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Asymptotics of Robin eigenvalues on sharp infinite cones
Konstantin Pankrashkin and Marco Vogel

Abstract. Let o C R” be a bounded domain with Lipschitz boundary. For ¢ > 0 and n € N,
consider the infinite cone

Qe = {(x1.x") € (0.00) x R": %’ € exjw} c R"T!

and the operator Q¢ acting as the Laplacian u — —Au on Q, with the Robin boundary con-
dition 0, u = au at 2., where d,, is the outward normal derivative and o > 0. We look at the
dependence of the eigenvalues of Q% on the parameter ¢: this problem was previously addressed
for n = 1 only (in that case, the only admissible w are finite intervals). In the present work, we
consider arbitrary dimensions # > 2 and arbitrarily shaped “cross-sections” @ and look at the
spectral asymptotics as € becomes small, i.e., as the cone becomes “sharp” and collapses to a
half-line. It turns out that the main term of the asymptotics of individual eigenvalues is determ-
ined by the single geometric quantity

_ Vol dw

Ny :
@ Vol,, w

More precisely, for any fixed j € N and @ > 0, the j-th eigenvalue E; (Q%) of Q¥ exists for
all sufficiently small ¢ > 0 and satisfies
Nf)oz2

1
-+ 0| - ot.
(2j +n—2)282+ <£) se—

E;j(Q7) =

The paper also covers some aspects of Sobolev spaces on infinite cones, which can be of inde-
pendent interest.

1. Introduction

Let w C R” be a bounded domain (connected open set) with Lipschitz boundary. For
& > 0, consider the open set

Qe 1= {(x1,x") € (0,00) x R": x" € ex;0} C R**1,

2020 Mathematics Subject Classification. Primary 35P15; Secondary 47A75, 35J05.
Keywords. Laplacian, Robin boundary condition, asymptotics of eigenvalues, spectral
problems in unbounded domains.


https://creativecommons.org/licenses/by/4.0/

K. Pankrashkin and M. Vogel 202

Geometrically, the set €, is an infinite cone in R”*! such that the intersection of
Q. with the hyperplane x; = a gives the set caw. We are interested in some spec-
tral properties of a Robin Laplacian on €2, as & becomes small, i.e., when the cone
becomes “sharp” and collapses to the half-line (0, c0) x {0}. Namely, for « > 0 denote
by QY the self-adjoint operator in L2(£2,) generated by the closed, densely defined,
symmetric bilinear form

qg (u,u) :/|Vu|2dx—oz/u2do, D(g%) = H'(Q,),
Q¢ 092,

where d o stands for the n-dimensional Hausdorff measure. The semiboundedness
and the closedness are not completely obvious as €2, is unbounded and may have
a non-Lipschitz singularity at the origin: we discuss these aspects in detail in the
appendices. Informally, the operator Q% can be viewed as the positive Laplacian,
u +— —Au, with the Robin boundary condition d,u = au, where 9, is the outward
normal derivative; we refer to [4, 10, 1 1] for a discussion of various aspects related to
the precise description of the operator domain. Such operators are often referred to
as Robin Laplacians with negative parameters [7] due to the negative contribution of
the boundary term in the bilinear form. The cone €2, is invariant with respect to the
dilations x — ¢x for any # > 0, and standard arguments show the unitary equivalence
Q% ~ a?Q]. Hence, it will be convenient to consider « = 1 only and to study the
operator and the form

QS = le’ qe -= qeyl

For a review of spectral problems with Robin boundary conditions, we refer to [7].
In particular, the eigenvalues of Robin Laplacians on infinite cones play a central role
in the strong coupling asymptotics of Robin eigenvalues on general domains. Namely,
if © is an open set in some large class and 7%+ is the Robin Laplacian on € defined
as the operator associated with the symmetric bilinear form

1% (u, u) =/|Vu|2dx—a/u2da, ue HY(Q),
Q Q2

then the lower edge A1 (T$%) of the spectrum of T+ satisfies

A (TR = o? ir};[;ZAI(TU"’l) +o0(a®) asa — 400,
xe

where TYx>1 is the Robin Laplacian on the infinite tangent cone Uy at x € 92. We
refer to [6,25] for technical details and precise definitions and to [14-17,20,31] for
a more precise eigenvalue analysis under more specific regularity assumptions. The
function o > A (T %%) plays a role in the study of some non-linear equations as dis-
cussed in [24]. Eigenvalues and eigenfunctions of sharp cones can be used to produce
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counterexamples to spectral gap estimates [22]. In addition, such operators attract
some attention as examples of geometric “long-range” configurations producing an
infinite discrete spectrum [5,9,30]. Let us summarize the available spectral informa-
tion for Q..

The essential spectrum of Q. depends in a non-trivial way on w and ¢. If @ has
smooth boundary, then, in virtue of [30, Theorem 1], the essential spectrum of Q.
is [—1, 400), as 2, is smooth outside the origin. For non-smooth w, the essential
spectrum is determined through an iterative procedure and can look differently; see
the detailed discussion in [6].

If w is the unit ball centered at the origin of R”, then Q. is a round cone whose
lateral surface forms the constant angle 6 := arctan ¢ with the central axis, and the
bottom of the spectrum of Q. is the eigenvalue

1 1+ &2

sin? 6 g2

E1(Qe) = — ()
with eigenfunction ¥ (x1, x’) = exp(—x1/ sin ). In fact, only n = 1 and n = 2 were
considered explicitly, see e.g. [25, Lemma 2.6] and [19, Proposition 4.2], but the con-
structions literally hold for arbitrary dimensions 7.

The case n = 1 (2, is an infinite planar sector) was studied in detail in [21]. The
only admissible sets w are finite intervals, so without loss of generality we can take
w = (—1,1). In [21] it was shown that the discrete spectrum of Q. is always finite,
but the number of eigenvalues grows unboundedly as ¢ becomes small, and for each
fixed j € N (we use the convention 0 ¢ N) the j-th eigenvalue E; (Q) behaves as

E](Qg) = —m + 0(]) as & — O+. (2)
Some explicit formulas for eigenpairs of Q. in this particular case were obtained
in [26], but it is unclear if the constructed family exhausts the whole discrete spectrum.

If n > 2, the discrete spectrum of (, may be infinite. For example, if n = 2 and
w is simply connected with smooth boundary, then the infiniteness of the discrete
spectrum follows by [30, Corollary 5.2], since the complement of €2, is not a convex
set (similar arguments apply in higher dimensions; we refer to [30] for details). On
the other hand, for polyhedral @ the discrete spectrum can be finite. For example,
if one chooses w in such a way that Q is an isometric copy of (0, c0)"*!, then
an easy analysis based on the separation of variables method shows that the discrete
spectrum of O consists of a single eigenvalue —(n + 1). For n = 2 and smooth w, the
accumulation rate of eigenvalues at the bottom of the essential spectrum was studied
in [5]. Furthermore, in [19] it was shown that round infinite cones maximize the first
eigenvalue among all cones with the same perimeter of the spherical cross-section.
Various two-sided estimates for the bottom of the spectrum were obtained in [25].
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In particular, it was shown that the lowest eigenvalue can be computed explicitly if
the spherical cross-section of €2, is a spherical polygon admitting an inscribed circle.

In the present work, we complement the above results by computing the asymp-
totics of individual eigenvalues of Q. for small ¢ in arbitrary dimensions and for
arbitrary cross-sections w. It turns out that the main term in the asymptotics depends
on a single geometric constant N, given in (3) and, hence, it is rather insensitive to
the regularity of w. Our result reads as follows:

Theorem 1.1. Let j € N. Then, Q has at least j discrete eigenvalues below the
bottom of the essential spectrum for all sufficiently small € > 0, and its j-th eigenvalue

E;(Q¢) satisfies

N2 1 .
Ej(Qe) = T + 0(E> ase — 07, (3a)
VOln_l ow
Ny i= ——— 3b
@ Vol,, w (3b)

For n =1 and w = (-1, 1), one has N, = 1, and the result follows directly
from (2), and all other intervals w are easily included by applying suitable reparamet-
rizations. Hence, for the rest of the text we explicitly assume n > 2. Remark that if @
is a unit ball centered at the origin, then one has N, = n, and the exact formula (1)
has the form (3) with j = 1 and a more accurate remainder estimate. Based on these
observations, one may expect that the remainder estimate in (3) is not optimal. We
further remark that if the volume Vol,, w or the surface area Vol,,_; dw is fixed, then
the quantity N, is minimized by the ball due to the classical isoperimetric inequality.
Hence, the sharp cones €2, whose cross-section @ are balls maximize the main term
in (3) among all sharp cones with cross-sections of the same volume or surface area.

Our proof is variational and based on the min—max principle, and its main ingredi-
ent is a kind of asymptotic separation of the variables x; and x’, which is quite similar
to [21], but the analysis in the x’-direction is much more involved and uses some
coordinate transforms similar to [23]. Various proof steps are explained in greater
detail in Section 2.4 below. We intentionally opted for the min—-max approach as it
allows for an elementary and self-containing proof of the main results concerning
the eigenvalues. It should be noted that other more advanced approaches should be
applied if one needs more information on eigenfunctions, for example, the method of
matched asymptotic expansions [27,28]. Nevertheless, in view of the expected amount
of additional technical work we believe that such an analysis should be the subject of
separate study. We also remark that in the appendix we prove some results on Sobolev
spaces on €2, (which is unbounded and may be non-Lipschitz) that are needed for the
spectral analysis: this part of the text may be of its own interest.
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2. Preparations for the proof

2.1. Min-max principle

Let T be a lower semibounded self-adjoint operator in an infinite-dimensional Hilbert
space J. The spectrum and the essential spectrum of 7 will be denoted by spec T
and spec, T, respectively. Furthermore, denote ¥ := infspec, T for spec. T # 9
and ¥ := +o00 otherwise. If T has at least j eigenvalues (counting multiplicities)
in (—oo, X), then we denote by E;(T) its j-th eigenvalue (when enumerated in the
non-decreasing order and counted according to the multiplicities). All operators we
consider are real (i.e., map real-valued functions to real-valued functions), and we
prefer to work with real Hilbert spaces in order to have shorter expressions.

Let ¢ be the bilinear form for 7', with domain D(¢), and let D C D(¢) be any
dense subset (with respect to the scalar product induced by #). Consider the following
“variational eigenvalues™:

tu,
Aj(T):= inf sup (s, u)

vcD
an2, gl Bl

’

which are independent of the choice of D. One easily sees that j — A;(7T') is non-
decreasing, and it is known [33, Section XIII.1] that only two cases are possible.

* Forall j € N there holds A;(T') < 2. Then the spectrum of T in (—o0, X) consists
of infinitely many discrete eigenvalues E; (7)) = A;(T) with j € N.

* For some N € N U {0} there holds Anx+1(T) > X, while A;(T) < X for all
J < N.Then T has exactly N discrete eigenvalues in (—oo, X) and E;(T) =
Aj(T)for j e{l,...,N},while A;(T) = Zforall j > N + 1.

In all cases, there holds lim; ., Aj(7) = X, and if for some j € N one has A;(T) <
X, then E;(T) = A;(T). In particular, if for some j € N one has the strict inequality
/\j(T) < /\j+1(T), then EJ‘(T) = /\j(T).

2.2. Robin Laplacian on

Given r € R, denote by B, the self-adjoint operator in L2 (w) generated by the closed
symmetric bilinear form

be(f, f) = / IV OPdr - r/f(t)zdr(t), e H' )
) w

remark that b, is semibounded from below due to Proposition A.1. Informally, the
operator B, is the Laplacian f + —Af on » with the Robin boundary condition
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dy f = rf, with 9, being the outward normal derivative. We will summarize some
important spectral properties of B, as follows.
Lemma 2.1. The following assertions hold true.

(@) Foranyr € R the first eigenvalue E1(B,) is simple, and the corresponding
eigenfunction Y, can be chosen strictly positive with ||y || 2(,) = 1.

(b) The mappings R > r +— E{(B,) € RandR 3 r — v, € L?(w) are C™,

(c) There exists ¢ € L°(0,00) such that E1(B,) = —Nyr +r?¢(r) forall r >0
and N, as defined in (3).

(d) Let Eév > 0 be the second eigenvalue of the Neumann Laplacian on w. Then
lim, o E2(B,) = E¥.

(e) Foranyry > 0 there exists K > 0 such that

/ e Py < K forallr € (0.r0). 4

Proof. Part (a) is proved for even more general Robin problems in [3, Section 4.2].
Both (b) and (d) follow from the fact that the operators B, form a type (B) analytic
family with respect to r, see [18, Chapter 7, §4], and (e) is a direct consequence of (b).
To prove (c), we remark first that there exists C > 0 such that

—Cr> <E{(B;)) <0 asr — +0oc; (5)

the lower bound is proved, e.g., in [23, Corollary 2.2], and the upper bound follows
from b, (1, 1) < 0 (which holds for all » > 0) by the min—max principle. Furthermore,
by [7, (4.16)] one has

d

—E (B = —N,,

dr 1( r) r=0 @
and it follows that E{(B,) = —N,r + O(r?) asr — 0". By combining this asymp-
totics with (5), we arrive at the representation in (c). ]

2.3. One-dimensional model operators

For a fixed A > 0, consider the symmetric differential operator in L?(0, oo) given by

n2—2n Nw)f

CE0.00) 3 f 1 —f" + ( 2 s

and denote by A} its Friedrichs extension. Note that n?—2n>0dueton > 2.
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In [12, Chapter 8.3], the spectrum of A4, was fully determined:' the essential spec-
trum is [0, +00) and the negative eigenvalues are simple and are explicitly given by

. 2
i) _ No jeN,1>0. (©6)

B4 = =3 =G ra -2z

In what follows, we will need to work with truncated versions of A,. Namely,
for b > 0 we denote by M} ; and M a.b the Friedrichs extensions in L2?(0, b) and
L?(b, 00) of the operators C>2°(0,b) > f + A, f and C(b,00) 3 f + Ay f
respectively.

Note that, by construction, the form domain of M}, ; is contained in HO1 (0, b),
which implies that M) ; has compact resolvent. We need to relate the eigenvalues of
M, p to those of A, . As the bilinear form of A, extends that of M} , one has, due to
the min—max principle,

E;(M;p)>E;j(A)) foranyb>0,1>0,j €N. @)
Let us now obtain an asymptotic upper bound for E; (M, p).
Lemma 2.2. Letb > 0 and j € N. Then there exist K > 0 and g9 > 0 such that
E;(M.p) < Ej(A;) + K forall e € (0, g).

Proof. The proof is quite standard and uses a so-called IMS partition of unity [8,
Section 3.1]. Let y; and y, be two smooth functions on R with 0 < yq, y2 < 1,
such that y3 + x3 = 1, y1(s) = 0 for s > %b, x2(s) =0 fors < %b. We set K :=
x5 1% + 1 45112 An easy computation shows that for any f € C°(0, 00) there holds

/|f’|2ds =/I(xlf)’lzder/I(Xzf)’lzds—/(lx'1|2+Ix'zlz)fzds
1] 0 0 0

o0 o0
Z/|(X1fy|2ds+/|(fo)'|2ds—K||f||i2(0,oo),
1] 0

which implies

(£ 46 f) 20,000 T KL 1720000
> (1., Ae(1 ) 120,000 T (x2S Ae(X2. 1)) 120,00
= (x1/. As(le)>L2(0,b) + (x2/. AS(XZf))LZ(g,oo)-

'Forn = 2 see [12, p. 312] and for n > 3 see [12, p. 294].
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Using the identity
2 _ 2 2
||f||L2(0,oo) - ”le”Lz(O,b) + ”XZf“LZ(%,oo)

and the obvious inclusions y; f € C°(0,b), o f € CL?O(%, 00), we apply the min—
max principle as follows:

Ei(4;) + K
_ (£ A f) + K720 .00
= sccoco 1B T/
dim S=/ ;io L2(0,00)
) (x1fs As(X1f))L2(0,b) + (x2f. As()(zf))LZ(g,oo)
= scctiom oy I/
CCE2(0,00
dim §=j ;iﬂ L2(0,00)
- (/o AeQ N ezep + (X2 f A2 ) 12 o)
= gec sup 2 2
Scdl(igs(g’joo) ;;% ”le”Lz(O,b) + ”XZf”Lz(%,oo)
. (/1. Aefl)LZ(o,b) + (/2 Aef2>L2(Q 00)
- oCE (o) (i 1 oy 1A
SCCE(0,6)BC°(F,0) (f1,/2)€S 1 2
dimS=;  (h A0 L2 L2(4.00)
=AMp ® 1\718,%) > min{A; (M,p), inf spec ]\7&%}. )]

For any j € N, we have Aj(M, ) = Ej(M,p). At the same time, for any function
f e Cfo(é, 00) one has

452 es

by )12 oy = / [+ (nz_zn AR

oo
No (1 ., 4No . .
e R YA TR ST

NS

which gives the lower bound inf spec M el > —%. Due to (6), we conclude that if
Jj € N is fixed, then one can find some &9 > 0 such that for all ¢ € (0, g¢) there holds
E;(A¢) + K < infspec Ms,%. Then, (8) implies E; (4s) + K > Ej (M, p). ]

2.4. Scheme of the proof

We first remark that 2, is unbounded and, in general, not with Lipschitz boundary
near 0, and it does not satisfy the standard assumptions for trace theorems and other



Asymptotics of Robin eigenvalues on sharp infinite cones 209

important assertions discussed in most books. These aspects are discussed in detail in
the appendices, and here we only cite the most important conclusions.
For an open interval I C (0, co), we denote

CPo(Q) 1= {u € C®(Q,): there exists [b,c] C 1
such that u(x) = 0 for x; ¢ [b, c]}, 9

in Appendix A we show:
Lemma 2.3. The subspace C (oofoo)(g_l ¢) is dense in H' ().

To continue, we need suitable coordinates on d€2.. Consider the diffeomorphism
X:(0,00) x R" - (0,00) x R”,  X(s,t) = (s,est), (s,1) =(s,t1,t2,...,1p);

then 02, = X((0, 00) x dw) U {0}. Remark that {0} has zero n-dimensional Haus-
dorff measure and can be neglected in the integration over 9<2,.

By do and d 7, we will denote the integration with respect to the n- and (n — 1)-
dimensional Hausdorff measures, respectively. The following technical estimate will
play an important role (see Appendix B for a detailed proof):

Lemma 2.4. For any ¢ > 0, any measurable v:0Q2, — R and u := v o X, there holds

8”_1//s”_1|u(s,t)|dr(t)ds

0 dw
o0
< / lvldo < v1+ R2828”_1//s”_1|u(s,t)|dr(t)ds
Q¢ 0 Jdw

with R := sup,,, |t|.

By combining Lemmas 2.3 and 2.4, we show (Proposition B.1) that the trace of
any function u € H'(Q,) on 0L, is well-defined and, as a result, that the bilinear
form ¢, is closed and semibounded from below (Corollary B.2), which shows that Q.
is really a lower semibounded self-adjoint operator. Its spectral study will be mainly
based on the min—max principle (Section 2.1) in which we take D := C(%‘f oo)(§_28).

In Section 3 we study a Robin Laplacian on a finite part of €2, and it is the most
voluminous part of the analysis. Pick some a > 0 (this value will remain fixed through
the whole text), and denote

Ve = Q. N{x; <a}={(x1,x) € (0,a) x R": x" € ex;0} C R" ™1,
0oVe := 0Q:, N{x; <a} ={(x1,x") € (0,a) x R":x" € ex 0w} C IV,,
I:\IOI(VE) := the closure of C(‘;;ja)(s_zg) in HY(V,).
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Let T, be the self-adjoint operator in L?(V;) associated with the symmetric bilinear
form

te(u, ) =/|Vu|2dx—/u2da, D(t;) = H} (Vo) (10)
Ve o Ve

then 7, can be informally interpreted as the Laplacian in V, with the Robin boundary
condition d,u = u on doV, and the Dirichlet boundary condition on the remaining
boundary 9V, \ d¢V. (which corresponds to x; = a). In view of Lemma 2.3, the
variational eigenvalues of T, are defined by

t ’
Aj(Te) = inf sup ,g(u—zu)

D
oty gy Mo

., Dolte) := C(%Cja)(ﬁs), JEN.  (11)

Using a suitable change of coordinates and the spectral analysis of B;, the study of
eigenvalues of 7, with small ¢ is reduced to the truncated one-dimensional operat-
ors My 4 (with suitable &’ ~ ¢) from Section 2.3. The main result of this reduction
is given in Proposition 3.6. The analysis is in the spirit of the Born—Oppenheimer
approximation, see e.g., [32, Part 3], with M, , being an ‘“effective operator,” and
it is essentially an adaptation of the constructions of the earlier paper [23] on Robin
eigenvalues in domains with peaks.

The link between the analysis of the truncated operator T and the initial operator
Q. is justified in Section 4. We show in Proposition 4.4 that the eigenvalues of Q. are
close to those of T, which finishes the proof of Theorem 1.1.

3. Spectral analysis near the vertex

In this section, we study A j(T) with small e. The proof will be based on (11) and on
a kind of asymptotic separation of variables.

3.1. Change of variables

One observes that

Ve=XII), I =(0,a)xw, X(s,t)=/(s,est),
(s,t) = (s,11,t2,...,1y) € II.

This induces the unitary transform (change of variables)

U: L*(Vy) — L*(I1,e"s" dsdt), Uu:=uoX.
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Consider the symmetric bilinear form p, in L?(I1, e"s" d s d¢) given by
pe(u,u) = ts(u_lu’ u—lu)’ D(pe) = UD(t).
Due to the unitarity of U and Lemma 2.3, the subspace

Do(pe) := UDo (1)
= {u € C®(I1): there exists [b, c] C (0, a)
such that u(s,z) = 0 for s ¢ [b, c]},

is a core of p,, and by (11) one has

u,u
ATy = inf  sup—— Lt
Sd?nl])g;pf) Zi‘g ||u||L2(1'I,£”s”dsdt)

12)

Now, we would like to obtain more convenient expressions for p.(u, u).

Lemma 3.1. Denote
R :=sup|t]. (13)

teEw

Forany v € Do(te) and u :== Uv € Do(p,),

a
1—(nR?*¢>+R
8"//[(1—I1R8)|3Su|2+ (nR%e” + 8)|V,u|2]s”dtds
0 w

g2s2
< / |Vu|2dx
Ve

a
1 R?¢2 + R
< 8”/[[(1 + nRe)|dsul® + + (R e+ 8)|V,u|2]s”dtds.

252
0 w

Proof. A standard computation shows that for any u € Do(p,) there holds

a
[|Vv|2dx =8”//(Vu,GVu)Rn+1S"dtds (14)

Ve 0 w
where G is the (n + 1) x (n + 1) matrix given by

1+ &2t|> &35t )_1

= (DX'DX) ! =
G = ) ( e2stT  £25%1
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with DX being the Jacobi matrix of X and 1 being the n x n identity matrix. One
checks directly that G is a block matrix:

17
1 =t -5t if j =k,

G = (_i CS) with Cjx = £°§ §
s ity Lk
S_2 I J 7é .

We would like to estimate the term (Vu, GVu)gn+1 from above and from below
using simpler expressions. One obtains

(Vu, GVu)gn+1 = |d5ul? + 53 |V,u|2

——Ztka uE),ku—I- > Z titgdg udgu.  (15)
Jk=1

Using the standard inequality 2|xy| < x2 + y? and |¢;| < || < R, we estimate
2 " " 8; u
‘E Z tkasuatku) < Re 2‘28@[ . eks ’
k=1 =
ad
e 3 (1 + )

= nRe|dsul?® + —2|Vtu|2,
ES

1 ¢ R?
|5 X ydyudnu| < = 3 1dudul
Jk=1 Jk=1

R2 - 2 2
— > (10ul® + 19,u?)

Jk=1

nR?
= —|Vt”|2
52

IA

IA

IA

The substitution into (15) gives a two-sided estimate for (Vu, GVu)gn+1, and the
substitution into (14) gives the claim. ]

By applying Lemmas 3.1 and 2.4 to both summands of ¢, in (10) and by adjust-
ing various constants, we obtain the following two-sided estimate written in a form
adapted for the subsequent analysis:
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Proposition 3.2. There exist c > 0 and g9 > 0, with ceg < 1, both independent of the
choice of a, such that for any ¢ € (0, &9) and any u € Do(p.) there holds

pe (U u) < pe(u,u) < P:(u u),

pE.u) = (1 £ ce)e” // dsul” + 5 |Vieul ]dtds

! 8"_1// ~ly2dt(t)ds.
€

0 dw

In particular, by (12) it follows that for each j € N and any ¢ € (0, &¢) there holds
pe (u.u)

“u ||L2(H,a”s” dsdt)

pe (u,u)

2
”u ||L2(H,s"s” dsdt)

=A;(T) <
SCDO(PS) uesS
dimS=j u#0

inf  su
SCDO(PS) ues
dimS=j u#0

3.2. Upper bound for the eigenvalues of 7,

We are going to compare the eigenvalues of 7, with those of the truncated one-
dimensional operators M,/ 4.

Lemma 3.3. There exist c,c¢’, g9 > 0, with ceg < 1, such that for any j € N and any
e € (0, &9) there holds Aj(Te) < (1 + ce) Ej(M(14ce)264) + €.

Proof. Take first ¢ and g¢ as in Proposition 3.2. Define a unitary transform
V:L2(1) — L3(I1,&"s" dsdr), (Vu)(s,t) =& 2s 2u(s,1),

and consider the symmetric bilinear form rt (u, u) := p} (Vu, Vu). One easily sees
that for any u € Do(r;") := V™1 Do(ps) = Do(pe) there holds

1
rd(u,u) = (1 +cs)// sU— — —I— ﬁlvtuﬁ)dtds
s g2s

1 1 5
——(1 +ce)e/§/u dz(t)ds.
dw

0
The substitution ¥ — Vu into the upper bound of Proposition 3.2 shows that
+
Aj(T;) < inf  sup re ()

—
SCDo( )ues lJull7,
dlmg—ri u#0 L



K. Pankrashkin and M. Vogel 214

Using the density, on the right-hand side one can replace r and Do(r]") by the

closure r;~ and any dense subset D C D(rg ). By Lemma A.3, we can take
= {u € H'(I1): there exists [b, c] C (0, a) such that u(x) = 0 for x; ¢ [b, c]},

and we keep the symbol r; for rs& on D, as it is given by the same expression.

Therefore,
r(u,u
AT < ot sup LE0GH) (16)
dim §=j ﬁi‘% 1 Z2 oy

Then integration by parts shows that for v € D one has

a a
9 2
//” st dsdt://u—dsdt, 17
s 252
o 0 o 0
which implies
T 2 4 2” 2 1 2
S = +cs) ((15u? + u?) + 5 Veul?) dr ds
1 1
——/—/uzdrds
(1+ce)e) s
0
(18)

—(1+cs)[// |0su|? + 2n 2)dtds
+/W{/Wﬂfdt—ﬁ/uzdr}ds].
0 e

dw

Note that the functional in the curly brackets is the bilinear form b, (s, as defined
in Section 2.2 with p(s, &) = s(1 + c&)72. Let ¥ = Yp(s.¢) be the positive normal-
ized eigenfunction of Bgy(s.¢) for E1(Bgp(s,s))- By Lemma 2.1, for any & > 0 the map
R 35> Yepise) € L2(@) is C.If f € C2°(0,a), thenalso R 3 5 > f(8)Yep(s,e) €
L?(w) is C®, and the derivative (which is smooth and with compact support) coin-
cides with the weak derivative in [T with respect to s. It follows that the function
(5,1) = f(5)Yep(s,e) (1) belongs to the above subspace D. Moreover, if S C C£°(0,a)
is a j-dimensional subspace, then

S={u:T = Rou(s, 1) = f()Veps.e)(2), f €S}
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is a j-dimensional subspace of D. For any u € S, one has lullL2amy = 1./ 122(0,0) BY
Fubini’s theorem and

ES
/Ivtulzd’_ e )2/”2“ = E1(Bep(s)) £ (5),

@

due to the spectral theorem. Furthermore,

// |85M|2d[ds = // |f/(s)Wsp(s,e)(t) + f(s)aspr(s’g)(t)|2dtds
0 w 0 w
— [ [ s @ + F6  ubipsr O
£ 115 2Wapts,0(Ds Vs (D) ] d 1 ds,

while

/zwsp(s,s)(t)as‘/fsp(s,e)([)d[ = / as|w(sp(s,s) (Z)|2dt = as”Wsp(s,s)”iz(w) = asl =0.
w

[0

Therefore,

//(|8su|2+n nuz)dtds
0 w
= [T (Z22 4 [ 10vamen P ar) 2] as
- 452 s VYep(s,e) .
0 0]

The substitution into (18) shows that for any u € S there holds

rj(u,u)

=aen [[ire+ (5 /|a Vaptea Pt + LBy 2] 4
0

By the estimate (4) in Lemma 2.1, we can control the term with ds1. Namely, for
s € (0,a) and ¢ € (0, g9) the values of gp(s, €) are contained in some bounded interval,
and then one can find some K > 0 such that

/laswsp(s,a)(tﬂzdf = 82/( p Vo ()| p=ep(s.e) apés 8)) p

w w

(1 L /(aﬁw/)(t)lp =¢p(s, s)) dr < Ke&2.
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Hence, for all u € Sands € (0, &9), one has

a
n?—2n E{(B
rj(u,u)§(1+cs)/[|f’|2+( 5 +K82+—1( gp(s’s)))fz]ds.
0

4s £2s2

Now, we apply Lemma 2.1(a,c) to the eigenvalue E;(Bgy(s,e)): there exists co > 0
such that for all s > 0 and & > 0 there holds

El(Bsp(s,s)) < —Nwep(s, €) +0082p2(~978) _ Ny 1 Co

g2s2 - g2s2 es (1 +ce)? + (14 ce)*

Hence, forallu € S and ¢ € (0, g9) we obtain

U+C@j@fﬁ+(ﬁ_an—ﬁé-——L—Jfﬂds
0

2 2
rGuu) 4s es  (1+ce)
el 172200
Co
(1 e )3 + (1 + ce)Ke?
M
=(1+ce) o Mareoroal M2, 0 s+ (1 +co)Ke?
1/ 12200 (1 +co)

.M,
< (1 T CS) (f (1+cs)22s,af>L2(0,a) 4
”f”Lz(O,a)

for
¢ :=co+ (14 ceo)*Kep.

The constants ¢, ¢’, g9 are independent of j and S. By (16), for any j € N and ¢ €
(0, g9) there holds

. r(uu) . ré(u.u)
Aj(Te) < Jof, - sup TIMT = scc®o0 o ﬁMT
dimS= Zi‘% L2(I1) dimS=/ ,’;i% L2
.M 2 2
<(tes) inf (/i M1 4cey26.af ) 12(0,0)

ScCR0a) e 1717
CCy¢ a
dimS=j }’if) L*(0.a)

= (1 =+ C8)E]’(M(1+ce)28’a) + C/. | |

Corollary 3.4. Forany j € N there exist k > 0 and g9 > 0 such that

N2 k
ANi(Ty) < —m + - for all ¢ € (0, gp).
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Proof. By Lemma 2.2 for any fixed ¢ > 0 and j € N, we can choose K’ > 0 such
that

N2 1 4
A w /
Ej (M(l—i-cs)zs,a) = Ej (A(H—cs)ze) + K = _(2j T 2)282 : (1 T 68) + K
if £ is small enough. The substitution into Lemma 3.3 gives the result. |

3.3. Lower bound for the eigenvalues of 7,

The lower bound for the eigenvalues of 7 is also obtained using a comparison with
the operators M, 4 but requires more work.

Lemma 3.5. Let j € N. Then there exist g > 0 and k' > 0 such that

N2 k'
Ai(T)>——L—— — — Il e € (0, &p).
/( 6) j— (2] + n— 2)282 e fora & ( 80)
Proof. Take ¢ and ¢ as in Proposition 3.2. For ¢ € (0, &9), consider again the unitary
transform V: L2(I1) — L2(I1, "s" ds dt), (Vu)(s,1) = e 25 2u(s, t), and the
symmetric bilinear form r_ (4, u) := p_ (Vu, Vu). The reparametrization u — Vu
in the lower bound of Proposition 3.2 leads to

re (u,u)

Aj(Ts) = inf sup ———, DO(rg_) = V_IDO(ps) = Do(ps). (19)
SCDSo(r ) ues ”“”L2(n)
dimS=j u

The substitution of 'Vu into p; and the partial integration (17) show that

2 |
o (u, u)—(l—ce)// |au|2 " 2)+W|V,u|2)dtds

_(1_1—68)8/%/142dtds
—(1—ce>[// (19 + ") ar as 20)
/ “{/ Rt g [ ar)os]

N a
p(S,E) = m S (O,m), m .= (I—TO)Z’ £ € (0, 80).
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The expression in the curly brackets is the bilinear form b, (s ) for the Robin Lapla-
cian By, (s,¢) On w as discussed in Section 2.2. Denote by v,,(s,¢) the positive eigen-
function for E1(Bep(s,e)) With [|Yepis,e)llL2w) = 1. then s = Yy is C° by
Lemma 2.1. We decompose each u € Dq(r,) as

u=v+w withv(s, 1) = Yes,e () f(5),
fis) = / (5. ) Wepieey (1) 1.

w

By construction, we have f € C2°(0, a) and, furthermore,

/w(s,t)wsp(s,s)(t)dt =0 foranys € (0,a), 21
w
120w = W2y 1712200 + 10Baq = lel2am-  22)

The spectral theorem applied to Bg,s,¢) implies that for any u € Dg(r, ) there holds

/|V,u(s,t)|2dt—sp(s,s)/u(s,t)zdr(t)
w w

> Ey (Bsp(s,s))f(s)2 + EZ(Bsp(s,s)) / w(s, Z)z dr. (23)

By Lemma 2.1 (c), one can find a constant ¢; > 0 such that

Nyx

Ei1(By) = —Nyx + 0(x2) > —

for all sufficiently small x > 0.
l1—c1x

We have €p(s, €) € [0, mep]. By adjusting the value of &g, we conclude that there exists
¢ > 0 such that for all € € (0, &9) and s € (0, @) one has

E; (Bep(s,e)) - _ wa‘p(s,[;‘)
€252 T &252(1 —crep(s, €))
_ Nyes
(1 —ce)?e252(1 — (10_15;‘)2)
No No

Ces((1—ce)2 — cqes) = Ces(1— ca8)

By Lemma 2.1(d) we can find Cy > 0 such that E»(By) = Eév + o(1) > Cy for small
x > 0. Hence, if g¢ is sufficiently small, s € (0,a) and ¢ € (0, g¢), then (23) implies

B es(1 —cpe)

I N, C
ﬂ(/lvzulzdt—p(s,e)/uzdr) 2 - f(5) + 5 [ wPdr,
e“°s E°S

@ ow

w
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which is valid for all u € Do(r;). The substitution of the last inequality into (20)
shows that for all € € (0, &) and u € Dy(r;) there holds

re (u,u) 2(1—08)/a/<|asu|2+
+(1—cs>co// 2 ards - _czgf—ds

To have a simpler expression, choose a suitable k > ¢ and adjust &g so that for all
e €(0,g0) and u € Do(r,),

a
) = —ke) [ [ (10l + "

0 w

Co [ [ w? No [ f2

0 w ®
— ——drds — —d
2 //82S2 S l—kE/ &s
0 w 0

For the sake of brevity, we will denote

Y= 1/fsp(s,s)a Vs = 05¥, vy 1= 05V, Wy = dsw.

Let us study the first integral on the right-hand side of (24). Using the orthogonality
relations (21), we obtain

// 19,ul? + —2" Z)dtds=//(vs2+ 4S22n 2>dzds

u2>dtds

nuz) derds
(24)

[\

+

/ /vswsdlds. (25)
0 w

We have

/[v? //Ifw+f%|2dtds
0 w

=//(If/lzllferlews|2+2ff’wsw)dtd&
0 w
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Due to the normalization of ,

/wasdt :asfwzdr =01 =0,

[0

therefore,

a a a
[ [watas= [ar2+ 1wl Pras = [ 1775
0 w 0 0

and, consequently,

a

a
2 2
5  NT—=2n , s NT—=2n 4
//(vs+ 152 v)dtdsZ/[|f| + 152 f]ds.
0 o

0

In order to estimate the two last terms in (25), we note that

a a a
2//vswsdtds:2//f’1pwsdtds+2/f/wswsdtds
0 o 0 w 0 o

and that, in view of (21),

/(st + Ysw)dt = 8s/wwdl = 0,0 =0,

w w
/wwsdt =—/1ﬂswdt.
@ w

Hence, using [2xy| < x? + y2,

‘2//f’1ﬁwsdtds
0 w

=‘2//f’1ﬁswdtds
0 w

E/a/(lf/|2¢3+w2)dtds

0

a
— [ Wlal £ P ds + 10l
0

220

(26)

27)

(28)
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Similarly,

’2!fa[wswsdtds

= '2// —wsfwsdtds
S/a/(fzélﬂsz—l—swf)dtds
0 w

a

1
=2 [ Pl ds + ellwlBagy @9
0

Now, we represent
2 2 & 2
”Ws”Lz(w) = / |as1/fs,0(s,s)(t)| dr = m/(apw,o(t)lp=sp(s,s)) dr.
w w

As ep(s, €) € (0, e9m) for all s € (0,a) and ¢ € (0, g9), we can use the estimate (4)
of Lemma 2.1: there exists K > 0 such that for all ¢ € (0, &¢) and s € (0, a) one
has ||y 12() < Ke&? < ¢ (assuming that g is sufficiently small). We now use the
obtained estimate in (28) and (29), which gives

'O/w/f’l/fwsdtds
‘O/fw/wswsdtds

The substitution of these two inequalities into (27) gives

a
‘//vswsdtds
0 w

We now use the last obtained inequality and (26) in (25), which gives

a
<e [ 1P ds + 10l
0

a
< Ks/fzds —|—8||ws||i2(n).
0

a a
e [1fPds+Ke [ £2ds+ 10l + elusdg,
0 0

/a/(|8su|2+ uz)dtds
/[(1 P+ (”24%2” — Ke) f?]ds
o Jla-ow e (2 - s
0 o
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forall ¢ € (0,&0) and u € Dg(r, ). Using this lower bound in (24), one arrives at

n2—2n
452

0
+ (1 —ke¢) /a /[(1 — e)ws2 + <n24;22n — l)wz] drds
0 w

a a
Co w2 Nw /fz
— ——dtds — —d
+ 2 //8252 s 1—ke) es s
0 o 0
a

n2—2n
452

ry () = (1 —ke)fa[a — o)l + — Ke)f?]ds

z(l—ke)/[(l—s)|f’|2+( —Ka)fz]ds

0
No [ f2
o 2
- 1_k8/§d5—||w||Lz(n)-
0

By taking sufficiently large » > k and ¢’ > 1 and a smaller value of &g, one deduces

from the last inequality the simpler lower bound

re () 2 (1 —be)/a[u/lz P e )
0

452 (1 — be)2es

2 2
— 1S gy — € N2y

Using the norm equality (22), this is equivalent to

_ h n?—2n N,
r )+l = (= bo) [ [11P + (5 — ) 1 s
0
= (1 =be){f M(1-pey26.0f ) 12(0,0)- (30)

By the norm equality (22), the map u — (f, w) uniquely extends to a unitary map
W: L2(T1) — L2(0,a) @ #, where J is some closed subspace of L2(IT). Let , be
the symmetric bilinear form in L2(0,a) @ J# defined as the closure of the form

2_2n Ny
452 (1 — be)2es

c0.a) x> (o [ 1P+ (" )/?]as.
0

then the corresponding self-adjoint operator in L2(0,a) & ¥ is

H, = M(l—bs)zs,a ® 0.
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The inequality (30) reads as r; (v, u) + c/||u||22(n) > (1 — be)he(Yu, Yu) for all
u € Do(r; ), and the lower bound (19) for A (T;) implies that for any j € N and any
g € (0, &) there holds

e () + 2

Aj(T) +c¢" > inf  sup 5
SCDy(ry) u
s gy Ml

(1 —be)he(Vu, Vu)

> inf  sup T
he(v,v
> (1 —be) inf _hel0,v)
SR s 101720, 0y05¢
=(1- be)Aj(Hs). (1)

By Lemma 2.2, for some Ky > 0 and for all sufficiently small ¢ > 0 we have

No

— K 0;
2 +n—22(1—beyte2 T 0

E; (M(l—be)zs,a) < Ej (A(l—be)zs) + Ko =

hence, Aj(He) = Aj(M(_pey2e4 D 0) = Ej(M_pe)2.4), and it follows by (31)
that Aj(Te) + ¢ > (1 = be) Ej(M(1_pg)2 4)- By (7), we have E; (M _pey2. ) =
Ej (A —pe)2e); therefore,

Aj(Te) = (1 = be)Ej(A(1—pey2e) — '
_ Ng o
(2j +n—2)2(1 — be)3e?
N K
T (2j +n—2)22 ¢

for a suitably chosen kK’ > 0 and all sufficiently small ¢ > 0. |

By combining Corollary 3.4 and Lemma 3.5, we obtain the main result of the
section:

Proposition 3.6. For any j € N there holds
N2

1
AT =2 1 0(-) 0+,
il ==y e TO5) @

4. End of proof of Theorem 1.1

Note that the right-hand side of the asymptotics in Proposition 3.6 corresponds to
the sought asymptotics for E;(Q,) in Theorem 1.1. In order to conclude the proof
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of Theorem 1.1, it remains to show that the eigenvalues of Q. and T, with the same
numbers are close to each other. This will be done in several steps.

Lemma 4.1. Forany j € N and ¢ > 0 the inequality A;j(Q¢) < Aj(Ts) holds.

Proof. Let J: L*(V,) — L?(S2;) be the operator of extension by zero; then J is a
linear isometry with JD(t;) C D(q.) and with g.(Ju, Ju) =t.(u,u) forallu € D(t;),
and the result follows directly by the min—max principle. ]

Recall that the subspaces C ,‘X’(S_Z ¢) were defined in (9). For b > 0, denote
Vep i= Qe N {x; > b} = {(x1,x) € (h,00) x R":x" € ex ) C R"T!,
doVep 1= 092 N {x1 > b} = {(x1.x) € (h,00) x R": X" € ex;dw} C IV, .

ﬁol(lz,b) := the closure of Cg;joo)(s_zg) in Hl(Vg,b)

and let fs,b be the self-adjoint operator in L2(178,b) defined by its symmetric bilinear
form

oy () = / VuP dx — / Wdo, Dip) = AL (Top).
Ve doVen

Lemma 4.2. For any g9 > 0 and b > 0, there exists ¢ > 0 such that

inf spec fg,b > —g forall ¢ € (0, g9).

Proof. Letu € C(Cf,oo) (Q.); then, due to Lemma 2.4, one has

ooy i) = /|axlu|2dx

I7£.b

o0
+[{ /|Vx/u(x1,x’)|2dx’
b

EX1@

— (ex1)" W1+ R282/u(x1,8x1t)2dt(t)}dxl. (32)
Jw

We have

/Ifou(xl,X')lde' = (le)"/I(fou)(xl,sxlt)lzdl
w

ex|w

— (ex))"2 / Vou(er, exu) 2 de
w
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and then
/ |Veu(xy, x)2dx’ — (ex1)" 11 + R2¢2 / u(xy, exit)®de(t)
X110 w

= (8x1)”_2[/ |Veu(xy, exit)[*dt —ex; v/ 1 + R2e2 / u(xl,sxlt)zdr(t)]
w w

= (8X1)n_2nglm(u(x1,8X1'), u(xy, ex-))

> (8x1)"_2E1(nglm)/M(xl,emf)zdt
w

: 2
- (ex1)? EI(BSXIW)/u(xlaX/) dx’.
EX1W
The substitution into (32) gives
o0
= Ey(B )
otz [ SR o
! EX|1@
E{(B o0
> in 1( exl«/m)/ /uzdx'dxl (33)
x1>b (8)(1)2
b ex1w
= inf El(BSle) WlZ, o
o x1>b (gxl)z L2V, )

By Lemma 2.1 (c), there exists ¢g > 0 such that E;(B,) > —N,r — cor? forall r > 0.
Hence, for any x; > b we have

Ei(B,,, yixr2s?) o= weX1V 1+ R2e2 — coe?x3(1 + R%&?)

(ex1)? - (ex1)?

NyA/1 4+ R%g2

= _w—H —C()(l + R282)

EX1

Ny+/1 + R2&}

> —c(l + R}
C

z 3

with
¢ := (Nwy/1 + R2e3 + beoco(1 + R?e)) /b,

and the substitution into (33) gives the result. ]
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Lemma4.3. Let j € N. Then there exist K > 0 and gg > 0 such that for all ¢ € (0, &¢)
there holds Aj(Q¢) > Aj(Ts) — K.

Proof. The argument uses the same idea as in Lemma 2.2. Let y1, y2 € C*°(0, 00)
with 0 < x1, y2 < l and x2 + x5 = 1, such that y;(s) = 0 for s > %T” and y»(s) =0
fors < 4. Weset K := || x} 1% + |l x5 % and define functions p;: (x1,x") > x;(x1);
then p? + p3 = 1 and | Vp1|%, + | V2|2, = K. It is convenient to denote b := 9
For any u € C(°0°OO)(S_28), one has

/ VuPdx = [ V(o) dx + / IV (o2u) dx —/u2(|Vm|2 Vo) dx
Qe Qe Q¢

&

2/|V(p1u)|2dx+/|V(p2u)|2dx—K/u2dx.
Qe Qe Qe

As pju vanishes for x; > %“ and pou vanishes for x; < £, one can rewrite the last
inequality as

/|Vu|2dx+K/u2dx2/|V(p1u)|2dx+/|V(p2u)|2dx.
Qe Q. Ve 7,

Also, remark that pju € H( (V) and pou € HL (V, ), and

[|u|2d0= / P do + / pau? do

Qe 0Q, Qe
=/|p1u|2da+/|pzu|2d0,
doVe 30 Ven

lll72 . :/|P1u|2dX+/|pzu|2dx

Qe Qe
=[|p1u|2dx+/|p2u|2dx
Ve

f;'s.b

_ 2 2
- ||P1U||L2(V€) + ”pZu”LZ(ﬁS.b)'
Substituting these computations into the expression for g, (u, u), we obtain

qe(u, 1) + K|ull g,y = te(prus, pru) + fe p(p2tt, p2u)
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oo

for any u € C@

j eN,

)(5_28), and it follows, using the min—max principle, that for any

qe(u,u) + K|lu ||iz(98)

ANj(Qg)+K = inf _ sup 5
SCCE o0y (Re) ues ”u”Lz(Qs)
dimS=j u#0

- . te(p1u, p1u) + fo p (P21, pott)
inf su

= 2 2
SCCP . (Qs) ues [|P1U =+ llp2u =
du(r(l)goz)i F)Zio ”10 ||L2(Vg) ”IO ”LZ(VE’},)

te(ui, uy) + lep(uz, u2)

SCDUNBDE ) urmies 1 12agyy + 0z,
dim S=j (u1,u2)#0 € (Ve.»)

= Aj(Te @ Tep). (34)

Now, let j € N be fixed. As ¢ — 0T, by Proposition 3.6 we have A ; (T,) ~ —ce™?
with some ¢ > 0, and by Lemma 4.2 we have the bound inf spec Ts,b > —¢e~! with
some ¢ > 0. So, for all sufficiently small & > 0 one has A ;(T;) < infspec Ty 5, which
implies A (Ts @ Ts,b) = A (T). The substitution into (34) finishes the proof. ]

The following assertion together with the asymptotics of A;(7;) from Proposi-
tion 3.6 completes our proof of Theorem 1.1:

Proposition 4.4. Let j € N be fixed, then

* one can find some &; > 0 such that Q¢ has at least j discrete eigenvalues below
inf'spec, Q¢ forall ¢ € (0,¢;);

* there holds E;(Q;) = Aj(Tg) + O(1) as e — 0t

Proof. Letus fix j € N. By combining the upper bound of Lemma 4.1 and the lower
bound of Lemma 4.3, we obtain A;(Q;) = Aj(Ts) + O(1). By Proposition 3.6, we
have Aj41(Te) — Aj(T;) — 400 as ¢ — 0. It follows that there exists &; > 0 such
that Aj(Q¢) <Aj11(Q¢) foralle € (0,¢;), and then E;(Q,) = A;(Q,) for the same
& due to the min—max principle. [

Remark 4.5. By sending j to co in (34) and using the compactness of the resolvent
of T¢, one also shows that inf spec., O, > inf spec, Tg,b. Then, Lemma 4.2 shows
that for small & > 0 one estimates inf spec,, Q. > —ce™! with a fixed ¢ > 0. For
oss Qe and E;(Q,) is of order €72, so
it is standard to show that the respective eigenfunction u; . satisfies an Agmon-type

€ss
each j € N the difference between inf spec

exponential decay at infinity [2]. This explains why the analysis of O, on the complete
infinite cone can be reduced to the analysis of an operator on a finite part of the cone.
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A. Proof of Lemma 2.3

Let us first recall some basic definitions from the theory of Sobolev spaces, as they
will be actually used during the proofs. We mostly follow the convention from the
book [13]. For an open set @ C R™ and k € N, the k-th Sobolev space H*(Q) is
defined as

H*(Q) := {u € L*(Q):9%u € L*(Q) forall |a| < k)

with all derivatives taken in the sense of distributions, and it is a Hilbert space with
respect to the scalar product

(M, U)Hk(g) = Z(S“u, aaU)LZ(Q).

lee| <k

By C®(R2), one denotes the set of functions defined on € which can be extended
to functions in CZ°(R™). One says that an open set & C R™ has C k (respectively
Lipschitz) boundary if for any p € dQ2 there exist Cartesian coordinates (y1, ..., Vm)
centered at p, a C* (respectively Lipschitz) function & of m — 1 variables, defined on
an open neighborhood of 0 in R”~! and with 4(0, ...,0) = 0, and & > 0 such that

QNBe(p) =4y =01.---.Ym) € Be(0): ym < h(y1,..., Ym—1)}.

Most assertions used in the theory of Sobolev spaces (some density and extension
results, trace theorems) are usually formulated for bounded open sets with Lipschitz
boundaries. On the other hand, the cone , has in general not even a C° boundary:
for example, if n = 2 and w is an annulus, w = {(x1,x2) : 1 < x% + x% < 4}, then
one easily sees that €2, cannot be represented as one of the sides of the graph of a
continuous function near the vertex 0. Moreover, further common assumptions used
in the theory of Sobolev spaces (e.g., the segment condition or the cone condition) fail
as well.
We collect some well-known facts about H¥ () in the following proposition:

Proposition A.1. Let Q C R™ be an open set.
(A) The space

HL(Q):={uec H'(Q):u € C>®(Q) N L>®(), suppu is bounded)

is dense in H'(2). (Remark that there are no additional assumptions on 2.)
(B) If Q2 has C° boundary, then C*®(Q) is dense in H*(2) for any k € N.
(C) If Q is bounded and has Lipschitz boundary, then

(C.1) for any k € N, any function in H*(2) can be extended to a function
in HE(R™);
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(C.2) the linear map C*®(R) 3 u — ulyq € L*(0Q) uniquely extends by
continuity to a bounded linear map yo: H' () — L?*(0Q). Moreover,
for any ¢ > 0 there exists C, > 0 such that

/(ygu)zdam_l < 8/ |Vu|2dx +C€/u2dx
a0 Q Q

forallu € HY(Q), where 0,1 is the (m — 1)-dimensional Hausdorff

measure.

We refer to [29, Theorem in Section 1.4.3] for (A), to [29, Theorem 1 in Sec-
tion 1.4.2] for (B), to [1, Theorem 5.2.4] for (C.1) and to [13, Theorem 1.5.1.10]
for (C.2). Note that one usually writes simply u instead of you in the integrals over
the boundary.

Now, we pass to the discussion of Sobolev spaces on the infinite cones ©2,. We
start with several preparation steps.

Lemma A.2. Let —00 < a < b < oo, then the cylinder Q := (a,b) x  C R**! has
Lipschitz boundary.

Proof. Let p € 02, then the following cases are possible.

Case 1: p = (d’, p') witha' € (a,b) and p’ € dw. Since w has Lipschitz boundary,

there exists Cartesian coordinates (y1, ..., y,) in R” centered at p’ and a Lipschitz
function A with 2(0) = 0 such that w coincides with {y: y, < h(y1,..., yn—1)} near
p’. Denote z := x; —a’, then (z, y1, ..., yn) are Cartesian coordinates in R”*!

centered at p, and 2 near p coincides with {(z, y): v, < H(z, y1,..., yn—1)} for
the function H(z, y1,..., Yn—1) := h(y1, ..., Yn—1), which is obviously Lipschitz.

Case 2a: p = (a,x") with x' € w. Q near p coincides with {(z, y): z < 0}, where
y = (J1,..., yn) are arbitrary Cartesian coordinates in R” centered at x" and z :=
a — x1: remark that (z, y1, ..., y,) are Cartesian coordinates in R”*! centered at D,
and the zero function is obviously Lipschitz.

Case 2b: p = (b, x") with x’ € w. This case is treated analogously.

Case 3a: p = (a, p') with p’ € dw. This is the most difficult case. Since @ has
Lipschitz boundary, there exist Cartesian coordinates (yy, ..., y,) in R” centered at
p’ and a Lipschitz function & with 4(0) = 0 such that w coincides with {y: y, <
h(y1,..., yn—1)} near p’. Remark that Q near p is then determined by the two
inequalities

x1>a, yp <h(yi,...,yn-1). (35)



K. Pankrashkin and M. Vogel 230

In order to bring these conditions into the required form, we pick 6 € (0, Z) and
apply a rotation by the angle 6 around p in the (x;, y,)-plane. Namely, consider the
Cartesian coordinates (z, y1, ..., Yn—1, w) with the previous yq, ..., y,—1 and

X1 —a cos 0 —sin6
=z| . +w .
Vn sin cos 6
Clearly, the new coordinates are centered at p, and the above inequalities (35) determ-

ining €2 near p take the form

cos B sin 0

—_— < h(yi,. .\ Vn=1),
sin 6 W cosOZ cos 0 o Yn=1)

which can be rewritten as

cos 0 sin 0 1

w< H(z,y1,...,Yn—1) := min{ h(yl,...,yn_l)}.

— 7 — z
sinf "~ cos6 cosé

The function H is Lipschitz (since it is the minimum of two Lipschitz functions);
hence, one has a required representation of €2 near p.

Case 3b: p = (b, p') with p’ € dw. This case is considered analogously. [

The next step is somewhat technical; it shows that each H !-function on a cylinder
vanishing identically near the bases can be suitably approximated by test functions
vanishing near the bases.

Lemma A.3. Let—oo <a <b <ooand Q := (a,b) xw CR"*L. Let[c,c’] C (a,b)
and u € H'(Q) be such that u(xy,x") = 0 for x1 ¢ [c,c']. Let 0 < § < min{c — a,
b —c'}. Then, for any & > 0, there exists ¢ € C°(R" 1) such that ||u — olaie <e
and ¢(x1,x") = 0 forall x, ¢ [c —§,¢" + 6.

Proof. By Lemma A.2 and Proposition A.1 (C.1), the function u can be extended to a

function v’ € H!(R"*1). Choose y € C°(R) such that y(s) = 1 for s € [c, ¢] and

supp x C [c — 85, '+ %], and, in addition, choose yo € C°(R") with yo = 1 on w.

Then the function v: (x1, x’) — x(x1)xo(x")v'(x1, x’) belongs to H'(R**1), is an

extension of u, has compact support, and v(x1, x") = 0 for all x1 ¢ [c — % '+ %]
Let p € CX(R"*1) with

p(y) = 0 for [y| = 1. /p(y)dyzl,
]R'I-H

and for ¢ > 0 consider the functions p;: x > 1=tV p(t~1x). Then v, ;== v * p; €
C2°(R™*1), where  denotes the convolution product, and v, — v| g1 gn+1) = 0
for 1 — 0. Hence, there exists some o > 0 such that [[v; — v|| g1 gn+1y < & for all
t € (0,1).
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Furthermore, the definition of the convolution product implies the inclusion
supp v; C supp v + B;(0).

In particular, if ¢ < %, then one has v;(x1,x") = 0 forall x; ¢ [¢c — &, ¢ + §]. Now,
pick any 0 < ¢ < min{zy, %} and denote ¢ := v;; then

lo —ullgi) = llve = vllgi@) < llve = vlgi@n+1y <é,
so ¢ has all the required properties. |

Let us finish the proof of Lemma 2.3. First, remark that HL (2.) is dense in
H'(S2,) by Proposition A.1(A). So, we need to show that any function in HJ1 (€2;)
can be approximated by functions from C (‘f)foo) (Q,) in the H '-norm.

Let v € HL (Q2;). Then, there exists some ¢ € (0, 00) such that v(xy, x) = 0 for
x1 > c. Let y: R — R be a C*®-function with 0 < y < 1, y(s) =0 for s < % and
x(s) = 1 fors > 1. For § > 0, consider the functions

A X /
vg: (x1,x') —> X(?l)v(xl,x ).

We have
2 X1\ |2 n2
||U8—U||L2(Qg)= ‘I—X(?)‘ v(xl,x) dx
Qe
§—07t
< /v(m,x/)zdx 7.
QeN{x; <8}
Furthermore,

Do) = o (S Yoo ) + 0 () v,

djvs(xy,x') = X(%)ajv(xl,x/) for j > 2.

For every j > 2, one obtains
2 X1 2 N2
1805 = 001220, = [|1=2(F)| 100001 x)P dx
Q

§ +
§/|3jv(x1,x’)|2dx 220 0.

QeN{x1 <8}
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In addition, using (x + y)? < 2(x? + y?), we estimate

X 2
|01vs — Blv||22(98) < 2/‘1 —)((71)’ 101v(x1, x)[?dx

Qe
2 2
+8_2/X/();_1) v(xy, x' ) dx
Qe
N2 2 7112 2
< [ [91v(x1, x7)| dx+8_2”X lsollvlSe [ dx. (36)
QeN{x; <8} QeN{x; <6}

The first summand on the right-hand converges to 0 as § — 07 since d,v € L?(Q,).
We further note that

§ § 5n+1
/dx=/ /dx’dxl=8"V01na)/xfdx1=8”Vol,,a) ,
n+1
0

QeN{x1 <8} 0 exj@

and the second summand on the right-hand side of (36) is estimated from above by
n—ils”||)(’||go||v||§o Vol,, w8"~1, which converges to 0 as § — 0T due to n > 2. We
have proved that vg converges to v in H(2,) as § — 0*. Remark that vg(x;,x’) =0
for x; ¢ [§/2, c], therefore, the above constructions show that the subspace

D:={ue H(Q,) N C®(Qs) N L®(,): there exists [b, ¢] C (0, 00)
such that u(xy, x") = 0 for x; ¢ [b,c]},

is dense in H!(R,). Now, it remains to check that each function in £ can be approx-

imated by functions from C(%‘f oo)(S_Zg) in HY(Q,).

Letu € O and [b, ¢] C (0, 00) such that u(xy, x") = 0 for x1 ¢ [b, c]. The map
X:(0,00) x R" 3 (5,1) — (s,est) € (0,00) x R"
is a diffeomorphism with X ((0, 00) x ) = 2. Pick an arbitrary § € (0, %) and denote

Q' := (b — 28, c + 28) x w. Then the function uy := u o X belongs to H!(Q’).
Let y > 0. Then, by Lemma A.3, one can find ¢§ € C2°(R"*!) with

lux — oy iy < . @x(x1.x’) =0forall x; ¢ [b—8 ¢+ 8]
Then the functions

Py (X71(x)), x1 >0,

PR s x> .
0, otherwise
belong to CZ°(R"*1) and p*(x1,x’) = 0 forall x1 ¢ [b — &, c + 8], i.e., the restriction

of ¢** to Q. belongs to C(%ooo)(S_ZS).
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The supports of u and ¢* are contained in [b — §, ¢ + §] x R” and all derivatives
of X and X ! are uniformly bounded on the compact sets  and Q N {x; € [b — 26,
¢ + 26]} respectively. Therefore, one can find some C > 0 such that

flu — (PM”Hl(Qg) = |lu— QDM”HI(QSm{xle(b—zzs,c+28)}) < Cllux — <P§||H1(szf)

for all > 0. Since p can be taken arbitrarily small, this concludes the proof.

B. Traces and semiboundedness

Firstly, we prove Lemma 2.4 and then move on to show the well-posedness of our
spectral problem, i.e., the lower semiboundedness and closedness of ¢..

Proof of Lemma 2.4. As usual for the integration over hypersurfaces, it is sufficient
to prove the statement for functions supported in images of local charts; then this
statement is extended to general functions using a partition of unity.

LetU >z = (z1,...,2Zn—1) > ¢(2) be alocal chart on dw; then

®:(0,00) x U 3 (s5,2) = (5,850(2)) = X(5,90(2)) € 02,

is a local chart on 0€2,. If v|3gq, is supported in the image of @, then

/|v|d0:[/|v(d>(s,z))|gq>(s,z)dzds, g 1= /det(DO'D®). (37)
0U

Q¢
We compute

1+ &%|p(2)|> &%sF(z)"

), Gy = D(pTDgo,

{p(2),010(2))rn
F(z):= : =

((2), O0n—10(2)) R~

1

EVZIQD(Z)I2 = [p(2)|V:le(2)|.

The matrix G, is invertible a.e. (as ¢ is a local chart); therefore, using well-known
formulas for the determinants of block matrices (see, e.g., [35]), we obtain

ga(s,2)?
= det(D®'D D)
=1+ &2|p(2)]* — <£2SF(Z), (e*5%G, (Z))_1825F(Z))) det(e25%G,(2))
= 20D+ 2p(2)]P (1 = (V:le(2)]. Gy (2) ™ V2 lo(2)])) ] det Gy (2).
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Consider the function 7: dw > ¢ + |t]| € R. Then,
(Valp(@)], Go(2) ' Valo2)]) = IV*rP(0(2)), o) = r(e(2)),
with V%7 being the tangential gradient of r along dw. Therefore,
go(s.2) = " "1+ e2p(p(2)g0(2).  gp(2) i= \/det Gy (2),
pi=r2(1=Vr) = 2V 2 = |VPr ) = r?d,r|?

with 9, being the normal derivative. Due to |0, 7| < 1, we have 0 < p < R? with R
from (13). By (37), we obtain

e ‘/[ " (@(s. 2))|gp(z) dz ds

/ [v|do < V1 + R2g2&"™ 1// "Lo(®(s,2))|gp(z)dzds.  (38)

Qe

Using the definition of ®, we obtain v(®P(s, z)) = u(s, ¢(z)) and

//s”_llv(Q(S,Z))|g<p(Z)dzds = //s"‘llu(s,w(z))lgw(z)dzds
o U 0ouU

= ]o/ s Nu(s,t)|de(r)ds,

0 dw

and the substitution into (38) gives the sought estimate.

The above computations are classical for the case of smooth dw. In our case, dw
is only a Lipschitz manifold, but the formulas are still valid a.e.: we refer to [34] for a
detailed discussion. |

Recall that the subsets C(%"OO)(S_Z,;) were defined in (9). The restriction of each

function from C(%o oo)(S_ZS) to d€2, is a continuous function with compact support,
hence it is square integrable.

Proposition B.1. Let ¢ > 0 be fixed. The linear map
V0: C ooy (Qe) = L2(9),  you := ulaq,,

extends uniquely to a bounded linear map from H' () to L?(3S2). Moreover, for
any § > 0, there exists Cs > 0 such that

”7/014”22(398) = 8||Vu”i2(98) + C6||u||22(g28) foranyu € HI(QS)~
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Proof. 1t is sufficient to consider ¢ = 1 (as general values of ¢ can be absorbed by

taking ew instead of ). Since C(%‘?oo)(S_ZI) is dense in H'(2;) by Proposition 2.3,

it is sufficient to show that for any § > 0 there exists Cs > 0 such that for any u €
C(%ooo)(S_Zl) there holds

/u2d0 55/|Vu|2dx+C5/u2dx. (39)
Q2

I ol

We use the spectral analysis of the operators B, from Section 2.2. By Lemma 2.1,
one can find a constant ¢ > 0 such that

/lelzdt—r/vzdf2—(Nwr+cr2)/v2dt forallv € H'(w), r > 0,
w ow [0}

and the inequality can be rewritten as
1
/vzdr < —/ |Vv|>dt + (N, +cr)/v2dt forallv € H'(w), r > 0. (40)
r
ow [ ®

Recall that by Lemma 2.4 we have, for any u € C(OOCj oo)(5_2 1),

o0
/u2d0 <1 +RZ/S"_I/u(s,st)zdr(t)ds.
0 dw

a0

We are going to control the integral over dw using (40) with v: ¢ — u(s, st) and
r = r(s), which gives

/u2d0 < V1+ R(I + L), (41a)

092
[e.e]
sn—l
I ;=/ /|Vtu(s,sl)|2dtds, (41b)
r(s)
0 [0
[e.e]
I = /s”_l(Nw +cr(s))/u(S,Sl)2dldS- (41c)
0 ®

Now, we remark that

Sn+1

I =/ |(Veu)(s,st)|>derds
r(s)

w

oo oo

- _5_ ! NI ! —5_ N2 /
_O/r(s)sZ.KVx u)(s, x")[*dx dst/r(s)sZWu(s,xﬂ dx'ds.
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Taking r(s) := us with a constant it > 0 to be chosen later, we obtain
I < —// |Vu(s, x")[?dx'ds = /|Vu|2dx
0 sw

For the same choice of 7(s), one has

oo

I, = /s"_l(Nw +cus)/u(s,st)2dtds
0 i
(0,0] o0
= Nw/s”_I/u(s,st)zdtds +cu/s”/u(s,sl)2dlds.
0 ] 0 [
=:J; =:Jp

The second term is easy to evaluate:

Jz—//u(sx)zdxds—/u dx.

0 sw Q

The term J; requires a bit more work. We rewrite

o0
N n
J1 =//—wf,(s)2dsdt with f;:s = s2u(s, st).
s

236

(42)

For each fixed ¢, one has f; € C°(0, 0o). Using the spectral analysis of Section 2.3

(consider the first eigenvalue of Ay, with n = 2), we have

FAG

O\8

o0
N, 2N2
2 firas = -5 [ fe2as,
0
which we rewrite as

/—fz(s)zds < —/f ()2 (5 ds.

We have

n n 2
fl(s)?* = (gsf_lu(s,st) + sfasu(s,st))

2

n
= Ts”_zu(s, st)? + ns""u(s, st)dsu(s, st) + s"|05u(s, st)|>.

(43)
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Using
[e.e] o0
/ns"_lu(s,st)asu(s,st)ds = g/s"_las(u(s,st)z)ds
0 0
o0
n n—2 2
= —E(n—l)/s u(s,st)-ds,
0
we arrive at
o0 o0 o0
2 n> n 2 2 2
/f,’(s) ds = [I_ E(n— 1)]/s"_ u(s,st)°ds +/s”|8su(s,st)| ds.
0 0 0

Using n > 2, one obtains

2

%—%(n—l) — %(n—Z(n—l)) — %(2—;1) <0,
which gives
o0 o0
/ft’(s)zds §/S”|8su(s,st)|2ds.
0 0

We compute (with the same R := sup,,, |¢| as above)

|05u(s, s1)|? = |0k, u(s,st) +1- Veu(s, st))?
< 2|0y, u(s, st)|* + 2|t - Vyu(s, st)|?
< 2|0y, u(s, s1)|* + 2R*|Vyu(s, st)|*
<2(1 4+ R®)|(Vu)(s, s1)|?,

which results in
o0 o0
/f/(s)zds <2(1+ Rz)/s"|(Vu)(s,st)|2ds.
0 0

The substitution into (43) gives
TN 204+ R [ N2 T
2 fi(s)%ds < W+RH s"|(Vu) (s, st)|*ds + L s"u(s, st)*ds,
4
s 1
0

0 0
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and, using (42), one obtains

00 o0
2(1 + R? N,
JlsM[/sﬂ(vuxs,sr)ﬁdsdzﬂ 2 [ [sruesiraras
wo S s J

4
21+ R?) [ N2 T
= %// |Vu(s, x)[>dx'dt + %/ u(s,x)>dx'ds
0 sw 0 sw
2(1 + R? N2
= L/|Vu|2dx+“—“’/uzdx.
7 4
Q] Q1

Using the above estimates for J; and J,, one obtains
2(1 + R? N2
I < Q/ [Vul?dx + M(Tw + C)/uzdx,
M Ql Q1

and the substitution into (41) gives

2(1 + R? 1
/u2da§ ‘/1+R2&/|Vu|2dx
m
Q2

02

N2
+ 1+R2/L(T"’+c)/u2dx.
Q2

For any § > 0, one can take p sufficiently large, such that the coefficient in front of the
first integral becomes smaller than §, and this proves the required inequality (39). =

As an easy corollary, we obtain that our spectral problem is well-posed:

Corollary B.2. The bilinear form q. is semibounded from below and closed for any
e>0.
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