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Limit theorems on the mesoscopic scale for the Anderson model
Yoel Grinshpon

Abstract. In this paper, we study eigenvalue fluctuations of the finite volume Anderson model
in the mesoscopic scale. We carry out this study in a regime of exponential localization and
prove a central limit theorem for the eigenvalue counting function in a shrinking interval.

1. Introduction and preliminaries

The purpose of this paper is to prove a mesoscopic central limit theorem (CLT) for the
eigenvalue counting function of finite truncations of the Anderson model in a regime
of energies where localization holds.

The discrete Anderson model on Z¢ is the random operator

H:02(2% - 2(z%), H=A+V,
where A is the discrete Laplacian and V' is a multiplication operator, i.e.,

(Hu)p =Z“m+ Vi - up

m~n

where V,, (n € Z¢) are i.i.d. random variables. We will assume that the distribution
of 1, is absolutely continuous with respect to the Lebesgue measure with density
p(v) dv satisfying || p]|co < 00.

We will be looking at finite truncations of H,

Hy = x{Hyf
as L — oo where )(z is the indicator function on the cube
Ap =[-L,L)Ynz?,

and we denote by
L L
El < el << El L|
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the eigenvalues of Hy . The empirical measure of Hj, is the measure

where § . is the Dirac measure at EiL. When the empirical measure has a limit as
L — oo,lthis limit w is known as the density of states (DOS) of H. In our case,
this limit indeed exists and is known to be absolutely continuous with respect to the
Lebesgue measure almost everywhere [1, Chapter 4], with a Radon—-Nikodym deriva-
tive

du(E) = f(E)dE.

Our goal will be to understand the fluctuations of ;z on the mesoscopic scale and
establish the convergence of these fluctuations to a Gaussian limit. In other words, we

shall look at intervals of length ~ around a certain energy E where 0 < n < 1,

_1_
. |AL.|n . . . .

and study the fluctuations of the counting function of the eigenvalues in these intervals

as L tends to co. We study these fluctuations in a regime of localization, i.e., where

the spectrum of H is pure-point with exponentially decaying eigenfunctions.

We define the Green’s function G A (x, x; z) on some box A C 74 to be
Ga(x,y:z) = (x,(Hx —2)7'y)

(where H is H restricted to A), and the set &£ to be the following:

Definition 1.1. We say that £ € £, if
(1) E € o(H);
(2) E is a Lebesgue point of f and f(FE) is positive;
(3) there exists € (0,1), C; > 0, C, and r > 0 such that

E[Ga(x,y;2)[] < Cre R

for any hypercube A C Z¢,x € A, y € A andz € C suchthat |z — E| <r
(we say that y € dA if y € A and there is a y’ € dA such that |y — y'|).

Limit theorems for the fluctuations of the eigenvalues in the Anderson model have
already been obtained, mostly on the microscopic scale (n = 1) and on the macro-
scopic scale (n = 0). Minami [14] proved that under a certain assumption which
implies localization (E € &£, an assumption which we shall adopt as well), the eigen-
value point process converges to a Poisson point process on the microscopic scale.
This was after Molchanov [15] did so for the continuous case. This result can be
interpreted as statistical independence of the eigenvalues as L — oo in a window of
length ~ ﬁ around some energy E € o(H).
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Several macroscopic limit theorems have been proven for the Anderson model
[12, 16, 17] in one-dimension, all showing Gaussian behavior of the trace of f(H)
for different functions f with a variance that grows proportionally to L. We remind
the reader that in one-dimension, there is always localization for the Anderson model
[6, Chapter 9]. In addition, the author and White proved a macroscopic CLT for poly-
nomials of the multi-dimensional Anderson model [11]. Indeed, for p(Hr), if the
distribution of the elements of the potential V' is supported on more than three points,
the variance of Tr(p(Hp)) is of magnitude L¢ . These results (or more specifically, the
growth rate of the variance) on the macroscopic scale resemble the expected behavior
of a sum of i.i.d. random variables, and therefore can be interpreted as some sort of
limit independence of the eigenvalues of Hy, as L tends to co. A natural question now
arises - in regions where localization holds, can this limit independence be seen in the
scales between the microscopic and the macroscopic, i.e., in windows of magnitude
~ ﬁ around some energy E?

Some results have already been achieved for the mesoscopic scale. Germinet and
Klopp [10] established several results regarding the level spacing statistics and the
localization centers of the eigenvalues of many Schrodinger operators (including the
Anderson model) where localization holds, both on the microscopic scale and on
mesoscopic scales. Warzel and Von Soosten [19] proved a law of large numbers for
the eigenvalues encompassing a wide range of Schrodinger operators, which include
the Anderson model in one-dimension on some mesoscopic scales. It is worth point-
ing out that our method of proof utilizes Minami’s result along with general features
of the Anderson model, and does not require additional hard analysis.

Mesoscopic scale fluctuations of eigenvalues are of great interest in the field of
random matrix theory. Such theorems have been proved for the CUE [18] and the
GOE [3]. In recent years there has been a plethora of such results ([4,7,9,13] is a very
partial list of examples for such results).

Fora,b € R suchthata <0 < b and E € o(H), we shall define

Xr=X1(n.E,a,b)

to be the number of eigenvalues of Hy, in the interval

a b
I =IL(E.Ln.ab) = (E+ TVIER IALI")'

We will prove the following theorems:
Theorem 1.2. Fora,b € R suchthata <0 <b,0<n<1,and E € £,

Xr
|Ap |17

— f(E)-(b—a)

in probability.
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Theorem 1.3. Fora,b € R suchthata <0 <b,0<n<land E € £,
Xp —[AL|""- f(E)-(b—a) 4

NI — N(0,02)
L

where N(0,0?) is a Gaussian random variable with mean 0 and variance

o? = f(E)*-(b—a)’.

2. Overview and preliminaries

In this paper, we analyze the eigenvalue fluctuations on the mesoscopic scale using
Minami’s result for the microscopic scale. However, we will need a slightly modified
version of Minami’s theorem:

Proposition 2.1. Let H be the Anderson model on 7.2 with a potential V with distri-
bution p(v)dv such that ||p|lec < 00. For every L, ay, € R¢ and c;, > 0, we define the
boxes

Arage, =(~L+co.L—cr]® +ar)nz?
and denote by E ]L the eigenvalues of H restricted to Ay g4, ¢, (that will be denoted
by Hp; ,a; c; ). Assuming that ¢y, E) 0, for every E € £, the process

IAL.ap .cp |

E —
/"LL,aL,CL - Z 5|AL,HL.L‘L|'(EJ'L_E)
Jj=1

converges to a Poisson point process with intensity

dv
1E = f(E)

where [ is the Radon—Nikodym derivative of the DOS with respect to the Lebesgue
measure.

The next Corollary immediately follows.

Corollary 2.2. Under the assumptions of Theorem 2.1, given a,b € R such that a <
0 < b, the number of eigenvalues of Ap 4, ¢, in the interval

1=(E+ —— F+ b )
B (L + 14’ (2L + 1)4

(denoted by 7! = Zi (E.,a,b,ar,cr)) converges in distribution to a Poisson random
variable with parameter

A= f(E)-(b—a).
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The proof of Proposition 2.1 is essentially identical to the proof of Minami’s orig-
inal result [14] so we omit it.

We present here a brief overview of the proof of Theorem 1.3. The general goal
of our proof is to understand the fluctuations of the eigenvalues on the mesoscopic
scale exploiting our knowledge of the fluctuations on the microscopic scale given in
Corollary 2.2. We would like to do this in the following manner. We create a partition
of Ay to smaller boxes Az ; which have side lengths of magnitude L". Restricting
H to the new boxes Ay ; (denoting it Hy ; accordingly), from Corollary 2.2, the
number of eigenvalues of Hy ; in the intervals I converges to a Poisson random
variable. Since the eigenfunctions are exponentially localized, the transition from Hj,
to Hy ; will not significantly affect most eigenvalues of Hy . For relatively large n,
this approximation indeed works (see Proposition 3.3), and one can infer a CLT for the
eigenvalues of Hy in I as a sum of independent random variables which converge
to a Poisson random variable (Proposition 3.6). However, for relatively small 7, this
approximation does not work. In this case, we use an inductive approach. This will be
done in the proof of Theorem 1.3.

In our proofs, convergence of the variance of Z i (as defined in Corollary 2.2) to
the variance of a Poisson random variable would do us a great service. In general,
convergence in distribution does not imply convergence of the variances, but it is true
in our case.

Lemma 2.3. Under the assumptions of Proposition 2.1, the k-th moment of Z i (as
defined in Corollary 2.2) converges to the k-th moment of a Poisson random variable

with parameter
A= f(E)-(b—a).
In particular,
E[z!] % 2
and

Var(Z i) — A2
In order to prove Lemma 2.3, we will need Theorems 2.4 and 2.5:

Theorem 2.4 ([2, Corollary from Theorem 25.12]). Let r be a positive integer and
e > 0. If X;, — X in distribution and

sup E[| X,|" %] < oo.
n

Then E[| X|"] < oo, and
E[X,)] — E[X"].
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Theorem 2.5 ([5, Corollary 2.4]). Let
H=A+7V

be the Anderson model on a finite graph G such that for every x € G, the distribution
of Vy is a.c. with respect to the Lebesgue measure with a Radon—Nikodym deriva-
tive p, and for any interval I C R, define Z' to be the number of eigenvalues of H in
1. Then for every interval I C R, there exists a constant C > 0 which depends only
on the distribution p such that

cr-G|m -

P(z' >n) <
n!

Proof of Lemma 2.3. By Theorem 2.4 it is enough to show that
supE[|Z£|k] < 00.
L
for every k € N. Note that Z i is a discrete random variable which takes values in

N U {0} and hence from Theorem 2.5, there exists a constant C > 0 such that for any
L>0,

o0 o0
E(Z[[F1=Y n*-P(z] =n) <> n*-P(Z] = n)
n=1 n=1
o0
cr o
SZF” | LaaL,CL|'W<OO | |

3
Il
—-

Remark 2.6. The convergence of Var(Z i) to the variance of a Poisson random vari-
able with parameter A does not depend on ay, cp, in a sense that for a given ¢ > 0,
there exists Lo > 0 that such that if L > Ly,

| Var(ZE) — 22| < ¢
foreveryarp € RY, ¢f < 1. Define
D =1{0,1}¢
and corresponding random variables
(Wi e
where WLk is the number of eigenvalues of H restricted to the box

((0,2L + k1) x (0,2L + k») x -+~ x (0,2L + kg)) N Z¢
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in the interval

a b
((2L + 14" 2L + 1)d)'
Forevery L € N ay € Rd, and 0 < ¢, < 1, there exists k € D such that Zi and WL]‘
share the same distribution. From Corollary 2.2 and Lemma 2.3, for a fixed k € D,
the variance of WLk converges to A* as L — oo. Since {WLk}keD is a finite set, so
does Va.r(Z]f).
This type of argument will appear several times throughout this paper.

3. The proofs

Similarly to the proof strategy in [14], for every L and 0 < 8 < 1 we shall divide
Ay into separate My (B) boxes Ay ; in the following manner. We start by forming a
partition of each edge of Az into [(2L)'~#] intervals of length

2L
[2L)=F1

This forms a partition of Az into Mz (B) = ([(2L)'#7)¢ boxes Ar,; and induces
the corresponding measures

Azl
E _ E _
KL.j = KL,jnp = Z S\AL,m-(Ef,—E)

i=1

where EiLj is the i-th eigenvalue of Hy ;, the operator H restricted to the j-th box.

Our goal will be to approximate uf with /,LE j in the sense that

My (B)

. 1 E E —
Jim B[ f (9) - ; uf ;@] =0

for a suitable v > 0 and certain functions g € L' (R).

Remark 3.1. As mentioned, for every box Ay j, the edges of A ; are of length

2] = W and for every ¢ > 0, for L large enough,

(L)? —e <2L' < (2L)%,

so for some Lo € R and every L > Ly, there exist c;, > 0 such that c;, — 0 and
ar € R? such that

Apj = ([—Lﬁ + CL,Lﬂ —CL]d +ap)N 7,4
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and therefore Corollary 2.2 is applicable for the boxes Ay j in the sense that since
the side lengths of A ,; converge to (2L)B, the number of eigenvalues of Hyp jinlpp
converges to a Poisson random variable.

For the proof of the next proposition, we will need the following lemma.
Lemma 3.2. Let E € L. Then there exist s € (0, %) and By, By, r > 0 such that for
any A € A’ C Z? (where A is finite), x € A and z € C4. such that |z — E| < r,

' B, — B> dist(x,dA)
E[|GA(x,x;2) — Gar(x,x;2)|] < Im 22— ¢ ’

The proof is very similar to the proof of [1, Lemma 17.9] so we omit it.

Proposition 3.3. Denote by g = )(a,p) the indicator function of the interval (a, b)
fora <0 <b. Fora,B,n>0suchthata +n>1—Band E € £,

My (B)
lim

L;>oo|A E HML(g) Z MLJ(g)H

In order to prove Proposition 3.3, we begin by proving the analogous statement
for a different set of functions. We define for every z € C,

1
u—z

¢z (u) = — Im

We shall prove the following lemma.

Lemma3.4. Foranyz € C4, o, 8,1 > Osuchthata +n>1—pBand E € £,

|=0

the statement still holds as L tends to oo, i.e.,

My (B)
hm |A e HML(d’z - Z ME,,‘(@)
j=1

Moreover, taking z = ,
8 TV

M (B)

> ut @ i) =0
j=1 r

Proof of Lemma 3.4. This proof is quite similar to [14, Step 3] and [1, Lemma 17.7].

im 7w E[[uf
Ll—>oo|A |a a2

In order to proceed, we shall choose some ¢ > 0, and break each Ay ; into separate
components:
AiL,j ={x e Ar,;j:d(x,0AL,j) > LY},

b . i
Ap;=ALj—AL;.
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In other words, Ali ; 1s the boundary of Az j and AL ; is the interior of Az ;. Denot-

3 — z
Me 2L = K,

1 M (B)
T (Wf (@) — Y uf (@2))
j=1
[ALl
1 1 1
= — Im
T |ALl® ; IALl”(E,-L—E)—Z)
1 Mp(B) 1AL jl 1
- o Z Im( L )
w|AL| oo |AL|”(Ei,j—E)—Z
1 M (B)
_ W(Tr(lm(HAL —z)™) = Y Tr(m(Ha, —zL)—l))
j=1
1 M (B)
=W Z ( Z (ImGAL(X,X;ZL)—ImGAL,,-(X,X;ZL)))
j=1 x€Ar ;
1 M (B)
=W Z ( Z (ImGAL(X,X;ZL)—ImGAL,,-(X,X;ZL)))
Jj=1 XEAZ,j
1 M (B)
+W Z ( Z (ImGAL(X,xizL)_ImGALVj(X,xizL)))-

=1 i
J xeAij

(3.1

Now, we shall look at the expectation of the right-hand side and examine each sum
separately:

! ML)
—JT|AL|‘¥+77E[ Z ( Z ImGAL(x,x;zL)—ImGALVj(x,x;ZL))]

Jj=1 XGAZ,J'
M (B)
> > (BImGa, (x,x:z0)] + E[(Im Gy, (x, x:2))])

=1 b
J xEAng

My (B)

1
EW Z Z 2[lplloo

i=1 b
J xEALJ

1
~ | Apletn

. Mp(B)

= Zia, e AL 2Pl
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where the last inequality is true due to the fact that
[EIm(GA(x, x;2)]| < 7lpllo

forany A C Z% xel, ze C4 (see[14, (2.19)—(2.22)]). Notice that this bound does
not depend on z, so as long as we take ¢ small enough and under our assumptions on
a and S,

Mp(B)
1
WE[ Z ( Z ImGAL(X,)C,ZL)—ImGAng(X,x,ZL))]mo.

=1 b
J XGAL,J'

As for the second sum, since z € £ and since for any r, |z;, — E| < r for L large
enough, from Lemma 3.2, we obtain

IE[ Z ImGa, (x,x;z1) —Im GALJ. (x,x;zL)]

xEAiL.j
_MLB) ALy B IAP g gaa) oL 0
AL |a+n Im z2(1—s) L—00
as long as Im z decays polynomially in L. Hence, we obtain the desired result. ]

Having established Lemma 3.4, we can now prove Proposition 3.3.

Proof of Proposition 3.3. We shall use the set of functions ¢, with z = ig, ¢ > 0 to
approximate the indicator functions g = x(4,5). For every € > 0, define

8e = Qic*x g

and

1 lt
VL = a(ME_ZME,j>
|AL =
. _ 1
‘We will show that for ¢ = A
(1) lim E[jvp(ge)|] —— 0,
L—>oco L—oo
(2) lim Efjvr(g — ge)|] —— 0,
L—oo L—o0
and thus obtain the desired result. For (1),

b

Efjvz(g0)]] < / gD Brery)] dy = [ Eb@iecy)liy  (3.2)

a
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For L large enough, | ‘);\J;ili | < r, so according to Lemma 3.4,

E[v(die+y)] T2 0

uniformly, and by the dominated convergence theorem, the right-hand side of 3.2
converges to 0 as well.
For (2), since 0 < g,(x) < 1 for any x € R (denoting by || - ||; the L' norm on R),

My (B)

E[lvi(g — gl SEluf (g — gl + > Eluf (g — gl
j=1

<2|AL|-llg — gelh —— 0
L—oo

if
lg —gelli = o(IALIT),

which is the statement of Lemma 3.5.

Lemma 3.5. Fore = %
[ALl

lg = gelli = o(IALIT)

Proof. Using direct integration, one can see that

ge(x) = %(a.rctan(x ; a) — a.rctan(x gb)>

and therefore, denoting

Ag(x) = %((x —a) arctan(x

—a) —(x—=>) a.rctan(x;b»

1 X —a\2 x —b\2
Be(x) = T ~8(10g(1 + (—8 ) )—log(l + (—8 ) )),
we get
[ gedx = 40~ oo
Using a direct calculation, one can verify that

Ac@) = lim Ac(x) = 0(), _lim Be(x) - Bela) = O()

forany o < 1, so
a

[ geax =06

—00
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for any o < 1. A similar argument shows the same for

o0
/ggdx.
b

Finally,
(b—a)— As(b) + As(a) = O(e),  Be(b) — Be(a) = O(e"),
SO
b
[a-gpdx.= o6
forany 0 < o < 1 as well. |

From Proposition 3.3, we can easily derive Theorem 1.2:

Proof of Theorem 1.2. Take B = 1, and @ = 1 — 7. Notice that for our choice of o
and B, the assumptions of Proposition 3.3 hold for any 0 < n < 1. Hence, taking

XL =puf (X@y) Xo.j = 11, (Xap)
and applying Proposition 3.3,

XL _ Z]AiLl(ﬂ) XL,j

0
|[Ap|t—7 L—oo

in probability. From Proposition 2.1, X, ; o Pois(A) with
—00
A= f(E)-(b—a)
(see Corollary 2.2). Together with Lemma 2.3 and Remark 2.6, this implies that
E[Xz ;] — A, Var(Xp ;) — A*

uniformly in j. This means that the variance of Xz ; is uniformly bounded. In addi-
tion, for each L, X; ; are independent, which altogether implies

(Zj_\’lle(ﬂ) XL,j) 1 My (B)

Var ML) = AL ; Var(X,;) = 0
Zj‘illl(ﬂ) XL’]' _ 1 ML(ﬂ) 4
ML(B) ] T MLB) E[Xz,;] = f(E)- (b —a),
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and hence u
Y M B Xy~ MLB) - f(E)-(b—a)
ML (,3) L—>oo

in probability. Since

My (B)

— 1,

|AL |7

we obtain the desired result. n

After obtaining the law of large numbers, we move on to our CLT. First, we begin
with a relatively simple case where 7 is large.

Proposition 3.6. Fora; € R? and ¢ > 0, define
AL = AL,aL,cL =(-L+cr,L—cr]+ar)n Zd.

ForE e £, 1> %a,b € R such thata < 0 < b and ¢, > 0 such that cp, L—)O,
—>00

Xp—[AL"T-f(E)-(b—a) 4
ke o

where 6> = f(E)? - (b — a)?. Moreover

N(0,0?)

X
Var( L) g2
VIALIYTT
as well.

In order to prove Proposition 3.6 and Theorem 1.3, we will need the Lindeberg—
Feller CLT for arrays.

Theorem 3.7 ([8, Theorem 3.4.5]). Foreachn € N, let X, ,,, 1 < m < n be indepen-
dent random variables with E[ X}, m] = 0. Suppose
2
(1) Yot E[XZ ] —— > 0;
> n—>oo
(2) forall e > 0, 1im, o0 E[X? . - XX,y ml>e] = 0.

Then
Xn,l + -+ Xn,n

4 N, 1)
\/Var(zzzl Xn.m)

asn — oQ.

Proof of Proposition 3.6. We start by creating a partition of Az (as described in the

beginning of Section 3) with 8 = 7) into separate boxes {Af ; }jMle(ﬂ ) (see Figure 1)
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Figure 1. The case n > %

and for every A, j, we define X, ; to be the number of eigenvalues of Hp, ; in Iy,
From Corollary 2.2, for every fixed 1 < j < My (f)

d
X1,; — Pois(1)

with A = f(E) - (b —a).
Define
Yi,j = Xr,; —E[XL ;]

We shall establish the convergence of the sum (over j) of Y ; normalized by
V/|AL|'"7 to a Normal distribution using Theorem 3.7. Note that Y7, ; are i.i.d., and
each X7 ; converges in distribution to a Poisson random variable with parameter A.
Applying Lemma 2.3, and Remark 2.6, we obtain that

Var(Yr,;) —— A2,
L—oo

and this convergence is uniform in j. Again, from the convergence of Xy ; to a Pois-
son random variable and the uniform convergence of the variance to the variance of a
Poisson random variable,

My
. 1 2
m > Var(Yr, ;) ;E[YLJ Ay, e s ) = 0
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for every ¢ > 0. Therefore,
M
ijLl(ﬁ) - ]E[XL ]] d

m —>N(00)

f(E)?- (b — a)?. Note that just as in the previous proof, in order to deter-

with 0% =
mine the magnitude of the variance, we used the fact that
|AL|'"
ML (,3) L—o0

From Proposition 3.3 (taking 8 = 7, ¢ = % - g, and g = Y(q,b))>

1
lim —— [
L—oo /|AL|1 7l

and hence -
X, — A 1T FCEY- (b —
Lo AL TS E) b 4
VIALT

From (3.3), we also infer that

i
M x,

X
var(= NV ) s

and since ~
M
Zj =L1(ﬁ) XL

Var( \/W ) P o

2

we get

X _Z L(ﬂ) ; Z L(ﬂ) _
r L >+Va (W>

s ZML(ﬁ) XL ZML(ﬂ) XL;) I oo

+2COV( il
VIALIYTT VIAL|IPTT

as well.
Equipped with the CLT for large n’s, we can prove Theorem 1.3

Proof of Theorem 1.3. Let n > 0, and denote

= f(E)-(b—a)”.

ML)
Z XL ]] =0, (3.3)

o

2
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Ar ok

~
(Sl

Figure 2. The case n < %

Ifn > , the theorem is 1mmed1ately true using Proposition 3.6. For n < 1 , there exists
j € N such that —j <n< and we begin by dividing Ay 1nto ML( ) boxes
ML 2)
{AL k)=
boxes {AL Kk e

2/ 1
. Now, for every k, we divide Ay ; again with = 3 1nto My i ( 2)

M. (3) . We iterate this process j — 1 times and produce

) ) M)

boxes (see Figure 2).

Note that
My (ky o) (3) |

Ag|7er Lo

o)

ML(3) ML g(3) - MLy ;) (3) |

ALl Lo

and for any such box Ay, (, k1) there exist

ap =ap(ky,....kji—1) eRY, cp=cplky,....kj—1) >0

and with ¢, — 0 such that

ALk = (L' +c. L' —c]* +ar) nz?
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with 1
L = L27-T,

Thus, each A L,(ky,....kj_,) Possesses the requirements of Proposition 3.6 with 1 =
2/='n. This means that if we define the random variable X1 (,....k;_,) to be the

XL,y ki) — EIXL Gy k)]

YLa(kl,-v-,kj—Zakj—l) = :
VIAL)=T"

converges to a normal random variable with variance o2 as L tends to infinity, and

2
Var(YL,(kl,...,kj_z,kj_l)) E) o (34)

as well. Moreover, using a similar argument to the one presented in Remark 2.6, the
convergence rate in (3.4) does not depend on k., ..., kj_q.

Fix k1,...,kj—>. As in the proof of Proposition 3.6, we apply Theorem 3.7.

Yi &, vk j_ok;_y) Are independent, Y7 (k,,...k
random variable and

+—».k;_;) converges to a normal

Var YL k ki ok —_—> 02.
( Jk1seskj o, 1—1)) Lo

Moreover, using a similar argument as in Remark 2.6, this convergence does not
dependon ky,...,kj_»,k;_1. Therefore, denoting k,,, = (k1,....kj—2.km)

ML,/Em

o ,
|AL|2J~%1 Lh—>moo = E[YLa’;m Y, |7V YL.IEm)] =0

and thus
My (ky....kj_2)(2)
Z YL, (k1 ookj—a k) —> N(0,07)
k=1
From Proposition 3.3,
XL, (ky,ekj—2) _EEXL,(kl, k)] d N(0.0%),
|Ap|27=>7"
and ¥
L,(ky,...ki_
Var( LR 2)) a2
1 _ L—o0
AL
Again, the rate of convergence here does not depend on k1, . . ., kj_z.

Iterating this process j — 2 more times, we end with the desired result. ]
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