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Distinguished self-adjoint extension and eigenvalues
of operators with gaps.
Application to Dirac—Coulomb operators

Jean Dolbeault, Maria J. Esteban, and Eric Séré

Abstract. We consider a linear symmetric operator in a Hilbert space that is neither bounded
from above nor from below, admits a block decomposition corresponding to an orthogonal
splitting of the Hilbert space and has a variational gap property associated with the block decom-
position. A typical example is the Dirac—Coulomb operator defined on C2°(R3 \ {0}, C#). In
this paper we define a distinguished self-adjoint extension with a spectral gap and characterize
its eigenvalues in that gap by a min-max principle. This has been done in the past under tech-
nical conditions. Here we use a different, geometric strategy, to achieve that goal by making
only minimal assumptions. Our result applied to the Dirac—Coulomb-like Hamitonians covers
sign-changing potentials as well as molecules with an arbitrary number of nuclei having atomic
numbers less than or equal to 137.

1. Introduction and main result

In three space dimensions, the free Dirac operator is of the form D = —ia -V + 8

with
12 0 0 Of
— s = k = 1,2,3 5
p (0 —12) e (ak 0) ( )

01,072,073 being the Pauli matrices (see [30]). The Dirac—Coulomb operator is Dy =

D + V where V is the Coulomb potential —l)‘z—l (v > 0) or, more generally, the convo-
lution of —ﬁ with an extended charge density. Usually, one first defines D_, /|| on
the so-called minimal domain C2°(R3 \ {0}, C*). The resulting minimal operator is
symmetric but not closed in the Hilbert space L?(R3, C#). It is essentially self-adjoint
when v lies in the interval (0, V3 /2]. In other words, its closure is self-adjoint and
there is no other self-adjoint extension. For larger constants v one must define a distin-

guished, physically relevant, self-adjoint extension and this can be done when v < 1.
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The essential spectrum of this extension is R \ (—1, 1), which is neither bounded
from above nor from below. In atomic physics, its eigenvalues in the gap (—1, 1) are
interpreted as discrete electronic energy levels.

Important contributions to the construction of distinguished self-adjoint realisa-
tions of Dirac—Coulomb operators were made in the 1970s, see, e.g., [17, 18,23, 24,
27,34-36]. In these papers, general classes of potentials V' are considered, but in the
case V = —v/|x| one always assumes that v is smaller than 1.

Reliable computations of the discrete electronic energy levels in the spectral gap
(—1, 1) are a central issue in Relativistic Quantum Chemistry. For this purpose, Tal-
man [29] and Datta and Devaiah [2] proposed a min-max principle involving Rayleigh
quotients and the decomposition of four-spinors into their so-called large and small
two-components. A related min-max principle based on another decomposition using
the free-energy projectors Ir_ (D) was proposed in [14] and justified rigorously
in [5] for v € (0, ﬁ). An abstract version of these min-max principles deals
with a self-adjoint operator A defined in a Hilbert space # and satisfying a varia-
tional gap condition, to be specified later, related to a block decomposition under an
orthogonal splitting

H=Hi D H_. (1.1)

Such an abstract principle was proved for the first time in [16], but its hypotheses
were rather restrictive and the application to the distinguished self-adjoint realization
of Dy only gave Talman’s principle for bounded electric potentials (see also [19,
33] for related abstract principles). In [15], an improved abstract min-max princi-
ple was applied to Dy with the splitting given by the free-energy projectors, for the
unbounded potential —v/|x| with v € (0, 0.305]. In [4], thanks to a different abstract
approach, the range of essential self-adjointness v € (0, v/3/2] was dealt with, both
for Talman’s splitting and the free projectors. The articles [10,11,21,22,26] followed
and the full range v € (0, 1] is now covered.

Using some of the tools of [4], Esteban and Loss [12, 13] proposed a new strategy
to build a distinguished, Friedrichs-like, self-adjoint extension of an abstract sym-
metric operator with variational gap and applied it to the minimal Dirac—Coulomb
operator, with v € (0, 1]. In [10, 11], connections were established between this new
approach and the earlier constructions for Dirac—Coulomb operators.

Important closability issues had been overlooked in some arguments of [4] and
some domain invariance questions had not been addressed properly in [12, 13] (see
the beginning of Section 3.2). In [26] these issues are clarified and the self-adjoint
extension problem considered in [12,13] is connected to the min-max principle for the
eigenvalues of self-adjoint operators studied in [4]. The abstract results in [26] have
many important applications, but some examples are not covered yet, due to an essen-
tial self-adjointness assumption made on one of the blocks. In the corrigendum [8]
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of [4], we present another way of correcting the arguments of [4] thanks to a new
geometric viewpoint. In the present work, by adopting this viewpoint, we are able to
completely relax the essential self-adjointness assumption of [26]. Additionally, our
variational gap assumption is more general, as it covers a class of multi-center Dirac—
Coulomb Hamiltonians in which the lower min-max levels fall below the threshold of
the continuous spectrum (see, e.g., [6] for a study of such operators): we shall use the
image that some eigenvalues dive into the negative continuum.

Before going into the detail of our assumptions and results, we fix some general
notations that will be used in the whole paper. We consider a Hilbert space # with
scalar product (-, -) and associated norm || - ||. When the sum V' + W of two subspaces
V, W of # is direct in the algebraic sense, we use the notation V+W. We reserve
the notation V' @ W to topological sums. We adopt the convention of using the same
letter to denote a quadratic form ¢(-) and its polar form ¢ (-, -). We use the notations
D(q) for the domain of a quadratic form ¢, O (L) for the domain of a linear operator
L and R (L) for its range. The space O (L) is endowed with the norm

Ixllowy == vIxII> + [ Lx|?, forall x € D(L).

We denote the resolvent set, spectrum, essential spectrum and discrete spectrum of a
self-adjoint operator 7 by p(T'), 0 (T'), Oess(T') and ogisc(T') respectively.

Let us briefly recall the standard Friedrichs extension method. Let S: D(S) —
H be a densely defined operator. Assume that S is symmetric, which means that
(Sx,y) = (x,Sy) forall x, y € D(S). If the quadratic form s(x) := (x, Sx) asso-
ciated to S is bounded from below, i.e., if

0 it 2

1:= n 5 > — 00,
xeD(SH\{0} || x]|

then S has a natural self-adjoint extension 7', which is called the Friedrichs extension
of S and can be constructed as follows (see, e.g. [25] for more details). First of all,
since the quadratic form s is bounded from below and associated to a densely defined
symmetric operator, it is closable in J. Denote its closure by 5. Take £ < £;, so
that 5(-,-) — £(, -) is a scalar product on D (5) giving it a Hilbert space structure. By
the Riesz isomorphism theorem, for each f* € J, there is a unique uy € O(S) such
that s(v,ur) — €{v,ur) = (v, f) for all v € D(5). Note that uy is also the unique
minimizer of the functional Ir(u) := %(E(u) —|u|?) — (u, f) in D(5). The map
J > uy is linear, bounded and self-adjoint for (-, ). Its inverse is 7" — fidg and
one easily checks that 7 does not depend on £: this operator is just the restriction of
S* to D(5) N D(S*). An important property of the Friedrichs extension is that the
eigenvalues of 7" below its essential spectrum, if they exist, can be characterized by
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the classical Courant-Fisher min-max principle: for every positive integer k, the level

s(x)

inf sup >
V subspace of D(S) xeV\{0} ||X ||
dimV=k

ﬁk =

is either the bottom of 0.4 (7") (in the case £; = £y forall j > k) or the k-th eigenvalue
of T (counted with multiplicity) below s (T).

In the special case of the Laplacian in a bounded domain 2 of R4 with smooth
boundary, § = —A: C°(Q2) — L?(R2), one has D(5) = H(} (£2) and the construction
of the Friedrichs extension 7' corresponds to the weak formulation in HO1 (2) of the
Dirichlet problem: —Au = f in Q, u = 0 on d2. In other words, uy is the unique
function in Hg (€2) such that for all v € Hy (), [o Vus - Vvdx = [ fvdx. So,
T is the self-adjoint realization of the Dirichlet Laplacian. By regularity theory, we
learn that D(T) = H?(Q) N Hy (Q).

From now on, in this paper, we consider a dense subspace F of # and a symmetric
operator A: F — Jf. We do not assume that the quadratic form a(x) := (x, Ax) is
bounded from below, so we cannot apply the standard Friedrichs extension theorem
to A. We introduce an orthogonal splitting # = H4 @ H_ of H as in (1.1). We
denote by

Agp:JH — Hy
the orthogonal projectors associated to this splitting. We make the following assump-
tions:
Fi := AL F and F_ := A_F are subspaces of F (H1)
and
Ao = alx-) o (H2)

x_er_\{o} Ix=|?

We also make the variational gap assumption that
for some kg > 1, we have A, > Agy—1 = Ao (H3)

where the min-max levels A (k > 1) are defined by

a(x
o=t s AW 12
V subspace of F xe(V®F-)\{0} ||X||
dimV=k

In order to construct a distinguished self-adjoint extension of A, for E > Ay we are
going to decompose the quadratic form a — E|| - ||? as the difference of two quadratic
forms ¢ and bg with g g bounded from below and closable, while bg is positive and

closed. Before stating our main result, let us define these quadratic forms.
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We first introduce a quadratic form b on F_:
b(x_) =—a(x-) = (x_,(=A_A p_)x_) forallx_e F_. (1.3)
For E > Ao, it is convenient to define the associated form
bg(x—) = b(x_) + E|x_||*> forall x_ € F_. (1.4)

As a consequence of assumption (H2) and of the symmetry of — A_A |'r_, we have
that

bg is positive definite for all E > Ao and b is closable in #_. b)

We denote by b the closure of b and by bz = b + E|| - ||? the closure of b, their
domain being O (h). We can consider the Friedrichs extension B of — A_A |r_ .
For every parameter £ > Ag, the operator B + E: D(B) — J_ is invertible with
bounded inverse. This allows us to define the operator Lg: F — D (B) such that

Lgxy = (B+E)"'A_Axy, forallxy € Fy. (1.5)
We then introduce the subspace
I'g :={x+ + Lgx+:x4 € F1} C FL & D(B). (1.6)
Making an abuse of terminology justified by the isomorphism
Fi ® D(B) ~ Fi x D(B),
we call I'g the graph of L g. On this space, we define a quadratic form gg by
qe(X+ + LExy) = (x4, (A — E)x4) + (Lgx4+, (B + E)Lgx4). (1.7

Denoting by 'z the closure of 'z in # and by I1£ the orthogonal projection on I'z,
we may write
qge(x) = (x,Sgx), forallx € I'g,

where
S =INg(A+(A—E) Ay + A_(B+ E)AD) Iy (1.8)

The operator Sg is symmetric and densely defined in the Hilbert space (I'g,
(-, ") FI:Exl:E). It is one of the two Schur complements associated with the block
decomposition of the operator A — Eidg under the orthogonal splitting # = #, &
JC_. Further details on ¢, Sg are given in Section 2. In particular, in Section 2.1 the
decomposition of a — E| - || in terms of ¢, bg is given. Note that in [4] (before its
corrigendum [8]) as well as in [12, 13,26], the form b was already present and a form
analogous to gg was defined, but its domain was F_ instead of I'g.

The main result of this paper is as follows.
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Theorem 1. Let A be a densely defined symmetric operator on the Hilbert space
H with domain F. Assume (H1), (H2), and (H3) and take E > Ao. With the above
notations, the quadratic forms b and qg are bounded from below, b is closable in J#_,
qE is closable in T and they satisfy

D(Gr) N D(b) = {0}.
The operator A admits a unique self-adjoint extension A such that
D(A) C D(GE)+D (D).
The domain of this extension is
D(A) = D(A") N (D(Gr)+D(h))

and it does not depend on E.
Writing
Aoo :=1lim Ay € (Ao, 9]

one has
Aoo = inf(0ess(A) N (Ag. +00)).

In addition, the numbers Ay (k > 1) satisfying Lo < Ar < Aoo are all the eigenvalues
— counted with multiplicity — of A in the spectral gap (Ao, Aso)-

Theorem 1 deserves some comments.

* In some situations, one encounters a symmetric operator A that does not sat-
isfy (H1) but has the weaker property A+ D (A) C D(A), where A denotes the closure
of A. This happens for instance if one defines a Dirac—Coulomb operator on a “mini-
mal” domain consisting of compactly supported smooth functions, and one considers
the splitting associated with the free energy projectors A+ = Ir_ (D); see the exam-
ple of Section 6.2. In such a case one can replace A by its symmetric extension
A MA +DW@A_D(4)- Then (HI) is automatically satisfied by the new domain and
it remains to check that the new operator satisfies (H2)—(H3) before applying Theo-
rem 1.

* In the earlier works [4-6,10,15,16,21,22,26] on the min-max principle in gaps,
one assumes that A; > Ao, which amounts to consider assumption (H3) with ko = 1.
Allowing ko > 2 can be important in some applications; see Section 6. The abstract
min-max principle for eigenvalues in the case ko > 2 was first considered in [7], but
in that paper (H2) was replaced by a much more restrictive assumption. Moreover, the
proof in [7] was based on the arguments of [4], so it suffered from the same closability
issue solved in [26] and the corrigendum [8] of [4]: the closure of L was used but
its existence was not proved.
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* Compared with [13,26], another important novelty is that for constructing
A we do not need the operator — A_A [r_ to be self-adjoint or essentially self-
adjoint in J_. This assumption was used in [26] to prove that L g is closable, while
in the present work this closability is not needed thanks to a new geometric view-
point: instead of trying to close Lg we consider the subspace 'z, which of course
always exists, but is not necessarily a graph. As pointed out in [26], essential self-
adjointness of — A_A [ r_ holds true in many important situations. However, there
are also interesting examples for which it does not hold true. An application to Dirac—
Coulomb operators in which the essential self-adjointness of — A_A |'r_ does not
hold true is described in Section 6.2. Let us give a simpler example: on the domain
F := (C>(2,R))? consider the operator

u —Au
A = 1.9
()= (&) 9
taking values in # = (L2(Q, R))2, where Q is a bounded open subset of R? with
smooth boundary. In this case one takes

()= ~0)=0)

v 0 v v

and (H1) holds true. If A(€2) > 0 is the smallest eigenvalue of the Dirichlet Laplacian
on 2, we have g = —A(R) in (H2) and A; = A(R2) > Ag, so (H3) with kg = 1
holds true. But —A_A | p_ is the Laplacian defined on the minimal domain {0} x
C2°(2,R), and it is well known that this operator is not essentially self-adjoint in
{0} x L?(2,R), so one cannot apply the abstract results of [13,26]. In this example,

the distinguished extension given by Theorem 1 is easily obtained as follows. One
checks that

D(b) = {0} x Hy (2, R),
D(Gr) = Hy (2, R) x {0},
D(A*) = (H*(Q,R))>.

So, denoting by AP the Dirichlet Laplacian with domain H2(Q,R) N H/ (2, R),
one finds that
~ —AD) 0
A= .
0o AD

e In [26], it is proved that the extension Ais unique among the self-adjoint
extensions whose domain is included in Ay D(gg) ® H_, assuming that the oper-
ator —A_A |F_ is essentially self-adjoint. But the above example shows that with-
out this assumption, such a uniqueness result does not hold true in general. Indeed,
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since A: C2(2,R) — L?(2, R) is not essentially self-adjoint, the operator 4 given
by (1.9) has infinitely many self-adjoint extensions with domains included in
A+ D(Gg) ® H_. For instance, one can take

~ —AD) 0
A:( 0 A(N))

with A the self-adjoint extension of A associated with the Neumann boundary
condition Vv - n = 0, where n denotes the outward normal unit vector on d$2. Obvi-
ously, A £ A.

* As we will see in Section 6.1, when dealing with the Dirac—-Coulomb operator
D_, |y with Talman’s splitting, it is natural to choose F = C°(R? \ {0}, C*). Then
the large and small two-components appearing in Talman’s min-max principle are
taken in C2°(R3 \ {0}, C2). But other functional spaces can be used for these com-
ponents. In [21,22] an abstract min-max principle is stated in the setting of quadratic
forms and applied to Talman’s min-max principle with H'/2(R3, C2) as space of
large and small two-components, under the condition v € (0, 1). However, it seems
that some closability issues are present in the proof of the abstract principle, as in [4].
We do not know whether the geometric approach of the present paper could be adapted
to the framework of [21] in order to avoid these closability issues without additional
assumptions. Note that, by a completely different approach, Talman’s min-max prin-
ciple is proved in [10] for all v € (0, 1], with arbitrary spaces of large and small
two-components lying between C°(R3 \ {0}, C?) and H'Y2(R3,C?).

Concerning the proof of Theorem 1, we emphasize three main facts.

(1) The quadratic form qg (x) = (x, Sgx) is bounded from below for all E > Ay,
so that it has a closure g in Tg and Sg has a Friedrichs extension Tg . This fact will
allow us to define the distinguished extension A as the restriction of A* to DA™ N
(D(Gg) + D(b)). We will prove its symmetry thanks to a formula expressing the
product ((A — E)X, U) in terms of gz and bg, for X € D(A) and U € D(Gg) +
D(b). This formula will be deduced by density arguments from a decomposition of
a — E| - ||? as the difference of ¢z and bg.

(2) The self-adjoint operator Tg is invertible for all g < E < Ag,. Combined
with the (obvious) invertibility of B 4 E, this fact will allow us to construct the
inverse of the distinguished extension A-E, by using once again the formula relating
((A—E)X,U) to §g and bg. Then, by a classical argument, we will conclude that
A is self-adjoint.

(3) Although we are not able to prove that Tz is a graph above #, we will see
that the sum Tz + D(b) is direct in the algebraic sense. More importantly, if we
denote by 7g: Tg+D(b) — Tg and Tt Te+D(b) — D(b) the associated projec-
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tors, the linear map
X € D(A) — (g X.npX) € Tg x D(b)

is continuous for the norms || X || oz and | 7w X || + |7 X ||. Thanks to this fact, we

will be able to give a relation between the spectra of A and Tg which will allow us to
prove the min-max principle for the eigenvalues of 4 above A¢.

For ko = 1 the facts (1) and (2) are a consequence of the positivity of gg for
E € (Ao, A1) and of the Riesz isomorphism theorem. When ko > 2 the positivity is
lost, but these two key facts still hold true for other reasons to be given in the proofs
of Proposition 6 and Lemma 7 and in Remark 8.

The paper is organized as follows. In Section 2, we study the quadratic form gg
under assumptions (H1) and (H2). In Section 3, under the additional condition (H3)
we prove that gg is bounded from below, then we study its closure gg and the
Friedrichs extension Tg. The self-adjoint extension A is constructed in Section 4 and
the abstract version of Talman’s principle for its eigenvalues is proved in Section 5,
which ends the proof of Theorem 1. Section 6 is devoted to Dirac—Coulomb operators
with charge configurations that are not covered by earlier abstract results.

2. The quadratic form g

The results of this section are essentially contained in the earlier works [4, 13, 26],
we recall them here for the reader’s convenience. We first give a more intuitive inter-
pretation of the objects L g, gg that have been defined in the introduction. Then we
define a sequence of min-max levels for g that will be related to the min-max levels
A of A in Section 5.

2.1. A family of maximization problems

In this section we motivate the definition of Lg and gg given in the introduction.
Consider the eigenvalue equation (A — E)x = 0 with unknowns x € F and E € R.
Writing x4 := A4x, y— := A_x and projecting both sides of the equation on J#_,
one gets

A_Axy +A_(A—E)y_=0

which is also the Euler-Lagrange equation for the problem

sup (x4 + y—, (A= E)(x4 + y-)).
y—€F_

Given x4 in F, one can try to look for a solution y_. In general, the problem is
not solvable in F_ but one can consider a larger space in which a solution exists.
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We denote by Lgxy the generalized solution. In order to make these explanations

more precise, we need to express the quadratic form a — E|| - ||2 in terms of ¢z, bg.

Given x4 € Fy and E > Ao, let 9 x,: F— — R be defined by
PExy (=) == (x4 + y—. (A= E)(x+ + y-)), forally_ € F_,

One easily sees that g . has a unique continuous extension to !D(l;) which is the
strictly concave function

GExi V- € D) > (xy. (A= E)(xy)) + 2Re(Axy, y-) = be(y-).
The main result of this section is the following.

Proposition 2. Let A be a symmetric operator on the Hilbert space H#. Assume
hypotheses (H1) and (H2), take E > Ao, and remember the definition (1.7) of qg.
Then

* one has the decomposition
(X.(A-E)X) =qe(A+X + LEA+X)
—be(A_X —LgALX), forallX € F; .1

e foreach xy € Fy, LgXxy is the unique maximizer of ¢g . and one has
+ + + q PE.xy

ge(x4 + LExy) = @g x, (LEX4)
= [max GE.x, (r-)

= sup @gx, (y-). (2.2)
y_€F_

Proof. If X € F, taking x4 := Ay X e F4, y_:=A_X € F_and z_ ;== y_ —
Lgxy € D(B), we obtain

(X, (A= E)X) = (x4, (A= E)xy) + 2Re(Axy, y_) = (y—. (B + E)y-)
= (x4+,(4A— E)x4) + 2Re(Lgxy, (B + E)y-)
—{(y—.(B+E)y-)
= (x4, (A= E)x4) + (LEx+, (B + E)Lgx4)
+Re(Lgx4+,(B+ E)z_) —Re{z_,(B+ E)y-)
= (x4, (A= E)x4) + (LEx+, (B + E)Lgx4)
—(z—,(B+ E)z_),

which proves (2.1). Now, given x4 € F_ this identity can be rewritten in the form

9Ex, (V=) =qe(x+ + LExy) — 15E(y_ — Lgxy4), forally_ e F_.
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By density of F_ in the Hilbert space (D (b), bg (-, -)) one thus has
§Exs (V) = qE (x4 + Lpxy) —bp(y- — Lgxy), forall y- € D(b)

and by the positivity of br one concludes that (2.2) holds true, which completes the
proof. |

2.2. The min-max levels for ¢

If assumptions (H1) and (H2) hold true, to each E > Ay we may associate the nonde-
creasing sequence of min-max levels (£ (E))x>1 defined by

qE(x)

inf r u ” “2
V' subspace of X
0 % E xeV\{0}

Zk(E) =

€ [—o0, +00). 2.3)

We may also define the (possibly infinite) multiplicity numbers
mp(E) := card{k’ > 1: {3/ (E) = L (E)} > 1. 2.4)

In this section we analyze the dependence on E of the quadratic form gg and its
associated min-max levels. The results are summarized in the following proposition.

Proposition 3. Assume that (H1) and (H2) of Theorem 1 are satisfied. Then

o forallAg < E < E’ and forall x4 € Fy, we have

— o
— o

El
et + Lpxg |l < flxg + Lexy | < — [x+ + Le x4 (2.5)

and

(E'— E)|lxy + Leixt > <qe(xy + Lexy) —qe/(xy + Lgixy)

<(E'—E)|xy + Lexy|*: (2.6)
* for every positive integer k and all A > Ag, one has
Ce(A) = A — A5 (2.7)

» for every positive integer k, if Ay > Ao then for all A > Mg, one has

A= 2o )2. 2.8)

) = O =D

As a consequence, when A > Ao the min-max level £ ()) is finite for every A > Ao.
It is positive when Ao < A < A, negative when A > Ay and one has £ (L) = 0 if and
only if A = Ay. Therefore, the formula my(Ar) = card{k’ > 1: Apr = A} holds true.



J. Dolbeault, M. J. Esteban, and E. Séré 502

Proof. Both formula (2.5) and (2.6) as well as their detailed proof can be found in [4,
Lemma 2.1] and [26, Lemma 2.4], so here we just give the main arguments. In order
to prove (2.5) one can start from the fact that for all t > —A,,

E' — %o

E—Xo

t+ENV'<@t+E)"'< (t+ E7L.

Then one can use the inclusion o (B) C [—A¢, 00) and the definition of L g. In order
to prove (2.6), one notices that this formula is equivalent to the two inequalities
¢e(LE'x+) =qe(x+ + Lgxy) and 9/ (LEX+) < qg/ (x4 + Lgrxy), which both
hold true thanks to (2.2).

We now prove (2.7) and (2.8). By definition of Ay, for each ¢ > 0 there is a
k-dimensional subspace V, of F such that for all x4 € Vy and y_ € F_, a(X) <
(Ak + &) X||? with X = x4 + y_.If E € (A9, 00), then this inequality can be rewrit-
ten as

0Exy (V-) < (g — E + o)llx4 + y-|*.

By a density argument, one infers that the inequality
GEx, (V) < Ak —E +o)|xy +y-|°

holds true for all y_ € !D(I;). Choosing y_— = Lgx4+ and using (2.2), one gets the
estimate ¢ (x) < (Ax — E + &) x||?> with x = x4 + Lg x4, hence

qe(x) _ 3

<Ak—E+¢
xew.\{o} x|

with W, := {x € Tg: Ay x € V,}. Since ¢ is arbitrary and dim(W;) = k, we conclude
that (2.7) holds true.

On the other hand, using once again the definition of A, we find that for each
e > 0 and each k-dimensional subspace W of Ty, , there is a nonzero vector x, in
the k-dimensional space V := A4 W C Fy and a vector y, € F_ such that a(X,) >
(Ak — &)|| Xe||? with X, = x, + ye. If A > Ao, after imposing & < Ax — Ao we get
O —sx. (Ve) > 0, hence, invoking (2.2), ga, —¢(xe + L, —¢X¢) > 0. Then, using (2.5)
and (2.6) with the choices E = Ay — ¢, E' = Ai, we get

qArx (xe + L/lkxs) = qu—s(xs + L)Lk—sxa) —ellxe + L)Lk—sxt?”z

_— Ax — Ao

2
_— L 2,
= (/\k—8—ko> ”xe+ )kasu

Since W and ¢ are arbitrary, we thus have £; (1) > 0. Combining this with (2.7), we
see that £ (Ar) = 0.
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It remains to study the case Ax > Ag and A € (A9, 00) \ {1 }. We take an arbitrary
k-dimensional subspace W of I';. We define
V=AW C Fy
and

Wi={x=x4+Ljxs:xp €V} CIy,.

Then W is also k-dimensional, so one has sup, ¢\ {0y qﬁl’;—”(j) > 0, from what we have
just seen. So, by compactness of the unit sphere for || - || of the k-dimensional space W

and the continuity of g, on this space, there is xo € V such that |[xo + L, xo| = 1
and g, (xo + L, Xo) > 0. In order to bound g (xo + L} xo) from below, we use (2.5)
and (2.6) with £ = min(4, A¢) and E’ = max (A, A;). We get

ga(xo + Laxo) = (g — A)||x0 + Ly, xol|?

= (=2

A — Ao \2
xo + Lxol|%.
) o+ Laxol
Since W is arbitrary, we conclude that (2.8) holds true.
The last statements of Proposition 3 — finiteness and sign of £ (1), the fact that
Ak is the unique zero of £; — are an immediate consequence of (2.7) and (2.8). Note

that this characterization of A; as unique solution of a nonlinear equation was already
stated and proved in [4, Lemma 2.2 (c)] and [26, Lemma 2.8 (iii)]. [

Remark 4. Assumptions (H1) and (H2) are rather easy to check in practice, but
checking (H3) is more delicate. The second point in Proposition 3 provides a way
to do this: one just has to prove that for some ko > 1 and Eg > Ag the level £, (Eo)
is nonnegative, which implies that Ax, > Ey. In Section 6 we will apply this method
to one-center and multi-center Dirac—Coulomb operators.

Remark 5. The numerical calculation of eigenvalues in a spectral gap is a delicate
issue, due to a well-known phenomenon called spectral pollution: as the discretiza-
tion is refined, one sometimes observes more and more spurious eigenvalues that do
not approximate any eigenvalue of the exact operator (see [20]). It is possible to elim-
inate these spurious eigenvalues thanks to Talman’s min-max principle. A method
inspired of Talman’s work was proposed in [6, 9]. The idea was to calculate each
eigenvalue Ay as the unique solution of the problem £; (1) = 0. This method is free
of spectral pollution, but solving nonlinear equations has a computational cost. The
estimates (2.7) and (2.8) proved in the present work suggest a fast and stable iter-
ative algorithm that could reduce this cost. Starting from a value E© comprised
between Ay and Aj, one can compute a sequence of approximations by the formula
EUFD = EU) 4 ¢, (EWY)). From (2.7), one proves by induction that for all j > 0,
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one has EU) € (Ao, Ag), EVTD — EG) = (3 (EY)) > 0 and EU) converges mono-
tonically to A;. Moreover, combining the inequalities (2.7) and (2.8) one finds that for
|h| small, i + £ (A + h) = O(h?). So, EY) converges quadratically to Ax. It would
be interesting to perform numerical tests of this algorithm in practical situations.

3. The closure g and the Friedrichs extension 7Tg

In this section, under assumptions (H1), (H2), and (H3) we prove that the form gg is
bounded from below and closable, so that the Schur complement Sg has a Friedrichs
extension Tg. We then relate the spectrum of Tg to the min-max levels Ax. Finally,
we construct a natural isomorphism between the domains of gg and ggs for all
E, E' > L.

3.1. Construction of gg and Tg
In this section we are going to prove the following result.

Proposition 6. Let A be a symmetric operator on the Hilbert space H. Assum-
ing (H1), (H2), and (H3) and with the above notations,

* foreach E > Ay, the quadratic form qg (x) = (x, Sgx) is bounded from below
hence closable in Tg and Sg has a Friedrichs extension Tg;

o ifE € (Ao Aoo) \ {Ak:k > ko), then Tg: D(Tg) — Tk is invertible with bounded
inverse; if Ao < Ax < Aco, then 0 is the k-th eigenvalue of Ty, counted with
multiplicity; moreover; its multiplicity is finite and equal to card{k’ > 1: Ay = Ay }.
If Ak = Ao for some positive integer k, then 0 = min o ¢s(T), ).

The main tool in the proof of Proposition 6 is the following result.

Lemma 7. Under assumptions (H1), (H2), and (H3), for every E > Ao, there is

kg > Osuchthat qg +kg| - |*> > | -|?> onTEg.

Proof. We distinguish two cases depending on the value of kg = min{k > 1: 1 > A¢}.

When kg = 1, one has A1 > A¢ and g, (x) > 0 for all x € I'y,. So, using the
inequalities (2.5) and (2.6), one finds that for all £ > A¢ and x € I'g, g (x) +
kg |l x> = [lx]|?, with

E —/\0)2'

=1 E—A
e 1= 1+ max{0, (€~ A} (35

When kg > 2, we need a different argument and the formula for kg is less explicit.
As in the case kg = 1, we just have to find a constant kg for some E > Ag; then
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the inequalities (2.5) and (2.6) will immediately imply its existence for all E > Ag.
We take E € (A9, Ag,). Since Ag,—1 = A9 < E, by the second point of Proposition 3
we have {i,_1(E) € [-00,0). So, there is a (ko — 1)-dimensional subspace W of I'g
such that

gl = Sup QE (w)

€ (—00,0).
wew\foy lwl?

Let C := sup{||Sew]|: w € W, |w]| < 1}. This constant is finite, since the space W
is finite-dimensional. We now consider an arbitrary vector x in I'g and we look for a
lower bound on g g (x). We distinguish two cases.

First case: x € W. Then qg (x) = (x, Sgx) > —C||x||%.

Second case: x ¢ W. Then the vector space span{x} @& W has dimension kq. Since
Ako > E > Ao, by the third point of Proposition 3 we obtain £, (E) > 0, so there is
a vector wg € W such that gg (x + wg) > 0. Then we have

qE(x) = qE(x + wo) — 2Re(x, SEwo) — qE (wo)

! 2 C2 2
=2C ||x|[lwol + [€[[woll Z—WIIXII :

A%

In all cases, if we choose kg = 1 + max{C, C2/|l'|}, we get g (x) + kg|x|?* >
|| x||2. This completes the proof of the lemma. [

Proof of Proposition 6. As mentioned in the introduction, we have ¢g (x) = (x, Sg x),
where Sg:Tg — [g is the Schur complement of the block decomposition of A — E
under the splitting K = K4 & H_ given by formula (1.8). The operator Sg is densely
defined in the Hilbert space 'z and it is clearly symmetric, moreover we have just
seen that gg is bounded from below, so g is closable in Tg. We denote its closure
by gg. We call Tg the Friedrichs extension of Sg in T'g. With

too(E) := lim £i(E).

the classical min-max principle implies that the levels £;(E) such that £ (E) <
L5 (E) are all the eigenvalues of Tg below £o,(E) counted with multiplicity, and
one has £ (E) = infoess(TE). So we have the following cases.

If £ € (A0, A00) \ {Ar:k > 1}, then by Proposition 3, one has 0 < £o,(E) and 0
is not in the set {£x (E): k > 1}. As a consequence, it is not in the spectrum of Tk, so
Tk is invertible with bounded inverse.

If E = Ag with Ag < A < Ao, then, using once again Proposition 3, we find that
L (E) = 0and £ (E) > 0. So, 0 is an eigenvalue of Tg of finite multiplicity equal
to my (Ax) where my has been defined in (2.4). From Proposition 3, my (Ax) equals
card{k’ > 1: Ay = Ai}.
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If \x = Aoo, then for all k" > k one has A = Ay, s0 0 = €4/ (1) by Proposition 3.
In other words, 0 = £ (Ax). Then the classical min-max theorem implies that 0 =
min Uess(T/lk )

Proposition 6 is thus proved. |

Remark 8. When ko = 1 and A9 < E < A4, the closed quadratic form g is positive
definite and the invertibility of T is just a consequence of the Riesz isomorphism
theorem.

3.2. A family of isomorphisms

In the earlier works [4] (before its corrigendum [8]) and [12,13,26], gg was seen as a
quadratic form on F and the domain of its closure was independent of E. Note, how-
ever, that the existence of the closure was claimed without proof in [4] and this was a
serious gap. Moreover, the proof of the domain invariance was based on an incorrect
estimate in [12, Proposition 2] and was incomplete in [13], but this domain invariance
problem is easily fixed using [4, inequalities (10)—(11)] which are called (2.5)—(2.6)
in the present work.

In our situation, since we do not know whether L g is closable or not, it is essential
to define gg on I'g and then to close it in Cg. So, the domain of ¢gE cannot be
independent of E: indeed, it is a subspace of I'z which itself depends on E. However,
if we endow each space D(Gg) with the norm | x| g, = vde(x) + ke x]2,
there is a natural isomorphism ig g/ between any two Banach spaces D(gg) and

D(GE), as explained in the next proposition.

Proposition 9. Under conditions (H1), (H2), and (H3), for E, E' € (Ag, 00), the
linear map ig gr: X+ + LExy v x4 + Lg/ x4 can be uniquely extended to an iso-
morphism ig g’ between the Banach spaces D(Gg) and D(Gg’) which can itself be
uniquely extended to an isomorphism Tg g+ between T'g and T g for the norm || - ||.
Moreover, one has the formula

iep(x)=x+(E—EB+E)'A_x, forallx eTg. (3.1

Proof. The linear map i g g- is obviously a bijection between I'g and I'g-, of inverse
ig’,E. The estimates (2.5) and (2.6) of Proposition 3 imply that ig g/ is an isomor-
phism for the norm || - || as well as for the norms || - || p(g,) and || - | p(g,/), hence
the existence and uniqueness of the successive continuous extensions Ig g and ig g/,
that are isomorphisms of inverses 7g/ g and ig/ k.

From the formula Lg x4 = (B + E)~' A_Ax, one easily gets the resolvent iden-
tity

Legxy =Lgxy +(E—EYB+E) 'Lgx,, forallx, € Fy
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which is the same as
iep(x)=x+(E—EB+E)'A_x, forallxeTg.

By continuity of 7g g/, (B + E’)~! and A_ for the norm || - ||, one can extend the
above formula to T'z and this ends the proof of the proposition. |

Proposition 9 has the following consequence which will be useful in the next
section.

Corollary 10. Assume that conditions (H1), (H2), and (H3) hold true. Let E, E' >
Ao. Then ) )
D(Ge’) + D(b) = D(GE) + D). (3.2)

Proof. From formula (3.1), for each x € D(GE) one hasig g/(x) — x € D(B), hence
D(Ge’) C D(GE) + D(B) C D(GE) + D(b),
which of course implies the inclusion
D(Ge) + D(b) € D(Gr) + D(b).

Exchanging E and E’, one gets the reverse inclusion, so (3.2) is proved. ]

4. The distinguished self-adjoint extension

In this section, we continue with the proof of Theorem 1 by constructing the distin-
guished self-adjoint extension A and studying some properties of its domain that will
be useful in the sequel. But before doing this, we need to establish a decomposition
of the product ((A* — E)X, U) under weak assumptions on the vectors X, U.

4.1. A useful identity

In this section we state and prove an identity that plays a crucial role in the construc-
tion and study of A.

Proposition 11. Assume that conditions (H1), (H2), and (H3) hold true. Let x, u €
D(GE) and z—, v— € D(b) be such that X = x + z— € D(A*). Then, with U =
U + v_, we have

((A*— E)X.U) = gg(x.,u) —bg(z—,v_) .1

for every E > Aq.
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Proof. Formula (2.1) of Proposition 2 exactly says that forall X = x + z_ € F with
x=AtX+LgAsXandz_ = A_X — LgA4+ X, one has
(X,(A—E)X) = (x,Sgx) — (z—,(B + E)z_).

This relation between quadratic forms directly implies a formula involving their polar
forms: forall X =x+4+z_ € FandU =u+v- € Fwithx =A; X+ LgALX,
U=AU+LEALU,z_=A_X—-LgAisXandv_=A_U—-LgAU,onehas

(x+z_,(A—E)U) = (x,Sgu) — (z—, (B + E)v_). 4.2)
In order to prove Proposition 11, we have to generalize (4.2) to larger classes of vec-
tors X, U. We proceed in two steps.
First step: we fix U =u +v_in F, withu = AyU + LEALU andv— = A_U —
LgA+U. If x =0and X = z_ € F_, the identity (4.2) holds true and reduces to
(z— (A~ E)U) = —(z_. (B + E)v_). 4.3)

Both sides of (4.3) are continuous in z_ for the norm | - ||, and we recall that F_ is
dense in J_. So (4.3) remains true for all z_ € J_.

Now, in the special case X = x4 € Fi,x =xy + Lgxy andz_ = —Lgxy, the
identity (4.2) becomes

(x4, (A= E)U) = (x,Sgu) + (Lgx+, (B + E)v-).
We may also apply (4.3) to z— = —L gx4+ and we get
—(Lgx4+, (A= E)U) = (Lgx+,(B + E)v-).
Subtracting these two identities, we find
(x,(A— EY)U) = (x,Sgu), forallx € I'g. 4.4)

Both sides of (4.4) are continuous in x for the norm || - ||, so (4.4) remains true for all
X € I:E

Then, forx € T and z_ € H_, we may add (4.3) and (4.4). We conclude that (4.2)
remains valid for all x € Tz and z_ € #_. When x € D(Gg) and z_ € D(b), this
identity may be rewritten in the form

(x+z_, (A= EYU) = Gg(x,u) —bg(z_,v_). (4.5)

In particular, when X = x + z_ € D(A*) with x € D(Gg) and z_ € D(b), one
obtains the equality

((A* - E)X,U) = §g(x,u) —bg(z—,v-). (4.6)
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This formula is the same as (4.1) under the additional assumptions U € F,u € I'g
andv_ = U —u € D(B).

Second step: we fix X = x + z_ € D(A*) with x € D(Gg), z— € D(b). Ifu =0
and v— = U € F_, the identity (4.6) holds true and reduces to

(A*— E)X,v_) = —bg(z_,v_). 4.7

Both sides of (4.7) are continuous in v_ for the norm || - || 5,5, and we recall that F_

is dense in O (b) for this norm. So (4.7) remains true for all v_ € D(b).
Now, in the special case U = u4 € Fi, u =u4 + Lguy and v— = —LEguy,
the identity (4.6) becomes

((A* = E)X.uy) = §g(x.u) + bg(z—, Lguy).
We may also apply (4.7) tov_ = —Lguy € D(B) C D(h) and we get
—((A* = E)X,Lguy) = bg(z—, Lpuy).
Subtracting these two identities, we find
((A* = E)X,u) = qe(x,u), forallu € Tg. (4.8)

Both sides of (4.8) are continuous in u for the norm || - || p(5 ), and we recall that I'g
is dense in D (G ) for this norm. So (4.8) remains true for all u € D(GE).

Then, foru € D(Gg) and v_ € D(b), we may add (4.7) and (4.8) and we finally
get (4.1) in the general case. |

4.2. Construction of the self-adjoint extension
In this section we prove

Proposition 12. Under conditions (H1), (H2), and (H3), given E > A the operator
A admits a unique self-adjoint extension A such that D(A) C D(Gg) + D(b). This
extension is independent of E and defined by

Ax = A*x, forall x € D(A) 4.9)

where

D(A) := (D(Gr) + D(b)) N D(A*). (4.10)

Moreover, for each E in (Ao, Aos) \ {Ar: ko < k < o0}, the operator A — E is
invertible with bounded inverse given by the formula

A-—E)y'=Tg'olg—(B+E) 'oA_. (4.11)
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Proof. For E > A, the operator A defined by (4.9)—(4.10) is indeed an extension
of A, since

D(A)=F C(Tg+D(B)NDA*)CDA) and A* Loy = A.

By Corollary 10, D(A) is independent of E, as well as 4 = A* | D(A) - Moreover,
the extension A is symmetric: this immediately follows from Proposition 11.

Now, given / € # and E > A¢, we want to study the equation (A — E)X = f.
For this purpose, we introduce the following problem written in weak form.

Problem. Find (x,z_) € D(GE) x D(b) such that

QE(X,U) = (f;u)v for allu € i)(CYE)’ o
be(z_,v_) =—(fiv_), forallv_ € D(b).

We recall the identity (4.5), which is a special case of formula (4.1) stated in
Proposition 11:if (x,z_) € D(Gg) x D(b) then, forall U € F, one has

(X, (A= E)U) = Ge(x,u) —bg(z—,v-)

with X =x+z_,u=A4U 4+ LEALU and v— = U — u. Thanks to this identity,
we see that for any solution (x, z_) of (), the sum X = x + z_ satisfies

(X,(A—E)U) = (f,U), forallU € F.

As a consequence, X isin D (A*) and solves (A* — E)X = f. But this vector is also
in D(Gg) + D(b), soitsolves (A — E)X = f.

On the other hand, we can rewrite (J°r) in terms of the Friedrichs extensions Tg
and B.

Problem. Find (x,z_) € D(Tg) x D(B) such that

{TEx = Tg(f), “412)

(B+ E)z_ = —A_(f).

Since E > A, the operator B + E is invertible with bounded inverse, and by
Proposition 6 the same is true with Tg if E isin (A9, Aoo) \ {Ak,k > ko}. Then (4.12)
has a unique solution given by

— —1 o
{x =Tz o TIg(f), (4.13)

z-=—(B+E)"' o A_(f)

and the vector X = (T;' oI — (B + E)~' o A_)([f) solves (A-E)X = f.
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The above discussion shows that for £ in (g, Aso) \ {1k, k > ko} the symmetric
operator A — E is surjective and admits the bounded operator

TploTlg—(B+E) 'oA_

as a right inverse. But it is well known that the surjectivity of a symmetric operator
implies its injectivity, since its kernel is orthogonal to its range. So, A — E is invert-
ible and (4.11) holds true. Another classical result is that a densely defined surjective
symmetric operator is always self-adjoint: see, e.g., [28, Corollary 3.12]. Applying
this to A — E, we conclude that A is self-adjoint.

The self-adjoint extension A is thus built. Its uniqueness among those whose
domain is contained in D(Gg) + O‘D(l;) is almost trivial. Indeed, if A is a self-adjoint
extension of A, we must have D(A4) C D(A*), hence, if in addition D (4) C D(GEe) +
D(b) then J)(A) C D(A), which automatically implies A = A since both operators
are self-adjoint. This completes the proof of Proposition 12. |

4.3. Direct sums
Recall that in (1.6) we defined the graph I'g of LE as
={x; + Lgxs:xy € Fy} C Fy & D(B).
A natural question is whether its closure T'g in # has the graph property T'g N H_ =
{0}. A partial answer to this question is given in the next lemma.

Lemma 13. Under conditions (H1) and (H2), and with the above notations,
TeNH_ C ((B+ E)F.)" . (4.14)

Proof. The arguments below are essentially contained in the proof of [26, Lemma 2.2],
but we repeat them here for the reader’s convenience. If y € T N J_, then there
is a sequence (x,) in F4 such that ||x,|| — 0 and ||Lgx, — y|| — 0. Then, for
z € (B + E)(F-), we may write (y, z) = lim(L g xy, z). On the other hand,

(LExn.2)| = |(xa. AB + E)™'2)| < [|xa || A(B + E)~'z|| = 0,

o(y,z) =0. ]

If one assumes as in [26] that A_A | f_ is essentially self-adjoint, then the sub-
space (B + E)(F_) of J¢_ is dense in #_ and one concludes that Iz has the graph
property. But we do not make this assumption, and for this reason we cannot infer
from (4.14) that Tg N #_ = {0}. In other words, we do not know whether the oper-
ator L is closable or not. This is why we have to resort to a geometric strategy in
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which the linear subspace Tk replaces the possibly nonexistent closure of L g. Here
is the main difference between the present work and [26].

While we may have 'z N F_ # {0}, the following property holds true, as a con-
sequence of Lemma 13.

Proposition 14. Under conditions (H1) and (H2) and with the above notations,
Tr N D) = {0}.
Proof. From (4.14), we have
CeNDOB)=TeNH)ND(B + E)'/?)
C ((B+ E)F)rNnD(B+ E)/?
= (B+ E)"'?((B + E)'?F)*) = {0},
since (B + E)'/2F_ is dense in #_. ]

Proposition 14 tells us that the sum of 'z and JD(ZE) is algebraically direct. Let us
denote by 7g: Tg+D(b) — Tg and wfy: T +D(h) — D(b) the associated projec-
tors. In Section 5 we will need some information on the continuity of the restrictions
g | D(A) and 7 | D) - These operators are not necessarily continuous for the
|| - || norm, but we have the following result.

Proposition 15. Under assumptions (H1), (H2), and (H3), for all E > My, one has
g (D(A) C D(Tg) and 77 (D(A)) C D(B).

As a consequence, the domain of A may also be written as

D(A) = (D(Tg)+D(B)) N D(A¥). 4.15)
Moreover, the operator g | g4y is continuous for the norms || - || o . I - |l (1)
and the operator P o4y is continuous for the norms | - ||l oz || - lo(8). More

precisely, there is a positive constant Cg such that for all X € o‘D(fT),
Iz (Xlo@) < CEIA(A—E)X| and |7g(X)llo@y) < CENX o)
The constant Cg remains uniformly bounded when E stays away from Ay and co.

Proof. Note that formula (4.11) for the inverse of A-—E already proves the two
inclusions 7g (D(A)) € D(Tg) and 75 (D(A)) C D(B) when E is in (Lo, Aoo) \
{Ax:ko < k < co}. But we want to prove a statement for all values of E in (1, 00)
and this requires some additional work.
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In the arguments below, the constant Cg changes value from line to line but we
keep the same notation for the sake of simplicity. We shall use the weak form (#r)
of the equation (/T — E)X = f and the equivalent system of strong equations (4.12),
introduced in the proof of Proposition 12. In that proof, f was given, X = x + z_ was
unknown and it was shown that for each £ > A, the solvability of (r) is a sufficient
condition for the solvability of (zzf — E)X = f. But it turns out that this condition is
also necessary. Indeed, taking E > A9, X € D(A) and defining

x:=ng(X), z_:=nag(X), f:=(A-E)X,

we can apply formula (4.1) of Proposition 11 with the successive choices U = u €
D(GE), U = v_ € D(b) and this tells us that (x, z_) satisfies (). Then, the second
equation of the equivalent system (4.12) implies that

z_=—(B+E)'A_(A- E)X,
so z_ is in H(B) with an estimate of the form
lz-llo) < CElA-(A - E)X].

This estimate on z_ implies in turn the estimate ||x|| < Cg | X | o, since x = X —
-, IX I = Xl oz and |lz—|| < [|z—[l.p(8)- Moreover, the first equation in (4.12)

exactly means that x is in D(Tg) and Tgx = I1 E(fT — E)X, so we finally get the
estimate

Ixllore) = CEIX| 54

We thus have the desired inclusions 7z (D(A4)) C D(Tx) and (D (A)) c D(B),
hence D(A) C D(Tg)+D(B). Then, remembering the definition

D(A) = (D(Gr)+D(h)) N D(A*)

and the inclusions D(Tg) C D(Gg), D(B) C D(b), one easily gets (4.15). This ends
the proof of Proposition 15. u

Remark 16. In Section 5, we do not use all the information contained in Proposi-
tion 15: we only need the weaker estimates

Ip (O] < CEIA-(A~ E)X|| and |wp(X)] < CelX gz (416)

4.4. Variational interpretation when kg = 1

In the special case kg = 1, for A¢ < E < A the quadratic form g g is positive definite
as well as b and the existence and uniqueness of a solution to the weak problem (1)
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directly follows from the Riesz isomorphism theorem. One can even give an interpre-
tation of (J°) that generalizes the minimization principle for the Friedrichs extension
of semibounded operators mentioned in the introduction. We describe it in this short
section, as a side remark.

Assuming that £ € (Ag,A1) and given f € #, let us consider the inf-sup problem

. 1

Ig.y = inf  sup {—(X+ +y—. (A= E)(xy +y-)) = (fix4 + y_)}.
xy€FL y eF_ 2

Of course, in general, /g s is not attained, but using the decomposition (2.1) and

replacing F = F1 @ F_ by the larger space D (G )-+D(b), one can transform it into

a min-max:

. 1 1-
Iy = _inf  swp {Squ(es + Lexs) = (fixs + Lexs) = She(-)
X1€Fy ;_ep(B) 2 2

~(f2-)}
= xjrelfv+{%QE(x+ + Lexy) —(fixy + LEX+)}
- eig(B){%éE () + (2]
= min (aee - (f0) - nggg){%ézs (o) + (£,

Each of these last two convex minimization problems has a unique solution, and the
system of Euler-Lagrange equations solved by the two minimizers is just ($r), so
their sumis X = (4 — E)7' f.

5. The min-max principle

In this section, we establish the min-max principle for the eigenvalues of A that con-
stitutes the last part of Theorem 1.

Proposition 17. Under assumptions (H1), (H2), and (H3), for k > ko, the numbers
Ak satisfying A < Aoo are all the eigenvalues of A in the spectral gap (Ao, Aoo)
counted with multiplicity. Moreover, one has

Aoo = inf(0ess(A) N (Lo, 00)).

Even if our assumptions are weaker and our formalism slightly different, the argu-
ments in the proof of Proposition 17 are essentially the same as in [4, § 2] (but some
details are missing in that reference) and [26, Section 2.6]. This proof is based on two
facts:
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» arelation between the min-max levels A and the spectrum of Tg which is pro-
vided by the second part of Proposition 6;

* arelation between the spectra of 7g and A which is provided by the next lemma,
and whose proof relies on Proposition 11 and on the estimates (4.16) of Remark 16.

Lemma 18. Under assumptions (H1), (H2), and (H3), let E > Ag and let r be a
positive integer. The two following properties are equivalent:

(i) forall 5§ >0, Rank(1(—s,5(TE)) = r;

(i) foralle > 0, Rank(1(g_.£1e)(A)) > r.
In other words, 0 € 0.(Tg) if and only if E € Oess(g); 0 € 04i5c(Tg) if and only

if E € 04(A) and when this happens they have the same multiplicity; 0 € o(Tg) if
and only if E € p(A).

Proof. If (i) holds true, for each § > 0 there is a subspace X5 of R(1(—s,)(Tg)) of
dimension r (we recall the notation & (L) for the range of an operator L). Then we
have X's C D(TEg) C D(GEg). Using Proposition 11 and the second estimate of (4.16),
we find that, for all x € X5 and Y € D(A),

|(x, (A = E)Y)| = |3g (x, n5(Y))| = (Tex, ng (V)]
< Sllx[lllme ()] < Ce8lx Y Il pez-

Assume, in addition, that the property (ii) does not hold true. This means that, for
some gg > 0, Rank(]l(E_go,Engo)(Aw)) <r — 1. Then for each § > 0 there is x5 in X
such that ||xs]| = 1 and ]l(E_SO,EHO)(AV)x(g = 0. So, there is Y5 € !O(/T) such that
(A— E)Ys = x5 and ||Ys|| < 5. We thus get (xs, (A — E)Ys) = |x;5]|> = 1 and
CellxsllIYsl o A is bounded independently of §. So, taking § small enough we obtain
(x5, (A — E)Ys)| > Cg8||xs||Ys ||.:o(Z) and this is absurd. We have thus proved by
contradiction that (i) implies (ii).

It remains to show that (ii) implies (i). If (ii) holds true, then for each ¢ > 0 there
is a subspace Y, of R(]l(E_E,EH)(/T)) of dimension r and we have ¥, C D(A) C
D(Tg)+D(B). Using Proposition 11 we find that for all x € D(Tg) and Y € ¥,,

(Tex.me (V)| = |Ge(x. ne(Y))] = |(x. (A= E)Y)| < e|x[[|Y].
Moreover, for all Y € ¥Y,, from the first estimate of (4.16) one has
7 (NIl < CEIA-(A= E)Y| < Cre|| Y|l

So, imposing ¢ < ﬁ and using the triangular inequality, we get the estimate || Y || <
2||rg (Y)| forall Y € ¥Y,. As a consequence, the subspace V; := ng(¥Y,) C D(Tg)
is r-dimensional and for all x € D(Tg) and y € V,, one has

(Tex, y)| < 2elx]llyl.



J. Dolbeault, M. J. Esteban, and E. Séré 516

Assume, in addition, that (i) does not hold true. This means that there exists 5o > 0
such that Rank(1(s,.5,)(TE)) < r — 1. Then for each small ¢ there is y, in V such
that || y.|| = 1 and 1(_s,,s,)(TE)ye = 0. So, there is x; € O(Tg) such that Tgx, = y,
and ||x, || < 85! We thus get (Tgxs, ye) = || s[> = L and [lxe ||| yell < 85" So, taking
& small enough we get [(TEX., ye)| > 2¢||xe||l| ye|| and this is absurd. We have thus
proved by contradiction that (ii) implies (i), so the two properties are equivalent.
Now, given E > Ag, 0 is in 0.(Tg) if and only if (i) holds true for every r, and
this is equivalent to saying that (ii) holds true for every r, which exactly means that
E € aess(g). Similarly, we can say that 0 is in ogis.(Tg) and has multiplicity ug
as an eigenvalue if and only if (i) holds true for wg but not for wg — 1, and this is
equivalent to saying that (ii) holds true for wg but not for wg — 1, which exactly
means that E € 04isc(A) with multiplicity /1. The last statement on p(A) follows
immediately, since for any operator L, 0es(L), 04isc(L) and p(L) form a partition
of C. This ends the proof of the lemma. ]

Proof of Proposition 17. Let us define
A 1= inf(0ess(4) N (o, 00)) € [A0. o0,

By Proposition 6, if E € (A9, Axo), then 0 is either an element of p(Tg) or an
eigenvalue of T of finite multiplicity ug. The second case occurs when £ = A
for some positive integer k. Then ug = card{k’: Ax» = Ar}. So, by Lemma 18,
(A0, Aoo) N oess(;f) is empty hence Ao, < A, and the levels A in (A9, Aso) are all
the eigenvalues of A in this open interval, counted with multiplicity.

It remains to prove that A < A... The nontrivial case is when the sequence (Ay)
is bounded, so that Ao, € (Ag, 00). If the sequence is nonstationary and bounded,
then {Ar:k > ko} is an infinite subset of o g (,Zf)’ S0 its limit point A is in UCSS(Z).
If the sequence is stationary, let k be such that Ay = As. Then, by Proposition 6,
0 € 0ess(T),,) s0, by Lemma 18, we find once again that 1 € GCSS(Z). In conclusion,
one always has A < Ao and this ends the proof of Proposition 17. ]

Proof of Theorem 1. Propositions 12, 14, and 17 together imply Theorem 1. |

6. Applications to Dirac—Coulomb operators

In this section, we consider the three-dimensional Dirac—Coulomb operator Dy =
D + V mentioned in the introduction. We assume that V' is a linear combination
of Coulomb potentials |x — xj|_1 due to J distinct point-like charges located at
X1,...,xy.If we define Dy on the minimal domain F = Cc"o(R3 \{x1,...,x5},Ch,
it is obviously symmetric in the Hilbert space # = L?(R3,C*). Thanks to Theorem 1
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we are going to construct a distinguished self-adjoint realization of Dy and give a
min-max principle for its eigenvalues, under some conditions on the coefficients of
the linear combination. In each case, assumption (H3) will be checked by the method
of Remark 4.

6.1. The attractive case

In this section we assume that V(x) = — Zle |xi_jx,| is an attractive potential gen-
erated by J distinct point-like nuclei, each having Z; protons with 0 < Z; < Z, ~
137.04 so that 0 < v; = Z;/Z4 < 1 (we allow non-integer values of Z;). We are
going to use Talman’s splitting A ¢ = (%), A_y = () of four-spinors ¥ = (%)
into upper and lower two-spinors, also called large and small two-components. Then

ArF =Fx{0}and A_F = {0} x F with & := CX(R>\ {x1,...,x,s},C?). With
the standard notation o = (01, 02, 03) for the collection of Pauli matrices, we recall

(see [30]) that
D (qS) _ (—ia-V)( + 1+ V)qS)
"\x) " \—ioc-ve—(-v)x)

Assumptions (H1) and (H2) are easily checked with Lo = —1. It remains to check
assumption (H3). By Remark 4, it suffices to show that for some ko > 1, £, (0) > 0.
Indeed, this inequality implies that A, > 0 > A¢. So, we are led to study the quadratic
form g¢. For ¢ € § and ¥ = (‘g), the quantity go(¥+ + LoV ) is a function of
¢,V and in the rest of the section it is more convenient to denote it by q" (¢). With
this notation, we have

o-Vo|?
4" () = /{% +(1+ V)|¢|2}, for all ¢ € F. 6.1)
R3
We start by the potential V(x) = —v|x|~! with 0 < v < 1, corresponding to a

unique point-like nucleus. We recall the Hardy—Dirac inequality

-1 -Vo|?
a7 @) = (s + 0= IgR) 20 forall ¢ € CX(R (0).C2)
" (6.2)

proved in [3,4]. Since ¢ "M > ¢=1™", (6.2) implies that £;(0) > 0 and assump-
tion (H3) is satisfied with kg = 1. Then, using Theorem 1 we can define a distin-
guished self-adjoint extension of Dy for 0 < v < 1 and we can also characterize all
the eigenvalues of this extension in the spectral gap (—1, 1) by the min-max princi-
ple (1.2). This is not a new result; see [4, 10, 12,26], and it is known that V' can be
replaced by more general attractive potentials that are bounded from below by —|x| 1.
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We now assume that J > 2. In such a case, the distinguished self-adjoint exten-
sion was constructed in [17,24] in the subcritical case v; < 1 for all i by a method
completely different from the one considered in the present work. Talman’s min-max
principle for the eigenvalues of the extension was studied in [11], also in the subcrit-
ical case. But that paper appealed to the abstract result of [7] and as mentioned in
the introduction, the arguments in [7] suffered from the same closability issue as [4].
Theorem 1 solves this issue, moreover it provides a unified treatment: construction of
the extension and justification of the min-max principle even in the critical case, i.e.,
when some of the coefficients v; are equal to 1. But of course, in order to apply this
theorem we have to check (H3) and this is more delicate than in the one-center case.
Indeed, when the total number of protons ) ; Zj is larger than 137.04, if the nuclei
are close to each other one expects some eigenvalues of the distinguished extension to
dive into the negative continuum. If this happens, the corresponding min-max levels
Ak should become equal to Ag. To check assumption (H3) in such a situation, let us
prove by contradiction that for some ko > 1, the inequality £x,(0) > 0 holds true.

Otherwise, there exists a sequence (G )x>1 of k-dimensional subspaces of & such
that ¢¥ (¢) < 0 for all ¢ € Gy \ {0}. So, one can construct by induction a sequence
(¢x) of wave functions such that ¢ € Gi and (Pk, ¢1)12(r3,c2) = Ski- Then ¢
converges weakly to 0 in L2(IR3, C?). In order to derive a contradiction, one can try
to prove that for k large enough, " (¢x) > 0. In the subcritical case v; < 1 for all i
this has been done in [11, Section 6, Step 4, p. 1448f]. We give below a proof that is
also valid in the critical case. In what follows, the constant C changes from line to
line but we keep the same notation for the sake of simplicity.

With § := L minj<j<jr<k |x; — x;/| one takes R > § + maxi<;<s |x;| (to be
chosen later) and a partition of unity (6j)o<j<s+1 consisting of smooth functions
with values in [0, 1] such that ZJH 92 = 1, supp(fy) C B(0,2R) \ Uj_l B(x;,8/2),
supp(0;) C B(x;,8)for1 < j <J and supp(fy+1) N B(0, R) = @. The pointwise
IMS formula [1, Lemma 4.1] for the Pauli operator gives

J+1 J+1
0Vl =Y 1o VO $P = (D V6 1) gl
j=0 j=0
so, remembering that ||¢y ”22(]1{{3) = 1, one gets

J+1 J+1

¢ () = ZqV(9j¢k)_/(Z v, 2) |¢k|
j=0

R3 -

J
1 1
=5+ > a0 O + (qv(9J+1¢k) - §||91+1¢k||i2(R3)>
j=0
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G 1
. 12 2
[(52 + 5 S ve )
R3 J=0
1 / 14 1% 1 2
= 5+ 26" 690 + (o7 @radn) = 510018422
j=0

~c [0

B(0,2R)

From now on, we fix R such that =V < 1/4 on R3\ B(0, R). Then one has

1 1
¢’ (Br110k) — 5||91+1¢k||iz(R3) > Z||9J+1¢k||f{1(R3)-

Let
M:=14+max{ sup —V(x); sup (=V(x)—|x—x1|7Y;...;
x€supp(6p) x€supp(61)
sup  (—=V(x) = |x —xg|7H}.
x&supp(6)
Then

1
¥ Bt = 7 100l sy — € [ 16ul?
R3

and, introducing the rescaled functions qASj,k () :=O5r)(x; + M~ Ly)for1<;j<J,
one finds

a” (O¢) =

= 20T G- [onl

Gathering these estimates, one gets the lower bound

J

1 1 .
QV(¢k)Z§+qu H™ ](¢]k)+ ||90¢k||H1(R3)

1
+ 410019l = € [ 106 63)
B(0,2R)

From the Hardy—Dirac inequality (6.2), each of the terms q""fl (qASj,k) is nonnegative,
so the assumptions that [|¢ || 2g3) = 1 and q" (¢x) < 0 imply that the quantities
q_l'lfl((fﬁj,k), 160k |l g1 and ||074+1¢k] g1 are uniformly bounded. But from [10,
Theorem 1.9], for 0 < s < 1/2 there is a positive constant k5 such that

—H‘

(¢) + ||¢||L2(]R3) = Ks“¢”HS(R3)’ for all¢ € %
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Applying this inequality to the functions ¢A>j’k (1 <j < J), one easily finds that the
sequence (¢ )k>1 is bounded in H*(R?), hence precompact in L2 _(R?). Since this

sequence converges weakly to zero in L2(R3), one concludes that

Combining this information with (6.3) one finds that for k large enough, q" (¢x) > 0
and this is a contradiction.

In conclusion, the assumptions of Theorem | are satisfied in our multi-center
example, with k¢ possibly larger than 1.

6.2. The sign-changing case
We now consider a potential of the form

v v
Vix) = -+ 2
x| |x = xo

w1thx07é0,0<v1§1,and0<vz§l 3
2 T

The corresponding Dirac—Coulomb operator Dy is obviously symmetric if we define

it on the “minimal” domain C>°(R3 \ {0, xo}, C*). But Talman’s decomposition in
V2

) [x—xol”

(H2) would not be satisfied. Instead, for the splitting we choose the free-energy pro-

upper and lower spinors cannot be used: due to the unbounded repulsive term

jectors
Ay = 1gr_ (D).

We recall (see [30]) that
DAL =AiLD =+~V1—-AAL = ALV - A

In momentum space (i.e., after Fourier transform), A+ becomes the multiplication
operator by the matrix

a-p+ﬂ)
VIpP+17

This matrix depends smoothly on p and is bounded on R3 as well as its derivatives.

Mi(p) = %(14 +

As a consequence, the multiplication by M4 preserves the Schwartz class § (R3, C#).
So, the same is true for A 1 in position space. But this nonlocal operator does not pre-
serve the compact support property, so (H1) does not hold for the domain C2°(R3 \
{0, x0},C*). Since A C(R3\ {0, x0},C*) C S(R3,C*) C D(Dy ), one can either
replace the minimal domain by

F=A CPR3\{0,x0}.C*H @ A_CX(R>\ {0, x0},C%
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as mentioned in the first comment after Theorem 1, or by
F =8S@R3, C*.

In what follows, A is the restriction of Dy to one of these two domains. We do not
need to specify which one: the arguments proving (H2)—(H3) are the same in both
cases.

By the upper bound on v,, it follows from an inequality of Tix [32] that the
Brown—Ravenhall operator —A _(A4+1—v3) [ r.=A_ (V1 —=A—=V —1+5) | r_
is nonnegative, so (H2) holds true with A9 < —1 4+ v,. In order to bound A; from
below, we can use [4, inequality (38)]. This inequality involves a parameter v € (0, 1)
and is stated for all functions ¥4 € F,. One easily passes to the limit v — 1 with 4
fixed and this gives us the inequality

2
(Vs V1 =AYy ) 2R3y — |lﬁ;||
R3
1 L1
+ <A—m1/f+, (B_jx|-1) A—m¢+>L2(R3) >0 (64

for all ¥ € F4. Here, we denote by By the Friedrichs extension of the Brown—
Ravenhall operator A_(+/1— A — V) }pg_, for any electric potential 'V such that
this operator is bounded from below. Inequality (6.4) exactly says that if one chooses
(v1,v2) = (1,0), then there holds go (¥ + + Loy+) > O0forall 1 € Fy,s04£1(0) >0,
hence A; > 0 > Ag. This remains true for 0 < vy < land 0 < v, < ﬁ since
the min-max level A; is a non-decreasing function of V. Thus, Theorem I can be
applied with k¢ = 1 in order to find a distinguished self-adjoint extension of Dy and
to characterize its eigenvalues by a min-max principle.

Note that by [31, Corollary 3], the operator —A_A | F_ is not essentially self-
adjoint for v, > 3/4. So, the abstract result [26, Theorem 1.1] cannot be applied in

this case.
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