], the closely related Gelfand-Levitan method [18] was applied in
the same setting as in this note to obtain the lower bound

1 1 1 1 g (O
X:|}‘j|2 E_Z/V(X)dx_zao+zj2>1:

|2
= J o,

for the operator —d‘;—zz + V on L?(R,) with Robin boundary condition. This result
shows that the boundary condition at the origin influences Schmincke’s inequality (2)
in a similar way as it influences the Lieb—Thirring inequality (1) in Theorem 1.1.

In Section 2 we will introduce the double commutation method in more detail and
subsequently we will use it in Section 3 to prove Theorem 1.1 and Theorem 1.3.

2. The double commutation method

For brevity, we restrict ourselves to the case at hand, i.e., a Schrodinger operator
H = —d‘;—zz + V on L?(R ) with Robin boundary condition ¢’(0) — o¢(0) = 0. For
comparison, we first state the single commutation method, details of which can be
found in [9].

Theorem 2.1. Let ¢ be an eigenfunction of H = —d‘ic—zz 4+ V to the lowest eigen-
value M. Then, the operator H) = _£c_22 + V), with potential

d2
Vi) = V(x) =2 log o(x)
X

and with Dirichlet boundary condition
9(0) =0
has spectrum o (Hy) = o(H) \ {A}.
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Remark 2.2. As discussed in the introduction, the result is the consequence of the

factorisation H = DD* 4+ A and Hy = D*D + A, where, more precisely,
d ¢
D=—+ .
dx ¢

The spectral characterisation of the double commutation method was first achieved
in [13] for Schrodinger operators on L?(R) as well as on L?(R) with Dirichlet
boundary condition at the origin. The results were extended to Sturm—Liouville oper-
ators on arbitrary intervals with Robin boundary conditions in [14], from where we
take the following result [14, Theorem 3.2] (see also [14, Remark 3.3 (i)]).

Theorem 2.3. Let ¢ be an eigenfunction of H = —d‘;—zz + V with eigenvalue A and
lety = —1/|¢||?. Then, the operator H, = —d‘;—zz + V, with potential

Re ;
Vi (x) = V(x)—2@log(1 + y/ |(p(t)|2dt)
0

and with Robin boundary condition

lp(0)]?
lel?

has point spectrum op(Hy) = 0,(H) \ {A}. Furthermore, \ is an eigenfunction of
H with eigenvalue n # A if and only if

W,(O)—UAW(O) =0, o), =0+

P (0) = Y (x) — yi(x) [ V(g dr
0

is an eigenfunction of Hy with eigenvalue n # A where the function ¢ is defined as

o(x)
L+y fg le@)?dr”

Remark 2.4. In the notation of [14], the boundary condition of H, is given by
the vanishing Wronskian v (0)¢’(0) — v/(0)¢(0) = 0, which can easily be reduced
to the one given above. As mentioned in the introduction, the double commutation
method relies on a §ec0nd factorisation D*D + A = D;Dy + A, where more pre-
cisely D), = % + ‘%.

p(x) =

3. The proofs of Theorem 1.1 and Theorem 1.3

In many cases, proofs of Lieb—Thirring inequalities initially restrict to compactly
supported potential V' and then use an approximation argument to extend the res-
ult to more general V € LY*4/2(R?). Since the bound in Theorem 1.1 contains
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the terms o;, in our case such an approximation argument would necessarily have
to establish the continuous dependence of the eigenfunctions on the potential in terms
of the norm on L2(R ). To avoid this argument altogether, our proof will not restrict
to compactly supported potentials. Establishing the required asymptotic behaviour of
eigenfunctions is then more technical and relies on the additional assumption V €
L'(R4). This assumption is also necessary in the proof of the corresponding trace
formula [10]. We do not know whether Theorem 1.1 holds true without it.

3.1. The proof of Theorem 1.1

Let ¢ now be the eigenfunction for the eigenvalue A, and let y; = —1/|¢1||>. As a
ground state, ¢; does not vanish anywhere (see, e.g., [11] for a proof in this setting).
It can thus be chosen to be strictly positive. Note that the behaviour of ¢; at the origin
is characterised by the boundary condition

91(0) — 0091 (0) = 0. 3)
For large x, the asymptotic behaviour
Jim_ @1 (x)e Ml = ¢y, xli)ngofﬂi(x)e M = —Cy /)] 4)

holds with some C; > 0. This is a consequence of the additional assumption V' €
LY(R) (see, e.g., [2, Lemma 1] which uses [22, Theorem 8, Section 22]).
By Theorem 2.3, the operator H; = —d‘;—zz + V1 with potential

Vi(x) =V 2 1og(1 x >d
1) =V(x) =25 og( +V1/|¢1(t)| f)
0

and Robin boundary condition

l1(0)?
lpa 11

¢'(0)—019(0) =0, 01 =00+

has only the negative eigenvalues A, < A3 < --- < 0. The potential can be written as
V1 =V —2G’ with

y191(x)?
G =
o = T Tl

which can be further decomposed into G = F — F with

G I 4 (G

Fo=om ™=50
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and

01(x)
L+ y1 [y lei(0)2de

P1(x) =

Lemma 3.1. The functions F and F solve the first-order differential equations
F24+F =V —-LA, F?-F42F =V-)
with boundary conditions

F(0) = oo, F(0) =01,

lim F(x)=—+v| 1], lim F(x) = V|A].
X—>00 X—>00

Proof. The differential equation for F' can be found in several applications of the
single commutation method. It is an immediate consequence of the eigenequation
for ¢

91 (0)* + ¢ (x) — ¢} (x)?

F(x)*>+ F'(x) = o2

= V(X) - Al.

The boundary conditions follow from (3) and (4). For F , we compute that
F(x)? = F'(x) = F(x)? = F'(x) + G'(x) = 2F (x)G(x) + G(x)?

and the differential equation can be proved by verifying that G'(x) — 2F (x)G(x) +
G(x)? = 0. The boundary condition at the origin is a consequence of (3) while for
x — oo we use (4) and de I’Hdpital’s rule to compute

lim F(x) = lim
X—>00

X—>00

((pi(X)  ylei)P )
e1(x) 14y [y loi(r)2dr

. 201(x)g1(x)
— VTl i 2 :

We first note that

o0 o0

/ Vi(x)?dx = / V(x)? dx + 4/ G'(x)(G'(x) — V(x)) dx

0 0 0

The last term on the right-hand side can be computed explicitly by using Lemma 3.1:

/G/(x) (G'(x) = V(x)) dx
0
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F'(x)(F'(x) — V(x))d F'(x)(2F'(x) — F'(x) — V(x)) dx

F'(x) (A1 + F(x)?) dx

° Y~y o\é8

= —/ F'(x)(A1 + F(x)?) dx +
0

— [|)LI|F(x) - %F(x)3 — [M]F(x) + l15003]:?
= —g|},1|% + |A’1|(O-1 _00) - %(01 _00)

Thus, we arrive at

T 16 4 T
[ i ax ==l + 4o o0 - 30F o) + [ Vw2 ax
0 0

We aim to repeat the process and thus check whether V; satisfies the assumptions
of Theorem 1.1. The identity above shows that V; € L?(R4). In [2, Lemma 2], it
is stated that V; € L1(R), arguing that |G'| € L'(R4) since G'(x) > 0 for suffi-
ciently large x. The latter is claimed to be a consequence of the asymptotics of ¢;.
Unfortunately, we could not fill in all of the details of the argument. In particular,
we could not rule out that G’ oscillates as x — oo. We instead present an argument
that avoids investigating the integrability of V; altogether. In the computations above,
the property V € L!(R.) was only used to prove the asymptotic behaviour of the
ground state ¢; of H. More generally, the condition V' € L!(R ) guarantees that the
eigenfunctions ¢; of H satisfy

lim @;(x)eVt =C;,  lim ¢l (x)eVFF = —C; /|7,
X—>00 x—o0 '/
with C; # 0. These results already imply similar asymptotics for the eigenfunctions

Y of Hy without the need to establish V; € L'(R). To this end, we note that, by
Theorem 2.3,

() = 0741 (6) + 711 (x) / 01 (g1 (D) dr. 5)

Using de I’Hopital’s rule, it is straightforward to compute the three limits

2
lim gy (e = ———— /],
Cin

[Arlx — _

Jim_ @y (x)e” 1l

Ciyi
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C1Cj11

VAl + VAl

tim [ 1000 dr /PP
X—>00

From (5), we then obtain the desired asymptotics

Jim gy (0)eY =D lim oyl eIVl = —p; /1|
with D; = Cip1(V/I[Aj+1] = VIAD/(VIAj+1l + VIAr]) # 0.

We can thus repeat the process for H; and remove A, from its spectrum. While the
eigenfunctions of H; are different to those of H, the relevant quantities in the defin-
ition of o, importantly do not differ. More precisely, (5) allows us to conclude that
¥1(0) = ¢,(0) and furthermore that || |*> = [l¢2]|?, as shown in [14, Lemma 2.1].
Thus, 03 can be written as 02 = a1 + [¥1(0)[*/[[¥1]1> = o1 + [92(0)[*/ [l p2I>.

We can continue in this manner, noting that in each application of the double
commutation method, the desired eigenfunction asymptotics inductively hold true.
This yields the identity

/VN(x)zdx
’ 16 & [
=S 42'* (07— 0 1>——<oN—oo>+/V<x>2dx

Jj=1 0

after N steps. Since the left-hand side is non-negative, we obtain the inequality

o N
ZM |2 + - Z(o —0 %/ V(x)? dx +%Z|)Lj|(0j —0j_1).
£ o j=1

If the number of negative eigenvalues is finite, this is already the desired bound. In the
case of infinitely many eigenvalues, we can let N — oo as all four terms are positive
and non-decreasing in N.

3.2. The proof of Theorem 1.3
We start with the following observation.

Remark 3.2. We recall that F and F in Lemma 3.1 were well defined, since under
the assumptions of Theorem 1.1 the ground state ¢; does not have any zeros. This
fact was subsequently also used in the proof of the lemma. Note, however, that the
decomposition G = F — F was only necessary in order to evoke similarities to the
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single commutation method and to simplify the computations. It can also be checked
directly that the identity

G'(x)(G'(x) — V(x))
d
= (160 -

Y191 ()2 @1 (x)? — yi] (x)@1(x)? @1 (x) + %V%@l(x)G)
@ (x)3

holds, where ®;(x) =1 + y; fox |@1(2)|? dz. Here, all involved quantities are well
defined even if ¢; has zeros. This shows that the double commutation method does
not require us to remove the eigenvalues in increasing order. Furthermore, in a more
general setting, the double commutation method could be used to remove eigenvalues
in gaps of the essential spectrum other than the lowest one.

The above remark shows that we can apply the double commutation method to
the Schrodinger operator —25 + V on L?(R ) with Dmchlet boundary condition at
the origin. After the initial step, the operator H; = 2 + V1 is characterised (see
Remark 2.4) by the vanishing Wronskian (0)(,0{ (0) w (0)91(0) = 0 which reduces
to ¥ (0) = 0. Following the procedure above, we obtain the identity

o0

o0
16 . 2 1(0)]?
/Vl(x)zdx :_?w% _4|“"(“)2| +/V(x)2dx.
0

llo1

0

From (5), we see that ¥(0) = ¢5(0). We can then continue removing eigenvalues
from the spectrum. Repeating the process for altogether N steps and using again that
157 Vn(x)? dx > 0 we obtain

al o P 3,
2l Z o712 51_60/”") .

This finishes the proof if the operator has only finitely many eigenvalues. The general

case follows from taking N — oo and noting that all three terms are non-negative and
non-decreasing in N.

4. Comparison and simplifications

4.1. Comparison to Theorem 1.5

Under the assumptions of Theorem 1.1 and if V' < 0, the presented inequality is
stronger than the result of Theorem 1.5. To this end, we note that, by definition,
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0j —oj—1 > 0aswellas |A;| < |A{], and thus, for any N > 1,

&~ w

N

1 3 1
> loj =051 + (05 —03) = ZIAil(on —00) + 7 (05 —03).  (6)
j=1

If 09 > 0, then also oy > 0 and by Young’s inequality

3 1 3 1
Z|AI|UN < §|M|2 + ZU%- (7

If 09 < 0, then the inequality still holds true. To this end, we note that by the min—max
principle |A1| > o since V' < 0 and since the operator without potential has a single
negative eigenvalue —og. Thus, (2|4, |% + on) > 0 and from the identity

3 1 3 1 1 1 1
Z|M|0N = §|)&1|2 + ZOI%/ — Z(MIP —on)*(2A1]2 +on) (®)

we again obtain (7). Inserting (7) into (6) establishes that the inequality in The-
orem 1.1 implies the inequality in Theorem 1.5if V € L'(R4) N L?(R4),V <0. The
assumptions in the latter can then be relaxed to V € L2(R4), V < 0 by the standard
approximation arguments.

We will provide an explicit example where the former inequality becomes an
equality, while the latter remains a strict inequality. To this end, we apply the double
commutation method to insert a single eigenvalue into the spectrum of the free Schro-
dinger operator —d‘;—zz with Neumann boundary condition ¢’(0) = 0. For fixed w € R,
we consider ¢(x) = cosh(wx), which satisfies —¢” = —w?¢ as well as ¢’(0) = 0.
Note that, in contrast to the assumptions in Theorem 2.3, the function ¢ is not an
element of LZ(R+). Furthermore, we choose y > 0. From [14, Theorem 3.2], we can

2 . .
conclude that the operator —d‘;—z + V with potential

d ( y cosh?(wx) )

Vix) =—-2—
) dx \1+y [y cosh?(wt) dr

and Robin boundary condition ¢’(0) + y¢(0) = 0 has a single negative eigenvalue
—w?. By construction (or by direct computation), the inequality of Theorem 1.1 is
found to be an equality in this case. In particular,

o0

3 1 3
6 V(x)?dx = Zy3 — Zya)2 + .
0

. . 3 .
The inequality of Theorem 1.5, on the other hand, reduces to “’7 < w3, which shows
that for this example, the factor of % in front of the lowest eigenvalue is not necessary.
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Both inequalities are sharp for the free operator —d‘;—zz with boundary condition
@' (0) — 0p@(0) = 0, which for o < 0 has a single negative eigenvalue —o¢ with nor-
malised eigenfunction ¢ (x) = /—200e°°*. Under the assumptions of Theorem 1.1,
the inequality of Theorem 1.5 cannot be an identity for potentials ¥ € L'(Ry) N
L?*(R4) with more than one eigenvalue, since the bound was proved by applying (1)
to the Dirichlet problem obtained after the initial step of the single commutation

method. By Theorem 1.3, this yields a strict inequality.

4.2. Some simplifications in special cases

In some cases, the bound in Theorem 1.1 can be simplified such that it does not depend
on the (often unknown) quantities o; for j > 1.
If 0p > 0, then Young’s inequality allows us to conclude that

3 1 1 3 1 1
ZMIKUN —09) + Z(Ug —01%/) =< 5|)&1|2 + Z(ON —00)® + Z(OS —02,)
1 1
= Euﬁ — Zo00N (0N — 00) < 5|Al|%.

From (6), we thus obtain that Theorem 1.1 implies

[e.e]
1 3 3 3 5
e +J§IMI2 < EO/ V(x)? dx.
While this result cannot be read off directly from the bound in Theorem 1.5, we note
that it can be alternatively obtained by first applying the min-max principle and sub-
sequently using Theorem 1.5 in the special case of a Neumann boundary condition
Op = 0.
More can be said if one can establish that oo > |A]|'/2. In this case,

(M2 —on)? = (1] = 00)?,

and thus (8) shows

3 1 3 1 1 1 1
Z|M|0N < §|)L1|2 + 101%/ - Z(Ml|2 —00)*(2A1]Z + 09)
3

1
= Z|A1|O'() — ZO’S + ZO'I’J:,

As a consequence,

3 1
F4illon —00) + 7(03 —03) =0
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and thus, on account of (6), we obtain

A, éfi V(x)? dx
16
0

I\l

from Theorem 1.1. We observe that, in this special case, the Lieb—Thirring bound
holds without any additional terms. It is not possible to obtain this result from The-
orem 1.5 as the additional term in the inequality has the opposite sign, i.e.,

1
—0320

1 3 3
A2 = 2|
2| 1] 4| 1|00-i-4

by Young’s inequality.
Lastly, if 0p < 0 and V' < 0 then Young’s inequality implies
1,

3 1 1 3
_ZMIPUO < 5|)&1|2 — 700

and together with (7) and (6) we conclude that Theorem 1.1 implies

3 [e.e]

3

Sl = o [ vw?ar
0

jz2

This result also follows from Theorem 1.5 by the same argument.
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