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Lower bound of Schrodinger operators
on Riemannian manifolds

Mael Lansade

Abstract. We show that a complete weighted manifold which satisfies to a relative Faber—
Krahn inequality admits a trace inequality for the measure with density V', with the constant
depending on a Morrey norm of V. From this, we obtain estimates on the lower bound of
the spectrum of the Schrodinger operators with potential V' and positivity conditions for such
operators. It also yields a L2 Hardy inequality.

1. Introduction

In [8, 9], Fefferman and Phong established the inequality, for p > 1,

[ VW (02 dx < CupNy(V) / V() o, (L)
Rn

Rn

for any ¢ smooth with compact support, where V' is a non negative and locally integ-
rable function, Cy , is a constant depending only on the dimension and p, and N, is
the Morrey norm

1/p
M) = s (27 [ ay)
x€eR”
r>0 B(x,r)

Such an inequality yields a positivity condition for the Schrodinger operator H =
A—V (with A = =37, 8%), namely that if N, (V) < 1/C,, p, then H is a positive
operator. In fact, they also gave the following estimates on the lower bound of the
spectrum of H, A1 (H):

1/p
sup (Clr_"/V dy—r_z) < sup (Cl,(r—”/V" dy) —r_z). (1.2)

x€R” x€R”
r>0 B(x,r) r>0 B(x,r)
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Conditions for inequalities such as (1.1) (though with a constant that does not
necessarily depends on the Morrey norm) to hold in R” has been studied extensively,
see for example in [4, 15, 18]. In [19], Maz’ya and Verbitsky establish necessary and
sufficient conditions for an inequality analog to (1.1) to hold with complex valued V.
That being the case, it seems interesting to study to what extent, and under which
geometrical hypotheses, those results extend on other spaces, such as Riemannian
manifolds.

The first aim of this article is to generalise the results of Fefferman and Phong to
a weighted Riemannian manifold M. A natural way to do that would be to use the
Poincaré inequality: for any « > 1, there is a constant C > 0, such that for all x € M,
r > 0, and for any f € €*°(B(x,kr)),

/ f = facen| dp < Cr[ V] dp,
B(x,r) B(x,kr)

where fp = ﬁ [z f d . It turns out that the result still holds under some weaker
hypothesis. Our proof will follow the general idea used by Schechter in [26], that (1.1)
follows from the inequality (which holds in R” following a result of Muckenhoupt and
Wheeden [21]):

1/ 2 = CIMyLf |2,

with

Ilf(X)—cn/| f(y)

FAnO). MufG) = supri- / 1fO)] dy.

B(x,r)

and that (1.2) is proved using similar estimates, with (A + A2)~1/2 replacing I.

The proof of the generalisation of (1.2) will naturally yields weak versions of (1.1),
which holds under weaker hypothesis.

1.1. Definitions and notations

A weighted Riemannian manifold (M, g, v), or simply a weighted manifold, is the
data of a smooth manifold M, g a smooth Riemannian metric on M, and a Borel
measure d 4 = 02 dvg on M, with o a smooth positive function on M and v, is the
Riemannian volume measure associated with the metric g. We define the (weighted)
Dirichlet Laplace operator as the Friedrichs extension of the operator on €§°(M)
given by

A, f =—0"2div(e?V f),

with associated quadratic form Q(¥) = [;, [V¥|? d u. We will usually write the
Dirichlet Laplace operator as simply A.
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On a metric space (X, d), for x € X, r > 0, the ball of center x and radius r is
the set B(x,r) ={y:d(x,y) <r}.If B = B(x,r)is the ball, 6 € R, then 6B refers
to the set B(x, 6r).

For p > 1, welet || - ||, be the L? norm on (M, ). We define

71, =( [0 du)l/p-
M

For T a bounded operator on L?, we use ||T'||L»—r», or | T ||, when there is no
confusion, to refer to its operator norm

1Tyl
IT]l, = sup =
yeL? ||1/f||p
¥#0

For an open set U C M, A (U) refers to lower bound of the spectrum of A, on U,

IVyII3

MU) = i
veesew) (w3
Y0

When H is a symmetric operator defined on smooth functions with compact sup-
port, A1 (H) is similarly defined to be

- (Hy. v
M= M T
Y #0

On a weighted manifold (M, g, i), we define the Morrey norms N,, p > 0, as
follows:

1/p
Ny(f) = su}&(rzl’ f WAk d,u) forall f € LL.(M), (1.3)
)§‘€>0 B(x,r)

where fp f dp = ﬁ [ f dpuisthe mean of f over B. We also define the Morrey
norm taken on balls of radius less than R > 0,
5 1/p
Nor(H) = sup (7 {1717 an) (14
xeM
0<r<R B(x,r)

For our generalization to hold, it is important that (M, g, 1) must admits a relative
Faber—Krahn inequality (property (RFK)7) defined as follows:
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Definition 1.1. A weighted Riemannian manifold (M, g, i) admits a relative Faber—
Krahn inequality if there exist constants b, n > 0, such that for all x € M, r > 0, and
for any relatively compact open set U C B(x, r), the following inequality holds:

= b (MBI

Aoy o

We say that M admits a relative Faber—Krahn inequality at scale R (property
(RFK)'I’Q) if (1.5) holds only for 0 < r < R.

In what follows, we refer to the constants b, n in (1.5) as the Faber—Krahn con-
stants of the manifold.

1.2. Statements of the results

Theorem 1.1. Let (M, g, 1) be a weighted complete Riemannian manifold satisfying
(RFK)", then for any p > 1, there is a constant C, depending only on the Faber—
Krahn constants and on p, such that for any V € LIIOC(M ), V>0, and any ¥ €
€5 (M), the following inequality holds:

[ verau= e [19vF au (1.6)
M

M
If only (RFK)Z holds, then we can prove the following localised inequality:

Theorem 1.2. Let (M, g, ) be a complete weighted Riemannian manifold, such that,
for some R > 0, (RFK)Z holds. Then, for any p > 1, there is a constant C, > 0
depending only on the Faber—Krahn constant and on p, such that for any V € LllOC (M),
V >0, and any € €°(M), the following inequality holds:

1
[vvran < cpr,R(V)(/ VO dpt o [ 02 du)- (17
M M

M

From this inequality, we can generalise the Fefferman—Phong estimate on the
lower bound of the spectrum of the operator H = A — V. Indeed, if (RFK)" holds,
then for any R > 0, (RFK)Z is satisfied. Thus, (1.7) is true for any R. Then the
following theorem follows easily:

Theorem 1.3. Let (M, g, 1) be a complete weighted Riemannian manifold satisfying
(RFK)". Then, for any p > 1, there exist constants Cy, Cp > 0 depending only on the
Faber-Krahn constants (and C, depending also on p) such that, for any V € Ll (M),

loc
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V >0, and for the operator H = A, —V the following inequalities hold:

1/p
sup(Cl][VdM—S_Z)S—M(H)S sup(Cp( ][Vp d,u) —52).
xeM xeM

§>0  B(x.,8) §>0 B(x.,8)

In addition, if A1 (M) > 0, then we can strengthen (1.7), and obtain the following
result, giving a condition for A — V to be positive:

Theorem 1.4. Let (M, g, 1) be a complete weighted Riemannian manifold, such that
(RFK)% holds for R > 0. If, in addition, A1(M) > 0, then, for any p > 1, there
is a constant C, > 0 depending only on the Faber—Krahn constants such that, for
VelLl.(M),V >0, andany ¢ € € (M), the following inequality holds:

loc

1+ A(M)R?
/sz di < CyNpr(V) I(;‘;)R)Z (/valzd + A(M )fw d )
M

(1.8)

1.3. L2 Hardy inequality

Notice that the inequality (1.6) is, for potentials V' with N, (V') < +00, nothing more
than the generalized L2 Hardy inequality:

2
/‘Z—z du§C/|V1//|2d,u, for all y € €° (M),
M

with p = vz, Thus, on manifolds for which Theorem 1.1 holds, the “classical”
Hardy inequality, where p is the distance to a point, is true whenever N, (d(0,-)72) is
finite. For this to hold, we must make an additional assumption on the measure ju.

Definition 1.2. A metric measure space (X, d, i) satisfies the reverse doubling prop-
erty of order v (property (RD)" for short), or u is v-reverse doubling if there is some
constant ¢ > 0 such that, forall x € M, 0 < r < r/, the following inequality holds:

<r’>“ p(B(x,r"))
a(—) <52

r/ 7 u(B(x,r))

Theorem 1.5. Let (M, g, ) be a weighted Riemannian manifold. Assume that M
satisfies (RFK)", and that u satisfies (RD)" with v > 2. There is some constant C > 0
depending only on the Faber—Krahn and reverse doubling constants, such that, for any
0 € M, then for any € €§°(M) the following inequality holds:

¥ (x)?
p(x)?

dp) < c/wW dp,
M

with p(x) = d(o, x).
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We can compare this to the results of V. Minerbe [20] or G. Grillo [13], who
proved L? Hardy inequalities assuming a Poincaré inequalities and a doubling meas-
ure. While we only get a L? inequality, it holds true under the weaker hypothesis of a
relative Faber—Krahn inequality.

A recent work by Cao, Grigor’yan, and Liu [2] proved Hardy inequalities as a
consequence of volume doubling, reverse doubling, and certain estimates on either
the Green function or the heat kernel. Their results are far more general than what we
prove on Hardy inequality here.

1.4. Examples

We give various cases of manifolds which will satisfy a relative Faber—Krahn inequal-
ity (or a relative Faber—Krahn inequality at scale R). Then, Theorem 1.1 (respectively,
Theorem 1.2) holds.

1.4.1. Complete manifolds with Ricci curvature bounded from below. From Li
and Yau [17], the heat kernel of a complete manifold (M, g, ) of dimension 7, with
w1 here being the Riemannian volume measure, with Ricci curvature bounded from
below by —K, for a constant K > 0, admits the following diagonal estimate

CO C1 Kt

W(B(r. )"

Also, as a consequence of the Bishop—Gromov volume comparison theorem, we
get that (see [5, 6, 23] for example), for any 0 < r < r/,

B(x,r’ r’'\n
I’L( ( )) S (_) exp( (n _ I)Kr/)
w(B(x,r)) r
Those two conditions implies, (see for example [14,23], or Proposition 3.1 later),
that there is some R > 0 such that M satisfies (RFK)’. If the Ricci curvature is
non-negative, then we also have (RFK)”.

pe(x,x) <

1.4.2. Manifolds satisfying Faber—-Krahn inequalities outside a compact set. We
consider a complete weighted manifold M, and remove from it a compact set with
smooth boundary K. We let Ey, ..., E; be the connected components of M \ K,
and suppose that each E; is the exterior of a compact set with smooth boundary in a
complete manifold M;.

A simple example of such manifold is the connected sum of two (or more) copies
of R”. It admits (RFK)”, but it is known that such manifold does not satisfy a Poincaré
inequality (see for example [1]).

Using [12], we get that if each M; satisfies (RFK)", then there is some R > 0
such that M satisfies (RFK)%.



Lower bound of Schrodinger operators on Riemannian manifolds 159
2. Some techniques of harmonic analysis

Remark. The letters ¢, C will usually be used for generic constants, the values of
which might change from line to line. When the dependence on some parameter is
judged important and non obvious, it will be made clear when it appears, before being
folded into the generic constants on subsequent lines.

2.1. Dydadic cubes

In R”, the natural decomposition of the space into cubes of length 2%, k € Z is a very
powerful tool. It turns out that families of open sets satisfying similar properties to
those of the dyadic cubes in the euclidean space can be constructed in a more general
setting.

We will use the construction of such “dyadic cubes” given by E. Sawyer and
R. L. Wheeden in [24] (though other such constructions, such as the one given in [7],
could also be used without major changes). Though it remains true in a more general
setting, for our purposes it can be stated as:

Theorem 2.1. Let (X, d) be a separable metric space, then there is a constant p > 1
(p = 8 works), such that for any (large negative) integer m, there are points {x{j} and
a family Dy, = {85} of Borel sets fork =m,m+ 1, ..., a = 1,2,..., which satisfy
the following properties:

* B(xg.pf) C &5 C B(xg. M)

* foreachk =m,m+1,... the family {85 o Is pairwise disjoint in o and X =
Ua €3

o dfm<k<l, theneitheré’é‘ﬂé’é :Q)orgé‘C@é.

Given such a family D,,, the sets &% will be called dyadic cubes of M , or simply
cubes. The ball B(xk, p¥*1) is called the containing ball of the cube &X. For any cube
Q the containing ball is denoted by B(Q). p will be called the sidelength constant of
dyadic cubes.

The length of a cube Q is the radius of p~! B(Q), written £(Q).

2.2. Properties of doubling measures

We start by recalling the definitions and some standard properties of doubling meas-
ures. Most of the proofs are classical, but are rarely explicitly done for the R doubling
case, and we thus give them for completeness sake, without claiming originality.

Definition 2.1. A metric measure space (X, d, ) satisfies the doubling property (D)"
of order n if there is some constant A > 0 such that for all x € M, 0 <r <7/,
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the following inequality holds:

H(B(x.r)) _ A(%’)"' @)

w(B(x,r)) ~
We call A the doubling constant, and n the doubling order. We will also say “the

doubling constant” to refer to both A and 7 at the same time. The property (D)7 is
equivalent to the fact that for some constant A > 0, for any ball B C M,

n(2B) = Au(B). 2.2

The proof of the equivalence is the same as that of the R-doubling case given after
Definition 2.3, (with R = o0).

A note on the constants: (2.2) implies (2.1) with n = log, A (and A the same in
both inequalities), while, conversely, (2.1) implies that the constant in (2.2) be 2" A.
By increasing A and 7 if necessary, we can always assume that A = 27.

We repeat, for completeness, the definition of the reverse doubling property:

Definition 2.2. A metric measure space (X, d, i) satisfies the reverse doubling prop-
erty (RD) of order v if there is some constant a > 0 such that for all x € M,
0 < r < r’, the following inequality holds:

'\ u(B(x,1"))
a(;) = w(B(x,r))’

We call a the reverse doubling constant, and v the reverse doubling order. The

(2.3)

property (RD)" is equivalent to the fact that for some constant a € (0, 1), for any ball
BcM,
W(B) < ap(2B). 2.4)

Proof of (2.4) implies (2.3). We can assume thata <1.Letx € X,0<r <r’. Writing
L] for the integer part of # € R, let k = |log, %/J Then

w(B(x,r)) < a*u(B(x,25r))
< afu(B(x,r')

<a R B )@=
< L) .

with v = —log, a. Thus,

a(f’)” ~ W(Bk, )

) = u(Bx,r)’
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Proposition 2.1. Ler (X, d, p) satisfies (D)". Then for any x,y € M, r,r’ > 0 such
that B(y,r) C B(x,r"), we have

/

WBG ) _ oy
3o =45

’
This is a classical result. The proof is similar to what we will do to prove Propos-
ition 2.2.

(2.5)

Definition 2.3. A metric measure space (X, d, i) satisfies the R-doubling property
(D)7 if there is some constant 4 > 0 such that (2.1) holds forall x € M and 0 < r <
r’ < 2R. This is equivalent to (2.2) being true for all ball B with radius less than R.

X satisfies the R-reverse doubling property (RD)} if (2.4) holds for all balls of
radius less than R (this is equivalent to (2.3) being true for all x € X and 0 < r <
r' <2R).

We will write Ag for the doubling constant when will be important to precise
which R the constant is associated with.

Some care is needed to get precisely those maximal radius. That (2.2) follows
from (2.1) is immediate.

Proof of (2.2) implies (2.1). Suppose that there is some constant A such that for all
ball B of radius less than R. Then, u(2B) < Au(B).Letr <r’' <2R,k = |log, r7/J
We have
27k < <27k

and, using repeatedly the doubling inequality w(B(x, p)) < Au(B(x, p/2)), valid for
all p < 2R, we have
p(B(x,r")) < A u(B(x, 27471
< AT (B(x. 1))
< Ae(logAlog rT/)/lngl,L(B(x, }’))

/

ri\m
= 4(%) nBer. ),
r
with n = log, A. m

Proposition 2.2. Let X satisfies (D)"R, then for all x,y € X, r,r’ > 0 such that
B(y,r) C B(x,r’') and with v’ < R, then for n = log, A,

w(B(x,r")) - Az(r’)n'

w(B(y,r) ~° \r
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If;, in addition, X satisfies (RD)Y, then we also have for some constant ¢ > 0, that for
all0 < r,¥' < Rand B(y,r) C B(x,1"),

(r’ v p(B(x,1))

(D) < BB

r p(B(y.r))

Proof. For the first part, we simply use B(x,r) C B(y,2r) then applies (2.1).
For the second part, since B(x,r’) C B(y,2r’), we can use (2.5) and we get

p(B(x,r") _ w(B(,r) p(B(x,r")
w(B(y,r))  w(B(y,r)) w(B(y,r’))
a(r_’)“ p(B(x.r))
- \r/ w(B(y,2r")

!
>aA™227" (r—)v n
r

We now suppose that (X, d) is a path metric space, i.e. that the distance d(x, y)
is realised as the infimum of the length of continuous path with end points x and y.
We will keep making this assumption in everything that follows. (Most results are still
true in a more general setting, but this simplify some proofs and is sufficient for our
purposes.)

Proposition 2.3. Let X be a metric space satisfying (D)UR. Assume that the annuli
B(x,’)\ B(x,r), forany r,r' with 0 <r <r’ < R, are all non empty. Then, there
is some v > 0 such that X satisfies (RD)' /2

Proof. Letx € X,r < R/2. Take y € B(x,7r/4) \ B(x,5r/4) (which is non empty
as 7r/4 < R). Then,
B(y,r/4) C B(x,2r)\ B(x,r).

Therefore,

p(B(x,2r)) < A>8"u(B(y.r/4)),
w(B(y,r/4)) < n(B(x,2r)) — u(B(x,r)).

So, with C = 428",
(1+ C™Hu(B(x,r) < w(B(x,2r)).
Thus, the measure satisfies the R-reverse doubling property. |

The R-doubling also implies some upper bound on the volume of balls of large
radius. The two following propositions, and their proof, are taken from [14].
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Proposition 2.4. If (X, d, |t) is a path metric space satisfying (D)%, then there is
some C > 0 that depends only on the doubling constant and order, such that we have,
foranyr >0, R" <R,

W(B(x,r + R'/4)) < Cu(B(x,1)).

Proof. The case r < R is obvious by the doubling property. For r > R, then let {x; };
be a maximal family in B(x,r — R/4) such that for any i # j, d(x;,xj) > R'/2. Then
the balls B(x;, R'/4) C B(x, r) are disjoints, and the balls B(x;, R’) cover B(x,r +
R’/4), since a point of B(x,r + R’/4) is at distance at most R’/2 of B(x,r — R'/4)
(this because (X, d) is a path-metric space). Thus,

P(B(x,r + R [4)) < D~ w(B(xi, R) < 4> u(B(x;, R'/4))
< A’u(B(x,7)). .

Proposition 2.5. If (X, d, i) satisfies (D)Z, then there is a D > 0, that depends only
on the doubling constants, such that, for any r > 0,

((B(x, 1)) < ePRu(B(x, R)). (2.6)

Proof. Letr > R,k = [4"Z8 |. We have

w(B(x,r)) < p(B(x, R + (k + 1)R/4)).
Thus, by Proposition 2.4, u(B(x,r)) < CK*1u(B(x, R)). Moreover, k + 1 <

r r
& — 3 <4x,andso

p(B(x.1) < exp(41n(C) % ) u(B(x. R)).

Therefore, we get (2.6) with D = 41n(C).
If r < R, then

((B(x,1)) < t(B(x, R)) < eP®1u(B(x, R)),
and thus (2.6) still holds. ]

Similarly to how we always use A for the doubling constant, D will always be
used for this constant D = 8log A.

Proposition 2.6. Let X satisfies (D) and let r < R. There exists a constant C > 0,

that depends only on the doubling constant and order, such that, for any x,y € X,
d(x.y)

w(B(x,r)) < CeP? 7 w(B(y,r)).
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Proof. We have the inclusion B(x,r) C B(y,r + d(x,y)) C B(y, R + d(x, y)).
Then, by Proposition 2.4,

w(B(x,r)) < ASu(B(y.d(x,y))),

and so, using Proposition 2.5,

dx.y) X.y)

W(B(x, 7)) < CeP R u(B(y,r)) < CeP“F u(B(y, ). .

Proposition 2.7. If (X,d, ) satisfies (D)Z, then it also satisfies (D)%, forany R’ >0,
with a doubling constant A = AR if R" < R, and Ap' = 2Pk if R > R.

Proof. The case R’ < R is obvious. Thus, assume R > R’.Letr < R’.If r < R, then
the result is trivial since Ag < Ag/. If r > R, then, by Proposition 2.5,

(L(B(x,2r)) < e*P & u(B(x,7))

. R . . . .
Since ¢2P & < 2Pk we conclude that W is R’-doubling, with a doubling con-
2D R

stant Agpr = e [

With this, we can generalise Proposition 2.6 for any r > 0: if r > R, we can
use the r-doubling and apply Proposition 2.6 for it. The constants are A, = 2P R,

D, = 4log(A?) = 16D %, A} = e'9P % Then we have, forany x,y € X, r > 0,

r+d(x.y)
16D R

M(B(x,r)) < e (B(y,1)).

Proposition 2.8. Let (X, d, () be a metric measure space that satisfies (D);]e' If it
also satisfies (RD)'y, then for any k > 1, it satisfies (RD)?, with a different reverse
doubling constant, that depends only on the doubling and reverse doubling constants,
and on k.

The notable part of this proposition is that the reverse doubling order is the same.

Proof. By Proposition 2.7, u is kR-doubling for all x, with some doubling order
n = n(k). We take a point x € M, and r, 7’ with 0 < r < r’ < kR. We want to prove
that there is some constant a, such that, for any such x, r, r’,

pw(B(x,r')) r'\Y
1(B(x.7)) 2 ()

If 0 < r < r’ < R, then there is nothing to do but apply (RD)%. If0<r <R <
r’ < kR, then

/L(B(X,r’)) - [L(B(X,R)) - a(R)v aK_v(r/)v
w(B(x,r)) =~ w(B(x,r) — \r :
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Finally, when R < r < r’ < kR, then

pB(x,r) _ pB(P) _ a (r_’)v
W(B(x.r) = AMu(B(x. D)) T Akn\r

Thus, (2.2) holds for a, = min(a,ak™,aA ™ k™) = aA k™. n

Proposition 2.9. Let (X, d, 1) satisfies (D)"R. Take x € X, r >0, and let B = B(x,r).
Let § be such that 0 < § < min(r, R), and {x;}; C B be a family of points such that
the balls B; = B(x;,6) form a covering of B and that for anyi # j, %Bi N %Bj =0.

Then, there are constants C, ¢, depending only on the doubling constant, such that

card(I) < CeSs.

Proof. Forany i, B; C B(x,r + §), and since § < R, then we can use Proposition 2.4
to get
W(B(x,r +8)) < Cu(B(x,r)).
Now, if r > R, then by Proposition 2.5, since § < R then u is § doubling with the

same doubling constant as that of the R-doubling, and

w(B(x,r)) < 5 u(B(x,8))

Moreover, by Proposition 2.6,
D d(x,xi) DL
p(B(x,8)) = Ce™ %~ pu(B(x;,8)) < Ce™ 3 u(Bi),
using that, since x; € B, then d (x, x;) <r. Thus, we have u(B(x,r)) < Ce?P 5 u(B;),
and the constant C depends only on the doubling constants. We then have

(card I)u(B(x,r + 8)) < Ce?P5s ZM(Bi)

iel

< ACe?P5 Z/L(%B,-)

4

< Ce®P5u(B(x,r +9)).

Thus, card(]) < Ce?P 5 and the constant C depends only on the doubling constants.
]

Remark. For any ball B, such a covering always exists: take for {x; }; C B a maximal
family with d(x;, x;) > 6 forany i # j.
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Proposition 2.10. Let Mg be the centered maximal function defined by

Mef)=swp f1f1du forall £ € Li ()
= B(x,r)

If p satisfies (D)%, then Mg, is bounded on LP? for all p € (1,400, and the
operator norm is bounded by a constant that only depends on the doubling constant
A and on p.

We will use the following classical results:

Lemma 2.1 (Vitali’s covering lemma). Let (X, d) be a separable metric space, and
{Bj}jes a collection of balls, such that sup; r(Bj) < oo. For any ¢ > 3, there exists
a subcollection {Bj,}nen C {Bj}jes such that the Bj, are pairwise disjoint and

Ujes Bi € Unen¢Bj-

Theorem 2.2 (Marcinkiewicz interpolation theorem). Let (X, 1) be a measure space,
and let T be a sublinear operator acting on functions, i.e., there is a k > 0 such that
for any f, g measurable. Then, Tf and Tg are measurable and T(f + g)(x) <
k(Tf(x) + Tg(x)) for almost every x € X.

Let1 < p <r < oo.Ifr < oo, assume that

wix € X:Tf(x) > A} < /\ipﬂf”{,’ forall f € L7,

B
< —

u{x e X:Tf(x) > A} < T

I£I; forall feL.

If r = oo, then assume instead that
wix e X:Tf(x) > A} < %Hf”l’fforallf eL?;
ITf(x)] < B|f(x)|], a.e.x€ X forall f{f € L*.
Then, for every s € (p,r), forall f € L°, Tf € L® and
ITflls = C(A, B, p,r.s, )| fls-

Proof of the Proposition 2.10. We have, for any f € L®(M), || Mg flloo < || f llco-
If f € LY(M), then, for any A > 0, define

E, ={XGM:MR/2f(x)>/\}.

If x € E,, then there is some r, > 0 such that A < fB(x’rx) | f| du, and 2r, < R.
Therefore,

W(B(x.ry)) < A~ / .
B(x,r)
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We have E, C |, B(x,ry), thus, by Vitali’s covering lemma, there is a subcollec-
tion {x, } such that the B(x,,r,) are pairwise disjoint and E, C | J,, B(xp,4ry). Also,
since r, < R/2, and u is R-doubling, we have ju(B(x,, 4r,)) < A?2uw(B(xn, 1n)).
Then,

W(E3) < Zu(B(anrn)) < AZZM(B(xn,rn»
1L/ 1
o

<Y /|f|du§A2

" B(xpn,rn)

So, by the Marcinkiewicz interpolation theorem, for any p € (1, +00), Mg/, is
bounded on L” with an operator norm | Mg,z | p—p < Cp, with C, depending only

on A and p. ]

Remark. Of course, (D)% implies (D)'}e, for all R > R. Then, Mg itself is also
bounded, but with the constant C,, depending on the constant for (D)g g-And so are all
the Mg’ with R’ > R, with the constant C,, depending on p, the R-doubling constant,
and the ratio R’/ R.

Proposition 2.11. Let My the uncentered maximal function defined by

g f(x) = sup f 1 dp forall f € LL (M),

XEB,
r(B)<R B
with this supremum to be interpreted as being over all balls B satisfying the given
condition, and r (B) being the radius of B.
Then, if u is R-doubling, there exist some constant C > 0 such that Mp < Mp <
CMjp.

Proof. Since a ball centered at x is a ball containing x, Mg < M R is obvious. Now, for
some balls B = B(y, r) containing x, with radius less than R, we have B C B(x,2r)

and
f /1 “(B(X 2’)) f f1dp < CMag (). .

B(x,2r)

Proposition 2.12. Let (X, d, ) be a separable metric measure space, and D, be
a chosen construction of dyadic cubes on X. Define the associated dyadic maximal
Sfunction Mg ,,, by
Minf@)= s f1f]dp
0eDm
xeQ

Then, there is a constant Cp, such that for any p > 1, forany f € L?, |Mgn flp <

Collf llp-
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As a consequence, Mg p, 1, the maximal function defined the same way, but with
the cubes in the supremum being only those of length less than [, is also bounded on
L? forall p > 1.

Proof. Let f € L'(X), A > 0. We define
Ey={xeX:Mg,f(x)>A}

If x € E,, then there is a cube Q € Dy, suchthath | fldu>A,andso Q C Ej.
Then there are two possibilities.

« If there is a maximal dyadic cube P containing x such that {, | f| du > A. then
this cube satisfies P C E}.

e If there is no such cube (in which case, x is in a region of space with infinite
diameter but finite measure), then define 2 = (Jgegp,, rep @- We can always
find an arbitrarily large cube containing x which is a subset of £, and so 2 C E,
and u(Q) < A7' [ [f| dp < oo
Le {Q;}; be the family of all the maximal dyadic cubes such that fQi | fldu>A

and {Q2;}; be the family of all the regions ; = |, OF, where {Q}} is an infinite

increasing sequence of cubes with leg | f| dpu > A. The Q;, Q; are pairwise dis-
joints. First it is clear by maximality that the Q; are, Then, if, for a cube Q, we have

0 N Q; # @, then there is a cube P C 2; such that P N Q # @, thus we have either

P C Qor Q C P.Inboth case, O C 2; since £2; is the union of all cubes con-

taining P. This mean both that Q; N Q; = @ for all i, j, and that Q2; N Q; = @ for

Jj#L

Thus, we have the disjoint union
Ei=JoulJe.
i J

Then p(Q;) <A™} fQi | f]dp,and n(2;) <A1 fﬂj | £| d u. Summing on all cubes
and all regions, w(E) < A7 [ | f]dp < 271 fll1. Thus,

[PA R
A

Moreover, for f € L*(X), we clearly have My ,, f(x) < || f||co- Then, by Mar-
cinkiewicz interpolation theorem, for any p > 1 there is a constant C, > 1 such that

[Mamfllp = Cpll flp- n

px € X: Mg f(x) > A}) <
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2.3. Estimates of operator norms by that of a maximal function

We refers to the works of C. Pérez and R. L. Wheeden [22] for a more general
approach. We will first describe one of their result in the more specific context that is
of interest to us; then, will give a generalization of this result that holds on a R-doub-
ling space.

In what follows, we let (X, d) be a separable R-doubling metric space. We take
T an operator given by a kernel K: X x X \ Diag — R, i.e.,

Tf(x) = [ FOVK(x.y) dp(y). @.7)
X

We say that the operator T, or its kernel K, satisfies the condition (K) if K is non
negative and if there are constants C;, C, > 1 such that

d(x',y) < Cad(x,y) = K(x,y) < CiK(x",y),

2.8)
d(x’ y/) = Czd(xJ’) = K(x’ )’) =< CIK(X’ y/)

We take p > 1 such as, by Theorem 2.1, for any integer m € Z, we have a decom-
position of X in dyadic cubes D, of lengths pt, £ > m. We define ¢ as the following
functional on balls:

@(B) = sup K(x,y);
x,y€B
d(x,y)= 557 (B)

and M, to be the following maximal functions:

M, f(x) = sugw(B) | dp.
B

We want to establish an inequality of the type ||7f |, < Cpl|My, f ||, as the later can
be more convenient to estimate.

For T satisfying (K), it is shown in [25, (4.3)] that ¢ is decreasing in the following
sense:

Proposition 2.13. There is a constant o, depending only on Cy, Cy, p such that for
any balls B C B’, 9(B’) < a@(B)

Proof. First, we want to prove that if (2.8) holds, then, for any C, > 1, there exist a
corresponding C; such that (2.8) holds with those new constants. We can of course
replace C, by a smaller constant. To replace it with a smaller, we show that, for any
integer k > 1,

d(x',y) < CFd(x,y) = K(x,y) < CFK(',y),

and that the same holds with (x, y’) replacing (x/, y).
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We proceed by induction. The case k = 1 is simply (2.8).
Let k > 2. Take x,x’, y € X such that d(x’, y) < Czkd(x, v), and suppose that

d(x',y) < CFd(x,y) = K(x,y) < CF1K(x'y).

Ifd(x’,y) < Czk_ld(x, y), then the result holds and there is nothing to prove. If
dx',y) > Czk_ld(x, ¥), then X is a path metric space, so there is a path from y to
x" of length d(x’, y), and on this path is a point z such that d(y,z) = Czk_ld(x, ¥).
But then

d(x'.y) < C¥d(x.y) = Cad(z.y):

thus K(z,y) < C1K(x', y).

By induction, we proved that K(x, y) < Cle(x/, y)forall x,x’, y withd(x', y) <
Czkd(x, v). It follows that, if (2.8) holds, then for any C, > 1 there exist a C; > 1
such that (2.8) holds.

Now, we can prove the proposition proper. Take x’, y’ € B’, x, y € B such that

d(x'.y") = cr(B"),  d(x.y)zcr(B),

with ¢ = ﬁ. By exchanging x’ and y’ if necessary, we can suppose that d(x, y’) >
d(x,x"). Then

cr(B) =d(x',y") =d(x'.x) +d(x,y) =2d(x,y).

Moreover, since B C B’, we have d(x, y’) < 2r(B’), and thus
/ 2 / /
d(x,y) < Zd(x ),

So, by (2.8), there is a constant ¢; > 1 such that K(x’, y') < ¢1 K(x, y’).
Moreover,

d(x,y) =d(x,y)+d(',y) =d(x,y) +2r(B") = (1 +4/c)d(x,y").
Therefore, by (2.8), there is a constant ¢, > 1 such that K(x, y’) < ¢, K(x, y). Thus,
K(x',y") < c1e2K(x, y),
and we have ¢(B’) < c¢1c2¢(B). [

We further assume that ¢ satisfies the following condition: there is some & > 0
and some constant L > 0 such that, for any balls B;, B,, with B; C B,, we have

r(By)
r(B>)

BB < L(=2) o(Bau(Ba). 2.9)
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Theorem 2.3 (C. Pérez and R. L. Wheeden [22]). Let (X, d, i) be a metric space
with a doubling measure . Let T be an operator defined by (2.7) and satisfying (K),
with ¢ satisfying (2.9). Then there is a constant C, depending only on the doubling
constant and p, such that, for any measurable f: X — R,

ITfll, = ClIlMy fp-

In addition, for the operator Tf(x) = [, #J&iy»)f(y) d u(y), we can
replace M, by the maximal function defined by M; f(x) = sup,. o r* fB(x’r) | f]du.
See Corollary 2.1 for the justification.

This theorem is useful, but cannot be applied to spaces that are only R-doubling.
We will now prove a version that we can use in R-doubling spaces.

We consider the operator T3, § < R, with kernel Ks(x,y) = K(x, ¥) X{d(x,y)<5}>

and we want to compare its L norm to that of the maximal function M,, 5 defined by

Mysf(x) =supo(B) | |f]dpu.

r(xl?.e)li8 B

The idea of the proof of this comparison will be essentially the same as that of
Theorem 2.3 given in [22], but some care must be taken to account for the different
hypotheses properly, and thus we will give the details in what follows.

The hypothesis to prove ||Tf |, < C|[My,s f |, can be weakened compared to
those of Theorem 2.3. A key point is that Proposition 2.13 has to hold at least for
balls of radius at most 2. Looking at the proof of the proposition, this is true as long
as (2.8) holds for C; < (1 + 8p) and d(x, y) < 46.

Then we take (X, d, ) a R-doubling space. T an operator defined by a kernel
K. We say that T, or K, verifies the condition (K)s, if there exist constants C; > 1,
C, > 1 + 8p, such that for any x, y such that d(x, y) < 46, we have

d(x',y) < Cad(x,y), K(x,y)<CiK(x',y) forallx’ e X;
d(x,y") < Cad(x,y), K(x,y)<CiK(x,y') forallx’ € X.

Property (K);s ensure that 2.13 holds for balls of radius less than 24.
Since we will end up considering balls of a radius slightly larger than &, the fol-
lowing proposition will be useful.

Proposition 2.14. Ler (X, d, i) satisfies (D)Z(2x+1)8 for§ >0,k > 1, T an oper-
ator satisfying (K)4(2c+1)s, and such that the associated functional ¢ satisfies (2.9)
whenr(B1),r(B) <22k + 1)8. Then, for any p € (1, <], there is some constant C
depending only on p, k, the doubling constants, and the constants «, L, &, in Proposi-
tion 2.13 and in (2.9), such that for any non negative f, || My 5 fllp < Cl|Mys f | p-
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Proof. We have

Moy s [(x) = Mys f(x) + sup @(B) [ |f]dpu

XEB,
§<r(B)<«ké§ B

< M5 f(x) + C sup go(B)/ /] d.

X€B,
r(B)=k8 B(x,2«8)

Using that for x € B, B C B(x,2r(B)) C B(x, 2«4) and that for any ball B with
radius greater than §, by (2.9) (on balls with radius at most x§), we have

¢(B) < ALK"(/)(%B).

Now, for any ball B containing x with radius equal to 4§, let By = B(x, §). For
y € 2k By, consider the ball Q(y) = B(y,§). We have Q(y) C (2«k + 1) By; thus,
using (D)’(72K +1)s» We have that

1(2cBy) < A?(2c + 1) (Q(y)).

For y € 2k + 1) By, we also have that B C B(z,2(2«x + 1)4); thus, using (2.9)
(for balls with radius at most 2(2« + 1)4, (D)g(2x+1)’ and (K)42c+1)s), we get that

202 + 1)

n
) @p(Q().

o(B) = 4*(

Putting all this together, we get

w(B)/IfI dp= w(B)][M(ZKBx)IfI dpu

B(x,2«6) 2k By

< Cy(B) ][ H(OONO)] du(y)

2k By

< c][ o(B) f A1) dply)

2kBx o)

1
<O / o(B) / SO d(y) d ()

(2k+1)B2xBxNB(z,5)

)ny[w(B(Z,&))/ |FO) dp(y) dp(z)

(2k+1)By B(z,8)

ECwa,gf dpu,

(2k+1)Bx

2k + 1
2K

5CA<
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and the constant C depends only on the doubling constants, L, & and k. So,

M(p,lc8f(x) = Mtp,&f(x) + CM(2K+1)8(M¢,8f)(x)-

The theorem follows then from the boundedness of the classical maximal function
Mc41)s onany L?, p > 1, under (D)g(2x+1)8‘ ]

Theorem 2.4. Let § > 0. Let p > 0 be the sidelength constant of dyadic cubes. Sup-
pose that (X, d, u) satisfies (D)g(6p+1)8' Assume that K satisfies (K)a6p+1)5, and
that ¢ satisfies (2.9) for balls with radius at most 2(6p + 1)8. Let p > 1. Then, there
is a constant C > 0, depending only on the doubling constants, p, p and of the con-
stants in (2.9) and (2.8), such that

[1msrp an=c [0t dn @11
X X

Proof. We will show that there exist some constant C > 0 such that for any non
negative function f, we have [y |T5 f|? dpu < C [y (My 305 f)? d u. The theorem
will follows by Proposition 2.14.

To prove this, we define, for any m € Z, the operator T, by

T f(x) = / Ks (e ) £() d ().

d(x,y)>p"

If, for any m € Z, and for any non negative measurable functions f, g,

/Tmfg dpu = / Ks(x,y) f(»)g(x) du(x.y) < ClIMy 35 fllplIgllp-
X d(x,y)>p™
then, by the monotone convergence theorem, taking m — —oo, the same inequality
holds but with T}, replaced by 7', and by duality, (2.11) is true.
Take m € Z. Let f, g be non negative measurable functions. Let D,, = {&X }flzﬁ*
be a decomposition of X in dyadic cubes given by Theorem 2.1 with sidelengths ,ok.
If (x, y) € X are such that d(x, y) > p™, we take the integer [ > m such that

pl <d(x,y)<p'™.

Let O be the cube of length p! containing x, B(Q) = B(co. p! 1) the containing
ball. We recall that p~! B(Q) C Q C B(Q). We have

d(cQ’)’) = d(cQ,x) +d(x,y) < 2pl+1,

thus y € 2B(Q). Since d(x,y) > p! = ﬁr(ZB(Q)), by definition of ¢ and by Pro-
position 2.13,
K(x,y) = ¢(2B(Q)) = ap(B(Q)).
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To apply Proposition 2.13, we need (K)4,5. If we suppose that § < ol =1£(0),
then d(x, y) > 6 and Kg(x, y) = 0. We have proved that if Q is the cube of length
comparable with d(x, y), containing x, we have y € 2B(Q) and

Ks(x,y) < Co(B(Q)) X{ReDm, t(R)<8}(Q) X0 (X) x2B(0)(¥)-

If r is the largest integer such that p” < §, define D, = {85: m < k < r}. For any
x,y € X with d(x, y) > p™, there is at least one cube Q € Dy, such that the previous
inequality holds, and since both sides of it are zero if £(Q) > §, we have, for any
x,yeX,

Ks(x.y) <Y Co(B(Q)xo(X)x28(0) (),
0eDy,

and so, for any f, g > 0,

[ 7 fng<CZ¢(B(Q))/fdM/gdu

b's QeDy, 2B(Q) 0

But, for any fixed integer k > m, the cubes of length of length p¥, {€X} are pairwise
disjoints, and X = Ua 85 Then, using this decomposition for k = r,

[Tutgan=cy Zw(B(Q))/f an [gan
X °‘>1%€C2, 2B(Q) 0

Then, for a constant y > 1 to be determined, for any o > 1, and n € Z, define

:{Qei),rn,QCé?‘;:y” g /L_y"H}.

(B(Q)) /

We let nq be the unique integer such that &, € €. Notice that {€”},cz is a
partition of {Q € D/ : O C &]}. We have

[Tutgdn=c XYy Y aB@IunE©) [ 1 dn

X a>1nezZ Qe‘en 2B(0)

For any o > 1, we let {Q]" i€y for some index set J,, be the collection of the
maximal dyadic cubes subset of &, such that

4 M(B(Q ))/g e
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If n < ng, then there is exactly one such maximal cube: &}. Also, the function
(n, Q) — Q is an injection from the set of the couples (n, Q) withn < ny, Q € €7

to{Q € D] : Q C &}; thus,

> S )nE©) [ £ du

n=naQety 2B(Q)
<" pBQIIBQ) [ f du.
QG‘DITL
i 2B(0)

If n > ng, then any Q7 , is a strict subset of &;. For such a maximal cube 7, we
let P be his dyadic parent i.e., the only cube of length p£(¥') containing P. We have
P C &}, and, by using the maximality of ¥, and that B(¥) C 2B(P), and, using the
pd-doubling (B(P) has radius less than p§),

/ _rBEP) 1
/«L(B(J* ) = WB@)) M(B(P))

n

Y

gdpu =Cply" =xy", (2.12)

with the constant ¥ depending only on p and on the doubling constant. Choosing
y > k, we have

M(B(f))/g w=ym

thus ¥ € €. Therefore, for a fixed n > ng, every cube in €7 is in a (unique) Q7 e

which are disjoint in j by maximality. So, writing Q ¢ for &7,

/ (Tnf)g du=C Y 3 7" S S oB@nBQ) [ f du

a>lnzny J€Jn QDI 2B
ocof, (@)

Now, we use the following lemma (see [22, Lemma 6.1]):

Lemma 2.2. Let (X, d, i) satisfies (D)g. Let ¢ be a functional on balls that satis-
fies (2.9) for balls of radius at most pd. Then there is a constant C depending only on
the constant L of (2.9) and on the doubling constant such that, for any f > 0 and
any dyadic cube Q¢ € D;,, with p" <4,

> 0(B(Q)1(B(Q)) / f du < Co(B(Q0)(B(Qo)) / fdu.

S 2B(0) 3B(Q0)
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Proof. By (2.9), we have

> o (BQIBQ) [ f du
T 2B(Q)

= LoBQoBQN Y (72 )" [ 1 an

Q £m
0CQo 2B(0)

+o00
< Lo(B(Qo)(B(Qo) Y p™ Y / fdu.  @13)
=0 GeDn 2B(0)
€{Q)=p""4(Q0)

For Q € Dy, O C Qop, and £(Q) < £(Qp) we have 2B(Q) C 3B(Qy). Indeed, if
y € 2B(Q), then

d(y,xgy) = d(y,xg) +d(xg.xg,) = 2r(B(Q)) + r(B(Qo)) = 3r(B(Qo)).

Thus, the left-hand side of (2.13) is less than

oo
Lo(BQI(BQ) [ £ Y5 3 romi0)() du(x)
=0 QeDy,
3B(Q0) QCQO
©U2)=p""£(Q0)
Then, it suffices to show that, for each /, any x of 3B(Qy) is in at most N of the
2B(0Q), with £(Q) = p~4(Qy), with N independent of the choices of x and Q. For
[ = 0, there is only one Q: Qy itself, and thus it is true.
Now, fix [ > 1, let x € M, and Q be a cube of sidelength p~'£(Qy) such that
x € 2B(Q). We write £ = £(Q) < p~'8. Then, for y € Q,

d(x,y) =d(x,x0) +d(y,xg) = 3pl = 36,

and so we have B(xg,{) C O C B(x,3p{). By the Proposition 2.9, there can be at
most N disjoint balls of radius £ < § with center in a ball of radius 3pf, with the
constant N depending only on p and on the §-doubling constant. Thus,

N EONE N+
=0 QeDy,
0CQo
LQ)=p""£(Q0)

and the lemma follows. n
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Applying the lemma, we get

/ (Tnf)g a1 = €Y 3y Y o(BQ)u(BQ) [ f du.

a>1n>ny J€J,
" 3B(27 )

: n n n 1
and, thus, since Qj’a € €7, we have y" < BT, fQ?‘,n g du, and so

[(T Hedp=cy Y Zq)(B((Q,a)))/fd/L/g ap.

>
a>1n>ng jeJ, 3B(Q7a) Qfa

and

/(T g d/L<CZ<p(B(Qm))M(Q,a)/f m (é,_,)/g dp.
Jo p

X I 3B(Q7 )

Using Holder’s inequality, and that by (2.9) there is some constant ¢ depending only
on«, A, L, ¢ such that ¢(B) < cp(3B) (ball of radius 3pé), we get

V4
[T 1 an < c( )3 M(Q}’,a)(w(BGQ}’,a)) [ du) )
/ |

1
p

@ 3B(Q" )
(;MQ’“(M(Q >/g “) ) |

Now, we just need to establish a majoration of ;L(Q;.’ ») by a constant time the
measure of a set E]"a, with the Ej"ﬂ being pairwise disjoint in j, n, . For this, define
Q> by

Qe K jeJn

1
Qr = {xeé;;: sup ngdﬂ>yn} :UQ?M
xeQ 2

and define the set E7, = 07\ Q4*'. We have that E , C Q@ \ Q4+, and the E7',
are pairwise disjoints in j, n o.
We want to show that for y chosen large enough, u(Q7%,) < 2u(E7,). First,

1 +1
or,nautt = Jr, norih.
i

but we have

(B(Q"“))/ gdp >y >yt
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Thus, by maximality of Q7 , and by the properties of dyadic cubes, etiher Q" e

+1 _
Teor 07, N Q7" = 0. Hence,
QG QLT = (@7, N QI =D (@,
i:0 ,NQ} § ' =0 075 co],

but
R < wB@ ) =7 [ du,

Qn+1

i

n+1

and, since the 0, considered are disjoints and subsets of Q}’ o> We have

wQf, N =y ! /g dp <y (B(QF ).
(O
where « is the constant in (2.12). But
1(Q%) = 1(E},) + m(QF, NQeHY),

and so, choosing y = 2k, it follows that

4
Q%) < VTKM(E]‘n,a) = 20(E7,).

Consequently,
P\
[t an <2¢( X weg (60t [ 1 au))
X ol 3B(Q),)
1 PN
E')—— [ ga
" (Z,“( s (M(Q;;)Qn/g o))

Since Ej’fa C Q;‘,a, it follows that

/"L(E]n,a)((p(B(?’Q;l,a))ffd/*’L) [( 3pr+l ) d/.L,

3B(Q] )

and a similar inequality for the integral on g. In addition, using that the E7, are

(/(Mng)p dlt)/-

pairwise disjoint, and that p” < §, we get

1

[(Tmf)g d/L = ZC([(M¢,3p8f)p d,u)
X X



Lower bound of Schrodinger operators on Riemannian manifolds 179

Now, using Proposition 2.12, for all f, g > 0, there is a constant C depending only
on p, A, o, ¢ (specifically it depends on the constants for the p§-doubling) such that

/ (T f)g dpt < Cl1My.3ps £l l1g -
X

This holds under (D)Zs, (K)2,s, and the fact that (2.9) holds for balls of radius at
most 3p6. The stronger hypotheses are what we need to apply Proposition 2.14 which
gives us

/ (Tuf)g dp < ClMys flpllgll.
X

which proves the theorem. |

Finally, we have the theorem applied to the operators which will be of interest to
us:

Corollary 2.1. Let |4 be a measure satisfying (D)% and (RD)%, with R>0,n>v >0
(n > v is automatic). Let s < v. Let § < R. If K(x,y) = % then the
associated operator Ty satisfies the hypotheses of Theorem 2.4. Moreover, the theorem

still holds with M, s f replaced by the following maximal function:

My f(x) = sup f /] dp.
$

Proof. First, take some b > 1, by Proposition 2.8, u is bR-reverse doubling of order v.
Then, we must verify that K satisfies the hypotheses of Theorem 2.4. Let d(x,y) < R
and d(x,y’) < bd(x, y), then, by doubling and reverse doubling,

1 5 1 1(B(x,bd(x,y))) u(B(x,d(x,y"))
w(B(x,d(x.y)) — p(B(x.d(x,y")) u(B(x,d(x,y))) w(B(x,bd(x,y)))
(A0, Y)Y 1

Cb"™" :
= (d(x,y)) w(B(x,d(x,y"))

Thus, provided that s < v,

d(x,y")
d(x.y)
Furthermore, if d(x’, y) < ad(x, y), using the doubling property, there are ¢, C

such that cu(B(y, d(x', y))) < u(B(x',d(x', y))) < Cu(B(y, d(x’, y))), and so
doing the same calculations we have

K(x.y) = Cbm (S0 K () = OO K ().

K(x,y) <Ch"K(x', ),

and there are Cq, C, > 1 such that (2.8) is satisfied.
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Then, using the definition of ¢ and doubling,

for some constants that depends only on s, p and the doubling constant. Since, for
Bi C B,,
r(B1)* <2°r(Ba)’,
we easily verify that ¢ satisfies (2.9) with ¢ = .
Then, it is enough to prove that the centered and uncentered version of the max-
imal function M s are equivalent in L# norms. This follow from the same argument
as that of Proposition 2.11. ]

3. Relative Faber-Krahn inequality and estimates on the heat kernel
and the Riesz and Bessels potentials

3.1. Faber—Krahn and doubling

The results from this subsection are due to A. A. Grigor’yan [10, 11], or are slight
adaptations of his results to the R-doubling case.

Theorem 3.1 ([11]). Let (M, g, it) be a weighted manifold, and let { B(x;,r;)}ier be
a family of relatively compact balls in M, where I is an arbitrary index set. Assume
that, for anyi € I, U C B(x;, 1), there is a constant a; > 0 such that the following
Faber-Krahn inequality holds

M) = aipU) ",
Let @ = {J;ey B(xi, %) Then, forall x,y € Q andt > ty > 0, we have
2 2
C(n)(1 + LE2)0/2 xp(— L&D — )y (M)(t — 1))

(aia; min(to, r¥) min(f, rjz))"/4 ’

pe(x,y) <

where i, j are the indices such that x € B(x;, ) and y € B(x;, %’)

On a manifold which admits (RFK)Z, applying this theorem with the family of
all balls of radius less than R, {B(x,7r)}xem,0<r<Rr, With ax , = r%p,(B(x, r))z/",
to =t,and r = \/t, whent < R? we get

(1 d(xt,y)z)n/z (€305

b < C 9
pi(x.y) = C(n) @y by D7
_d(x..ty)z

_Cm
= b2 (B (x, V1)V 2u(B(y, V)V
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Ift > R?, then we do the same thing, but with r = R, and we obtain the following:

Theorem 3.2. Let (M, g, ) be a weighted Riemannian manifold, suppose that there
is R > 0 such that M satisfies (RFK)%. Then p satisfies (D)%, and for any ¢ > 4 there
is some constant K > 0 such that the heat kernel has the following upper bounds:
K _dxgp?
H(Be /D)2 u(B(y. VD)2
K _dp)?

w(BGx. RN 2u(B(y. RYT2S

The constant K depends only on b and n in the Faber—Krahn inequality and on
the ¢ > 4 chosen.

pe(x,y) < , t<R?

t > R>.

pe(x,y) <

The estimate on the heat kernel follows from [10, Theorem 5.2]. The R-doubling
follow from the proof of [10, Proposition 5.2].
Conversely, we have:

Proposition 3.1 ([10]). Let (M, g, ) be a complete, weighted Riemannian manifold.
If ju satisfies (D)%, if for any x € M, the annuli B(x,r')\ B(x,r), for0 <r <r' <R
are non-empty, and if there is some constant B such the heat kernel satisfies

B
pr(x,x) < ————F——,
1(B(x, V1))
forall x € M, and for all 0 < t < R?, then there is some constant k € (0, 1), depending
only on the doubling and reverse doubling constants, such that M admits a relative
Faber—Krahn inequality at scale kR, with 1 being the doubling order and b depending
only on A, B, and k depends only on the doubling constants and on B.

Proof. This is a modification of the proof in [10], to take into account the R doubling
case.

Fix a ball B(x,r), with r < R, and let U be an open relatively compact subset of
B(x,r). Using the doubling volume property, if ¢ < r2, then

dp»  _ 5 HO) (r)";

M) ((y,y)d <B < _
¢ ‘/ P y) dp) J B V) T kB

U
thus,
1 1 w(B(x,r)) //t\"
JU) =~ log(—— o2 (),
W)= ploe(p 0 (%))
Choose ¢ such that the logarithm in the above inequality is equal to 1, i.e.,

() )2/",

_ .2
t=r <eAB—;L(B(x, )
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the condition ¢ < r2 then impose wu(U) < ﬁu(B(x, r)). For such U, we have

(eAB)™2/ ; 1u(B(x,r))\2/n
r? ( w(U) ) '

Now, since the measure u satisfies (D)%, and since the annuli of radius less than

M) = (3.1

R are non empty, it satisfies (RD)% for some v > 0. There is some constant a € (0, 1)
such that for any 0 < r < r’ < R we have

7 \V
(B <a(5;) w(Bx.r)),
with v = —log, a.
Then, for k = (aeAB)_l/”, if r < kR, choose r' = k~'r. We have, for all U

relatively compact open subset of B(x,r),

p(U) = — (B, )

thus, we can apply (3.1). Using by R-reverse doubling
1(B(x,r") = a~ k™" u(B(x,r)),

we have that
£<M(B(x,r))>2/"
r2\ () ’

with b = «2. ]

1MW) =

3.2. An estimate on the heat kernel

Proposition 3.2. Let (M, g, jt) be a complete weighted manifold satisfying (RFK)’;2
for R > 0. For any ¢ > 4, there are constants K1, K5, K3 > 0 and a > 0 such that
the following estimates on the heat kernel hold.

If0 <t < R?, then
_dxp?

ct

K1
pr(x,y) £ ———F——¢
’ W(B(x. V1))

Ift > R?> and d(x,y) < R, then

K> _dx.y)?
ct

pe(x,y) < me

Ift > R> and d(x,y) > R, then

K3 a-L _dx.p?
t

LB RS ¢

R2 e c

pe(x,y) <
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Proof. Using the R-doubling, we have that, for any ¢ > 0,

1(B(x, V1) < Cu(B(y, Vi)e” i,

d(x.y)
1

and so, for t < R?, we get, for any ¢’ > 4,

CK D dx,y) _dx.»n?
- e 2
w(B(x, /1))

so, taking ¢’ < ¢, there is some constant K; such that

pe(x,y) <

( ) < Kl _ d(x.’y)2
Pe\X,y) = ————~——¢€ ¢
W(B(x, V1))

When ¢ > R? and d(x, y) < R, the R-doubling property for small balls immedi-
ately lead to the desired result. When d(x, y) > R, by the R-doubling we obtain, for
any ¢’ > 4,

(x.y) < CK %d();e.y)_d(x}y)z
pt x’ y = —_—e c't
wu(B(x, R))
> > 2 )
We have that 2 dz(z’y ) _ d(i;zy ) < : 6%23 _tc,) — d(xc’ty )~ thus there is some con-

stants K3, o which depend on the doubling constant and the choice of ¢, ¢/, such
that

t _dx.»)?
3 Larya ct

pe(x,y) < me R

3.3. Estimation of the Riesz potential

Let s > 0, and define the Riesz potential to be the operator Iy = A™/2 on L2(M, ).
Define iz (x, y) by

+o00

/ /27 (v, )i,

0

is(x,y) = F(i)
2

Whenever i is finite for all x, y € M, it is the Schwartz kernel of the Riesz
potential: in such case, for any f € €5°(M), f is in the domain of /5 and

I f(x) = / i (e, ) )R (Y):

M

we thus call iy the Riesz kernel. A sufficient condition for the Riesz kernel to be
defined is given in the following proposition, which also yields an estimate on it:
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Proposition 3.3. Let (M, g, 1) be a manifold satisfying (RFK)" and (RD)", v > 0.
Then, for any s < v, there is a constant C depending only on the Faber—Krahn and
reverse doubling constants, such that the following inequality holds:

d(x,y)’
u(B(x.d(x,y)))

Proof. Using Proposition 3.2 when the manifold satisfies (RFK)7, there is C > 0
such that forall x,y € M, t > 0,

is(x,y) =C

1 d(x,)’)z
X, S ex - )
P = e s )
and so
ts/2—l x.9)2
is(x, ) < Cs —5 .

J w(BGe V)

Using the doubling and reverse property, with n the doubling order and v the
reverse doubling order, we obtain, writing d = d(x, y),

1 1 d \p 2
LBav) = CadEay ()" 0<t=d’
1 1 d \v 2
BTy = Cudmay () 1> dn
and so
q d? o0
s—n d2 S—V d2
is(x,y) < C—(d"/t2_le_5tdt +d"/t2_le—5tdt).
’ p(B(x,d))
0 d2
Then, provided v > s,
o0 o0
S—V 2 S—V
/1‘2 1= dr < /IZ_ldt _ 2 g
- s —V
a2 d2

For the other integral, we make the change of variable 1 = d?/u, obtaining

d? 00

s=n_q _d? _ n=s_{ _u
/l2 le vtdt:ds"/MZ lo=¢cdu.
0 1

This integral is convergent and equal to a constant that depends only on s and c¢. Then

forevery x,y e M,
d(x,y)*

is(x,y) < CM(B(x,d(x,y)))'
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3.4. Estimation of the Bessel potential

Define the Bessel potential for A > 0, s > 0 to be the operator Gy ; = (A + A2)™/2
on L?(M, i1). It is, by the spectral theorem, a bounded operator, and, similarly to the
case of the Riesz potential, admits for kernel

g,y = s /”2 L py(x, y) di,
2
0

provided that gsA is finite for all x, y € M.

Proposition 3.4. Let (M, g, 1) be a complete weighted manifold satisfying (RFK)'}a
and (RD)%. If A > O is such that AR > 1, then for any s < v, there is a constant C > 0,
depending only on s and on the Faber—Krahn constants, such that for all x,y € X
with d(x,y) < R, we have

d(x,y)’
w(B(x,d(x,y))

ghx,y) <

Proof. We have

oo
S_1 )2

gh(x.y) = s /t2 e pi(x. y)dt,
E

0
and we split this integral into three, integrating on (0, d2), (d2, R?) and (R?, +00).

We use Proposition 3.2. The same calculations as in the proof for the Riesz poten-
tial yields the estimate

d(x,y)’
W(B(x,d(x,y)))

d2
/ (3o R (x, y)di <
0

When d < </t < R, we have by the R-reverse doubling that

(B, d)) < a(-— f) W(B(x, V1));

thus,
R2 R?
51 _—A%t 51 _—A%t 1 _az
127 % pe(x,y)dt fC/ﬁ e — e
/ 1(B(x, V1))
d2 d2

R2
5501 ,—A% _Tdt

/L(B(x d)) /
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R2
d\)
<C—— /t
w(B(x,d))
d2

dv
= CLBGLd) s v

S—V

> —le—/thdt

(RS—I) _ ds—v)’

and, since s — v < 0,

R2
f1 _ d(x,y)’
t271e ’lztp (x,y)dt <C .
d[ ' ((B(x.d(x.y)))

Now, for t > R?, we simply have j(B(x, R)) < u(B(x, +/t)). Thus,

o0 1 o0
2
137 2y (x, y)dt <C—/15‘1 A= %5 4t
[ i < € [
R2 R2

then, since d < R, by using the reverse doubling, we obtain
d\v
u(B(x.d) = (T) wBO.R)).
$—1,-A% 25— 221
Moreover, we have 12 Le < A Se 21 thus,

o) s d\v /\2_5 i A2
3™ p(x, y)dt < C (= —/ S

/ e pi(x, y)dt = (R) w(B(x,d)) ‘

R2 o

- (i)” ATS e_(uze)z‘
~  \R/ p(B(x,d)) ’

. e 12, . _. _QR? _1
then, since AR > 1,and f(¢) =t%e T is decreasing, wehave A\ ™fe™ 2~ < R%e™2,
which leads to

o0

[ e puwar < ¢
R2

R\s—v ds
E> (B(x,d))’

Then, s — v < 0and d < R. Thus,

T d(x, y)*
137 e 2 p (x, y)dt < C . n
R[ Pty 1(B(x.d(x.7)))
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4. Proof of the main results

Let (M, g, i) be a weighted Riemannian manifoldand V € L (M, dp), V > 0. For
any R > 0 and p > 1, we define N,(V') and Np g(V') as in (1.3) and (1.4). Notice
that N, (V) = My, (V?)/?.

Though we can deduce Theorem 1.1 as a special case of Theorem 1.2, we start
by giving a separate, simpler proof of it. The general idea behind the proof of both
theorems remains the same, but in the case of Theorem 1.2, much more care will be

required in establishing the bounds on the norm of certain operators.

4.1. Proof the global inequality (Theorem 1.1)

We assume here that u is reverse doubling of order v, with v > 1, and we will show
later on that this implies the general result.

Given ¢ € L2(M), we first estimate || A~/2(V1/2¢)||,. By Proposition 3.3, for
any non-negative, measurable function f,

_1 d(x,y)
strmsc | FOR().
R(B(x,d(x,y)))
M
Let T be the operator defined by the kernel K(x, y) = %. Since M is

a doubling space, applying Corollary 2.1, we have that
ITfllz = ClIMyf 2,
and so
_1
A2 f < 1M1 fll2.

It follows that
IATY2(W120) |1, < C My (VY 20)|,.

Then, using the Holder inequality, we have, with ¢ = 2p, é + % =1,

1 1
7 7

1 ’ 1 ’
My (V120) < My(VY?)a My(|p|?)7 < Np(V)ZMo(l9|9)7,

since Np(V) = sz(Vp)%. By the L2/4'-boundedness of the Hardy-Littlewood
maximal function, we obtain that

1 7oL

M1 (V20) 2 < Npy(V)Z [ Mo(l0|9)7 |2
1

1 'Snal

< Ny(V)2 [ Mo(lp|?)|1%

(1/

1
=GNy (V)2 l¢ll2.
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and so

|AT 2 20) 12 = CN (V)2 el @)
and A~1/2(V1/2.) is a bounded linear operator on L2. Its adjoint is V'/2A~1/2_ and,
forany v € €5°(M), if we let ¢ = AY2y o e L? and

[ Vyldu = / VY2A"1 R4y,
M M

by (4.1), we get

/ Vy2du < CoNy(V)2 012 = CoNp (V) [V 2.
M

4.2. Proof of the local inequality (Theorem 1.2)

We again make a technical hypothesis on the reverse doubling order, proving the
following result:

Theorem 4.1. Let (M, g, 1) be a complete weighted Riemannian manifold satisfying
(RFK)%for some R > 0, and (RD)%, for some v > 1. Then, for any p > 1, there is
some constant Cy, depending only on the Faber—Krahn constants and p, such that for
any non-negative, locally integrable V, and any € €5°(M), the following inequality
holds: .

[ vdn < om0 [ 9yt 5 [ vian)

M M M
We will show afterwards how to remove this hypothesis to obtain Theorem 1.2.

4.2.1. Proof of Theorem 4.1. Given A > 0 such that AR > 1, we let g* = g7 be
the kernel of the Bessel potential G* = (A + /\2)_%. By Proposition 3.4, we have

A d(x,y)
4. Y) = wmiedtyyy: for Ad(x, y) < 1. We let

Ty (x) = / PNV IO DR,
d(x,y)<R

1
Ty = [ &V
d(x,y)>R
By Corollary 2.1, we have |1y, < Cp||M1,RV%1/f||p, and the rest follows as

in the global case. To estimate |7, ||, we can study the operator 7,7,°, with kernel
a(x, z) defined as

a(x,z) = /g*(x,y)X{d(x,y)>R}IV(y)IX{d(y,z)>R}g*(y,Z)du(y),
M
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where we recall yg to be the characteristic function of the set £. We then apply
the Schur test to 7> 75': being a symmetric operator, it will be bounded on L? if the
integral

[ latx.2)lauc
M
is uniformly bounded with respect to x. Given that we have

N e—)tzt
) = ) dl’
& (.2) / = p2)
0

as well as

/pt(y, z)du(z) <1,

M
we calculate
A [ e 1
,2)du(z) < dt = —;
[ £ 02du = [ i =
M 0

but then

/ la (e, 2)ldu(2)
M

< / / (0 V) 1ty R VO Kid oo 018 (07 2 () e (2)
M M

= [ ¢ [ 02V ®ldu0)dne).
M\B(x,R) M\B(z,R)
and so we get
1 A
[eaime =y [ Fwnvmiauo.
M

M\B(x,R)

or

/ P GNIVOldpds (@3)
M\B(x,R)

400
1 e
A[ a(e,2)ldp) = 5 0/ =

To estimate this integral, we estimate fM\B(x R) pe(x, M|V (y)|du(y) by distin-
guishing the cases t > R?and ¢t < R2. Forany x € M,r > R, p > 1,

C
[ 1)) = gou(BE Ny R(V) @4
B(x,r)
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Indeed, we cover B(x, r) by a family B; of balls of radius R with center in B(x, r)
such that the balls with half the radius are pairwise disjoints. Then,

[ Iveauo) < )3 [ V()

B(x,r)

IA

c Zu f V)ldp(y)

IA
S

& XuiE)(® fvorao)
i B

- Co(n(or 5o
< (B, )Ny (V)

For all > R?, we use the corresponding estimate of Proposition 3.2, and get a con-
stant @ > O such that

oL

Ce R2 _d(
f P DIVOdu() = - / )

M\B(x,R) M\B(x,R)
X, 2
By writing 15 = dJE;oy) é: -5 dr, we have
[ 22
d( r2 2r
/e_ 5t :/3_515( /|V|d/,b)d?’
M\B(x,R) R B(x,r)\B(x,R)

Using (4.4), we obtain

[

M\B(x,R)

oo
Cc _r22r
< i NoxV) [ €5 e

By the R-doubling, using (2.6), there is a constant 8 > 0 that depends on the doubling
constant such that u(B(x,r)) < u(B(x, R))eP &, thus

e Ny r(V)(B(x, R)) / 25+ kar,

M\B(x,R)
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2
—Tor v

2 t_
and we then can find a constant y > 0 such that e"5 PR <e R2 . As aresult,

we get that
oo
/Zr _r2 _R2
—e 10idyr = Qe 107,
5t

To conclude, we obtain that for all ¢t > R2,

Npr(V) _r2
/ puCe VO di(y) < € Nk V) - ivr i
M\B(x,r)

For t < R2, we obtain in the same way
[ pe(x, MIV(y)ldp(y)
M\B(x,R)

4 p,R(V)
w(B(x, V1)) R?

—u(B(x,r))dr

< ¢ pR(V) i _g2_r Br
= B iy PO )T [ e g ey

(et
t R

R

<c

’

and, finally,

v pR( ) —W'FZ)/

/ P VO < C(max(%, 1)) 25

M\B(x,R)
Thus, we get the majoration
C Npr(V R vV _RZ 5 1 dt
/ o e = D (R )i 4
R Jt St

0

which by a change of variable r = R?u, transform into

/ fate, 2ld(z) = 5o / max( = 1)) léu+<2r—*2R2>"%,

and if AR > /3y = k > | we obtain

/a(x,z)dz < CNpr(V).
M
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Thus, by the Schur test,
17275 212 < CNp.r(V),

and
1
IT2ll 22 < CNpr(V)2.

Then, for all 1 > %,
/szdu < C(/ [V [2du +A2/w2du),
M M M
and, in particular,
1
[vvran=ce( [1vvpdns g5 [vian).
M M M

4.2.2. Proof of Theorem 1.4. We now suppose that A1 (M) > 0. Then the previous
results can be strenghtened to prove Theorem 1.4.

Proof. We apply Theorem 1.2, and use that A1 (M) [;, ¥* du < [, |Vy|> d . Then,

1
(Vo) < Cpr,R(V)(l + W) / |V‘/f|2 dp,
M

which gives

A1 (M)R? 5 / .
CpN,,,R(V)(1+A1(M)R2)M V= du SM VY |* dp,

and
)Ll(M)R2

2 AI(M) 2 2

Therefore, for any V,

_ GoNorN(L+ 1 (M) R?) h(M)
(Vv = (o> = === 1?).

which is (1.8).
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4.3. Proof of Theorem 1.3

Let C,, be the constant of Theorem 1.2. We let

1/p
L= sup(2Cp( fV” du) —8—2).
x,8

B(x,8)
Then,

1/p L 8—2
f v d M) < B My (VPP <

82L + 1
2C, '

2C,
B(x,0)

Take § = L~'/2. Then, N, 5(V) < cip By Theorem 1.2, we have

(Vo v) = IVY I3 < Ly

1/p
“A(A=V) < sup(ZCp( ][ Ve du) —5—2).

x,8
B(x,5)

Meanwhile, let ¥ < A~! < R, and define f,: [0, 00) — [0, +00) by f(t) =r
ift<r, f&) =2r —tift € (r,2r], and f,(t) = 0 if t > 2r. Then for 0o € M,
¥ = fr(d(0,x)). ¥ is a Lipschitz function with compact support, and, by (D)7,

thus,

Vi |? — Vy?d B(x,2
aaa—yy < VY= Vy? di  p(B(x.2n) fvan
4l r2u(B(x,r))
B(x,r)
< Ar2 —][ Vdu<(r/vVA)?2 - A‘“’?ﬂf V du,
B(x,r) B(x,r/v/A4)

for all r > 0. Thus,

(A =V) > sup(A_l_"/z][ Vdu-— 5—2).
0 B(x.8)

4.4. Removing the dependancy on reverse doubling

Let M be a manifold satisfying (RFK)7. We consider M=RxM, (M g, i) the
product Riemannian manifold: ¢ = dx?> + g, dji = dx d/L ForV € L] (M), we
define V(x, m) = V(m). We write A for the laplaman on (M g, 1), and A for the
laplacian on (M, g, 1). The Morrey norm in M is written Np R-

We have:
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Proposition 4.1. (M, g, i) satisfies the following properties:

(1) if w is R-doubling, then [i is R-doubling, and R-reverse doubling with order
v>1;
_lx—yl?

(2) the heat kernel of M is pi((x,m),(y,n)) = —~A—e~"a p,(m,n);

4t

3) if M satisfies (RFK)Z, then there is some 0 € (0, 1) such that M satisfies
(RF K)Z g+ O depends only on the Faber-Krahn constants;

@) (A —=V)=A(A-V);

(5) if i is R-doubling, then there are two constants ¢, C, which depends only on
the doubling constant, such that c N, r(V) < Np r(V) < CNp r(V).

Proof. (1) For E C R measurable, we denote | E| the usual Lebesgue measure of E.
We have

[(=r/2,7/2)|(B(m, r/2)) < @(B((x,m),r)) < |(=r,r)|n(B(m,r)).  (4.5)
From this, with r < R we immediately get
A(B((x,m).2r)) < 4A2(B((x.m). 1),

with A the R-doubling constant of p. Moreover, since u is R-doubling, itis R-reverse
doubling, with reverse doubling order v > 0. Then, for r < r’ < OR,

A(B((x,m),r") _ I n(B(m,r'/2)
a(B((x,m),r)) — 2r w(B(m,r))

1 r' nw(B(m,r'))
24 r w(B(m,r))

a /r’'\1+v
5
2A\r
Thus, fi is reverse doubling of order v =14+ v > 1.

(2) and (4) We have A = ——&, 4 A. Thus,

z

_lx—y|?
e 4 pi(m,n),
t

pi((x.m).(y.n)) =
and the spectrum of A—Vis
Sp(A—V)={A+1:1eSp(A—V), X >0}

Thus, the infimum of the spectrum of A — V is the infimum of the spectrumof A — V.

(3) We use Proposition 3.1.
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(5) We use (4.5). Using that [z Vdp<2r J V du, we have

r2p - 2P
— [ VPdpa 2 VP du.
ﬂ(B((x,m),r))[ N B ) B/ :
B

Then, by R-doubling, N, z(V) < 44N, r(V). The other inequality is obtained in a
similar same way. |

Proof of Theorem 1.2. From (1) and (3) of the above proposition, if (M, g, 1) is a
manifold satisfying (RFK)" &> then there is some 6 € (0, 1), depending only on the
Faber—Krahn constants, such that (M g, i) satisfies (RFK) or and (RD)7 R withv > 1.
So, we can apply Theorem 1.2 to M: there is a constant C such that if V is satisfies
C N,,R(V) < 1,then A{ (A —V) > 02R2

Using (5), then there is a constant C, > 0 such that C, N, g(V) > C,Np r(V).
Since A1(A — V) = A1 (A = V), if C,Np g(V) < 1, then A (A = V) > — o
an arbitrary V' > 0, locally integrable, with N, r(V') < 400, we can apply the above
to V/CpNp,r(V); then, for any v € €5°(M),

1 1 1
— vvrdu<— [ (IVyP + —v2) dp.
Cpr,R(V)A[ v “592/0 VP + 2a¥?) di

M

For

which is (1.7). ]

5. Hardy inequality

For some point 0 € M, the L? Hardy inequality

¥ (x)?
d(o, x)?
M

au =€ [ I @P due). forall y < EFM).
M

is equivalent to the positivity of the operator A — V, with V(x) = %d (0, x)72.
Moreover, we have:

Proposition 5.1. Let (M, g, t) be a weighted Riemannian manifold, R € (0, c0]. If n
satisfies (D)'}e and (RD), with v > 1, then for any p € (1,v/2), there is a constant
K, < oo such that for all r < R we have

1/p
r2( f d(o,y)_z”du) < K,
B(x,r)
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Proof. Welet p(y) =d(o,y), B = B(x,r),forr < R.If r < p(x)/2, then for y €
B(x,r), we have p(y) > p(x) —r > p(x)/2 > r. Therefore,

/p(y)_z" du <r7??u(B).
B

If r > p(x)/2, then B(x,r) C B(o,3r), and

/p_z” du < [ P2 dpu

B B(0,3r)

< /(Zp — Dt72P7 (B (o, min(z, 3r))) dt
0

3r
< / a1 2p — D27 3r) " w(B(o.3r) dit + r 2P u(B(0.3r))
0
- < 1 2p—1
~\33%qgv—-2p

+1)r 2P u(B(0,3r) < Cpr 2P p(B(x, 1)),

since v > 2p, with the constant C,, depending uniquely on p and the doubling and

reverse doubling constants. |
Applying Theorems 1.2 and 1.1, we immediately obtain:

Corollary 5.1. If (M, g, ) satisfies (RFK)% and (RD)Y% with v > 2, then there is a
constant C such that for any € €5°(M), 0 € M,

¥ (x)?
d(o,x)?
M

1
du) = C(IVYI3+ 25 1V 13)-

Corollary 5.2. If (M, g, 1) satisfies (RFK)", (RD)" with v > 2, then there is a con-
stant C such that

¥ (x)?
d(o, x)?

du(x)<C / VY2 du  forally € €C(M). 5.1
M M

The second corollary follows from Theorem 1.5.

This time the condition on the reverse doubling order is not merely a technical
hypothesis. It is, in fact, a necessary condition for the Hardy inequality to holds if we
assume the measure p to be doubling:
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Proposition 5.2. Let (M, g, ) be a weighted Riemannian manifold, with | a doub-

ling measure, assume that there is a constant v > 2 such that for any o € M, ¥ €
€5 (M), M admits the Hardy inequality,

L LT
M M

then  satisfies (RD)".

Note that we can always write a Hardy inequality (5.1) in the form (5.2) simply
by choosingv =2 +2,/1/C.
Using a method from [3, 16], we have:

Proof. Take 0 < r < R. Define f(t) = r=*3% for 0 <t<r, f(t)= =3 for

r<t<R, f(t) =2R""7 — R 5t for R<t <2R and f(t) = O for t > 2R.
2

When r <t < R, we have f/(1)? = ("%2)21’5—?. For some point 0 € M choose

¢(x) = f(d(o, x)). The Hardy inequality applied to ¢ leads to

v-2\2 [ ) )

d < Vol|= d .
(557) [ gos dnto) = [ 1968 duco)
B(o,r) B(0,2R)\B(0,R)

So,

—2\2
(/57) 7" r(Bo.n) = R™°u(B(0.2R) \ B(o. R)) < AR u(B(o. R)).

using that p is doubling. Thus, there is some constant a > 0 such that
R\v _ u(B(o.R))

o(£y e
r n(B(o,r))

and p is reverse doubling of order v > 2. ]
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