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Trace class properties of resolvents of Callias operators

Oliver Fürst

Abstract. We present conditions for a family .A.x//x2Rd of self-adjoint operators in H r D
Cr ˝H for a separable complex Hilbert space H , such that the Callias operator D D icr C
A.X/ satisfies that .D�D C 1/�N � .DD� C 1/�N is trace class in L2.Rd ; H r /. Here, cr
is the Dirac operator associated to a Clifford multiplication c of rank r on Rd , and A.X/ is
fibre-wise multiplication with A.x/ in L2.Rd ;H r /.

1. Introduction

Let d; r 2 N and let c be a Clifford multiplication over Rd in Cr , and consider the
associated Dirac operator cr on Rd ,

crf D

dX
jD1

c.d xj /@xj f; f 2 C 1.Rd ;Cr/:

Let H be a separable complex Hilbert space. Denote H r WD Cr ˝H . We con-
sider cr as a self-adjoint linear operator in L2.Rd ; H r/ with domain Dom.cr/ WD
W 1;2.Rd ;H r/, the L2-Sobolev space of order 1 with values in H r .

Now, let A D .A.x//x2Rd be a family of self-adjoint operators in H r . Then we
associate to A the fibre wise multiplication operator A.X/ in L2.Rd ;H r/, given by

.A.X/f /.x/ WDA.x/f .x/; x 2 Rd :

The Callias operator D is then

D WD icr C A.X/:

The goal of this paper is to give conditions on the operator family A, such that the
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resolvent powers of D�D and DD� are trace comparable, i.e., such that for some
N 2 N,

.D�D C 1/�N � .DD� C 1/�N 2 S1.L2.Rd ;H r//; (1)

where Sp.Y / denotes the p-th Schatten–von Neumann operators on a Hilbert space Y .
Before we proceed with a proper introduction of the involved operators, let us

briefly contextualize why one might be interested in property (1).
The name “Callias operator” reflects the contribution of C. Callias in [5] to the

Fredholm index problem of the operatorD for a family of matrix potentials A, which
arises from Yang–Mills theory. A similar index problem in the special case of dimen-
sion d D 1 had been considered in the seminal series of articles by M. Atiyah,
V. Patodi, and I. Singer in [2, 3], and especially [4], dealing with the index prob-
lem on manifolds with boundary. In their setup, the family A is given by first order
differential operators on a compact manifold.

A. Pushnitski showed in [10] that the Callias operator D in one dimension d D 1
for a family A.x/ D A� C B.x/, x 2 R, whereZ

R

kB 0.x/kS1.H/ d x <1; (2)

satisfies condition (1) for N D 1, and one obtains the trace formula

trL2.R;H/..D
�D C z/�1 � .DD� C z/�1/ D

1

2z
trH .gz.AC/ � gz.A�//; z � 1;

where

gz.�/ WD
�

.�2 C z/
1
2

;

and the limits A˙ D limx!˙1 A.x/ exist in an appropriate sense. Furthermore, it
was shown that one can calculate the Fredholm index of D in terms of the spectral
shift function of the operators AC and A�.

The results by Pushnitski were shown under less restrictive conditions on the fam-
ily .A.x//x2R by F. Gesztesy et al. in [7]. The authors were especially able to weaken
the required condition (2) toZ

R

kB 0.x/.A2� C 1/
� 12 kS1.H/ d x <1; (3)

which is the first instance where the family of operators A.x/ are generated by possi-
bly unbounded, non-commutative and non-discrete perturbations.
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More recently, A. Carey et al. in [6] showed property (1) holds for an appropriate
N 2 N in the one-dimensional case d D 1, if the family A is itself given by perturba-
tions of a Dirac operator by a matrix potential, and if one imposes weaker trace-class
requirements on A than (3), dependent on a parameter (on which the choices for N
also depend).

The goal of this paper is to present a collection of conditions on the family A
for general d 2 N, such that A can be obtained by unbounded, non-commutative
and non-discrete perturbations of a general self-adjoint model operator A0, such that
the associated Callias operator D satisfies property (1) for a suitable N 2 N. The
necessary requirements on the trace-class properties of A will be weaker for largerN .
To determine the trace and index formula forD in this instance will however be a task
for future work.

Let us present the main result of this paper and review the conditions on the oper-
ator family A.

We start with reasonably generic assumptions, which allow us to differentiate
the operator family A on Rd . These conditions are chosen such that one obtains
favourable domain properties of D, and they do not pertain to the trace-class proper-
ties directly.

Let A0 be a self-adjoint operator in H r and let A.x/, x 2 Rd , be symmetric
operators, with the dense set

D D
[
n2N

rg.1Œ�n;n�.A0// � H r ;

contained in all domains Dom.A.x//, x 2 Rd . For compatibility with Clifford mul-
tiplication, we require that c.d xj /.D/ � Dom.A0/, j 2 ¹1; : : : ; dº. We assume that
for all � 2 D and  2 H r the function

x 7! hA.x/�;  iHr ;

is Lebesgue measurable on Rd (see Hypothesis 2.1). For a yet to choose N 2 N,
we then require that the function x 7! A.x/� is .2N � 1/-times weakly differentiable
for � 2 D , with derivatives in L2loc.R

d ; H r/, which we abbreviate with A 2

W
2N�1;2;End

loc .Rd ; .D ; H r// (see Definition 2.2). We impose Kato–Rellich type
bounds on the derivatives of A to ensure that .D�D/N and .DD�/N are self-adjoint
operators on the domainW 2N;2.Rd;H r/\L2.Rd;Dom.A2N0 // (see Proposition 3.7).

Let us now discuss the trace-class conditions onA, which are the essential assump-
tions.

Denote n WD max.bd
2
� 2c C 1; 0/ 2 N, and let ˛; ˇ 2 R�0. If A.x/ commutes

with c.dxj / for all x 2Rd and j 2 ¹1; : : : ; dº, then letN 2N withN > ˛
2
C

n
2
C

d
4

,
otherwise let N > max.˛

2
C

n
2
C

d
4
; ˇ
2
C

n
2
C

d
4
C

1
2
/.
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Denote

crEndA WD

dX
jD1

c.d xj /@End
xj
A; rEndAc WD

dX
jD1

@End
xj
Ac.d xj /;

where .@End
xj
A/f D @xj .Af / � A@xj f are appropriately defined partial derivatives

of operators (see Definition 2.2). Then we assumeZ
Rd

k@
;End.crEndAhA0i
�˛/.x/kS1.Hr / d x <1; (4a)

Z
Rd

k@
;End.rEndAchA0i
�˛/.x/kS1.Hr / d x <1; (4b)

Z
Rd

k@
;End.Œc.d xj /; A�hA0i�ˇ /.x/kS1.Hr / d x <1; j 2 ¹1; : : : ; dº; (4c)

for all 
 2 Nd with j
 j � n.
We should stress that n D 0 for dimensions d � 3, which contains the situation

discussed in [6, 7, 10]. We note especially that the first line of (4) is analogous to the
condition in the one-dimensional case for example like (3) in [7]. In case d D r D 1,
the second and third line of (4) is trivially satisfied since (scalar) c commutes with A
automatically. In dimensions d � 4, we see that N > 1 becomes necessary. In any
case, we should note the basic feature of all the conditions in (4): one can increase ˛
and ˇ to decrease the restriction on the family A, in exchange for a possibly largerN ,
which weakens property (5) of the Callias operatorD. This is for example useful if A
is a family of (pseudo-)differential operators (cf. [11, Chapter 4]). We will illustrate
this last point in Example 4.6 for the concrete case of a Dirac operator perturbed by a
potential.

All presented conditions on A together (see Hypothesis 4.5) imply the desired
property

.D�D C 1/�N � .DD� C 1/�N 2 S1.L2.Rd ;H r//; (5)

for the Callias operator D, which is the principal result of this paper (see Theo-
rem 4.7).

2. Notation and basic definitions

We fix i as the imaginary unit in C. Let H be a separable complex Hilbert space and
denote with H r WD H ˝ Cr for r 2 N. Let Lp.Rd / be the space of p-Lebesgue-
integrable elements on Rd , and W k;2.Rd / the L2-Sobolev space of order k on Rd .
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For 1 � p � 1, denote with Lp.Rd ; H r/ the H r -valued (Bochner–Lebesgue-)
Lp-elements over Rd , i.e., f 2 Lp.Rd ;H r/ if for all � 2 H r ,

Rd 3 x 7! hf .x/; �iHr is Lebesgue measurable;

kf k
p

Lp.Rd ;Hr /
WD

Z
Rd

kf .x/k
p
Hr d x <1; p <1;

kf kL1.Rd ;Hr / WD ess sup
x2Rd

kf .x/kHr <1; p D1:

Let F be the (isometric) Fourier transform

F WL2.Rd ;H r ; d x/! L2
�
Rd ;H r ;

1

.2�/d
d �
�
;

F .f /.�/ WD

Z
Rd

e�ihx;�iRd f .x/ d x;

obtained via continuous extension and Hilbert space tensor product from the classical
Fourier transform on Schwartz functions in Rd . Usually we write Of WD F .f /. Note
that as in the scalar case the Fourier transform satisfies by complex interpolation for
f 2 Lp.Rd ;H r/, 1 � p � 2, and 1

p
C

1
q
D 1,

k Of kLq.Rd ;Hr / � kf kLp.Rd ;Hr /:

We also use the abbreviations

hzi WD .1C jzj2/
1
2 ; 1M .z/ WD

´
1; z 2M;

0; z …M;

for M � C, and z 2 C, and B.V / for the Borel � -algebra of a topological space V .
Denote with W k;2.Rd ; H r/ the H r -valued L2-Sobolev space of order k � 0

over Rd , i.e., f 2 W k;2.Rd ;H r/ if f 2 L2.Rd ;H r/, and

Rd 3 � 7! h�ik Of .�/ 2 L2.Rd ;H r/:

We abbreviate partial derivatives by

.@
f /.x/ D
@j
 j

@

1
x1
� : : : � @


d
xd

f .x1; : : : ; xd /; x 2 Rd ; f 2 C1.Rd /; 
 2 Nd ;

and denote the extension of @
 to the Sobolev space W j
 j;2.Rd ; H r/ with the same
letter. We note that for k 2 N,

f 2 W k;2.Rd ;H r/ () @
f 2 L2.Rd ;H r/; j
 j � k:
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Let c be a Clifford multiplication over Rd of rank r 2N, and consider the associ-
ated Dirac operator cr on Rd , i.e., there are Clifford matrices .c.d xj //djD1 2 Cr�r ,
such that

c.d xk/c.d xl/C c.d xl/c.d xk/ D �2ıkl1Cr�r ; k; l 2 ¹1; : : : ; dº:

Then cr is the operator in L2.Rd ;H r/ given by

crf WD

dX
jD1

c.d xj /@xj f; Dom.cr/ WD W 1;2.Rd ;H r/:

It is well known that cr with the above domain is self-adjoint, and that Dom.hcrik/D
W k;2.Rd ; H r/ as Banach spaces. The square of the Dirac operator is the Laplacian
� D .cr/2, with

�f D �

dX
jD1

@2xj f; Dom.�/ D W 2;2.Rd ;H r/:

Note that �C 1 D hcri2.
The Fourier transform F diagonalizes�, i.e., for f WR!R a Borel function, and

if f .jX j2/ denotes the multiplication operator

.f .jX j2/g/.�/ WD f .j�j2/g.�/; � 2 Rd ;

Dom.f .jX j2// WD
°
g 2 L2

�
Rd ;H r ;

1

.2�/d
d �
�
W

� 7! f .j�j2/g.�/ 2 L2
�
Rd ;H r ;

1

.2�/d
d �
�±
;

we have that

F WDom.f .�//! Dom.f .jX j2//

is an isometry with respect to the graph norms and

f .�/ D F �1f .jX j2/F :

Throughout this paper, we assume that A0 is a given self-adjoint operator in H r

with domain Dom.A0/, which we may consider as a Banach space if equipped with
the graph norm of A0. We introduce the space

D WD
[
n2N

rg.1Œ�n;n�.A0// � H r ;

which is dense in H r , a simple consequence of self-adjoint functional calculus.
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In L2.Rd ;H r/ we may define the constant multiplication operator cA0 by

.cA0f /.x/ WD A0f .x/; x 2 Rd ; Dom.cA0/ WD L2.Rd ;Dom.A0//:

We introduce the constant coefficient Callias operator D0 in L2.Rd ;Cr/, given
by

D0 WD icr CcA0; Dom.D0/ WD W 1;2.Rd ;H r/ \ Dom.cA0/:
It has been shown in [7, Lemma 4.2] that D0 is closed and its graph-norm coincides
with the sum of the norms of W 1;2.Rd ; H r/ and L2.Rd ;Dom.A0//. Furthermore,
D0 is normal with

D�0 D �icr C
cA0; Dom.D�0 / D Dom.D0/:

The automatically non-negative, self-adjoint operator H0 WD D�0D0 satisfies H0 D
�CcA02 via the commuting functional calculi of cr and cA0.

Let us now introduce the first basic conditions on the operator family A.

Hypothesis 2.1. Assume AD .A.x//x2Rd is a family of symmetric operators inH r ,
with Dom.A.x// � D , x 2 Rd . Furthermore, we suppose that for all �; 2 D ,

Rd 3 x 7! hA.x/�;  iHr

is (Lebesgue-)measurable.

Under these conditions on A we may define the multiplication operator A.X/ in
L2.Rd ;H r/ by

.A.X/f /.x/ WD A.x/f .x/; x 2 Rd ;

Dom.A.X// WD ¹f 2 L2.Rd ;H r/jx 7! A.x/f .x/ 2 L2.Rd ;H r/º:

Note that so far we have not enough assumptions on the family A to claim that A.X/
is densely defined.

However, we may associate the Callias operator D to the operator family A via

D D icr C A.X/;

Dom.D/ D Dom.cr/ \ Dom.A.X//:

Again, we cannot claim that D is densely defined. This will be our first goal in the
sequel to find additional conditions on the family A to conclude that D is a closed
operator with domain Dom.D/ D Dom.D0/.

Before we proceed with the first results, we also need to introduce a notion of
differentiability for the family A.
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Definition 2.2. Let .Y;k � kY / be a Banach space, and assume that E � Y is dense. Let
.B.x//x2Rd be a measurable family of operators in Y , with domains Dom.B.x//�E ,
x 2 Rd . If for 
 2 Nd there exists a measurable family of densely defined operators
C
 .x/, x 2 Rd , with Dom.C
 .x// � E , such that for all f 2 C1c .R

d /˝ E ,Z
Rd

C
 .x/f .x/ d x D .�1/jˇ j
Z

Rd

B.x/@ˇf .x/ d x;

where the integral converges in Y as Bochner integrals, we say .B.x//x2Rd is 
 -times
weakly differentiable on E , and we set

.@
;EndB/.x/ WD C
 .x/ ;  2 E:

If additionally for all j
 j � n 2 N, K � Rd compact, and  2 E ,Z
K

k.@
;EndB/.x/ k2Y d x <1;

we write B 2 W n;2;End
loc .Rd ; .E; Y //.

In our setup the spaces are Y D H r and E D D .

3. Domain properties of A.X/ and D

In this section we will establish conditions on the family A which ensure that the
Callias operator D is closed, the operators D�D and DD� are self-adjoint, and their
powers have the same domain as the powers of H0 D D�0D0.

We begin by establishing a class of dense sets inL2.Rd ;H r/, which will be cores
for some operators in L2.Rd ;H r/ we will discuss.

Lemma 3.1. Let s � 0. Then

rg..H0 C 1/sjC1c .Rd /˝D/

is dense in L2.Rd ;H r/.

Proof. Let f 2 L2.Rd ;H r/, such that for all g 2 C1c .R
d / and  2 D ,

h.H0 C 1/
s.g ˝  /; f iL2.Rd ;Hr / D 0:

If Og denotes the Fourier transform of g and Of 2 L2.Rd ; H r/ the Fourier transform
of f , by Plancherel’s theorem we find thatZ

Rd

Og.�/h.1C j�j2 C A20/
s ; Of .�/iHr d � D 0:



Trace class properties of resolvents of Callias operators 533

Because ¹ Ogjg 2 C1c .R
d /º is dense in L2.Rd /, we conclude that for all  2D exists

a nullset N � Rd , such that for � 2 RdnN 

h.1C j�j2 C A20/
s ; Of .�/iHr D 0:

H r is separable and D a dense subspace. Therefore, there exists an at most countable
subset ¹ nºn2N � D , which is dense in H r . On the other hand, for all � 2 Rd we
have �n WD .1 C j�j2 C A20/

�s n 2 D for n 2 N. Also N D
S
n2N N�n is still a

nullset in Rd . Thus, for � 2 RdnN and all n 2 N,

h n; Of .�/iHr D h.1C j�j
2
C A20/

s�n; Of .�/iHr D 0:

But ¹ nºn2N is dense inH r , so Of .�/D 0 for a.e. � 2 Rd . Thus, f D 0 as an element
of L2.Rd ; H r/. Consequently, rg..H0 C 1/sjC1c .Rd /˝D/ is dense in L2.Rd ; H r/.

Let us show that the operator families B we want to consider give rise to densely
defined multiplication operators B.X/.

Lemma 3.2. Let

B 2 L
2;End
loc .Rd ; .D ;H r// WD W

0;2;End
loc .Rd ; .D ;H r//:

Then Cc.Rd /˝D 2 Dom.B.X//. Especially B.X/ is densely defined.

Proof. Let g 2 C1c .R
d / and  2 D . We need to show that x 7! g.x/B.x/ 2

L2.Rd ; H r/, the statement of the lemma then follows by linearity of B.X/. To this
end let suppg � K, where K � Rd is compact. ThenZ

Rd

jg.x/j2kB.x/ k2Hr d x � sup
x2K

jg.x/j2 �

Z
K

kB.x/ k2Hr d x <1:

The next lemma enables us to decide if a family of bounded operators B gives rise
to a bounded multiplication operator B.X/ between Lq- and L2-spaces.

Lemma 3.3. Let B 2 L2;End
loc .Rd ; .D ;H r//. Assume for p � 2,

x 7! kB.x/kB.Hr / 2 L
p.Rd /;

then for 1
p
C

1
q
D

1
2

,

Lq.Rd ;H r/ � Dom.B.X//;

kB.X/kLq.Rd ;Hr /!L2.Rd ;Hr / � kx 7! kB.x/kB.Hr /kLp.Rd /:

Proof. The statement follows immediately by Hölder’s inequality.
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Since we want to use Kato–Rellich’s theorem for perturbations of the operator

H
N
2

0 , we will need to know if a multiplication operator B.X/ is relatively bounded
with bound strictly less than 1. The next lemma establishes such bounds via Sobolev
inequalities.

Lemma 3.4. Let B 2 L2;End
loc .Rd ; .D ;H r//, and u � 0. Assume there exists t 2 Œ0; u�

and p 2 Œ2;C1�, such that

kx 7! kB.x/hA0i
�2t
kB.Hr /kLp.Rd / <1; for u � t >

d

2p
;

or

kx 7! kB.x/.A20 C z/
�t
kB.Hr /kLp.Rd / D o.1/; z !C1;

for .u D t; p D 2/ _ .d � 3; d
p
2 N; u � t D d

2p
/, then

Dom.Hu
0 / � Dom.B.X//;

kB.X/.H0 C z/
�u
kB.L2.Rd ;Hr // D o.1/; z !C1:

Proof. Let z�1. Then for p2.2;C1�, 1
p
C

1
q
D
1
2

, 1
q
C

1
q0
D1, and f 2L2.Rd;H r/,

k.�C z/�sf kLq.Rd ;Hr / � k.jX j
2
C z/�s Of kLq0 .Rd ;Hr /

�

�
1

.2�/d

Z
Rd

.j�j2 C z/�sp d �
� 1
p

kf kL2.Rd ;Hr /

D .2�/�pdz
d
2p�sk� 7! h�i�2skLp.Rd /kf kL2.Rd ;Hr /:

Consequently, for s > d
2p

there is a constant C <1, such that

k.�C z/�skL2.Rd ;Hr /!Lq.Rd ;Hr / � Cz
d
2t �s D o.1/; z !C1:

For p D 2, we obtain

k.�C z/�skB.L2.Rd ;Hr // D k.jX j
2
C z/�skB.L2.Rd ;Hr ; 1

.2�/d
d�//

D ess sup
�2Rd

.j�j2 C z/�s

D z�s D

´
o.1/; z !C1; s > 0;

1; s D 0:

If d � 3 and 2s � dd
p
e, then the Sobolev inequality ([1, Theorem 4.12, Part III]) yields

a constant C <1, such that for z � 1,

k.�C z/�skL2.Rd ;Hr /!Lq.Rd ;Hr / � C:
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This result is only interesting for d
p
2 N, otherwise it is superseded by previous esti-

mates.
We also note that by the commuting functional calculi of � and cA0, that for

s; t � 0, s C t D u,

k.�C z/s.cA02 C z/t .H0 C z/�ukB.L2.Rd ;Hr // � 1; z � 1:

Consequently, we obtain for s; t � 0, s C t D u, by Lemma 3.3 and the assumptions
in this lemma,

kB.X/.H0 C z/
�u
kB.L2.Rd ;Hr //

� kB.X/.cA02 C z/�tkLq.Rd ;Hr /!L2.Rd ;Hr /k.�C z/�skL2.Rd ;Hr /!Lq.Rd ;Hr /
D kx 7! kB.x/.A20 C z/

�t
kB.Hr /kLp.Rd /

�

8̂̂<̂
:̂
o.1/; s >

d

2p
;

C; .s D 0; p D 2/ _
�
d � 3;

d

p
2 N; s D

d

2p

�
;

z !C1;

D o.1/; z !C1:

The next ingredient to discuss perturbations of H0-powers is a Leibniz rule for
multiplication operators B.X/ in the next statement. The proof is standard, we how-
ever give it for self-sufficiency in this operator-valued setup.

Lemma 3.5. LetB2W N;2;End
loc .Rd ; .D ;H r//. For someN 2N. If f 2C1c .R

d /˝D ,
then B.X/f 2 Dom.@
 / D W j
 j;2.Rd ;H r/ for 
 2 Nd , j
 j � N , and

@
B.X/f D
X
ı�


�



ı

�
.@ı;EndB/.X/@
�ıf:

Proof. We proceed by induction onN . The statements of the lemma hold for j
 j D 0,
by Lemma 3.2. Let us assume the statements are true for n � N . Let j O
 j D N C 1.
Then there is 
 2Nd , and j 2 ¹1; : : : ; dº, such that O
 D 
 C ıj . Since by assumption
B.X/f 2 W N;2.Rd ; H r/, it suffices to check that @
B.X/f 2 W 1;2.Rd ; H r/ to
conclude B.X/f 2 W NC1;2.Rd ;H r/. Also, by assumption, we know that

@
B.X/f D
X
ı�


�



ı

�
.@ı;EndB/.X/@
�ıf: (6)
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Since, by Lemma 3.2, we have .@ı;EndB/.X/@
�ıf 2 L2.Rd ;H r/, we may consider
.@ı;EndB/.X/@
�ıf as an H r -valued distribution. As such, for any � 2 C1c .R

d /,

.@xj .@
ı;EndB/.X/@
�ıf /Œ��

D �

Z
Rd

.@ı;EndB/.x/.@
�ıf /.x/.@xi�/.x/ d x

D ..@ı;EndB/.X/@
�ıCıj f /Œ�� �

Z
Rd

.@ı;EndB/.x/.@xi ..@

�ıf /�//.x/ d x

D ..@ı;EndB/.X/@
�ıCıj f /Œ��C ..@ıCıj ;EndB/.X/@
�ıf /Œ��: (7)

The above steps are justified by Lemma 3.2 and the fact that for any � 2 Nd the
derivative @�f 2 C1c .R

d /˝D , and @ı;EndB; @ıCıj ;EndB 2 L
2;End
loc .Rd ; .D ; H r//.

This argument also yields

.@ı;EndB/.X/@
�ıCıj C .@ıCıj ;EndB/.X/@
�ıf 2 L2.Rd ;H r/;

which implies by (7) that

.@ı;EndB/.X/@
�ıf 2 W 1;2.Rd ;H r/;

and thus by (6), @
B.X/f 2 W 1;2.Rd ;H r/. Finally, we combine (6) and (7) to con-
clude

@ O
B.X/f D
X
ı�


�



ı

�
..@ıCıj ;EndB/.X/@
�ıf C .@ı;EndB/.X/@
�ıCıj f /

D

X
ˇ� O


�
O


ı

�
.@ı;EndB/.X/@ O
�ıf:

The next lemma is closely related with the Leibniz rule in Lemma 3.5, however
its usefulness will become only apparent in the next section, when we discuss trace-
class properties of a certain class of operators inL2.Rd ;H r/. Its rough content is that
differentiability of an operator family B enables us to extract smoothing operators in
L2.Rd ;H r/ from the left of the multiplication operator B.X/.

Lemma 3.6. LetB 2W 2lCk;2;End
loc .Rd ; .D ;H r// for l 2N and k 2 ¹0;1º. Then there

are constant matrices

C
k;l

;ı
2

°
�01Hr C

dX
jD1

�j c.d xj /; �j 2 ZC iZ; j 2 ¹0; : : : ; dº
±
; 
; ı 2 Nd ;
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such that for f 2 C1c .R
d /˝D ,

B.X/f D .icr C 1/�k.�C 1/�l
X


;ı2Nd

j
Cıj�2lCk

C
k;l

;ı
.@
;EndB/.X/@ıf:

Proof. The conditions on B imply by Lemma 3.5 that for any 
 2 Nd , j
 j � 2l C k,

B.X/f 2 Dom.@
 /:

On the other hand, we may expand .cr C i/k.� C 1/l on C1c .R
d / ˝ D to find

matrices

c
k;l

;ı
2

°
�01Hr C

dX
jD1

�j c.d xj /; �j 2 ZC iZ; j 2 ¹0; : : : ; dº
±
;

such that

.cr C i/k.�C 1/lg D
X
˛2Nd
j˛j�2lCk

ck;l˛ @˛g; g 2 C1c .R
d /˝D :

Thus, B.X/f 2 Dom..cr C i/k.�C 1/l/, and by Lemma 3.5,

..cr C i/k.�C 1/l/B.X/f D
X

2Nd

j
 j�2lCk

ck;l˛

X
ı�


�



ı

�
.@ı;EndB/.X/@
�ıf:

By applying .cr C i/�k.�C 1/�l to the left, and using that the resolvents of cr and
� commute, we obtain the claimed statement with C k;l


;ı
D
�

Cı



�
c
k;l

 .

We arrive at the fundamental result of this section which establishes conditions on
the operator family A such that the Callias operator D is closed and

Dom..D�D/
N
2 / D Dom..DD�/

N
2 / D Dom.H

N
2

0 /;

for given N 2 N.

Proposition 3.7. Let N 2 N, N � 1, and A 2 W N�1;2;End
loc .Rd ; .D ; H r//. Assume

for 
 2 Nd , 1 � j
 j � N � 1, there exist t 2 Œ0; j
 j
2
� and p 2 Œ2;C1� such that

kx 7! k.@
;EndA/.x/hA0i
�2t
kB.Hr /kLp.Rd / <1; for

j
 j

2
� t >

d

2p
;

or

kx 7! k.@
;EndA/.x/.A20 C z/
�t
kB.Hr /kLp.Rd / D o.1/; z !C1;
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for . j
 j
2
D t; p D 2/ _ .d � 3; d

p
2 N; j
 j

2
� t D d

2p
/, and

ess sup
x2Rd

kAn0.A.x/ � A0/.A
2
0 C z/

�
nC1
2 kB.Hr / D o.1/; (8)

for z !C1 and 0 � n � N � 1. Denote for j 2 ¹0; 1º the operators

Dj D .�1/
j icr C A.X/ and Dj;0 D .�1/

j icr CcA0:
Then for any � 2 ¹0; 1ºN , the operator

QN
kD1D�k is closed with

Dom
� NY
kD1

D�k

�
D Dom

� NY
kD1

D�k ;0

�
D Dom.H

N
2

0 /

D W N;2.Rd ;H r/ \ L2.Rd ;Dom.AN0 //:

Additionally,
QN
kD1D�k is self-adjoint if it is symmetric.

Proof. We first note that by Lemma 3.4 we have

Dom..@
;EndA/.X// � Dom.H
j
jC1
2

0 /

for 
 2 Nd , 1 � j
 j � N � 1, and

k.@
;EndA/.X/.H0 C z/
�
j
jC1
2 kB.L2.Rd ;Hr // D o.1/; z !C1:

Let n 2 N and let � 2 C1c .R
d /˝D . Then, if O� denotes the H r -valued Fourier

transform of �,

kH
n
2

0 �k
2
L2.Rd ;Hr /

D .2�/�d
Z

Rd

Z
�.A0/

.j�j2 C �2/nhdEA0.�/ O�.�/; O�.�/iHr d �: (9)

Then after multiplying out the polynomial .j�j2 C �2/n, by Young’s inequality, there
are constants Cn such that

j�j2n C �2n � .j�j2 C �2/n � Cn.j�j
2n
C �2n/; � 2 Rd ; � 2 R:

Consequently, by (9), we have

Dom.H
n
2

0 / D Dom.hcrin/ \ Dom.cA0n/
D W n;2.Rd ;H r/ \ L2.Rd ;Dom.An0//; (10)
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where the equality also holds with respect to the topologies induced by graph norms.
A similar argument, using the commuting Fourier transform and spectral resolution
of A0, shows that

k.cA02 C z/n2 �kL2.Rd ;Hr / � k.H0 C z/n2 �kL2.Rd ;Hr /; z � 1:
With these preparations we find for 0 � n � N � 1

kcA0n.A.X/ �cA0/�k
� kcA0n.A.X/ �cA0/.cA02 C z/�nC12 kB.L2.Rd ;Hr //k.H0 C z/�nC12 �kL2.Rd ;Hr /

D ess sup
x2Rd

kAn0.A.x/ � A0/.A
2
0 C z/

�
nC1
2 kB.Hr /k.H0 C z/

�
nC1
2 �kL2.Rd ;Hr /:

(11)

Furthermore, there are constant matrices C 
;ı in Cr�r , such that

.cr/n.A.X/ �cA0/�
D

X
j
Cıj�n

C 
;ı.@
;End.A � A0//.X/@
ı�

D

X
j
Cıj�n

C 
;ı.@
;End.A�A0//.X/.H0 C z/
�
j
jC1
2 @ı.H0Cz/

�
jıj
2 .H0Cz/

j
CıjC1
2 �:

We thus find a constant C <1, such that

k.cr/n.A.X/ �cA0/�kL2.Rd ;Hr /
� C

X
1�j
 j�n

k.@
;End.A � A0//.X/.H0 C z/
�
j
jC1
2 kB.L2.Rd ;Hr //

� k.H0 C z/
nC1
2 �kL2.Rd ;Hr /

C ess sup
x2Rd

k.A.x/ �cA0/.A20 C z/� 12 kB.Hr /k.H0 C z/ 12�kL2.Rd ;Hr /: (12)

We combine (10), (11), (12), and the prerequisites of this proposition to state, for
0 � n � N � 1;

kH
n
2

0 .A.X/ �
cA0/.H0 C z/�nC12 kB.L2.Rd ;Hr // D o.1/; z !C1;

and since

k.H0 C z/
s.H0 C 1/

�s
kB.L2.Rd ;Hr // � 1; for z � 1; s � 0;

which follows by the functional calculi of cA0 and �, we may conclude, for 0 � n �
N � 1,

k.H0 C z/
n
2 .A.X/ �cA0/.H0 C z/�nC12 kB.L2.Rd ;Hr // D o.1/; z !C1: (13)
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We want to apply the well-known Kato–Rellich theorems ([9, Theorem 4.1.1 and
Theorem 5.4.3]) to the operator

T1 WD

NY
kD1

D�k

as a perturbation of T0 D
QN
kD1D�k ;0. If we show that T1 � T0 is relatively bounded

by T0 with a bound strictly less than 1, then the domains of T0 and T1 must coincide,
T1 is closed and additionally self-adjoint if it is symmetric. The spectral resolution ofcA0 and the Fourier transform commute, so we have that

Dom.T0/ D Dom.H
N
2

0 /;

which implies that it suffices to show the relative bound for H
N
2

0 instead of T0. Thus,
we need to show that

sup
�2C1c .Rd /˝D;�¤0

k.T1 � T0/�kL2.Rd ;Hr /

k.H0 C z/
N
2 �kL2.Rd ;Hr /

D o.1/; z !C1: (14)

We note that for � 2 C1c .R
d /˝D ,

.T1 � T0/� D
X

˛2¹0;1ºN ;j˛j�1

NY
kD1

Sk;˛k�;

where Sk;0 WD D�k ;0, and Sk;1 D A.X/ �cA0. We treat each summand separately.


 NY
kD1

Sk;˛k�




L2.Rd ;Hr /

�

NY
kD1

k.H0 C z/
k�1
2 Sk;˛k .H0 C z/

�k2 kB.L2.Rd ;Hr //k.H0 C z/
N
2 �kL2.Rd ;Hr /:

Because

k.H0 C z/
k�1
2 D�k ;0.H0 C z/

�k2 kB.L2.Rd ;Hr // � 1 for z � 1,

and at least one of the factors Sk;˛k equals A.X/ �cA0, we conclude by (13),




 NY
kD1

Sk;˛k�




L2.Rd ;Hr /

D k.H0 C z/
N
2 �kL2.Rd ;Hr /o.1/; z !C1;

which implies the required asymptotic (14).
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Remark 3.8. We note that condition (8) from Proposition 3.7 implies for a.e. x 2Rd ,

k.A.x/ � A0/.A
2
0 C z/

� 12 kB.Hr / D o.1/; z !C1;

which implies by the self-adjoint Kato–Rellich theorem ([9, Theorem 5.4.3]) that
Dom.A.x// D Dom.A0/, for a.e. x 2 Rd .

4. Main results

In this chapter we will discuss trace class properties of operators arising from multi-
plication operators, which then leads to the principal result of this work, Theorem 4.7.
We begin therefore with a lemma giving conditions on an operator familyB , such that
a class of operators associated with the multiplication operator B.X/ and the Dirac
operator cr are Hilbert–Schmidt operators in L2.Rd ;H r/.

Lemma 4.1. Let .B.x//x2Rd be a measurable family of operators with

D � Dom.B.x//; x 2 Rd ;

such that Z
Rd

kB.x/kS1.Hr / d x <1:

Let s � 0, u � s
2

, t < 2u � s � d
2

, and f WRd ! C measurable with

ess sup
�2Rd

jf .�/jh�i�t <1;

then the operator,

Q WD hcA0isf .cr/.H0 C 1/�ujB.X/j 12 ;
is densely defined and admits a Hilbert–Schmidt extension in L2.Rd ;H r/.

Proof. Let K � Rd be compact and  2 D . ThenZ
K

kjB.x/j
1
2 k2Hr d x � k k2Hr

Z
Rd

kjB.x/j
1
2 k
2
S2.Hr /

d x

D k k2Hr

Z
Rd

kB.x/kS1.Hr / d x <1:
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So, jBj
1
2 2 L

2;End
loc .Rd ; .D ;H r//. Lemma 3.2 then implies

Cc.R
d /˝D � Dom.jB.X/j

1
2 /;

thus Q is densely defined.
For "& 0 and n!1 the operators

�";n WD e
�"�1Œ�n;n�.cA0/;

jointly converge strongly to 1 in L2.Rd ;H r/. Moreover, for " > 0 and n 2 N

�";n.x; y/ WD .2�/
�d

Z
Rd

e�ihx�y;�ie�"j�j
2

d � 1Œ�n;n�.A0/

is a smooth B.H r/-valued kernel of �";n. Let

Q";n WD �";nQ:

For " > 0 and n 2 N its B.H r/-valued integral kernel kQ";n at x, y 2 Rd is given by

kQ";n.x; y/ D .2�/
�d

Z
Rd

e�ihx�y;�ie�"j�j
2

f .�/.1C j�j2 C A20/
�u d �

� hA0i
s1Œ�n;n�.A0/jB.y/j

1
2

D .2�/�d
Z
R

Z
Rd

e�ihx�y;�ie�"j�j
2

f .�/.1C j�j2 C �2/�u d �

� h�is1Œ�n;n�.�/ dEA0.�/ jB.y/j
1
2 :

Let us introduce the finite Borel measure �B on R given by

�B.I / WD

Z
Rd

k1I .A0/jB.y/j
1
2 k
2
S2.Hr /

dy; I 2 B.R/;

with

�B.R/ D

Z
Rd

kjB.y/j
1
2 k
2
S2.Hr /

dy

D

Z
Rd

kB.y/kS1.Hr / dy <1:
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If gWR!C is an essentially bounded Borel function, then for any orthonormal basis1

.�n/n2N � D of H r ,Z
Rd





 Z
R

g.�/ dEA0.�/jB.y/j
1
2





2
S2.Hr /

dy

D

Z
Rd

X
n2N

Z
R

jg.�/j2 dhEA0.�/jB.y/j
1
2�n; jB.y/j

1
2�niHr dy

D

Z
R

jg.�/j2 d
� Z

Rd

X
n2N

hEA0.�/jB.y/j
1
2�n; jB.y/j

1
2�niHr dy

�
D

Z
R

jg.�/j2 d�B.�/: (15)

We return to the integral kernel of Q";n. For "; ı > 0, n;m 2 N, the function

fn;m;";ı WR
d
�R! C;

fn;m;";ı.z; �/ WD .2�/
�d
h�is

Z
Rd

e�ihz;�i.e�"j�j
2

1Œ�n;n�.�/ � e
�ıj�j21Œ�m;m�.�//

� f .�/.1C j�j2 C �2/�u d �;

is a bounded Borel function in � for every z 2 Rd . Additionally, fn;m;";ı is given
as a partial Fourier transform in � , thus we may utilize Plancherel’s theorem for the
L2-norm in z. Let us consider the operator Q";n �Qı;m

kQ";n �Qı;mk
2
S2.L2.Rd ;Hr //

D

Z
Rd

Z
Rd

kkQ";n.x; y/ � kQı;m.x; y/k
2
S2.Hr /

d x dy

D

Z
Rd

Z
Rd





Z
R

fn;m;";ı..x � y/; �/ dEA0.�/jB.y/j
1
2





2
S2.Hr /

d x dy

D

Z
Rd

Z
Rd





Z
R

fn;m;";ı.z; �/ dEA0.�/jB.y/
�
j
1
2





2
S2.Hr /

dy d z

(15)
D

Z
Rd

Z
R

jfn;m;";ı.z; �/j
2 d�B.�/ d z: (16)

1D is a dense linear subspace of a separable Hilbert space, thus such an orthonormal basis
always exists.
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We continue by applying Plancherel’s theorem,

D .2�/�d
Z
R

h�i2s
Z

Rd

je�"j�j
2

1Œ�n;n�.�/ � e
�ıj�j21Œ�m;m�.�/j

2

� jf .�/j2.1C j�j2 C �2/�2u d � d�B.�/

� .2�/�d ess sup
�2Rd

jf .�/j2h�i�2t

�

Z
R

Z
Rd

je�"j�j
2

1Œ�n;n�.�/ � e
�ıj�j21Œ�m;m�.�/j

2
h�i�4uC2sC2t d � d�B.�/:

The integrand in the last line of (16) possesses the dominant .�; �/ 7! h�i�4uC2sC2t ,
which is integrable against d� ˝ d�B , because�4uC 2sC 2t <�d and�B is finite.
Therefore, we may interchange limits in "; ı& 0 and n;m!1 with both integrals.
Thus

kQ";n �Qı;mk
2
S2.L2.Rd ;Hr //

";ı&0; n;m!1
�����������! 0:

Since for " > 0 and n 2 N we may similarly show that

kQ";nk
2
S2.L2.Rd ;Hr //

� .2�/�d ess sup
�2Rd

jf .�/j2h�i�2t

�

Z
R

Z
Rd

je�"j�j
2

1Œ�n;n�.�/j
2
h�i�4uC2sC2t d � d�B.�/

� .2�/�d ess sup
�2Rd

jf .�/j2h�i�2t
Z
R

Z
Rd

h�i�4uC2sC2t d � d�B.�/ <1;

we conclude that the operators Q";n admit Hilbert–Schmidt extensions which form
a Cauchy sequence of Hilbert–Schmidt operators, and thus converge to some zQ 2
S2.L2.Rd ; H r//. On the other hand, the strong limit of Q";n on their common
domain containing C1c .R

d /˝D is Q. Thus, Q admits the extension zQ.

An immediate consequence of the previous lemma is that we can give conditions
on an operator family B , such that a class of operators associated with the multi-
plication operator B.X/ and the Dirac operator cr become trace-class operators in
L2.Rd ;H r/, by splitting into a product of Hilbert–Schmidt operators.

Corollary 4.2. Let B 2 L2;End
loc .Rd ; .D ;H r//, such thatZ

Rd

kB.x/kS1.Hr / d x <1:
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Let sj � 0, uj �
sj
2

, and tj < 2uj � sj � d
2

for j 2 ¹1; 2º, then the operator

S WD hcA0is1hcrit1.H0 C 1/�u1B.X/hcA0is2@ı.H0 C 1/�u2 ; ı 2 Nd ; jıj � t2;

is densely defined on rg..H0 C 1/u2 jC1c .Rd /˝D/ and admits a trace-class extension
in L2.Rd ;H r/.

Proof. The space rg..H0C 1/u2 jC1c .Rd /˝D/ is dense inL2.Rd ;H r/ by Lemma 3.1.
Let f 2 rg..H0 C 1/u2 jC1c .Rd /˝D/. Then there is g 2 C1c .R

d / ˝ D , such that
.H0 C 1/

�u2f D g. Since hcA0is2 and @ı map C1c .R
d / ˝ D to itself, we obtain

that hcA0is2@ı.H0 C 1/�u2f 2 C1c .Rd / ˝ D . Since B 2 L2;End
loc .Rd ; .D ; H r//,

Lemma 3.2 implies that

hcA0is2@ı.H0 C 1/�u2f 2 Dom.B.X//:

Therefore, rg..H0 C 1/u2 jC1c .Rd /˝D/ � Dom.S/, which shows that S is densely
defined.

By polar decomposition there exists a measurable family .U.x//x2Rd of unitary
operators in H r , such that for a.e. x 2 Rd ,

B.x/ D jB.x/�j
1
2U.x/jB.x/j

1
2 :

Accordingly we may decompose

S D Q1Q2;

Q1 D hcA0is1hcrit2.H0 C 1/�u1 jB.X/�j 12 ;
Q2 D U.X/jB.X/j

1
2 hcA0is2@ı.H0 C 1/�u2 :

ForQ2 we obtain, using the commutativity of cA0, @ andH0 on adequate domains and
the �-invariance of Hilbert–Schmidt operators,

kQ2kS2.L2.Rd ;Hr // D kjB.X/j
1
2 hcA0is2@ı.H0 C 1/�u2kS2.L2.Rd ;Hr //

D khcA0is2@ı.H0 C 1/�u2 jB.X/j 12 kS2.L2.Rd ;Hr //;
so Q2 possesses a Hilbert–Schmidt extension by Lemma 4.1. Moreover, Lemma 4.1
also implies that Q1 admits a Hilbert–Schmidt extension, because �-invariance of
trace-class operators yields,Z

Rd

kB.x/�kS1.Hr / d x D
Z

Rd

kB.x/kS1.Hr / d x <1:

Consequently, S admits a trace-class extension.
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The next result is concerned with giving conditions on a family B , such that the
operator .H0C 1/�1B.X/.H0C 1/�N admits a trace-class extension inL2.Rd ;H r/.
To that end, we will use Lemma 3.6 to rewrite B.X/, and obtain a decomposition of

.H0 C 1/
�1B.X/.H0 C 1/

�N

into operators of the type discussed in Corollary 4.2.

Proposition 4.3. Denote n WD max.bd
2
� 2c C 1; 0/. Let ˛ 2 R�0 be fixed. Let B 2

W
n;2;End

loc .Rd ; .D ;H r//, andZ
Rd

k@
;End.BhA0i
�˛/.x/kS1.Hr / d x <1;

for all 
 2 Nd with j
 j � n. Then for N > ˛
2
C

n
2
C

d
4

, the operator

.H0 C 1/
�1B.X/.H0 C 1/

�N

is densely defined on rg..H0 C 1/N jC1c .Rd /˝D/, and admits a trace-class extension
in L2.Rd ;H r/.

Proof. Let f 2 rg..H0C 1/N jC1c .Rd /˝D/, which is dense inL2.Rd ;H r/ by Lemma
3.1. Then g D .H0 C 1/�Nf 2 C1c .R

d /˝D . Lemma 3.2 then implies that

.H0 C 1/
�1B.X/.H0 C 1/

�N

is densely defined. Let 2l C k D n with k 2 ¹0; 1º and l 2 N, and denote

B
k;l

;ı
.x/ WD C

k;l

;ı
.@
;EndC/.x/hA0i

�˛

for 
; ı 2 Nd . Then Lemma 3.6 implies

.H0 C 1/
�1B.X/.H0 C 1/

�Nf D .H0 C 1/
�1B.X/g

D .H0 C 1/
�1.icr C 1/�k.�C 1/�l

X

;ı2Nd

j
Cıj�n

C
k;l

;ı
.@
;EndB/.X/@ıg

D

X

;ı2Nd

j
Cıj�n

.H0 C 1/
�1.icr C 1/�k.�C 1/�lC

k;l

;ı
.@
;EndB/.X/@ı.H0 C 1/

�Nf

D hcrik.1C icr/�k
X


;ı2Nd

j
Cıj�n

hcri�n.H0 C 1/
�1B

k;l

;ı
.X/hcA0i˛@ı.H0 C 1/�Nf:

The operator hcrik.1C icr/�k is bounded. For all 
; ı 2 Nd with j
 C ıj � n, the
operators

hcri�n.H0 C 1/
�1B

k;l

;ı
.X/hcA0i˛@ı.H0 C 1/�N
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admit trace-class extensions, which follows by Corollary 4.2, because

B
k;l

;ı
2 L

2;End
loc .Rd ; .D ;H r//;

and Z
Rd

kB
k;l

;ı
.x/kS1.Hr / <1;

by assumption on B , and choosing u1 D 1, s1 D 0, t1 D �n, u2 D N , s2 D ˛, and
t2 D n. Consequently, .H0 C 1/�1B.X/.H0 C 1/�N admits a trace-class extension.

By a complex interpolation argument, we may extend the trace-class membership
of .H0 C 1/�1B.X/.H0 C 1/�N to the operator

.H0 C 1/
�m�1B.X/.H0 C 1/

�NCm:

Corollary 4.4. Let B , ˛, n, and N satisfy the same prerequisites as in Proposi-
tion 4.3. Additionally, assume that B� 2 W n;2;End

loc .Rd ; .D ;H r//, andZ
Rd

k@ˇ;End.B�hA0i
�˛/.x/kS1.Hr / d x <1:

Then for all m 2 N with 0 � m � N � 1 the operators

.H0 C 1/
�m�1B.X/.H0 C 1/

�NCm

are densely defined on rg..H0 C 1/N jC1c .Rd /˝D/, and admit trace-class extensions
in L2.Rd ;H r/.

Proof. First we show that

.H0 C 1/
�m�1B.X/.H0 C 1/

�NCm
jrg..H0C1/N jC1c .Rd /˝D

/

is densely defined. This follows by Lemma 3.1 and Lemma 3.2 and if we note that
.H0 C 1/

m maps C1c .R
d /˝D to itself.

Now, consider the operator S0 WD .H0 C 1/
�1B.X/.H0 C 1/

�1. S0 is densely
defined on

rg..H0 C 1/jC1c .Rd /˝D/ � Dom.S0/;

by Lemma 3.1 and Lemma 3.2. We also find

S�0 � .H0 C 1/
�1.B.X//�.H0 C 1/

�1

� .H0 C 1/
�1B�.X/.H0 C 1/

�1
jrg..H0C1/jC1c .Rd /˝D

/; (17)
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which shows that S�0 is densely defined. Since S0, S�0 are both densely defined, S0
is closable and admits therefore a closure S . Denote T D .H0 C 1/

N�1. Then by
Proposition 4.3 the operator S0T �1 admits a trace-class extension R, which is thus
bounded, thereforeRD S0T �1. Since ST �1 is also a closed extension of S0T �1, we
concludeRD ST �1. Because S�0 D S

�, and if we consider (17), the operator S�T �1

is a closed extension of

.H0 C 1/
�1B�.X/.H0 C 1/

�N
jrg..H0C1/N jC1c .Rd /˝D

/;

which is densely defined and admits a trace-class extensionR0 by Corollary 4.2, which
must be its closure. Therefore, S�T �1 D R0. We thus meet the prerequisites of an
interpolation theorem ([8, Theorem 3.2]), ensuring that for x 2 Œ0; 1� the operators
T �xST �1Cx defined on Dom.T / are closable andRx D T �xST �1Cx are trace-class
operators. Now, choose x D m

N�1
, then

R m
N�1
jrg..H0C1/N jC1c .Rd /˝D

/

D .H0 C 1/
�m�1B.X/.H0 C 1/

�NCm
jrg..H0C1/N jC1c .Rd /˝D

/;

which finishes the proof.

We have now all ingredients prepared to show the principal result of this work.
Before stating the main theorem, let us summarize all accumulated conditions on the
operator family A in the following Hypothesis for convenience. Let us introduce the
notation

crEndA WD

dX
jD1

c.d xj /@End
xj
A; rEndAc WD

dX
jD1

@End
xj
Ac.d xj /:

Hypothesis 4.5. Denote n WD max.bd
2
� 2c C 1; 0/. Let ˛; ˇ 2 R�0 be fixed.

Let A0 be a self-adjoint operator in H r , and let D D
S
n2N rg.1Œ�n;n�.A0// and

assume that c.d xj /.D/ � Dom.A0/, j 2 ¹1; : : : ; dº.
Let A D .A.x//x2Rd be a family of symmetric operators in H r such that

D � Dom.A.x//. If A.x/ commutes with c.dxj / for all x 2 Rd and j 2 ¹1; : : : ; dº,
then let N 2 N with N > ˛

2
C

n
2
C

d
4

, otherwise let N > max.˛
2
C

n
2
C

d
4
; ˇ
2
C

n
2
C

d
4
C

1
2
/.

Assume that A 2 W 2N�1;2;End
loc .Rd ; .D ;H r//, andZ

Rd

k@
;End.crEndAhA0i
�˛/.x/kS1.Hr / d x <1;

Z
Rd

k@
;End.rEndAchA0i
�˛/.x/kS1.Hr / d x <1;
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Rd

k@
;End.Œc.d xj /; A�hA0i�ˇ /.x/kS1.Hr / d x <1; j 2 ¹1; : : : ; dº; (18a)

for all 
 2 Nd with j
 j � n. Assume that for 
 2 Nd , 1 � j
 j � 2N � 1, there exist
t 2 Œ0; j
 j

2
� and p 2 Œ2;C1� such that, for j
 j

2
� t > d

2p
,

kx 7! k.@
;EndA/.x/hA0i
�2t
kB.Hr /kLp.Rd / <1 (19)

or, for . j
 j
2
D t; p D 2/ _ .d � 3; d

p
2 N; j
 j

2
� t D d

2p
/,

kx 7! k.@
;EndA/.x/.A20 C z/
�t
kB.Hr /kLp.Rd / D o.1/; z !C1: (20)

Finally, also assume, for 0 � k � 2N � 1,

ess sup
x2Rd

kAk0.A.x/ � A0/.A
2
0 C z/

�
kC1
2 kB.Hr / D o.1/; z !C1: (21)

Since Hypothesis 4.5 comprises of several technical conditions on the family A,
we shall discuss their necessity and differentiate their importance. Let us first consider
the set of conditions (19), (20), and (21), which are chosen such that

Dom..D�D/N / D Dom..DD�/N / D W 2N;2.Rd ;H r/ \ L2.Rd ;Dom.A2N0 //;

see Proposition 3.7. We may categorize these conditions as “minor” since they do not
pertain to trace-class properties of D but only of its domain. The essential conditions
on A, central to trace-class properties ofD, are given by (18), and they are in analogy
to the conditions (2) in [10] and (3) in [7]. We should note that the additional deriva-
tives @
;End for 
 � n appear only in dimension d � 4, while the entire second line
of (18) is not present for d D 1, since without loss of generality Clifford multiplica-
tion is scalar and therefore commutes with any operator family. We also note that the
requirement on the Clifford multiplication, c.dxj /.D/ � Dom.A0/, j 2 ¹1; : : : ; dº,
is always satisfied if A0 and c.d xj / commute.

Let us illustrate the essential conditions by giving a simple example concerned
with operator families generated by a perturbed Dirac operator on Rm, which is sim-
ilar to the discussed case in [6] for a diagonal matrix potential.

Example 4.6. Denote n WDmax.bd
2
� 2cC 1; 0/. Letm;s 2N and let Oc be a Clifford

multiplication over Rm in Cs , and consider the self-adjoint Dirac operator A0 WD Oc yr
in H r for H D L2.Rm;Cs/. Let ı > m

2
, ˛ > m

2
C ı, and let N 2 N with N >

˛
2
C

n
2
C

d
4

. Let vWRd �Rm ! R be a C 2N�1-function such that its derivatives are
bounded, and thatZ

Rd

Z
Rm

j@

0

x v.x; y/jhyi
ı dy d x <1; 1 � j
 0j � nC 1: (22)



O. Fürst 550

Define

.V .x/f /.y/ WD v.x; y/f .y/; x 2 Rd ; y 2 Rm;

Dom.V .x// D H r
D L2.Rm;Cs/˝Cr ; x 2 Rd ;

and

A.x/ WD A0 C V.x/; x 2 Rd ;

Dom.A.x// D Dom.A0/ D W 1;2.Rm;Cs/˝Cr ; x 2 Rd :

Because v is smooth, we haveA 2W 2N�1;2;End
loc .Rd ; .D ;H r//. Furthermore, we note

that for all 
 2 Nd with 1 � j
 j � 2N � 1 one obtains

sup
x2Rd ;y2Rm

j@
xv.x; y/j DW C
 <1;

which yields condition (19). Because v is smooth with bounded derivatives, we also
find

sup
x2Rd ;y2Rm

j@
xv.x; y/jk.A
2
0 C z/

�
kC1
2 kB.Hr /

D C
z
�
kC1
2

D o.1/; z !C1; 0 � j
 j D k � 2N � 1;

which yields condition (21). The essential condition (18) readsZ
Rd

k.@

0

V /.x/h Oc yri�˛kS1.Hr / d x <1; 1 � j
 0j � nC 1;

which is satisfied according to [11, Corollary 4.8] and 22. The second and third line
of condition (18) is voided since V commutes with Oc.

The operator family A therefore satisfies Hypothesis 4.5 and is admissible for the
following Theorem 4.7. It states that the associated Callias operatorDD icr CA.X/
in this example satisfies

.D�D C 1/�N � .DD� C 1/�N 2 S1.L2.Rd ;H r// D S1.L2.RdCm;Crs//:

We state the principal result of this work.

Theorem 4.7. Assume Hypothesis 4.5. Then

.D�D C 1/�N � .DD� C 1/�N 2 S1.L2.Rd ;H r//:
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Proof. A direct consequence of Proposition 3.7 is that

Dom..D�D/k/ D Dom..DD�/k/ D Dom.H k
0 /;

for 0 � k � N . Thus, by the resolvent identity, we find

.D�D C 1/�N � .DD� C 1/�N

D

N�1X
kD0

.DD� C 1/�k�1ŒD;D��.D�D C 1/�NCk

D

N�1X
kD0

Bk.H0 C 1/
�k�1ŒD;D��.H0 C 1/

�NCk zBN�k;

where the operators

Bk WD .DD� C 1/�k�1.H0 C 1/kC1;

zBk WD .H0 C 1/k.D�D C 1/�k;

are bounded. Thus, it suffices to show that

.H0 C 1/
�k�1ŒD;D��.H0 C 1/

�NCk
2 S1.L2.Rd ;H r//; 0 � k � N � 1:

For 0 � k � N � 1 and � 2 rg..H0 C 1/N jC1c .Rd /˝D/, one obtains

.H0 C 1/
�k�1ŒD;D��.H0 C 1/

�NCk�

D 2i.H0 C 1/
�k�1Œcr; A.X/�.H0 C 1/

�NCk�

D 2i

dX
jD1

.H0 C 1/
�k�1Œc.d xj /; A�.X/@xj .H0 C 1/

�NCk�

C 2i

dX
jD1

.H0 C 1/
�k�1c.d xj /.@End

xj
A/.X/.H0 C 1/

�NCk�

D 2i.H0 C 1/
�k�1

dX
jD1

Œc.d xj /; A�.X/@xj .H0 C 1/
�NCk�

C 2i.H0 C 1/
�k�1.crEndA/.X/.H0 C 1/

�NCk�;

where we use that the conditions posed on A imply that Dom.A.x// D Dom.A0/,
for a.e. x 2 Rd (see Remark 3.8), and that c.d xj /.D/ � Dom.A0/, j 2 ¹1; : : : ; dº.
Since @xj .H0 C 1/

� 12 is bounded for j 2 ¹1; : : : ; dº, it suffices to show that

.H0 C 1/
�k�1Œc.d xj /; A�.X/.H0 C 1/�NCkC

1
2 ; j 2 ¹1; : : : ; dº;

.H0 C 1/
�k�1.crEndA/.X/.H0 C 1/

�NCk
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admit trace-class extensions for 0 � k � N � 1, which is a direct consequence of
Corollary 4.4.

The above presented Theorem 4.7 should provide a large enough store of operator
families A such that one may investigate trace formulas and spectral shift functions
of the pair .D�D;DD�/, which might lead to new results for the index of the Callias
operator D in this abstract setup.
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