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Spectral estimates for the Dirichlet Laplacian
on spiral-shaped regions

Diana Barseghyan and Pavel Exner

Abstract. We derive spectral estimates of the Lieb—Thirring type for eigenvalues of Dirichlet
Laplacians on strictly shrinking spiral-shaped domains.

1. Introduction

The dynamics of quantum particles confined to unbounded regions of various shapes
is of interest not only from the physical point of view but also as a mathematical
problem revealing interesting connections between spectral properties of the corres-
ponding Hamiltonians and the confinement geometry. Problems of this type were
discussed in numerous papers; for a survey and extensive bibliography we refer to
the monograph [7]. While some types of geometric perturbations such as bends or
twists of straight tubes, both local and periodic, were investigated mathematically
in considerable depth, some other mostly escaped attention. In particular, this is the
case of spiral structures which appear in physics, for instance, as waveguides for cold
atoms [32]. A mathematical analysis of Dirichlet Laplacians in spiral-shaped regions
has been presented recently in [10]; we refer to this paper also for references to other
applications of spiral structures in different areas of physics. !

Spiral regions are of many different type. A decisive factor for the spectral prop-
erties is the behavior of the coil width as we follow the spiral from the center to
infinity; among those for which this quantity is monotonous, we can distinguish spir-
als expanding, asymptotically Archimedean, and shrinking — definitions will be given
below. In the present paper we are concerned with the latter type for which the
Dirichlet Laplacian spectrum is purely discrete accumulating at the infinity. In such a
situation, it is natural to ask about moments of finite families of eigenvalues relative
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'Those include, in particular, electromagnetism and acoustics. Some of such systems are
described by the Neumann Laplacian the spectral properties of which may be very different
from the Dirichlet one as illustrated, e.g., in [26] or [4, 15].
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to a fixed energy value in the spirit of the estimates derived by Lieb and Thirring,
Berezin, Lieb, and Li and Yau, cf. [2,3, 17-19] and the monograph [12].

The cited results concern situations in which the motion is confined to finite
region, or it is governed by a Schrodinger operator with a finite classically allowed
region. It is known for long, however, that the spectrum of the Dirichlet Laplacian
may be discrete, fully or partly, even if the phase space volume involved is infin-
ite referring to regions of tube- or cusp-type shapes; the corresponding nonclassical
eigenvalue asymptotical behavior was investigated, e.g., in [22-25, 28, 29] with the
focus on the spectral counting function. Other moments of the eigenvalue distribution
have also been considered, for instance, in [1,5, 6,9, 13]. The obtained estimates are
typically less elegant than the classical inequalities mentioned above, often having
more than one term to deal with the geometry of the region.

The analysis of spiral-shaped regions we are going to present follows the same
line of thought; it covers situations when the area of the region covered by the spiral,
and thus the standard Weyl term, may be both finite and infinite, depending on the
function d(-) describing the width of the spiral. Our main result, an estimate of the
eigenvalue moments in terms of the geometric properties of the spiral, is presented
and proved as Theorem 3.1 in Section 3. Before coming to it, we collect in the follow-
ing section the necessary geometrical prerequisites. In particular, we will introduce
locally orthogonal coordinates, sometimes called Fermi or parallel, that will allow us
to rephrase the problem as spectral analysis of Dirichlet Laplacians on geometrically
simpler cusped regions. In Section 4, we finish the paper with concluding remarks on
the sharpness of the obtained bounds and on modifications of the result to the case of
multi-armed spirals.

2. Preliminaries

To begin with, let us describe the geometry of spiral-shaped regions. It is characterized
be a curve I" which is the graph of an increasing function 7: R — R with r(0) =0,
that is, the family of points (r(0), 6) in the polar coordinates. We note that spirals
considered here are semi-infinite; a modification of our results to the case of “fully”
infinite spirals, the example of which is the Simon’s jellyroll mentioned above, is
straightforward. The region we are interested in depends on the function r. Its closure
is R? provided that limg_,, 7(8) = oo, in the opposite case it is the closed disc of
radius R := limg_, o (6).

The assumed monotonicity of r means that I' does not intersect itself which
means, in particular, that the width function

a(d) = %(r(@)—r(@—%r)) 2.1)
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is positive for any 6 > 2. A spiral curve I is called simple if the corresponding a(-)
is monotonous, and expanding or shrinking if this function is, respectively, increasing
or decreasing in 6 away from a neighborhood of the origin; these qualifications are
labeled as strict if limg_, o a(6) = oo and limg_, o, a(f) = 0 holds, respectively.
A simple spiral laying between these two extremes, for which the limit is finite and
nonzero, is called asymptotically Archimedean.

The main object of our interest is the two-dimensional Laplace operator with the
Dirichlet condition imposed at the boundary represented by the curve I', in other
words, the Dirichlet Laplacian Hg defined in the standard way [21, Section XIII.15]
on the open set 2 = Qr = R2\ T, or alternatively on Bg \ T if limg_, o, 7(0) =
R < oo where B, is the disc of radius R centered at zero. As shown in [10], spectral
properties of such operators on simple spiral regions depend strongly on the function
a(+). For strictly expanding regions, the spectrum is purely essential and covers the
halfline R4. On the other hand, if the spiral T is strictly shrinking the spectrum of
Hg, is purely discrete which is the situation we will be interested in.

Remark 2.1. In the intermediate case of asymptotically Archimedean spirals the
spectrum may be more complicated. Its essential part covers the interval

[%(elinolo a(@))_z,oo).

The discrete part may be empty as in the case of the pure Archimedean spiral, but
also infinite, accumulating at the threshold of o.s(Hg) if the spiral is shrinking in the
appropriate way [ 10, Proposition 5.4]. It is clear that neither of these situations allows
us to derive bounds on eigenvalues moments analogous, say, to what one can derive
in case of bent Dirichlet tubes [9].

A useful way to characterize the region €2, possibly with the exception of a neigh-
borhood of the origin of the coordinates, is to employ the the Fermi (or parallel)
coordinates, that is a locally orthogonal system in which the Cartesian coordinates of
I' are written as

u

) +r(0)

u
Vi@ + r(6)2

where u measures the distance of (x1, xp) from I". A natural counterpart of the vari-

x1(0,u) =r(@)cosh — (7(0)sin @ + r(0) cos 9),

x2(0,u) = r(f)sinf + (7(f)cos B —r(f)sinh), 2.2)

able u is the arc length of the spiral given by

%]
s(0) = / VF(0)2 + r(6)2d6. 2.3)
0
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We want to use the relations (2.2) and (2.3) to parametrize the region €2 with the
coordinates (s, u), possibly with the exception of a finite central part, as

Qr=QN{(s,u):s > 5o} ={x(s,u):s > 59, u € (0,d(s))}; 2.4)

here s¢ > 0 is a number depending on curve I' characterizing the excluded part, and
d(s) is the length of the inward normal starting from the point x (s, 0) of I" towards
the intersection with the previous coil of the spiral.

One more quantity associated with the spiral that we will need to state the result
is its curvature which is in terms of the angular variable given by

r(0)% + 27(0)% — r(0)F(0)

O e e

(2.5)

provided, of course, that the derivatives make sense. Using the pull-back, s — 0(s),
of the map (2.3) we can express it alternatively as a function of the arc length s, even
if in general we lack an explicit expression; with abuse of notation we will write y(s)
instead of y(6(s)).

3. Main result

The domains to be considered are determined by the function r. In addition to its
monotonicity and the requirement r(0) = 0 we suppose that

(a) r is C2%-smooth and such that limg_, o 7(0) = 0; its second derivative is
bounded and #(0) < 0.

Under this assumption I is shrinking, because in view of the concavity of r the deriv-
ative 7 is decreasing and so is the function a(0) := %(f’(@) —7(0 — 2m)). Moreover,
it is strictly shrinking, because a(0) = % fee_zﬂ 7(6) d6 — 0 holds as 8 — oo, and
furthermore, in view of (2.5) we have y(8) > 0. At the same time, the relation (2.5)
in combination with the assumed boundedness of i*(-) implies that y(9) = O (r(6)™")
as 8 — o0, and since d(s) < 2mwa(6(s)) vanishes asymptotically, there is an 59 > 0
such that d(s)y(s) < 1 holds for all s > 5o which means, in particular, that in the
corresponding part of €2 the Fermi coordinates are well defined.

The quantities we are interested in are moments of negative part of the operator
Hgq — A for a fixed energy A. We have the following bound:

Theorem 3.1. Let Q2 = Qr be a simple strictly shrinking domain determined by
a spiral curve I satisfying assumption (a), and let Hq be corresponding Dirichlet
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Laplacian. Then for any A > 0 and o > % the following inequality holds,

cl

Lol +1 +1
tr(Hg — A)? < —2=(|W|loo + A)° [d(s)ds +c AT (N, (B
T

{d®)=zn(W(s)+A) "1/}

where ¢y is a positive constant expressed explicitly in (3.23) below which depends on
the geometry of the finite subset of 2 referring to the arc length s < so, c3 () is given
in (3.16), || - lloo := |l - llo0(s0,00)» and Lf,l’l is the semiclassical constant,

I'o+1)
L = _— 3.2
1= i (o + 2) ©2)

the function W in (3.1) is given by

r2(s) d(s)|7 ()] 5 d(s)?[y()?
A1 —y(9)d()?> 20 -y(©)d(s)? 41 —dE)y)*

Moreover, we have

W(s) := (3.3)

c2(A) = (9( A2 / d(s) ds)
{d©)= 7=}
for large values of A.
As a consequence, we get the asymptotic form of the bound:

Corollary 3.2. In the regime A — o0, the inequality (3.1) with o > % becomes

Lcl
tr(Hg — A)° < A°T! (% / d(s)ds + cl)(l +o(1)). (3.4)
{d)=75)
The coefficient of the leading power of A consists of two parts. As the proof of The-
orem 3.1 given below will show, the first one, itself A dependent, comes from the
spiral width, the other reflects the central part of 2 where we cannot use the paral-
lel coordinates. The mutual relation of the two depends of the defining curve I'. The
first term dominates the asymptotics if T is such that |, (d(s)>0} d(s)ds = oo. If, on
the other hand, the spiral shrinks sufficiently fast so that the said integral is finite,
the central part plays role in asymptotics, the more important the more “dominant”
this part is. The same naturally applies to the behavior of the right-hand side of the
original formula (3.1).
We also note that in the asymptotic regime the curvature-related effects are sup-
pressed being contained in the error term of (3.4). Beyond the asymptotics, they may
be significant; for an analogy, recall the numerical result of [10, Section 5.1] about
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the number of eigenvalues in the Fermat spiral region which is at low energies larger
than an estimate based on the spiral width only.

Proof of Theorem 3.1. As argued above, assumption (a) makes it possible to use the
Fermi coordinate parametrization (2.4) of €2 with some so > 0. We employ the Neu-
mann bracketing method [21, Section XIII.15] which gives

Hq > Hq, ® Hg,, (3.5)

where Hg, and Hgq, are the restrictions of Hg referring to the regions 1 C
corresponding to the arc lengths s > s and Q5 := Q \ Q1, both having the additional
Neumann condition at s = 5.

Consider first the operator Hg, . According to [10] the coordinates (2.2) allow us
to pass from Hg, to a unitarily equivalent operator H 3, acting on the “straightened”
region € := {(s,u):s > 5o, 0 < u < d(s)} with Neumann boundary condition at
s = 8¢ and the Dirichlet condition on the rest of the boundary of €2; as follows:

~ 0 1 oy 02 ~
(Hle‘/f)(sv“) = —(amg)(&w - Z)u_z(s’u) + W(s,u)¥ (s, u),
3.6)
where
Wis.u) = y2(s) uy(s) 5 uPy(s)? 3.7)

A1 —uy(s)? " 2(1—uy(s)® 41 —uy(s)*

It is straightforward to check that
Hg, = Ho. (3.8)

where operator Hy = —A — W acts on Lz(ﬁl) and satisfies the same boundary con-
ditions as ITIQI, and W is given by (3.3).

Hence, it is enough to deal with Hy.

We take inspiration from [16, 30] and use a variational argument to reduce the
problem to a Lieb-Thirring inequality with an operator-valued potential. Given a
function g € C°(4) with zero trace at the “transverse part” of the boundary, that
is, at the points {s € (sg,00), u = 0, d(s)}, and a number A > 0, we can express the
value of the corresponding quadratic form as
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[ (Vg(s. 1) — (W + A)s)lgls.w)P) ds du
Q) o d(s)

zf)g_f(s,u)fdsdu + /ds 0/ (\g—iw)\z = (W(s) + Mg (s.w)2) du
Q, 50

ag 2
— [ sw| asdut [1L6 WM. g6 D20 85
& 50
where L(s, W, A) is the Sturm—Liouville operator

2
L(s,W,A) = ¢ W(s) — A
du?
defined on L2(0, d(s)) with Dirichlet conditions at u = 0 and u = d(s).

Next, we consider the complement of Ql to the halfplane {s > s¢,u € R} and
denote its interior as .. We take arbitrary functions g € C (1) and v € C®(),
both having zero trace at {s € (so,00), u = 0, d(s)}; extending them by zero to the
complements of Q, and fZC, respectively, we can regard them as functions in the
whole halfplane. Similarly we extend L(s, W, A) to the operator on L?(R) acting as
L(s, W, A) & 0 with the zero component on R \ [0, d(s)]. For their sum, h = g + v,
we then have

IV 81225,y + IV 0 s, — [ OV6) + Mg dsdu

of!
z/ %(s,u)‘zdsdu—l—/(L(s, W, AYh(s,), h(s,) 12 ds.

{s>s0,ucR} S0

The left-hand side of this inequality is the quadratic form corresponding to the direct
sum of operator Hy — A and the Laplace operator defined on Q. with the Neumann
boundary conditions at s = 5o and Dirichlet conditions at the rest part of the boundary,
while the right-hand side is the form associated with the operator

2

ds?

the form domain of which is larger, namely #!((so, 00), LZ(RR)). Since the Laplace

&® ILz(R) + L(S, W, A),

operator is positive, the minimax principle allows us to infer that

92 o
tr(Hoy — A)? < tr ( — 55 ® [ + L(s. W, A))_ (3.9)

holds for any nonnegative number o.
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At this place a comment is due. Our strategy is based on dimension lifting in
the spirit of [14, 16], see also [9], which in principle could allow us to bring the
parameter down to o > % However, the operator on the right-hand side of the above
inequality acts on L2((sg, 00), L?(IR)) with the Neumann condition at s = so. The
price for using the Lieb—Thirring bounds for operators on a larger domain, namely
L?(R, L?(R)), would be then the additional factor of two in the leading-term constant
of (3.1). Since we prefer to have our estimate to be as close asymptotically exact as
possible, cf. the comment following Corollary 3.2, we employ instead the following
version of Lieb—Thirring inequality for operator-valued potentials (the proof of which
is given in Appendix):

Theorem 3.3. Let Q(s), s > 0, be a family of self-adjoint operators on L*(R) with
discrete spectrum. Then the following estimate holds for any o > 3/2,

o0
82 o 1
(=5 ® la + 06)_ < L3, [ Q725 ds + SNATY. (3.10)
0

where the operator on the left-hand side acts on the space L>(R ., L?(R)) of vector-
valued functions with the Neumann boundary condition at s = 0, the number of its
negative eigenvalues is denoted by N, and

—)L(IN) = inf(o(

2
— 53 ® [+ Py Q(s)PN> n (—oo,O)), G.11)

where Py is the projection on the span of the eigenfunctions referring to the negative
. 2
eigenvalues of the operator —33? ® IRy + Q).

Remark 3.4. One can easily check that Theorem 3.3 holds true if LZ(Ry, LZ(R))
is replaced by L?((sg, 00), L?(R)) with some so € R; the only price to pay is the
change of the integration interval on the right-hand side of (3.10) to (so, o0). Let us
also note that the claim of the theorem bears a certain similarity with the result of [8]
about Schrédinger operators on a halfline with matrix potentials in that the integral
term is amended by an expression containing the lowest eigenvalue of the operator,
here a truncated one; the form of the expression and the power of the eigenvalues are,
however, different.

Let us now return to the estimate (3.9). In order to apply Theorem 3.3 we have
to find a suitable upper bound for the number of negative eigenvalues of —% ®
Ir2®y + L(s, W, A). We employ a “mirroring” trick the idea of which belongs to
Rupert Frank [11]. It consists of introducing extended potential functions,

W(si+1)=W(s1+1) and d(si+t)=d(s; +1) ift >0, (3.12)
W(sy+1)=W(sy—1) and d(sy+1)=d(sy—1) ift <0, (3.13)
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with which it is easy to see that for any A’ > 0 the spectrum of operator H= —% ®
T2y + L, W, N ) defined on L2(R, L?(R)) contains the spectrum of operator of
it “Neumann half,” —% ® ILz(R) + L(s, W, A’). This implies

2
tr(—a% ® I 2, + L(s, W, A’))U <t (d). o>0.

Next, we use to fact the validity of spectral estimates of this type can be extended
to smaller values of the power o at the price of having a multiplicative coefficient
r(o, 1) on the right-hand side, cf. inequality (3.24) in Remark 3.5 below in which also
the explicit knowledge of eigenvalues of the transverse part of the operator is used.
From that inequality, in combination with the above estimate, we get foro = 1/2 and
A’ = 2A the bound

2

0 1/2
tr (—m &® ILz(R) + L(s, W, 2A))_

2r(1/2, 1)L
< V2L (1 | oo sor00) + 2A)2 / d(s)ds

{d(s)=m(W(s)+20)"1/2}

Let N(A) be the number of negative eigenvalues of —aas—zz ® Iragy + L(s, W, A).
Using the last inequality together with a simple estimate,

02 1/2
tr (_W ® Iy + L(s. W.20))
92 1/2
— (_W ® Ip2) + L(s, W, A) — A)_ > VAN(A),

we infer that

2r(1/2,1) LY
- V2L (W g0 + 20072 [d)ds. 19

{d()=m(W(s)+2A)"1/2}

N(A)

Now, we are in a position to apply the operator-valued version of Lieb—Thirring
inequality. Let Py (a) be the projection on the span of the eigenfunctions correspond-
ing to the negative eigenvalues of operator —% ® Ir2@Ry + L(s, W, A). Combining
Theorem 3.3 with (3.14) we arrive at the estimate

o0
92 o
tr (_W ® Iam) + L(s, W,A))_ <L, /trL(s, W, A’ H2ds + ea(A),
0

(3.15)
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where
r(1/2,1) Lcl'/2 A(A)
c = ’ W || Loo +2A 3/2[01 s)ds  (3.16)
2 JT«/K (” ”L (50,00) ) ( )
{d(s)zrn(W(s)+2A)~1/2}
and

. 92
—Ai(A) = mf(a(—as—z ® I2m) + PyoayL(s, W, A)PN(A)> n (—oo,O)). 3.17)

To make use of (3.15), we need to know the negative eigenvalues of L(s, W, A).
Those, however, are easy to be found using the fact L(s, 0, 0) is the Dirichlet Lapla-
cian on (0, d(s)) with the eigenvalues (%)2, j =1,2, ..., and the potential is
independent of the transverse variable u. Consequently, the right-hand side of (3.9)
can be for any 0 > 3/2 estimated as

twr(Ho — A)? < L, ]oi(—(%))z W) + A)i+é ds + e2(A).
S0 j=1

Combining next the above bound with (3.8) and using the unitary equivalence between
Hgq, and HS~21’ we obtain

tr(Ho, — A)? < L, ]oi(—(%)z W) + A)ifé ds + ca(A)
=1

so 4=
and a simple manipulation of the right-hand side of this inequality leads to

[ (W(s)+A)!/2d(s)]
tr(Ha, — A)? < LY, / > (W(s) + A)°T2ds + ca(A)
() =nW()+28)-1/2) 7=
Lcl
<=l /(W(s) + A d(s)ds + ca(A)
{d(s)zn]EW(s)HA)*‘”}

cl

LW o0 + M7 [ A ds b eah). G

=

{d(s)=m(W(s)+2A)"1/2}

Now, let us pass to the inner part of the spiral associated with operator Hg,.
We use another version of the “mirroring” trick [11]. Let [ be the segment obtained
by extending the straight part of that boundary, that is, the interval {s = so} X {u €
(0,d(s0))}, to the left up to the boundary of €2,. It divides the region into two parts;
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Figure 1. The region 25.

we denote by Q; and Q% the upper and lower one, respectively. By Neumann brack-
eting one gets
HQz > HQI @ng, (3.19)

where both operators H, 1 and HQz are the restrictions of Hg, to 21 and on ©3,
respectively, with the additional Neumann condition imposed on /. The spectra of
Hg ! and HQ% are contained in the spectra H ol and H, Q2om: respectively, where
the latter regions are unions of the former ones and their mirror images with respect
to the line spanned by the segment /. Using the Berezin inequality [2, 3] we estimate
the traces of Hgégsym, j = 1,2, as follows:

tr(HQé,sym—A)O L, vol()™™) AHY, =12, (3.20)

where A > 0, 0 > 1 are any numbers and the semiclassical constant

I'c+1) 1
LY, = = : 3.21
T2 4nT (0 +2)  4dn(o+ 1) (3:21)

Finally, combining inequalities (3.5) and (3.18)—(3.20), we arrive at

cl

tr(Hg — A)° < o0) + A)T! /d(s) ds + ;AT + e (A),
{d(s)=m(W(s)+2A)~1/2
where
c1 = LY, (vol(2,™™) + vol(25™) (3.22)

= 2L°12(v01(522) + vol(R3)) = 2LC12 vol(£2,). (3.23)
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It remains to check the asymptotic behavior of the quantity (3.16). Since A1 (A) <
[WlLoo(s0,00) + A, it is straightforward to check that

c2(A) = (9( A? / d(s) ds).
{d()=Z5)
holds for large values of A; this concludes the proof. n

Remark 3.5. Let us note that Theorem 3.1 remains valid for smaller powers,
o > 1/2, provided we replace the semiclassical constant Lf,',l in the right-hand side
of (3.1) by 2r (o, 1)Lf,l,1. On the other hand, we may then set ¢, = 0. This is related
with the modification of the Lieb—Thirring inequality for operator-valued potentials
defined on the line R to the powers ¢ > 1/2 and the constant (o, l)Lffl’1 where
r(o,1) <2 if 0 < 3/2 (see [9, 14]), which we used to derive the estimate (3.14).
Indeed, for ¢ > 1/2 we have
02 ~ \O
tr(—as—z ® I2my + L(s, W, A ))_

o0

<r(o. 1)L, R/;(_(;(ﬁ)y FW(s) + Af>i+é ds

= 2r(c, DLY, / i(—(%)z +W(s) + A’)
S1 j=1

2r (o, 1)L¢
< TM(HW lZoo (50,000 + AT H / d(s)ds. (3.24)

{d(®)zrn(W(s)+2A)~1/2}

o+l
ds
+

This completes the argument leading to (3.14) and at the same time, allows us to
get the result mentioned in the opening of the remark by repeating the steps of the
previous proof.

4. Concluding remarks

4.1. Optimality of the bound (3.1)

Let us now show that the bound of Theorem 3.1 is asymptotically sharp in the sense
that the dependence on A the first part of the leading term in (3.4) cannot be improved.
To provide an example proving this claim, consider a spiral region €2 such that its

parallel coordinates representation (2.4) outside a compact area satisfies d(s) = s~
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starting from some so > 0. As indicated in the discussion of assumption (a), one can
choose s so that w := [|d(s)y(8) ]| Loo(s9,00) < 1.
Using the Dirichlet bracketing method, one estimates Hg from above as follows:

Ho < H & H>, 4.1

where H; and H, are the Dirichlet restrictions of Hg to €27 C 2 satisfying s > s¢
and on 2, = Q \ Q1. Since 2, is bounded, its contribution to the eigenvalue moment
count is of the standard form [31],

tr(Hy — A)? = LG, vol(Q2) AT +6(A°Y), >0, A — oo, 4.2)

with Lf,l’z given by (3.21). To deal with H; we pass to the unitary equivalent oper-
ator (3.6) acting as

i d ( 1 d ) 02 + W)

=)= s, u
s \(1 —uy(s))? os du?

on Q1 := {(s,u):s > so,u € (0,d(s))} with the effective potential w given by (3.7).

It is straightforward to check that

- 1 .
H = m(—AD) + Wl oo,y

where Ap is the Dirichlet Laplacian in L2(£2;). Consequently, for any o > 0 we have

~ 1 ~
w(H —A)Z = (1——w)2" tr(—=Ap — (1 = w)* (A — | W || oo (ss0,ue(0.d ()
(4.3)

The right-hand side can be estimated using the asymptotic properties of the spectral
counting function of the Dirichlet Laplacian on horn-shaped regions [29]:

Theorem 4.1. Let functions f;:[0,00) — Ry, j = 1,2, be right-continuous and
decreasing to zero. Consider the region

D ={(s,u):s>0,—fi(s) <u < fo(s)} C R?

and suppose that f(s) ;= f1(s) + f2(s), s > 0, satisfies

o0
/e_tf(s)_z ds <oo, t>0.

0
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Then, for the number Np (L) of eigenvalues of the Dirichlet Laplacian on D that are
less than A we have

Np () ~ /Z 5 f2(s)) )l/zds, A= oo, (4.4)

where f(t) ~ g(t) means that f(t)/g(t) - 1ast — oo.

Inour case, f1 =0, f2(s) = f(s) =d(s),and A = A; a series of simple estimates
then gives
[ A k2 (12 T A K\ 12
/Z<(?_d2(s))+> ds:/ (F_dZ(s)>+) ds
0

k=1 0{k<«/xd(5)}

{d (OESVIN

where in the last step we simply took the lower bound to the square root expression

-1

times the number of summands. Using next the fact that we have d(s) = s~ in com-

bination with (4.3) in which we divide the potential into the sum of two equal parts,
we get

1 1 ~ o
GO = A 2 e (50 0P A = W s soco.don)

x Ng. (5(1 —w)*(A — ||WIILOO(s>s0,ue(o,d(s)))))
1 —~ o
> (E(A - ||W||L°°(s>so,ue(o,d(s)))))

1 ~
X m(l - w)Z(A - ||W||L°°(S>so,u€(0,d(S))))

X /d(s)ds

{d()=27v/2(1—w) " HA= Wl Lo (s> 50 .ue0.am) 2}

(1 -w)?

= WA"“lnA(l +0(1)), 4.5)
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which differs from (3.4) by a multiplicative constant only. We note that w in the above
discussion can be chosen arbitrarily small and the ratio of the two constants,

I'o+1)
VAT (o + %)’

should not be smaller than one. In fact, the bound (4.5) illustrates that the estimate

203 LY =21 (4.6)

in (3.4) is getting worse with increasing o, since we have [27]

I'(z) 1
Tz+1/2) z

For half-integer values, 0 = n + % with n € Ny the ratio (4.6) can be expressed

(1+o0(l)) asz— oo.

explicitly as
(2n + D!
(n+ 1)!

in particular, for o = 3/2 the value is 3+/27 ~ 13.3.

2G+3.7T Lgl,l — 23/2\/;

’

4.2. Multi-arm spirals

Let us note finally that the obtained result extends easily to the situation where the
region is determined by a multi-armed spiral.

Let Ty = (r9(6), #) be a shrinking spiral satisfying the assumptions of The-
orem 3.1 and let I';,;, be the union of m “angularly shifted” spirals I'; = (r;(0), 0),
where r;(0) :=r(f — 6;) for 0 < j < m — 1 corresponding to the partition
0=0p < <0p <2rm. Let Ho, be the Laplace operator defined on
Qr,, = R2 \ T, with the Dirichlet conditions imposed on T,. It is obvious that
Hgq, decomposes into the direct sum of m Dirichlet Laplacians unitarily equival-
ent to operators H; acting on the “rotated” spiral-shaped domains Q; := {(r,0):r €
(max{0, (0 — 0;_1)},r(0 — 6;)}, and consequently, it is enough to estimate separ-
ately tr(H; — A)2, 0 < j <m — 1. By astraightforward modification of Theorem 3.1,
we get

cl

L )
w(H; — M) < =21 (W oo, o) + AT [ dj(s)ds + ;AT + el (M),

i
{d; (9)=n (W (s)+A)~1/2}

4.7)

where d; (s), W;(s), s(’)’ 2 Cis and cg (A) are natural modifications of the quantities
appearing in the main result. To estimate tr(Hgqp, — A)Z one has to sum the expres-
sions on the right-hand side of (4.7). In particular, in the asymptotic regime, A — oo,
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we have
Lcll m—1
+1( o, _ ~ -
tr(Hep, —A)Z < A° (T 2_ /d] (s)ds +cm)(1 + o(1)),
7704, (02 7

where the constant ¢ := max c¢;.
0<j=<m-1

Appendix

Here we provide proof of Theorem 3.3 which was skipped in Section 3. Let A;,...,An
be the negative eigenvalues of —(,fs—zz ® I12Ry + O(s) and denote by Py the projec-
tion on the linear span of the corresponding eigenfunctions. It is easy to see that
02 o
tf(—@ ® I12w) + Q(S)) <tr(Hy)?, o0=>0, (4.8)

holds for the finite-dimensional restriction of the operator,

2

0
Hy = PN(—W &® ILZ(R) + Q(S))PN.

The expression on the right-hand side of (4.8) is nothing but the Riesz mean of the
order o of the negative eigenvalues of the N x N -system of ordinary differential equa-
tions —% ® I + Py Q(s)Py acting on L2(R, C") with the Neumann boundary
condition at s = 0, where I denotes the identity operator on C. This allows us to
use the Lieb—Thirring inequality for general second-order differential operators with
matrix-valued potentials on the positive half-line with Neumann condition at the ori-
gin proved in [20]. In this way we get

o0
1
tr(Hy)? < LY, /tr(PNQ(s)PN)"“/Z(s)ds + EMN)

0
o0

1
<L, [trQ““/Z(s)ds + SN

0

with )LgN) given by 3.11 which is the sought result.

Acknowledgments. The authors are obliged to the anonymous referees for their
comments that helped to improve the manuscript, and to Rupert Frank for a useful
discussion.



Spectral estimates for the Dirichlet Laplacian on spiral-shaped regions 259

Funding. The research was supported by the Czech Science Foundation (GACR)

within the project 21-07129S. Furthermore, Diana Barseghyan wants to thank for the
support to the Czech-Polish project BPI/PST/2021/1/00031, and Pavel Exner to the
EU project CZ.02.1.01/0.0/0.0/16_019/0000778.

References

(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

(9]

(10]

(11]

[12]

[13]

[14]

[15]

D. Barseghyan and A. Khrabustovskyi, Spectral estimates for Dirichlet Laplacian on tubes
with exploding twisting velocity. Oper. Matrices 13 (2019), no. 2, 311-322

Zbl 1425.35127 MR 3980441

F. A. Berezin, Convex functions of operators. Mat. Sb. (N.S.) 88 (130) (1972), 268-276
Zbl 0271.47011 MR 0300121

F. A. Berezin, Covariant and contravariant symbols of operators. Izv. Akad. Nauk SSSR
Ser. Mat. 36 (1972), 1134-1167; English transl., Math. USSR-Izv. 6 (1972), 1117-1151
Zbl 0247.47019 MR 0350504

E. B. Davies and B. Simon, Spectral properties of Neumann Laplacian of horns. Geom.
Funct. Anal. 2 (1992), no. 1, 105-117 Zbl 0749.35024 MR 1143665

P. Exner and D. Barseghyan, Spectral estimates for Dirichlet Laplacians and Schrodinger
operators on geometrically nontrivial cusps. J. Spectr. Theory 3 (2013), no. 4, 465-484
Zbl 1294.35043 MR 3122218

P. Exner and D. Barseghyan, Spectral estimates for Dirichlet Laplacians on perturbed twis-
ted tubes. Oper. Matrices 8 (2014), no. 1, 167-183 Zbl 1288.81047 MR 3202934

P. Exner and H. Kovaiik, Quantum waveguides. Theor. Math. Phys. (Cham), Springer,
Cham, 2015 Zbl 1314.81001 MR 3362506

P. Exner, A. Laptev, and M. Usman, On some sharp spectral inequalities for Schrodinger
operators on semiaxis. Comm. Math. Phys. 326 (2014), no. 2, 531-541 Zbl 1297.35155
MR 3165466

P. Exner, H. Linde, and T. Weidl, Lieb-Thirring inequalities for geometrically induced
bound states. Lett. Math. Phys. 70 (2004), no. 1, 83-95 Zbl 1059.81039 MR 2107707

P. Exner and M. Tater, Spectral properties of spiral-shaped quantum waveguides.
J. Phys. A 53 (2020), no. 50, article no. 505303 Zbl 07646222 MR 4188790

R. L. Frank, private communication

R. L. Frank, A. Laptev, and T. Weidl, Schrodinger operators: eigenvalues and Lieb—
Thirring inequalities. Camb. Stud. Adv. Math. 200, Cambridge University Press, Cam-
bridge, 2023 Zbl 07595814 MR 4496335

L. Geisinger and T. Weidl, Sharp spectral estimates in domains of infinite volume. Rev.
Math. Phys. 23 (2011), no. 6, 615-641 Zbl 1219.35156 MR 2819231

D. Hundertmark, A. Laptev, and T. Weidl, New bounds on the Lieb-Thirring constants.
Invent. Math. 140 (2000), no. 3, 693-704 Zbl 1074.35569 MR 1760755

V. Jaksié, S. Molcanov, and B. Simon, Eigenvalue asymptotics of the Neumann Laplacian
of regions and manifolds with cusps. J. Funct. Anal. 106 (1992), no. 1, 59-79

Zbl 0783.35040 MR 1163464


https://doi.org/10.7153/oam-2019-13-21
https://doi.org/10.7153/oam-2019-13-21
https://zbmath.org/?q=an:1425.35127
https://mathscinet.ams.org/mathscinet-getitem?mr=3980441
https://doi.org/10.1070/sm1972v017n02abeh001504
https://zbmath.org/?q=an:0271.47011
https://mathscinet.ams.org/mathscinet-getitem?mr=0300121
https://doi.org/10.1070/im1972v006n05abeh001913
https://zbmath.org/?q=an:0247.47019
https://mathscinet.ams.org/mathscinet-getitem?mr=0350504
https://doi.org/10.1007/BF01895707
https://zbmath.org/?q=an:0749.35024
https://mathscinet.ams.org/mathscinet-getitem?mr=1143665
https://doi.org/10.4171/JST/51
https://doi.org/10.4171/JST/51
https://zbmath.org/?q=an:1294.35043
https://mathscinet.ams.org/mathscinet-getitem?mr=3122218
https://doi.org/10.7153/oam-08-09
https://doi.org/10.7153/oam-08-09
https://zbmath.org/?q=an:1288.81047
https://mathscinet.ams.org/mathscinet-getitem?mr=3202934
https://doi.org/10.1007/978-3-319-18576-7
https://zbmath.org/?q=an:1314.81001
https://mathscinet.ams.org/mathscinet-getitem?mr=3362506
https://doi.org/10.1007/s00220-014-1885-4
https://doi.org/10.1007/s00220-014-1885-4
https://zbmath.org/?q=an:1297.35155
https://mathscinet.ams.org/mathscinet-getitem?mr=3165466
https://doi.org/10.1007/s11005-004-1741-0
https://doi.org/10.1007/s11005-004-1741-0
https://zbmath.org/?q=an:1059.81039
https://mathscinet.ams.org/mathscinet-getitem?mr=2107707
https://doi.org/10.1088/1751-8121/abc5d3
https://zbmath.org/?q=an:07646222
https://mathscinet.ams.org/mathscinet-getitem?mr=4188790
https://doi.org/10.1017/9781009218436
https://doi.org/10.1017/9781009218436
https://zbmath.org/?q=an:07595814
https://mathscinet.ams.org/mathscinet-getitem?mr=4496335
https://doi.org/10.1142/S0129055X11004394
https://zbmath.org/?q=an:1219.35156
https://mathscinet.ams.org/mathscinet-getitem?mr=2819231
https://doi.org/10.1007/s002220000077
https://zbmath.org/?q=an:1074.35569
https://mathscinet.ams.org/mathscinet-getitem?mr=1760755
https://doi.org/10.1016/0022-1236(92)90063-O
https://doi.org/10.1016/0022-1236(92)90063-O
https://zbmath.org/?q=an:0783.35040
https://mathscinet.ams.org/mathscinet-getitem?mr=1163464

[16]

(17]

(18]

[19]

[20]

(21]

[22]

(23]

(24]

[25]

[26]

[27]

(28]

[29]

(30]

(31]

D. Barseghyan and P. Exner 260

A. Laptev and T. Weidl, Sharp Lieb-Thirring inequalities in high dimensions. Acta Math.
184 (2000), no. 1, 87-111 Zbl 1142.35531 MR 1756570

P. Li and S. T. Yau, On the Schrodinger equation and the eigenvalue problem. Comm.
Math. Phys. 88 (1983), no. 3, 309-318 Zbl 0554.35029 MR 701919

E. H. Lieb, The classical limit of quantum spin systems. Comm. Math. Phys. 31 (1973),
327-340 Zbl 1125.82305 MR 349181

E. H. Lieb and W. Thirring, Inequalities for the moments of the eigenvalues of the
Schrodinger Hamiltonian and their relation to Sobolev inequalities. In Studies in Math.
Phys., Essays in Honor of Valentine Bargmann, pp. 269-330, Princeton University Press,
Princeton, 1976 Zbl 0342.35044

O. Mickelin, Lieb-Thirring inequalities for generalized magnetic fields. Bull. Math. Sci. 6
(2016), no. 1, 1-14 Zbl 1336.35264 MR 3472848

M. Reed and B. Simon, Methods of modern mathematical physics. IV. Analysis of oper-
ators. Academic Press, New York and London, 1978 Zbl 0401.47001 MR 0493421

F. Rellich, Das Eigenwertproblem von Au + Au = 0 in Halbréhren. In Studies and Essays
Presented to R. Courant on his 60th Birthday, January 8, 1948, pp. 329-344, Interscience
Publishers, New York, 1948 Zbl 0035.06402 MR 0023428

G. V. Rozenbljum, The eigenvalues of the first boundary value problem in unboun-
ded domains. Mat. Sb. (N.S.) 89 (131) (1972), 234-247, 350; English transl., Math.
USSR-Sb. 18 (1972), 235-248 MR 0348295

G. V. Rozenbljum, The calculation of the spectral asymptotics for the Laplace operator in
domains of infinite measure. In Problems of mathematical analysis, No. 4: Integral and
differential operators. Differential equations, pp. 95-106, 144, 1zdat. Leningrad. Univ.,
Leningrad, 1973, in Russian MR 0352729

B. Simon, Nonclassical eigenvalue asymptotics. J. Funct. Anal. 53 (1983), no. 1, 84-98
7Zbl 0529.35064 MR 715548

B. Simon, The Neumann Laplacian of a jelly roll. Proc. Amer. Math. Soc. 114 (1992),
no. 3, 783-785 Zbl 0758.47005 MR 1076578

F. G. Tricomi and A. Erdélyi, The asymptotic expansion of a ratio of gamma functions.
Pacific J. Math. 1 (1951), 133-142 Zbl 0043.29103 MR 43948

M. van den Berg, On the spectrum of the Dirichlet Laplacian for horn-shaped regions in
R” with infinite volume. J. Funct. Anal. 58 (1984), no. 2, 150-156 Zbl 0559.35057

MR 757992

M. van den Berg, Dirichlet-Neumann bracketing for horn-shaped regions. J. Funct. Anal.
104 (1992), no. 1, 110-120 Zbl 0763.35071 MR 1152461

T. Weidl, Improved Berezin—-Li—Yau inequalities with a remainder term. In Spectral theory
of differential operators, pp. 253-263, Amer. Math. Soc. Transl. Ser. 2 225, American
Mathematical Society, Providence, RI, 2008 Zbl 1168.35404 MR 2509788

H. Weyl, Das asymptotische Verteilungsgesetz der Eigenwerte linearer partieller Differ-
entialgleichungen (mit einer Anwendung auf die Theorie der Hohlraumstrahlung). Math.
Ann. 71 (1912), no. 4, 441-479


https://doi.org/10.1007/BF02392782
https://zbmath.org/?q=an:1142.35531
https://mathscinet.ams.org/mathscinet-getitem?mr=1756570
https://doi.org/10.1007/bf01213210
https://zbmath.org/?q=an:0554.35029
https://mathscinet.ams.org/mathscinet-getitem?mr=701919
https://doi.org/10.1007/bf01646493
https://zbmath.org/?q=an:1125.82305
https://mathscinet.ams.org/mathscinet-getitem?mr=349181
https://zbmath.org/?q=an:0342.35044
https://doi.org/10.1007/s13373-015-0067-9
https://zbmath.org/?q=an:1336.35264
https://mathscinet.ams.org/mathscinet-getitem?mr=3472848
https://zbmath.org/?q=an:0401.47001
https://mathscinet.ams.org/mathscinet-getitem?mr=0493421
https://zbmath.org/?q=an:0035.06402
https://mathscinet.ams.org/mathscinet-getitem?mr=0023428
https://doi.org/10.1070/sm1972v018n02abeh001766
https://doi.org/10.1070/sm1972v018n02abeh001766
https://mathscinet.ams.org/mathscinet-getitem?mr=0348295
https://mathscinet.ams.org/mathscinet-getitem?mr=0352729
https://doi.org/10.1016/0022-1236(83)90047-2
https://zbmath.org/?q=an:0529.35064
https://mathscinet.ams.org/mathscinet-getitem?mr=715548
https://doi.org/10.2307/2159405
https://zbmath.org/?q=an:0758.47005
https://mathscinet.ams.org/mathscinet-getitem?mr=1076578
https://doi.org/10.2140/pjm.1951.1.133
https://zbmath.org/?q=an:0043.29103
https://mathscinet.ams.org/mathscinet-getitem?mr=43948
https://doi.org/10.1016/0022-1236(84)90036-3
https://doi.org/10.1016/0022-1236(84)90036-3
https://zbmath.org/?q=an:0559.35057
https://mathscinet.ams.org/mathscinet-getitem?mr=757992
https://doi.org/10.1016/0022-1236(92)90092-W
https://zbmath.org/?q=an:0763.35071
https://mathscinet.ams.org/mathscinet-getitem?mr=1152461
https://doi.org/10.1090/trans2/225/17
https://zbmath.org/?q=an:1168.35404
https://mathscinet.ams.org/mathscinet-getitem?mr=2509788
https://doi.org/10.1007/BF01456804
https://doi.org/10.1007/BF01456804

Spectral estimates for the Dirichlet Laplacian on spiral-shaped regions 261

[32] J. Xiao-Jun, L. Xiao-Lin, X. Xin-Ping, Z. Hai-Chao, and W. Yu-Zhu, Archimedean-spiral-
based microchip ring waveguide for cold atoms. Chinese Phys. Lett. 32 (2015), article
no. 020301

Received 28 June 2022; revised 31 December 2022.

Diana Barseghyan
Department of Mathematics, University of Ostrava, 30. dubna 22, 70103 Ostrava,
Czech Republic; diana.barseghyan@osu.cz

Pavel Exner
Nuclear Physics Institute, Czech Academy of Sciences, 250 68 Rez; and Doppler Institute,
Czech Technical University, Bfehova 7, 11519 Prague, Czech Republic; exner@ujf.cas.cz


https://doi.org/10.1088/0256-307x/32/2/020301
https://doi.org/10.1088/0256-307x/32/2/020301
mailto:diana.barseghyan@osu.cz
mailto:exner@ujf.cas.cz

	1. Introduction
	2. Preliminaries
	3. Main result
	4. Concluding remarks
	4.1. Optimality of the bound (3.1)
	4.2. Multi-arm spirals

	Appendix
	References

