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Eigenvalues of the Kohn Laplacian
and deformations of pseudohermitian structures
on CR manifolds

Amine Aribi and Duong Ngoc Son

Abstract. We study the eigenvalues of the Kohn Laplacian on a closed embedded strictly
pseudoconvex CR manifold as functionals on the set of positive oriented pseudohermitian struc-
tures 4. We show that the functionals are continuous with respect to a natural topology
on #4. Using an adaptation of the standard Kato—Rellich perturbation theory, we prove that
the functionals are (one-sided) differentiable along 1-parameter analytic deformations. We use
this differentiability to define the notion of critical pseudohermitian structures, in a general-
ized sense, for them. We give a necessary (also sufficient in some situations) condition for a
pseudohermitian structure to be critical. Finally, we present explicit examples of critical pseu-
dohermitian structures on both homogeneous and non-homogeneous CR manifolds.

1. Introduction

Let (M?"*1 0) be a compact strictly pseudoconvex pseudohermitian manifold,
dp the tangential Cauchy—Riemann operator, and (’_JZ the adjoint with respect to the vol-
ume form dvolg := 6 A (d6)". The Kohn Laplacian acting on functions is defined by
Op = E_JZ dp. It is well known that O is nonnegative and self-adjoint with noncompact
resolvent on the Hilbert space L?(M, dvoly) of the complex-valued square-integrable
functions on M. Here, the inner product on L?(M, dvolg) is defined by (¢, V) :=
S @yrdvolg. This operator plays an important role in many problems in several
complex variables and CR geometry, see, e.g. [9] and [10]. In particular, its spec-
trum contains rich geometric information about the underlying CR manifolds (see,
e.g. [8, 18] and the references therein).

The spectral theory for the Kohn Laplacian in the strictly pseudoconvex case is
well understood. It is proved by Beals and Greiner [6] for the case n > 2 and Burns
and Epstein [8] for the case n = 1 that the spectrum of [ in (0, co) consists of
point eigenvalues of finite multiplicities (the case n > 2 is even simpler, thanks to
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Kohn’s Hodge theory, see, e.g., [9, 18]). Moreover, by Kohn [12], M is embeddable
if and only if zero is an isolated eigenvalue of [p. Thus, if M is embeddable, then
spec(dp) N (0, +00) consists of countably many eigenvalues of finite multiplicities,
0<Ay <Ay <---,withd; — ocoas j — oo. Moreover, for j > 1, the corresponding
eigenfunctions are smooth. By the work of Boutet de Monvel [7], the embeddability
holds for compact strictly pseudoconvex CR manifolds if n > 2.

In recent years, there is much effort devoted to the study of the first positive eigen-
value A; of the Kohn Laplacian. In particular, estimates for A; have been studied
extensively, see [16—18] and the references therein. In the present paper, we consider,
for each k > 1, the k-th eigenvalue Ax(0) = Ay (DZ) as a functional on the space of
positive pseudohermitian structures #4 := {e"0:u € C*°(M)} and study its behav-
ior under deformations of the pseudohermitian structures. This study is motivated
by previous work about spectral theory in Riemannian and CR geometries; see e.g.,
[3,4,11].

The first result of this paper establishes the continuity of eigenvalue functionals
with respect to deformations of the contact forms. Precisely, fix a reference structure
0o on P and consider the C!-distance on £ given by

do(0,0') = sup |u — u'| + sup [dpu — dpu’|g,,
M M

where 6 = ¢“6y and 0’ = e* 6. The continuity of the Ag-functionals is stated as
follows.

Theorem 1.1. Let M 2" be a compact strictly pseudoconvex embeddable CR man-
ifold. Suppose that 0 and 60 = e*0 are two pseudohermitian structures on M. For
8> 0andd >0, if supy [u| < & and supy, |0pulg < &, then

e~ "~ —nd'e" <4/ )y < e~ + né’e\"~ L (1.1
(n—1/2)8 Ak(@) s né Ak(e) (n—1/2)8 Ak(e) S (n—1/2)8 ( )

In particular, the map 0 +— Ay (0) is locally Lipschitz continuous on (P4, dy).

The proof is based on an analogue of the “Max-mini principle” for the eigenval-
ues of the Kohn Laplacian (see [3,5] for the (sub-)Laplacian counterparts). A new
difficulty that arises in our situation is the fact that the kernel ker(Cp) is nontrivial. In
fact, ker(CJp) consists of CR functions and has infinite dimension. We overcome this
difficulty by restricting [;, to the orthogonal complement of its kernel. We point out,
however, that the orthogonality also depends on the pseudohermitian structure.

An immediate application of Theorem 1.1 is the semi-continuity of the multi-
plicities of the eigenvalues. Precisely, let my (6) be the multiplicity of the eigenvalue
Ar(0),1ie.,

mp(0) := #{L | 1¢(0) = A (0)}.
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Adapting the proof of [23, Corollary 2.12], we obtain from Theorem 1.1 the following
corollary.

Corollary 1.2. Let (M, 0) be an embeddable strictly pseudoconvex pseudohermitian
manifold. Then there exists § > 0 such that whenever 6 € P, with dy(6,0) < 6, then

mi(0) < m(0).

Subsequent results of this paper establish the one-sided differentiability of
Ax-functionals and the criticality of pseudohermitian structures with respect to
1-parameter (smooth or analytic) deformations. Namely, let %’ 6 be an analytic defor-
mation of the pseudohermitian structure. For each k > 1, the function ¢ — Ay (6;) is
differentiable at almost every ¢, but it may fail to be differentiable at certain points.
However, by an adaptation of the perturbation theory for unbounded self-adjoint oper-
ators with compact resolvent of Rellich—Alekseevsky—Kriegl-Losik—Michor, see
F. Rellich [19], D. Alekseevski, A. Kriegl, M. Losik, and P. W. Michor [I], and
A. Kriegl and P. W. Michor [14], we prove that the function ¢ +> Ay (6;) admits
left-sided and right-sided derivatives at t = 0. The left and right derivatives can be
expressed in terms of the eigenvalues of the Hermitian form defined as follows. Let

Ly, ) = (n + DiOpy — n{dp, dp7), (1.2)

and

0 (Yrun) = — / FL(p. mdvols.
M

Then the restriction L|g, to each eigenspace Ey is Hermitian, i.e., L(y,n) = L(n, V)
for n, ¥ € Ex. Moreover, if f is real-valued, then Q is also Hermitian. Therefore,
Or|E, has m := dim Ej real eigenvalues, counting multiplicities. Our next result is
as follows.

Theorem 1.3. Let (M, 0) be an embeddable strictly pseudoconvex pseudohermitian
manifold and 6(t) = e¥10,t € (—e¢, &), an analytic deformation, 6(0) = 0. For each
k > 1, let A (0(t)) be the k-th eigenvalue of O, ;. Then
(1)  the function t — Ap(0(t)) has left and right derivatives att = 0;
(ii)  the one-side derivatives %)&k(G(t))‘tzo_ and %)&k (9(t))‘t=0+ are eigen-
values of the Hermitian form Qr|g,, where f = 0u;/0t|;=o;
(iii) ifk = 1or g (0) > Ag—1(0), then L1 (0(1))],_,— and =2k (0(1)],_o+
are the greatest and the least eigenvalues of Q¢ |g,., respectively;

(V) if A(0) < Ag41(0) then Lap(0(1)],_o- and LA (0(1))],_y+ are the
smallest and the greatest eigenvalue of Q| g, respectively.
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This theorem should be compared to similar results for Laplacian [11] and sub-
Laplacian on CR manifolds [4]. In view of this theorem, we define the notion of
critical pseudohermitian structures for the A -functional as follows. We first denote by
!PJ‘: the space of strictly pseudoconvex pseudohermitian structures with unit volume,
ie.,

PO = {9 = ?+(M):/dvolg - 1}.
M

We say that a pseudohermitian structure 8 is critical for the Ay -functional restricted
to P9 if for any analytic deformation {0(r) = ¥} C P? with 6(0) = 6, we have

d d
TAO@O)| X Th0@)| <0,

If 0 is critical for the Ag-functional, then for any analytic deformation of unit volume
t —> 0(t) (e, 0(z) € !/’2 for all ¢), either

AL(0(t)) < Ae(0) +0(t) ast — 0,

or
A(0(t)) > Ak (0) +0() ast — 0.

Observe that if & = 1 then only the first possibility can occur.
In the next result, we give a characterization of the criticality for the Az -functional.

Theorem 1.4. Let M be an embeddable strictly pseudoconvex CR manifold and 6 €
{P:E. If 0 is critical for the Ay -functional restricted to {P:E, then there exists a finite
Sfamily V1, ..., ¥q of eigenfunctions corresponding to Ay such that

d d
ZL(l//j) = Z((n + l)kk|wj|2 —n|5b%‘|2) = constant. (1.3)

Jj=1 j=1

Here L is defined by (1.2). If k = 1 or Ag—1(0) < Ag11(0), then the existence of such
a family of eigenfunctions is also sufficient for 0 to be critical for the Ay -functional.

We should point out that although the characterization (1.3) is similar to the Rie-
mannian case [11] and sub-Riemannian case [4] (see also [2] for a similar result
in Kéihler case), our case exhibits an important difference. Precisely, it is proved
in [11] that the criticality of the Ag(A)-functional of the Laplacian is characterized
by the existence of a finite collection of Ax(A)-eigenfunctions f; such that the sum
of squares f12 + f22 +-- 4+ f dz is constant on the manifold. In our characterization,
the identity (1.3) contains not only the sum of squared norms of the eigenfunctions,
but also their first-order derivatives. It is natural to ask whether the term involving
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derivatives in (1.3) can be removed? It is worth noting that in the examples of crit-
ical pseudohermitian structures given in Section 6, there always exist collections of
eigenfunctions whose sums of squared norms are constant. However, a difficulty in
our situation comes from the fact that [Jj is generally a complex operator and hence
the eigenfunctions are not necessarily real-valued. This makes the method treating the
Laplacian [11] and sub-Laplacian [3] cases break down in the Kohn Laplacian case.
Nevertheless, the characterization (1.3) still leads to the following corollary.

Corollary 1.5. Let (M, 0) be a compact embeddable pseudohermitian manifold. Sup-
pose that (M, 0) is homogeneous (i.e., the group of CR diffeomorphisms preserving
0 acts transitively). Then 0 is critical for the A -functional if eitherk = 1, ork > 1
and Ak—l < Ak+1~

The paper is organized as follows. In Section 2, we study the continuity of eigen-
value functionals and prove Theorem 1.1 and Corollary 1.2. In Section 3, we study
parametrizations of the eigenvalues using the classical perturbation theory that is
adapted to our situation. We study the critical pseudohermitian structures and prove
Theorem 1.4 and Corollary 1.5 in Section 4. In Section 5, we extend some results for
A -functionals to the case of ratio functionals Aﬁ% of two consecutive eigenvalues
and give characterizations of critical pseudohermitian structures for them. In Sec-
tion 6, we give several explicit examples of both homogeneous and nonhomogeneous

critical structures.

2. Continuity of the eigenvalue functionals

2.1. The Kohn Laplacian on pseudohermitian manifolds

We briefly recall some basic notions of pseudohermitian geometry and the Kohn
Laplacian on pseudohermitian manifolds. For more details, we refer the readers to
[9,10]. Let (M, ) be a strictly pseudoconvex pseudohermitian manifold. Let 7 be the
Reeb field associated to 8, i.e., T is the unique real vector field that satisfies T |d6 = 0
and 0(T) = 1. An admissible coframe on an open subset of M is a collection of n
complex (1, 0)-forms 61,02, ..., 6" whose restrictions to 71:°M form a basis for
(T1OM)* and 6%(T) = 0. There exists a holomorphic frame {Zy:a = 1,2, ...,n}
of THOM such that {T, Z,, Zg) is the dual frame for {6, 8%, 95‘}. The Levi form
associated to 6 is given by the Hermitian matrix /2, j» Where

d6 = ih,56% A 6P

Let d; be the Cauchy-Riemann operator. For a smooth function f, it holds that
dp f = fo0% (summation convention) where fo = Z, f. The formal adjoint of d; on
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functions (with respect to the Levi form and the volume element dvolg := 6 A (d0)")
is given by 07 = —8,. Here 8, is the divergence operator taking (1, 0)-forms to func-
tions by 8p(040%) = 04,%. Here, a Greek index preceded by a comma indicates the
covariant derivative with respect to the Tanaka—Webster connection on (M, 6). The
Kohn Laplacian associated to 8 acting on functions is [J; = o* E)b, where 9, is the
conjugate of dj. In terms of the Tanaka—Webster covariant derlvatlves (see [10]),

Oy f = —fa.*

If M is compact and embeddable, then ker [, consists of the CR functions and is of
infinite dimension. In particular, ker (J, does not depend on the choice of the pseu-
dohermitian structure. As already mentioned in the introduction, the basic spectral
theory for the Kohn Laplacian on compact embeddable strictly pseudoconvex pseu-
dohermitian manifolds are well understood, see, e.g., [9].

We shall need a formula relating the Kohn Laplacian operators associated to differ-
ent pseudohermitian structures. Observe that if 0 = "0, then 105 £ 6= e 2|9, fo
and

dvol; = 6 A (dO)" = e™tD¥ dyol,.

Furthermore, the Kohn Laplacian changes as follows:

Proposition 2.1. Let (M, 0) be a pseudohermitian manifold and let 6 = e*6. Denote
by Oy, and Oy, the Kohn Laplacian operators that correspond to 0 and 0, respectively.
Then

"0y f = Op f —n(dpu. 0y f). 2.1)

Proof. We can assume that f is smooth. Choose a local holomorphic frame {Z, } and
its dual coframe {6“} that is admissible for 8. If 6 = e"0, then we can take Zy =

e /27, and its dual coframe 6% = ¢¥/2 (6% + +/—1u®6). Then the corresponding
LeVi matrices satisfy ﬁ By = h g7 Furthermore, the connection forms a)ﬂ"‘ and @5“
satisfy [15],

~ 1
wg% = wg® + (uph* —u®0p) + ESg(uMG" —uh6,)

-1
(u%p +up® + 2upu® + 285u,u")6. (2.2)

Denote @,3 = ﬁAB’ Vg = VZB the Tanaka—Webster covariant differentiation with
respect to 6 and 6 in the corresponding frames Z g and Zg. Then, by (2.2),

VeVsf = 2pZy f — 0y (Zg)Zaf = e VgV f + e u® fahgy.

Taking the trace with respect to h g7» we obtain (2.1). The proof is complete. ]
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2.2. The Max-mini principle

In this section, we prove an analogue for the Kohn Laplacian of the well-known Max-
mini principle for eigenvalues of the (sub-)Laplacian in [3, 5]. This is an important
ingredient for our proof of Theorem 1.1. Precisely, for each k-dimensional complex
subspace Ly C C*° (M, C) that satisfies Ly N ker O = {0}, we put

1912
13112

Lemma 2.2 (Max-mini Principle). Let (M, 0) be a compact embeddable strictly
pseudoconvex pseudohermitian manifold. Then

No(Ly) = sup{ felof# 0}.

lk (9) = iang(Lk),
Lk

where the infimum is taken over all subspaces Ly C C*(M,C) of complex dimen-
sion k that satisfies Ly Nker O, = {0}.
Proof. Let {e;j}72 be a complete orthonormal system of (smooth) eigenfunctions of
(ker 0p)L, with Opej = Aje;. For arbitrary f € L?(M, dvoly), we expand
oo
f=Jfo+) ai(fe,
j=1

where fo is CR holomorphic, a;(f) € C, and the series is convergent in L*(M,
dvolg). Let LY be the subspace of C*®(M,C) spanned by ey,... ,ex. If f € LY, then

k
£ = ai(fe;.
j=1
Thus, Op f = Z?=1 a;j(f)Aje;, and hence,

k
10/ 17 =" la; ())IPA]

j=1
k

< lay ()P
j=1

= 2195 /117

Consequently,
Ag(LY) < Ak (H).

Here we have used an argument that is somewhat similar to those in [3, 5].
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To prove the reverse inequality, we shall also adapt the usual argument as appeared
[3, 5]. First observe that the case k = 1 is immediate and well known (see, e.g.,
[16, Corollary 3.2]). Thus, suppose that £ > 2 and assume, for a contradiction, that
there exists a subspace L of complex dimension k in C*° (M, C) that satisfies Ly N
ker O, = {0} and
Ag(Lk) < )kk.

For each f € Ly,

Ag(Li) Y la; ()PA = Ap(Le) - (f, 05 f)12

j=0
> (10, f 117
=Y Mla; (/).
j=0
Thus, for any m > 1,
D lai (PR (Ag(Li) = A) = Y laj(HPA (R — Ag(Li)).  (23)
Jj=1 j=m+1

In particular, choose m = max{j > 0:1;(0) < Ag(Lg)}. Observe that0 <m <k —1
since A > Ag(Lg). Let ®: Ly — C*°(M, C) be the linear map given by

(f) = a;j(f)ej.
j=1

Let / € ker®, thena, (f) = Oforall j = 1,2,...,m. Applying (2.3) to f yields
i ~
Y laj(HPA; (g = Ag(Ly)) <0,
j=m+1
Since A; — Ag(Lg) > 0 for all j > m + 1 we deduce that a;(fp) = 0 for all j =
1,2,.... Thus, ker & = {0}, i.e., ® is injective. This contradicts the fact that the image
®(Ly) has dimension at most m < k = dim L. The proof is complete. [

2.3. Proof of Theorem 1.1 and Corollary 1.2

Proof of Theorem 1.1. Let Ly be a k-dimensional subspace of L2(M, #) such that
Ly NkerOp = {0}. For each f € Lg, f # 0, we define two quotients Q and Q as
follows. R

105 £ 112 ~ 1015

= —- U d = — .
°m ™ T
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By (2.1), we have
10y f? = e 2|0y f — n(dpu, 0y f)|
= e 2 (|0, £1* + n>[(pu, 0p £) > — 20R((Tp £) (Bpu, 3p £))].
We deduce, since dvol; = e tDU gyol,, that
||ﬁbf||§ = /f«’(n_l)uﬂmbﬂ2 + n%{(dpu, 0p f)|?
M

— 200 ((Tp./ ) (pu, s £ ))1d volg
< V(T £11G + 1?8705 f 17 + 208105 £ 1) 195 £ 1).

We have used |u| < 8, |0pulg < 8" on M, and the Cauchy—Schwarz inequality. On the
other hand,

180 112 = [ 130 Bemdvolo = ™" 3 1.
M

‘We then deduce that

0 < @8 (/Q +n8)2.

From the Max-mini principle, we deduce that

Ak (0) < @8 (/24 (0) + nd)2.

This is the second inequality in (1.1). To prove the first inequality, we exchange the
roles of 6 and 6. Observe that § = ™6 and |0pul5 = €*/2|0pulg < €5/25'. From the
argument above,

VAK(©) < e (\ (@) + ne®l?s),

which clearly implies the first inequality in (1.1). The proof is complete. |

Proof of Corollary 1.2. We put A = A (0) and m = my(6). We first consider the case
Ar(0) = A1(0). Thus, 1 <k <m and

A0) = =2Au(0) < Ap1(0) <---

Pute := (1/2)(Am+1(0) — A) > 0 and choose § > 0 and §’ > 0 such that
Ama1 —e < (e O7UDE [y 1(0) — nd'e")2.
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Using Theorem 1.1, we deduce that for j > m + 1 andé = e%fh,
Ate=App1(0) —e < (e VD /0 11(0) —nd'e")?

< (e—(n—l/2)3 ,A] (0) _ n8/6n5)2

< A;(0).

provided that |u| < § and |dpulg < &’ on M. Consequently, mk(é) < my(0) for all 6
that is “closed enough” to 6, as desired.

Next, we consider the case A (6) > A1(6). Then for some £ with 1 < £ < k <
{4+ m,

A’K(G) <Ae+1(9) = ... =A’k(9) =...=A£+m(9) <A£+m+1 S... .

Arguing similarly as above, we can find ¢ > 0,8 > 0, and §' > 0 such that whenever
0 = e"0 with |u| < § and |dpu|g < & on M, it holds that

A+e<Aj@). j=L+m+1,

and
A(@)<A—e j=12,... L

Hence, mk(é) < my(0). The proof is complete. [

Corollary 2.3. Let t +— u; be a C1 curve of smooth functions on M, with o > 0,
and 0(t) = e*1 6. Then the curve t — A (0(t)) is differentiable almost everywhere.

Proof. Observe that ¢ + A (6(¢)) is locally Lipschitz by Theorem 1.1, the conclusion
then follows from the well-known Rademacher’s theorem; see [20, Theorem 7.20]. =

3. Derivatives of the eigenvalue functionals

We make use of a perturbation result which is an adaptation of the well-known gen-
eral theory due to Rellich [19] and Alekseevsky, Kriegl, Losik, and Michor [1] for
unbounded self-adjoint operators with compact resolvents. The literature regarding
the perturbation theory for self-adjoint operators is vast and we cannot describe it
in detail here. We refer the readers to, e.g., [14, 19] and the references therein for a
detailed account.

Proposition 3.1. Let t — A(t) be an analytic curve of (possibly unbounded) closed
operators on a Hilbert space H, with a common domain of definition and with com-
pact resolvents. Suppose that, for each t, the spectrum of A(t) is a discrete set of
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positive real eigenvalues with finite multiplicities. Suppose further that the eigenvec-
tors of A(t) form a basis for H and that the global resolvent set {(t,z): A(t) —
z is invertible} is open. Then the eigenvalues and the eigenvectors of A(t) may be
parametrized real analytically in t, locally.

An well-known argument in the literature (see, e.g., [1, Theorem 7.8] or [14])
reduces the parametrizations of the eigenvalues of a family of self-adjoint operators
to those of the real roots of hyperbolic polynomials. The proof sketched below uses
an argument that is almost the same: the only difference is that instead of assuming
the self-adjointness, we assume the operators A(z) have “nice” spectra, namely, the
eigenvalues of A(¢) are real and they have “enough” eigenvectors. These assumptions
guarantee that the finite family of the eigenvalues that are enclosed by a certain curve
in the global resolvent set are the real roots of an analytically parametrized hyper-
bolic polynomial. Moreover, the direct sum of the corresponding eigenspaces admits
an analytic framing. This implies that the eigenvectors are parametrized analytically,
locally in ¢.

Precisely, let V be the common domain of definition of A(¢) for all ¢. As in [1],
put

laell? == llull® + 1A@u]?.

Then, for each ¢, (V, || - ||;) is a Hilbert space and A(¢): V — H is bounded. Moreover,
the norms are locally uniformly equivalentin # [1]. We equip V' with one of the norms,
say | - |lo- The map (z,2) > (A(t) — z) ™! is analytic for (z, z) in the global resolvent
set (which is assumed to be open) since the inversion is analytic in the space L(V, H).

Fix a parameter s and choose a smooth and closed curve y in the resolvent set of
A(s) such that for all ¢ that is close to s, there is no eigenvalue of A(¢) lie on y. This
is possible under the assumption that the global resolvent set is open. The curve

t— P(t,y) = —2%, /(A(t) —z) Yz
¥

is a smooth curve of projections (onto the direct sums of the eigenspaces that corre-
spond to the eigenvalues of A(¢) interior to y) with finite and constant rank, say N.
This family of N -dimensional complex vector spaces t — P(¢,y)(H) admits a local
analytic frame ¥ .

The operators A(¢) map P(t,y)(H ) into itself. In the local analytic frame ¥, they
are given by N x N matrices M, that are parametrized analytically in 7. By assump-
tions, for each ¢, M, has N real eigenvalues which are precisely the eigenvalues of
A(t) that are interior to y. Moreover, the eigenvalues are the real roots of the (hyper-
bolic) characteristic polynomial P; of M;. Consequently, the eigenvalues of A(¢) that
are interior to y are parametrized analytically near s. Since the frame of P(¢, y)(H)
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can be chosen locally analytically, the corresponding eigenvectors can also be chosen
real analytically, as desired.

Theorem 3.2. Let (M, 0) be a compact embeddable strictly pseudoconvex pseudo-
hermitian manifold. Let 0(t) := €% 0 be an analytic deformation of 6. Let A > 0 be an
eigenvalue of Oy, with multiplicity m. Then there exist ¢ > 0, a family of m real-valued
analytic functions Aj on (—¢, €), and a family of smooth functions ¢;(t) on M such
that

A A0 =A1=j=<m
()  Opepj (1) = Aj (1)) (2).

Proof. Let Op, ; be the Kohn Laplacian associated to 6(¢). For each ¢, Oy, ; is a self-
adjoint operator in L?(M, dvolg()). Moreover, ker 0, , = J is the subspace of CR
functions. Note that # does not depend on ¢ and is closed in L?(M, dvolg(,) for
every t. We denote by J¢;- the orthogonal complement of J¢ in L2(M, dvolg()):

L*(M.6,) = H & ;.
Note that this orthogonal decomposition depends on ¢. For each ¢, the restriction
Db,t|,}€f-: e%tJ‘ — thl

is an unbounded self-adjoint operator with compact resolvent (see, eg., [18]). The
spectrum of [y, /| P coincides with the spectrum of [Jp ; with zero removed.
Consider the analytic family of operators

U H+ — JEIL Us (@) = e~ Dur gy,
Define P;: #;- — J;- by
P, = Ut_l © (Db,tbetl) o U;.

Then P; is a family of (not necessary self-adjoint) operators with compact resolvents.
Moreover, for each ¢, the spectrum of P; coincides with the spectrum of Oy, ;| ek In
particular, P; has a discrete spectrum consisting of real eigenvalues of finite multi-
plicities.

Observe that P; is analytic in ¢. Indeed, by Proposition 2.1, we have

e P(¢) = Opp + (Ipur, pp) + (1 + 1){(3pp, dpus)
—(m+ D(Opu; — (n — 1)|8but|2)(p,

and the right-hand side depends analytically in 7.
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By the continuity of the eigenvalues proved in Theorem 1.1, the global resolvent
set must be open. Therefore, we can apply Proposition 3.1 above to conclude that the
eigenvalues of P; can be parametrized analytically on ¢, i.e., (i) holds. The conclu-
sion (ii) also follows at once. [ ]

Proof of Theorem 1.3

Let m be the dimension of E (), the eigenspace of [1; with eigenvalue A (0). We
apply Theorem 3.2 to obtain m real-analytic functions A;(¢) and m analytic families
of smooth functions ¢; (t): M — C, |t| < & such that

Db,t(]ﬁl(l‘) = Al(t)¢1(l), I =1,2,...,m. (3.1

By the continuity of the eigenvalues proved in Theorem 1.1, we deduce that there are
two indices p and g such that

Ap(t), t<0,

xk(e(z))={Am o
) .

From this, the existence of the left and right derivatives of ¢ > A (6(¢)) follows
immediately.
To prove (ii), we differentiate (3.1) to obtain

O,¢1 = —Opg; + Ap(0)gr + A ()¢

By integration by parts, for all ¥ € Ey(6),

(Dbt )2y = — / 70} + A}(0) / P 0 / o7
M M M

- —/¢;m A0 / 617 + 1(0) [ o7
M M M

= (A} (0) 1. V) 12(p)-

Therefore, IT; o 00} | g, is diagonalizable with eigenvalues {A}(0)}. Here, Il is the
orthogonal projection onto Ej. We claim that the eigenvalues of IT; o 00} |g, are
those of Qr|Eg, and hence (ii) follows. Indeed, by Proposition 2.1,

Lo = —fOpp —n(dp £, 0p9).
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where f = du;/0t|;=¢. On the other hand,

/ T{0b0. 0 f) = [ £ T pp)dvols
M

M

- [ FT@pp)dvoly - [ £ {350, 957 )dvolg
M M

- [ FT 000 — (359,957 ))dvols.
M

Therefore,

[ 70, pdvolg = — [ £+ DT Opg — (3. 97 dvoly = Of (9. ).
M M

Hence, the claim and (ii) follow.

To prove (iii), we suppose that A (8) > Ax_1(6). Since A;(0) = Ax(0) and since
Ar(6()) is continuous in ¢, it must hold that A;(¢) > Ax—1(0(¢)) for ¢ sufficiently
small. This implies that for such ¢,

A (0()) = minfA (1), Az(0). ... Am(0)}.
Hence 4
TAO@)] _ = max{A}(0). A(0)..... AL, (0))

and 4
ZAO@)] _ | = min{A}(0). A50). ... A}, (0)}

which prove (iii).
Part (iv), i.e., the case Ax(6) < Ax41(0), can be proved similarly. We omit the
details.

4. Proofs of Theorem 1.4 and Corollary 1.5

4.1. Proof of Theorem 1.4

We denote by 4Aq(M, 6) the set of real-valued smooth functions f with zero mean
on M:

Ao(M, 0) = {f e C°°(M;R):/f dvolg = o}.
M

We need the following result.
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Lemma 4.1. Let M be a compact embeddable strictly pseudoconvex CR manifold
and 0 a pseudohermitian structure on M. Then the following statements hold.

(1)  If 0 is critical for the Aj-functional restricted to {P:E, then for every [ €
Ao(M, 0), the restriction Qr|g, 9): Ex(0) — C is indefinite.

(i1)  Assume that either k = 1 or Ap_1(0) < Ar11(0). Then 8 is critical for the

Ak-functional restricted to fPf: if and only if the Hermitian form Q| g, ()
is indefinite for every f € Ag(M, 0).

Proof. (i) Let f € Ao(M, 0). By direct calculations (cf. [4], page 124), the pseudo-
conformal deformation of 8 given by

vol(0)

1
——_|" e g = e"h, 1eR
Vol(e’fe)] ¢ e '

o) =

belongs to #¢ and depends analytically on ¢ with %90)! 1—o = S0, and

1
n+1

u, =1f — In(vol(e'/ 6)).

Moreover,
d

_ut

dt

Now, assuming @ is critical for A restricted to IPJ(Z, using Theorem 1.3, we obtain

=0 f
that Q¢ |g, has both nonnegative and nonpositive eigenvalues and hence (i) follows.

(ii) Let 0(¢) = %10 € !PJ(Z be an analytic deformation of . Since vol(6(¢)) is
constant with respect to ¢, the function f = %u, ‘ 10 € Ao(M, 0). Indeed,

T dr

d d

_ (m+1Du, _

d[VOl(e(t))‘t=0 /e VOIQ‘IZO =+ 1)/fv019.
M M

Thus, (ii) follows in view of Theorem 1.3. [ ]

Lemma 4.2. The Hermitian form Q| g, is indefinite on Ex(0) for all f € #A¢(M,0)
if and only if there exists a finite family {{r1, V2, ..., ¥a} C Er(0) such that

d d
DLW =) ((n+ DAy > —nldpy;?) = C

j=1 j=1

for some constant C > 0.
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Proof. We use an argument that is by now standard (cf. [4]). First, assume that (1.3)
holds, then for any f € 4A(M, ), it holds that

d d
>0 ==Y [ fLwydvols = - [ cravoly 0.
j=1

I=1py M

Therefore, Q| g, (9) must be indefinite.
Conversely, assume that Q¢ |g, is indefinite on E (6) for all f € 4Aq(M, ). For
each k, let € be the convex set of L2(M, dvoly) defined as follows:

€ = {ZL(UJ-): vj € Ex(0).J CN,J ﬁnite}.
jeJ

Using a standard argument based on the classical separation theorem (cf. [4]), we can
show that the constant 1 belongs to €. Indeed, if 1 ¢ €, then we can find a smooth
real-valued function % such that

/|h|2dvolg >0
M

and
/hwdvolg <0
M

for all w € €. Let f = h — hg, where hy > 0 is the average of 2 on M. Then
f € Ao(M,0).Forall ¢ € Ex(0) we have, since L(V) € €,

0 (W y) = [ L) (h — ho)dvoly

M

= —/hL(l//)dvolg + ho /((n + DAk|v > = n|dpw|?)d volg
M M

> ho / (1 + DARIYI? — 35y [?)dvolg
M

= ho(n + 1)/1;wa dvolg —/’lon/ |5blﬂ|2 dvolg

M M

= hO/ |05 |2 dvoly.
M

This contradicts the assumption that Q is indefinite on Ej since the last integral is
positive. Hence, 1 € € and thus there exists a family of functions {1, ¥2,..., ¥4}
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that satisfies (1.3). Moreover, integrating (1.3) and using integration by parts, we see

that
d

Cvol(M, 6) = Z/ 10,y > > 0,
jle

and hence C > 0 as desired. ]
Theorem 1.4 follows immediately from the two lemmas above.

Proof of Corollary 1.5. Let a group G act transitively on M by pseudohermitian dif-
feomorphisms: g*6 = 6 for each g € G. Let {1, V>, ..., ¥4} be an orthonormal
basis for Ey, then, foreach g € G, {g- ¥ := ¥ o g~ '} is also an orthonormal basis
and thus

d
g =Y v
k=1

for some d X d-unitary matrix [a;]. This implies that

d
W=y
j=1

. . . d a .
is G-invariant, and hence constant. By the same reason, ) =110V |2 is also a con-

stant. The proof then follows from Theorem 1.4. |

Corollary 4.3. Suppose that 0 is critical for the A-functional. Then either A is a
multiple eigenvalue or there exists a nontrivial eigenfunction ¥ such that L(Y) is a
constant.

We have to leave open the question whether the latter case in the conclusion of
Corollary 1.5 can happen.

4.2. A refinement

As briefly discussed in the introduction, our characterization of the criticality for pseu-
dohermitian structures (1.3) involves the first-order derivatives of the eigenfunctions.
In this section, we show that under an additional condition, the term involving the
derivatives can be removed. This follows from the lemma below.

Lemma 4.4. Suppose that Y1, V2, ..., Vg € Er(0) satisfy

d
D+ DAklys 1> = nldpy; 1) = A (4.1)

j=1
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Assume that

d _ 5 d s 5
[ ‘ U0 ‘ dvolg < [ ‘ V3 ‘ dvolg. 4.2)
then
d
Z |¥;]* = constant.
j=1
We point out that condition (4.2) holds if either v;’s are real-valued for all j, or

the conjugations v/, are CR for all j.

Proof. Let ¢ = Z;izl |¥/; 2. Integrating both sides of (4.1) and using integration by
parts, we have (we drop the volume form to simplify our notations)

d
MvolM) = -+ D [ o=y [ 1oy

M =y
d
— 0 [o=ny [ Halwl?
M J=ly

=Ak/<ﬂ-

M

It follows that [,, ¢ = vol(M). On the other hand, by direct calculations,

d d d
Do = A + 3 0 0p05 — 109512 = D 13s95 2.

Jj=1 Jj=1 Jj=1

This and (4.1) imply that

d d
/wDbfp = %/(p(l —9) +Z/W;va_f; —Z/wlabllfjlz. (4.3)
M I=ly

M Ji=lpy

Using integration by parts, we obtain for every j and £,

/ ViViaVeviea
M
_ / U Wi Vevea) a
M

= _/‘ijEWj,&‘pe,a_/|Wj|2|éb¢€|2 +Ak/|Wj|2|W|2-
M M M
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Here, the Greek indexes preceded by commas denote the Tanaka—Webster covariant

derivatives with respect to an orthonormal frame of 7!:° M and their conjugates. Tak-
ing the sum over j and £, we obtain

d d
Z/%’%,&W@,a = —/‘Z&jéb%"z—Z/WébWﬂz+lk[<p2
J pr M J=1 J=ly M

Z—/‘iﬁjéb%"z-l-t—k/ﬂl—sﬂ)-
M J=1 M

We compute
d B d
Z/W/fjﬂb% —2:/</7|3b%|2
j=1M jle
d d
= Vg (9V))a — 13y 1
d _ d _ B d_ )
= ViVja¥a = ViviaVeVea + Vb V)
- [oovie | Ein

d_ 2 L
=/‘Zl/fj3b1/fj‘ —/‘Z%‘ab%“ +7/¢(1—<ﬂ).
M J=1 M =1 M
Plugging this into (4.3), we have that

OEA[(DW)QDZ 2?;—]{][90(1—90) +A[‘g%abwj‘2_/‘ .il%éb%‘zfo'

M J

In the last inequality, we have used the fact that the average value of ¢ is 1. Therefore,
¢ must be a constant. The proof is complete. ]

More generally, (4.2) holds if ;s satisfy the following Beltrami-type equation
for CR quasiconformal mappings (see [13]),

fo = 11 f5. (4.4)

almost everywhere on M, where u = uaB is a tensor field whose operator norm
(viewed as a field of complex linear mappings from (7%!M)* — (T1OM)*) is less
than one. We thus obtain the following corollary.
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Corollary 4.5. Let (M, 0) be a compact embeddable strictly pseudoconvex pseudo-
hermitian manifold and let Ay be an eigenvalue of the Kohn Laplacian. Assume that
k=1o0rAr_1(0) < Ap11(0). Assume further that the corresponding eigenfunctions
satisfy the Beltrami-type equation (4.4) with |||l < 1, or has a basis consisting of
real-valued functions. Then the following are equivalent:

(1) 0 is a critical for the A-functional;

(ii)  there exists a finite family of eigenfunctions {V1, V2, ..., Vq} such that

a2+ a2 4+ [Yal? =1 on M.

5. Eigenvalue ratio functionals

We consider the scaling invariant eigenvalue ratio functionals 6 +— Ag1(0)/Ax(0)
for k > 1. If 6(¢) is any analytic deformation of a pseudohermitian structure 6, then
by Theorem 3.2, t +> Ar41(6(2))/Ar(6(¢)) admits left and right derivatives at t = 0.
Therefore, we can introduce the following notion (cf. [4, 11]).

Definition 5.1. A pseudohermitian structure 6 is said to be critical for the ratio
Ak+1/ Ak if for any analytic deformation 6(¢) = e*? 0, the left and right derivatives of
Ak+1(0(2))/Ax(6(2)) at t = 0 have opposite signs or one of them vanishes.

We introduce, for each 6 € £, the operator
Pt Ex(0) ® Ex+1(0) —> Er(0) ® E41(0)
defined by
Pr = Ak 1(0)(TTx 0 O3) ® IE, ., (0)
—A(0) g 6) @ (41 0 00y,

where IT: L2(M, Wy) — E(0) is the orthogonal projection and / is the identity. The
Hermitian form naturally associated with Py, denoted by Oy, is defined as follows.
For every vy, w1 € Ex(6) and vo, wp € Ery1(6),

Or(v1 ® wi, vy ® wy) = (Tpwy, w2) 120y Qr (V1,2)
—(Opv1,v2)12(9) O f (W1, W2).

Theorem 5.1. Let (M, 0) be a compact embeddable strictly pseudoconvex pseu-

dohermitian manifold. Then 0 is critical for the functional A')‘L:l if and only if the

Hermitian form Qf is indefinite on Er(0) ® Er11(0) for every real-valued regular
Sunction f.
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Proof. Firstly, we consider the case Ax11(6) = Ax(6). The ratio functional Ag 4 /Ag
attains a global minimum at 6 and hence 6 must be critical for the ratio functional. On
the other hand, since Qf(vl ® vz, V1 ® vp) = 0 forall (v1,v3) € Ex(0) X Ex4+1(0),
the Hermitian form Q # is indefinite on Ex (0) ® Ex41(0), as desired.

Secondly, assume that A;1(6) > A, (6) and let 6(¢) be an analytic deformation
of 6. From Theorem 1.3, we have

d

d
TAO@)] _and a0

ot

are the least and the greatest eigenvalues of (ITx o [0}) on Ej () respectively, and
similarly for k + 1. Therefore,

2 d Apr (00))
MO @)

d d
= [Ak(e)akk—i-l (G(I)) ‘t=0— - Ak"'l (e)akk (9(t))‘t:0_]

t=0"

is the greatest eigenvalue of Py on Ex(0) ® Ex+1(0), and

2 d a0
M) @)

d d
= [lk(g)alk-i-l (G(t))‘t=0+ - Ak-i—l (Q(t))akk(g(t)) ‘t=0+i|

t=0t

is the least eigenvalue of Py on E;(6) ® Ex+1(8). Hence, the criticality of 6 for the

ratio functional A’)‘L:‘ is equivalent to the fact that Py admits eigenvalues of both signs,

which is equivalent to the indefiniteness of Q 7 on Ex(0) ® Ex41(8). The proof is
complete. ]

Proposition 5.2. Let M be a compact embeddable strictly pseudoconvex CR mani-
fold. For any pseudohermitian structure 6 on M, the following conditions are equiva-
lent.

(i) Forall f € A¢g(M,0), the Hermitian form Qf is indefinite on Er(0) ®
Er41(0).

(ii)  There exist finite families {1, V2, ..., Va} C Ex(0) and{¢1,¢2,. ... ¢e} C
E11(0) of eigenfunctions such that

d e
Y L) =) L), (5.1)
j=1 I=1

Here L is defined by (1.2).
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Proof. The proof use similar arguments as in [11] and [4]. For the implication
(i) => (ii), recall that for each k, the convex cone €, C L?(M, 6;R) are defined

by

€ = {ZL(V/]-): v, € Ex(0).J CN, J ﬁnite}.
jeJ
It suffices to prove that €; and €, have a nontrivial intersection. Indeed, if oth-

erwise, by the classical separation theorem, there exists a real-valued function 4 €
L?(M, 6;R) such that

/hw1 >0, w; €€,
M

and

/hwz <0, wy€ Cryq.
M

Therefore, Q5 (v,v) > Oforall v € E; and Qp(w, w) < 0forall w € Ex,. Hence
Qf(v®w,v®w) > 0.

This contradicts the assumption that O # is indefinite on Ex (0) ® Ex41(0).
Conversely, if ¥; and ¢; are as above such that (5.1) holds, taking integral both
sides and using integration by parts, we have

d e
w®Y [0 = 2@ Y [ 1ol

On the other hand, (5.1) also implies that for any smooth function f,

d e
D0rW ) =Y Or(¢n. V).
=1

Jj=1
Therefore,
Y 0, ®@¢1 Y @) =0
Jil
and thus Q  is indefinite, as desired. .

Combining Theorem 5.1 and Proposition 5.2, we obtain the following corollary.
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Corollary 5.3. Let M be a compact embeddable strictly pseudoconvex CR manifold.
Then for k > 1, a pseudohermitian structure 8 on M is critical for the functional
Ak+1/Ak if and only if there exist finite families {11, Y2, ..., Va} C Ex(0) and
{d1, P2, ..., e} C Er41(0) of eigenfunctions such that

d e
Y L) =) L),
j=1 =1

where L is given by (1.2).

6. Examples

In this section, we give explicit examples of critical pseudohermitian structures for
eigenvalue functionals of the Kohn Laplacian. If M C C"*! is a compact strictly
pseudoconvex real hypersurface defined by p = 0 with p is strictly plurisubharmonic
and 0 := idp is a pseudohermitian structure on M, then the Kohn Laplacian is given
by [16] _

O/ = (90l 33 00" = 07) fx + nldpl 2 p* fr. 6.1)
where f is a smooth function on M, extended smoothly to a neighborhood of M
in C"*1. We have used the notat_ions pj = /327, p;f = 92p/0zk0z7, p/* is the
transpose of the inverse of p, ¢, p/ = p’ k px (summation convention), and |8p|l,235p =

o’ k Pk pj. We shall also use the following observation to verify the condition (1.3) in
Theorem 1.4.

Lemma 6.1. Suppose that 1, ..., V4 are eigenfunctions with eigenvalue Ay which
satisfy

d
Q= Z |¥/j|* = constant.
j=1
If either Vj’s are real-valued for all j, or the conjugations % ’s are CR for all j,
then (1.3) holds.
Proof. By direct calculations, we have that
d d d _
Do =A@ + > ¥ 0w — Y 10p951> = Y 105951 (6.2)
j=1 j=1 Jj=1

If ¢ is a constant and v/; ’s are real-valued, (6.2) implies that Z;izl |5b Y; |2 is constant
and hence (1.3) follows. The argument for the case the conjugations v;’s are CR is
similar and omitted. ]
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Example 6.2. On the sphere S?* ! with the standard pseudohermitian structure ® :=
i|| Z||?, the restrictions of the anti-holomorphic functions Z are the eigenfunctions
for the first positive eigenvalue A; = n. Clearly, ¢ := Z;';L 11 |Z;|?> = 1 on the sphere. It
follows from Lemma 6.1 that condition (1.3) in Theorem 1.4 holds. Thus, ©® is critical

for A1 -functional.

Example 6.3 (cf. [17]). Consider the sphere S3 in (Ciw with the standard pseu-
dohermitian structure. The functions v := z2, ¥, := +/2Zw, and VY3 := W> are
eigenfunctions of A, = 2 since O, v; =2y, for j =1,2,3.0n S3, 213‘=1 [ |? = lis
a constant. Therefore, by Lemma 6.1 and Theorem 1.4, the standard pseudohermitian
structure on S3 is also critical for A, = 2.

Alternatively, consider the restrictions of ¢; := V2R (zw), 02 1= V23(zw), and
@3 := |z|*> — |w|?. Then, for each j = 1,2, 3, ¢; is a real-valued eigenfunction for
Ao = 2. Moreover, by a direct calculation, Z;’Zl L(¢j) = 21is constant.

Example 6.4. This example generalizes the previous one. Let J, ;(S?"*!) be the
space of the restrictions to the sphere of the harmonic bihomogeneous polynomials
of bidegree (p, ¢). Then ¥, ,(S?"*1) is a subspace of the eigenspace E; that corre-
sponds to the eigenvalue A = g(p + n). On the other hand, the unitary group U(n) acts
transitively on S?”*1 and preserves the standard pseudohermitian structure. Thus, if
{¥} is an orthonormal basis for this eigenspace, then

Z L(y;) = constant.
J

When p = 0, a similar identity holds if we take {1;]-} to be the orthonormal basis for
Ho,q(S>"T1), since U(n) also preserves the space of (anti) CR functions. Arguing
similarly as in the proof of Corollary 1.5, we deduce that } _; |1Zj |? is constant on the
sphere. The last assertion is essentially [21, Theorem 1].

Example 6.5 (cf. [22]). Let S, be the compact strictly pseudoconvex real hypersur-
face in C"*! defined by p = 0, where

n+1

p =2 (oglz ) —r%

j=1

Then S, is the boundary of the smoothly bounded strictly pseudoconvex Reinhardt
domain {p < 0}. It is well known that S, is locally homogeneous as a CR manifold,
but not globally homogeneous. Thus, Corollary 1.5 does not apply for this case.

Let 8 = idp|s,. Using (6.1), we can easily compute

n
Op(log|z;|*) = ﬁlog|zj|2.
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Therefore, the functions v; := r~!log|z;|?, j = 1,2,...,n + 1, are real-valued
eigenfunctions of [Jp, that correspond to the eigenvalue A = n/(2r?). Clearly, v +
v3+ -4 v2,; =1 onS,. Thus, by Lemma 4.4 and Theorem 1.4, 6 is critical for
the eigenvalue A = n/(2r?) on S,.

Note in passing that since v;’s are also eigenfunctions for the sub-Laplacian that
correspond to the eigenvalue A(A) = n/r?. By previous result [4], 6 is also criti-
cal for the eigenvalue of the sub-Laplacian and hence the map (z1, 22, ..., Zn+1) =

(log|z1|?.....log|zy+1]?) is a pseudoharmonic submersion onto the sphere.
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