J. Spectr. Theory 13 (2023), 525-553 © 2023 European Mathematical Society
DOI 10.4171/JST/451 Published by EMS Press
This work is licensed under a CC BY 4.0 license

Trace class properties of resolvents of Callias operators

Oliver Fiirst

Abstract. We present conditions for a family (A(x)),cgra of self-adjoint operators in H” =
C” ® H for a separable complex Hilbert space H, such that the Callias operator D = icV +
A(X) satisfies that (D*D + 1)~ — (DD* 4+ 1)~V is trace class in L2(RY, H"). Here, ¢V
is the Dirac operator associated to a Clifford multiplication ¢ of rank r on R¥, and A(X) is
fibre-wise multiplication with A(x) in L2(R9, H').

1. Introduction

Let d,r € N and let ¢ be a Clifford multiplication over R? in C”, and consider the
associated Dirac operator ¢V on R4,

d
cVf=Y cdx))df. feC'®RC.
Jj=1

Let H be a separable complex Hilbert space. Denote H” := C” ® H. We con-
sider ¢V as a self-adjoint linear operator in L2(R¢, H") with domain Dom(cV) :=
WL2(R4, H"), the L>-Sobolev space of order 1 with values in H”.

Now, let A = (A(x)),cre be a family of self-adjoint operators in H”". Then we
associate to A the fibre wise multiplication operator A(X) in L2(R¢, H"), given by

(AX) f)(x) :=4() f(x). xR
The Callias operator D is then
D :=icV + AX).

The goal of this paper is to give conditions on the operator family A, such that the
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resolvent powers of D*D and DD* are trace comparable, i.e., such that for some
N € N,

(D*D+ 1) —(DD* + )N e SY(LA(R?, H")), (1

where S?(Y) denotes the p-th Schatten—von Neumann operators on a Hilbert space Y .

Before we proceed with a proper introduction of the involved operators, let us
briefly contextualize why one might be interested in property (1).

The name “Callias operator” reflects the contribution of C. Callias in [5] to the
Fredholm index problem of the operator D for a family of matrix potentials A, which
arises from Yang—Mills theory. A similar index problem in the special case of dimen-
sion d = 1 had been considered in the seminal series of articles by M. Atiyah,
V. Patodi, and 1. Singer in [2, 3], and especially [4], dealing with the index prob-
lem on manifolds with boundary. In their setup, the family A is given by first order
differential operators on a compact manifold.

A. Pushnitski showed in [10] that the Callias operator D in one dimension d = 1
for a family A(x) = A— + B(x), x € R, where

/ 1B ()l 1 gy d x < oo @)
R

satisfies condition (1) for N = 1, and one obtains the trace formula

_ _ 1
2w m((D*D +z2)" = (DD* +2)7) = ZtrH(gz(A-‘r) —g:(4-)), z=>1,
where
A
O24+12)z
and the limits A4+ = limy_ 1., A(X) exist in an appropriate sense. Furthermore, it

was shown that one can calculate the Fredholm index of D in terms of the spectral
shift function of the operators A4 and A_.

g:(A) =

The results by Pushnitski were shown under less restrictive conditions on the fam-
ily (A(x))xer by F. Gesztesy et al. in [7]. The authors were especially able to weaken
the required condition (2) to

/ | B’ (x)(A% + 1)—%||SI(H)dx < 00, (3)
R

which is the first instance where the family of operators A(x) are generated by possi-
bly unbounded, non-commutative and non-discrete perturbations.
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More recently, A. Carey et al. in [6] showed property (1) holds for an appropriate
N € N in the one-dimensional case d = 1, if the family A is itself given by perturba-
tions of a Dirac operator by a matrix potential, and if one imposes weaker trace-class
requirements on A than (3), dependent on a parameter (on which the choices for N
also depend).

The goal of this paper is to present a collection of conditions on the family A
for general d € N, such that A can be obtained by unbounded, non-commutative
and non-discrete perturbations of a general self-adjoint model operator Ay, such that
the associated Callias operator D satisfies property (1) for a suitable N € N. The
necessary requirements on the trace-class properties of A will be weaker for larger N.
To determine the trace and index formula for D in this instance will however be a task
for future work.

Let us present the main result of this paper and review the conditions on the oper-
ator family A.

We start with reasonably generic assumptions, which allow us to differentiate
the operator family A on R¢. These conditions are chosen such that one obtains
favourable domain properties of D, and they do not pertain to the trace-class proper-
ties directly.

Let Ao be a self-adjoint operator in H” and let A(x), x € R, be symmetric
operators, with the dense set

D = Jra(linm(40)) S H'.
neN

contained in all domains Dom(A(x)), x € R?. For compatibility with Clifford mul-
tiplication, we require that ¢(d x/)(D) € Dom(Ay), j € {1,...,d}. We assume that
forall ¢ € D and ¥ € H" the function

x = (A(X)p. ¥) 7,

is Lebesgue measurable on R? (see Hypothesis 2.1). For a yet to choose N € N,
we then require that the function x — A(x)¢ is (2N — 1)-times weakly differentiable
for ¢ € D, with derivatives in L2 (Rd, H"), which we abbreviate with A €

loc

WlfCN ~L2Edrd (9, H™)) (see Definition 2.2). We impose Kato-Rellich type
bounds on the derivatives of A4 to ensure that (D*D)" and (DD*)" are self-adjoint
operators on the domain W2V-2(R¢, H") N L?(R¥, Dom(A%N)) (see Proposition 3.7).
Let us now discuss the trace-class conditions on A, which are the essential assump-
tions.
Denote n := max(L% — 2| 4+1,0) € N, and let o, B € R=Z%. If A(x) commutes
with ¢(dx/) for all x e R4 and j €{1,...,d},thenlet N € N with N > % + % + %,

i d B d 1
otherwise let N > max(§ + 5 + .5 + 5 + 5+ 3).
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Denote
d ' d )
VI A =) "e(dx)om0A, VR Ae =) " 050 Ac(dx),

j=1 j=1

where (85‘}dA) f =0,;(Af) — Ad,, f are appropriately defined partial derivatives
of operators (see Definition 2.2). Then we assume

/ |87 E eV A(A0) ™) () |51 177y d X < 00, (4a)
R4
/ 1975 (VEM Ac(A40) ™) (¥) |1 sy d X < 00, (4b)
R4

/ 187F2 (fe(d 7). Al Ao) P)@)lIs1arydx <00, j e{l,....d},  (4o)

R4

forall y € N? with |y| < n.

We should stress that n = 0 for dimensions d < 3, which contains the situation
discussed in [6, 7, 10]. We note especially that the first line of (4) is analogous to the
condition in the one-dimensional case for example like (3) in [7]. Incase d =r =1,
the second and third line of (4) is trivially satisfied since (scalar) ¢ commutes with A
automatically. In dimensions d > 4, we see that N > 1 becomes necessary. In any
case, we should note the basic feature of all the conditions in (4): one can increase o
and B to decrease the restriction on the family A4, in exchange for a possibly larger N,
which weakens property (5) of the Callias operator D. This is for example useful if A
is a family of (pseudo-)differential operators (cf. [11, Chapter 4]). We will illustrate
this last point in Example 4.6 for the concrete case of a Dirac operator perturbed by a
potential.

All presented conditions on A together (see Hypothesis 4.5) imply the desired

property
(D*D + )™V —(DD* + )N e SYLARY, H")), (5)

for the Callias operator D, which is the principal result of this paper (see Theo-
rem 4.7).

2. Notation and basic definitions

We fix i as the imaginary unit in C. Let H be a separable complex Hilbert space and
denote with H" := H ® C” for r € N. Let L?(R%) be the space of p-Lebesgue-
integrable elements on R4, and Wk’z(Rd) the L2-Sobolev space of order k on R4,
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For 1 < p < oo, denote with L?(R?, H") the H"-valued (Bochner—Lebesgue-)
LP-elements over R?, i.e., f € LP(R4, H") ifforall ¢ € H',

R 5 x > (f(x),d)mr is Lebesgue measurable,

1 g = [ 1@ dx <00, p <.
R4

I/ lpoora, gry == esssup || f(x)|[ar < o0, p=o0.
xeR4

Let ¥ be the (isometric) Fourier transform

. d r d r 1
F LR H dx) > L2(RYH ’(2n)dd5)’
FE = [0 fax,

R4

obtained via continuous extension and Hilbert space tensor product from the classical
Fourier transform on Schwartz functions in R?. Usually we write f := % (f). Note
that as in the scalar case the Fourier transform satisfies by complex interpolation for

fEeLP®RY H),1<p<2and+ =1,
I/ awa, mry < 1S lLrwa,mry-
We also use the abbreviations

1, ze M,

o 2y4 —
() =4[22, Iu(2): {0’ LM,

for M € C, and z € C, and B(V) for the Borel o-algebra of a topological space V.
Denote with W*2(R?, H") the H”-valued L2-Sobolev space of order k > 0
over R? ie., f € WE2(RY, H™)if f € L2(R4, H"), and

RY 5 & () f(6) € LP®RH).
We abbreviate partial derivatives by

olv!
Wf(xl,...,xd), X ERd, f ECOO(Rd), Y ENd,
xl T %

(0" Hx) =

and denote the extension of 3" to the Sobolev space W!7b2(R4, H") with the same
letter. We note that for k € N,

feWRRUHY) = & fe PRUHY, |yl <k
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Let ¢ be a Clifford multiplication over R of rank r € N, and consider the associ-
ated Dirac operator ¢V on R?, i.e., there are Clifford matrices (c(d x/ ));i:1 e Crr,
such that

c(@dxFye@dx?) + c(dxedx®) = =28 1cr<r, k1 e{l,....d)}.

Then ¢V is the operator in L2(R?, H") given by

d
cVf = Z c(dx)d,; f, Dom(cV):= WL2(RY, HT).
j=1
It is well known that ¢ V with the above domain is self-adjoint, and that Dom({c V)*)=

Wk2(R?, H") as Banach spaces. The square of the Dirac operator is the Laplacian
A = (cV)?, with

d
Af ==Y 9,/ Dom(d)=W>?®RH).
J=1

Note that A + 1 = (¢ V)2
The Fourier transform ¥ diagonalizes A, i.e., for f:R — R a Borel function, and
if £(]X|?) denotes the multiplication operator

(FUXP)2)E) == f(IEHe(®). & € RY,

Dom( £(|X[2)) := {g = Lz(Rd, H, (z;)d dg):
€ fUEP® € L2(RYHT ).

we have that
F:Dom(f(A)) — Dom(f(|X[*))
is an isometry with respect to the graph norms and
f) =7 f(XP)F.

Throughout this paper, we assume that Ag is a given self-adjoint operator in H”"
with domain Dom(A4p), which we may consider as a Banach space if equipped with
the graph norm of Ay. We introduce the space

D = Jrg(lj—n.n)(4o)) € H",
neN

which is dense in H", a simple consequence of self-adjoint functional calculus.
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In L?(R¢, H") we may define the constant multiplication operator Ao by
(A0 f)(x) := Ao f(x), x € R?,  Dom(do) := L>(R¢, Dom(4y)).

We introduce the constant coefficient Callias operator Dg in L2(R?, C"), given
by

Do :=icV + Ay, Dom(Do) := WH2(R?, H") N Dom(Ay).

It has been shown in [7, Lemma 4.2] that Dy is closed and its graph-norm coincides
with the sum of the norms of W12(R¢, H") and L2(R?, Dom(Ay)). Furthermore,
Dy is normal with

Dy = —icV + Ao, Dom(Dg) = Dom(Dy).

The automatically non-negative, self-adjoint operator Ho := Dy Dy satisfies Hy =
A + Ay? via the commuting functional calculi of ¢V and Aj.
Let us now introduce the first basic conditions on the operator family A.

Hypothesis 2.1. Assume A = (A(X)), g« is a family of symmetric operators in H",
with Dom(A(x)) 2 D, x € R4 . Furthermore, we suppose that for all ¢, ¥ € D,

R? 2 x = (A V)
is (Lebesgue-)measurable.

Under these conditions on 4 we may define the multiplication operator A(X) in
L2(R?, H") by

(AX) f)(x) := A(x) f(x), x € RY,
Dom(A(X)) :={f € L*(R%, H")|x — A(x) f(x) € L2(R?, H")).

Note that so far we have not enough assumptions on the family A4 to claim that A(X)
is densely defined.
However, we may associate the Callias operator D to the operator family A via

D =icV + A(X),
Dom(D) = Dom(cV) N Dom(A(X)).

Again, we cannot claim that D is densely defined. This will be our first goal in the
sequel to find additional conditions on the family A to conclude that D is a closed
operator with domain Dom(D) = Dom(Dy).

Before we proceed with the first results, we also need to introduce a notion of
differentiability for the family A.
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Definition 2.2. Let (Y, | - ||y ) be a Banach space, and assume that & C Y is dense. Let
(B(x))era be a measurable family of operators in Y, with domains Dom(B(x))2 &,
x € R4 If for y € N¢ there exists a measurable family of densely defined operators
Cy(x),x € R4, with Dom(Cy,(x)) 2 &, such that for all f € Ccc"’(Rd) ® &,

[ ewrwax = [ s s ax,
R4 R4

where the integral converges in Y as Bochner integrals, we say (B(x)),cga is y-times
weakly differentiable on &, and we set

@B (x)y = Cy(0)Y. Y €E.
If additionally for all |y| <n € N, K ¢ R? compact, and ¢ € &,

[ 1@ B) o)y |3 dx < oo,
K

we write B € W2 (RY, (€, 7)).

In our setup the spaces are Y = H" and & = D.

3. Domain properties of A(X) and D

In this section we will establish conditions on the family A which ensure that the
Callias operator D is closed, the operators D* D and DD* are self-adjoint, and their
powers have the same domain as the powers of Hy = D Dy.

We begin by establishing a class of dense sets in L2(R?, H"), which will be cores
for some operators in Lz(Rd, H") we will discuss.

Lemma 3.1. Lets > 0. Then
rg((Ho + 1)*|cooryo.0)
is dense in L2(R¢, H).
Proof. Let f € L2(R?, H"), such that for all g € Cfo(Rd) and ¢ € D,
(Ho+1)*(g ® V), f)r2wa,mr) = 0.

If ¢ denotes the Fourier transform of g and f € L*(R?, H") the Fourier transform
of f, by Plancherel’s theorem we find that

/ BN + 67 + A2y A©)ar dE = 0.

R4
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Because {g|g € C®°(R?)} is dense in L2(R¢), we conclude that for all { € D exists
anullset Ny C R¥, such that for £ € RY\ Ny,

(14 €12 + 42)°y, f(&))ur = 0.

H’ is separable and O a dense subspace. Therefore, there exists an at most countable
subset {{,}nen € D, which is dense in H”. On the other hand, for all £ € RY we
have ¢, == (1 + |§]* + A3 Y, € D forn € N. Also N = |J,cy Ny, is still a
nullset in R4 Thus, for & € Rd\N and alln € N,

Yo FEVEr = (1 + [E> + AD ¢, f(E))mr = 0.

But {/, }nen is dense in H”, so f(&) =0fora.e. & € R?. Thus, f = 0 as an element
of L2(R4, H"). Consequently, rg((Hy + 1)S|C§>°(Rd)®.1)) is dense in L2(R4, H").
[

Let us show that the operator families B we want to consider give rise to densely
defined multiplication operators B(X).

Lemma 3.2. Let

Bc LZ,End(Rd’ (O(D’ Hr)) = I/I/lo’z’End(Rd, (i), Hr))

loc oc

Then C.(R?) @ D € Dom(B(X)). Especially B(X) is densely defined.

Proof. Let g € CCOO(Rd) and ¢ € D. We need to show that x > g(x)B(x)y €
L?(R?, H"), the statement of the lemma then follows by linearity of B(X). To this
end let supp g € K, where K C R is compact. Then

xeK

/ 2@ RIB)Y 3 dx < sup |g()]? / B3, dx <o m
R4 K

The next lemma enables us to decide if a family of bounded operators B gives rise
to a bounded multiplication operator B(X) between L4- and L2-spaces.

Lemma 3.3. Let B € L2 (R? (D, H")). Assume for p > 2,

loc
x = ||B()llary € LP(RY),
1 1 _ 1
thenfor ; + E =3
LR, H™) C Dom(B(X)),
1B Lawae, mry—>r2@®a,mry < 1x = 1B Bl r ray-

Proof. The statement follows immediately by Holder’s inequality. |
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Since we want to use Kato—Rellich’s theorem for perturbations of the operator

N
H,> , we will need to know if a multiplication operator B(X) is relatively bounded
with bound strictly less than 1. The next lemma establishes such bounds via Sobolev
inequalities.

Lemma 3.4. Let B € L™ (R, (D, H")), and u > 0. Assume there exists t € [0,u]

loc

and p € [2, +00), such that

- d
Ix = 1 B(x)(A0) " llpcanllLr@ay < 00, foru—1 > 2

or
Ix = || B(x)(AG + Z)_t”B(H")”LP(]Rd) =o(l), z— +oo,
for(u=t,p=2)v(d 33,% eNu—1= %), then
Dom(Hg) € Dom(B(X)),
IB(X)(Ho + 2) "l pr2®a,ary) = 0(1). z— 4o0.
1

Proof. Let z>1. Then for pe (2, +00], % + %=_

1 1 _ d
2’E+_/_1 andfeLz(]R r),

1A +2)7° fllpawa,gry < IAX P 4+ 27 fllpo e ar)

((2 T / (ISI2+Z)‘S”dS) 1/ N2

=

—pd A _ —
= )P z27 € > (E) Lo ay | fllL2ma -
Consequently, for s > % there is a constant C < oo, such that
— d_
(A +2)L2@®a mrysrama,gry < €227 = o(1),  z — +oo.

For p = 2, we obtain

1A + 2 Ilp2@a,mry = 10X + D @ mr. g aey

= esssup(|£]* +z2)*
£eR4

s o(1), z —> +o0, s>0,
= Z =
1, s = 0.

Ifd >3 and2s > f%] , then the Sobolev inequality ([, Theorem 4.12, Part III]) yields
a constant C < oo, such that for z > 1,

(A +2) " (lp2wa, mry—>rara,mry < C.
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This result is only interesting for % € N, otherwise it is superseded by previous esti-
mates.

We also note that by the commuting functional calculi of A and ;1\0, that for
s,t>0,s+t=u,

I(A +2)*(Ao® + 2)' (Ho + 2) |l po@e mry < 1. 2> 1.

Consequently, we obtain for s, > 0, s + ¢t = u, by Lemma 3.3 and the assumptions
in this lemma,

| B(X)(Ho + 2) ™| pLe®a mry)
< I1B(X)(A0®> + 2) " pa®a, mry—>r2®e, 5y l(A + 2) |2 oy LR, HT)
= |lx = | B(x)(AG + 2) B llLr wa)

d
0(1)7 S>2_7
P z — 400,
d d
C, (s:O,p:2)v(dZ3,—eN,s:—),
P 2p
=o(l), z— 4oo. ]

The next ingredient to discuss perturbations of Hyp-powers is a Leibniz rule for
multiplication operators B(X) in the next statement. The proof is standard, we how-
ever give it for self-sufficiency in this operator-valued setup.

Lemma3.5. Let Be W25 (R4 (D, H")). Forsome N eN.If f eC®(RY) @ D,

loc

then B(X) f € Dom(3") = W2(R4, H") fory € N?, |y| < N, and

B00f = 3 (§)@mm vy,

<y

Proof. We proceed by induction on N. The statements of the lemma hold for |y| = 0,
by Lemma 3.2. Let us assume the statements are true forn < N. Let || = N + 1.
Then thereis y € N¢ and j € {1,...,d},suchthaty =y + d;. Since by assumption
B(X)f € WN2(R4, H"), it suffices to check that 3¥ B(X) f € WL2(R4, H™) to
conclude B(X) f € WNTL2(R4 H™). Also, by assumption, we know that

p0s = X (4@ =monr, ©

<y
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Since, by Lemma 3.2, we have (0>F"B)(X)3? % f € L2(R¢, H"), we may consider
(0%E"dB)(X)3¥ % f as an H"-valued distribution. As such, for any ¢ € CZ(R?),

(3x, (WM BY(X)37 ™8 f)[¢]
=- / (" BY (x) (378 £)(x) (x, ) (x) d x
R4

= ((0"FB)(X)d" =% )] ~ / (3 FB) (x) (B, (87 £))) (x) d.x
R4

= ((@"FB)(X) % f)[g] + ((° B B) (X)) 0 f)[g]. @)

The above steps are justified by Lemma 3.2 and the fact that for any n € N¢ the
derivative 3" f € C°(R%) ® D, and §*EM B, §5+8;Endg ¢ [ 2EM(RA (p HTY),

loc
This argument also yields

(aS,EndB)(X)ay—S-HSj + (a8+8_/,EndB)(X)8y—8f c Lz(Rd, Hr)’
which implies by (7) that
(a&,EndB)(X)ay—Sf c Wl’z(Rd, Hr),

and thus by (6), 3V B(X) f € W12(R4, H"). Finally, we combine (6) and (7) to con-
clude

af’B(X)f = Z (7(;) ((aS+8j,EndB)(X)aV—8f + (88,EndB)(X)ay_5+3j I3

<y
=5 (g)(aS»E“dB)(X)a?—b’ f =
B<y

The next lemma is closely related with the Leibniz rule in Lemma 3.5, however
its usefulness will become only apparent in the next section, when we discuss trace-
class properties of a certain class of operators in L2(R¢, H"). Its rough content is that
differentiability of an operator family B enables us to extract smoothing operators in
L2(R%, H") from the left of the multiplication operator B(X).

Lemma3.6. Let B € W2TF2E(Rd (D HT)) forl € N and k € {0, 1}. Then there

loc
are constant matrices

d
chl e {mm +Y AjeWdxd). A € Z+iZ, j e {0,...,d}}, .8 e N9,

Jj=1
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such that for f € CCOO(Rd) ® D,

B(X)f = (icV+ 1) (A+ D)7y Cr (07 B)(X)d f.

y,6eN4
ly+68|<2l+k

Proof. The conditions on B imply by Lemma 3.5 that for any y € N9, |y| < 2] +k,
B(X) f € Dom(d”).

On the other hand, we may expand (cV + i)¥(A + 1)! on Cf"(Rd) ® D to find
matrices

d
e otar + Y he@x)). &y € Z+iZ. j 0.},

j=1
such that

€V+i A+ Dg=) kg ge CPRY) @ D.

aeN4
la|<2l+k

Thus, B(X) f € Dom((cV + i)¥(A + 1)!), and by Lemma 3.5,

ik l _ k.l V) (48.End y—8
(@ ta+ 1B S = Sk Y ()@ monm
yeNd =<y
ly|<2l+k
By applying (¢V +i)7¥ (A + 1)~/ to the left, and using that the resolvents of ¢V and

A commute, we obtain the claimed statement with Cf ;gl = (”f)c]; A4

We arrive at the fundamental result of this section which establishes conditions on
the operator family A such that the Callias operator D is closed and

Dom((D*D)%) = Dom((DD*)¥) = Dom(HO%),

for given N € N.
Proposition 3.7. Let N € N, N > 1, and A € WY V2R (D, HT)). Assume

loc

fory e N4 1 <|y| <N —1, there exist t € [0, %] and p € [2, +o0] such that

n - [yl d
lx = (187" A) (x)(Ao) "> | Bar) | L ey < 0. for 5 > T

or

1x = 1@ A) ) (AF + 2) 7 I Lr @ay = 0(1), 2 — o0,
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_n+l
esssup | AG(A(x) — Ao)(A5 +2) 2 |lpwr) = o(1),

xeR4

forz - 4o00and 0 <n < N — 1. Denote for j € {0, 1} the operators
D; = (=1)/icV + A(X) and Djo = (—1)7icV + Ay.

Then for any n € {0, 1}V, the operator ]_[,?[:1 Dy, is closed with

N N
Dom(l_[ an> = Dom(l_[ an,o) = Dom(Ho%)
k=1 k=1
=WN2R?, H") N L2(R?, Dom(4Y)).

Additionally, r[,lcvzl Dy, is self-adjoint if it is symmetric.

Proof. We first note that by Lemma 3.4 we have

Dom((9”"F"4)(X)) D Dom(HO%)

fory e N9 1 <|y|<N —1,and

lyl+1
2 ||B(L2(]Rd,H’)) = 0(1), z — +o00.

1" A) (X ) (Ho + 2)~

538

®)

Letn € N andlet ¢ € C® (R?) ® D. Then, if ¢ denotes the H"-valued Fourier

transform of ¢,

16 8120 sy = @00 [ [ 422 (0 Eay (03 @) p@Nar a5 O

R4 o (Aop)

Then after multiplying out the polynomial (|€|> + A2)", by Young’s inequality, there

are constants C, such that
2"+ A%" < (&2 + AD)" < Co(JE*" +A%"), £eRY A eR.
Consequently, by (9), we have

Dom(H_) = Dom({cV)") N Dom(A,")
= W"2R4, H") N L*(RY, Dom(47)),

(10)
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where the equality also holds with respect to the topologies induced by graph norms.
A similar argument, using the commuting Fourier transform and spectral resolution
of Ag, shows that

1(Ao? + Z)%¢||L2(Rd,Hr) =< [[(Ho + Z)%¢||L2(Rd,H")7 z=z L

With these preparations we find for0 <n < N — 1
| 40" (A(X) — Ao} |

< [ Ag" (A(X) — Ag)(Ag® + 2) "5 IBz2@®a, 5y II(Ho + Z)_L;ld’”L%Rd,H’)

= esssup [ A43(A(0) = A (4G + 2075 o | (Ho + 275 Gl

) (11)

Furthermore, there are constant matrices C**% in C"*", such that
(V)" (AX) = A0)¢

= CTI@HEA = ) ()¢

ly+8|<n
= > CrI@EN (A=A (X)(Ho +2)7 % 8 (Ho+2)7 7 (Ho+2) 2 ¢,
ly+8l<n

We thus find a constant C < oo, such that
1(eV)" (AX) — Al 2wt 11
. _Iyl+1
<C Z 10754 — Ap))(X)(Ho +2)™ 2 llp2wa.ary)
1 n+1
== N(Ho +2)"F llp2ga )

— 1 1
+ esssup [|(A(x) — Ao)(AG + 2) "2 gl (Ho + 2)2 @l Lowa gry-  (12)

xeR4

We combine (10), (11), (12), and the prerequisites of this proposition to state, for
0<n<N-1,

z —_— _ntl
[ Hy (A(X) — Ao)(Ho +2)™ 2 |lpemae,mry = o(1), z — +oo,
and since
I(Ho + 2)*(Ho + 1) llgr2e,gry <1, forz>1,5>0,

which follows by the functional calculi of Z\o and A, we may conclude, for 0 < n <
N —1,

n —— _n+l
[(Ho +2)2 (A(X) — Ao)(Ho + 2)” = |puema,mry = o(1), z—> +oo. (13)
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We want to apply the well-known Kato—Rellich theorems ([9, Theorem 4.1.1 and
Theorem 5.4.3]) to the operator

N
Ty :=[] Dne
k=1

as a perturbation of 7o = ]_[,?’:1 Dy, 0. If we show that 77 — Ty is relatively bounded
by Ty with a bound strictly less than 1, then the domains of 7y and 77 must coincide,
T is closed and additionally self-adjoint if it is symmetric. The spectral resolution of
2\0 and the Fourier transform commute, so we have that

N
Dom(7y) = Dom(H,* ),

N[

which implies that it suffices to show the relative bound for H* instead of Ty. Thus,
we need to show that
T, — T, 2(R4.H"
sup (T 03v¢||L o
$eCE®DOD.070 |(Ho + 2) 2Pl L2®a 1)

We note that for ¢ € Cfo(Rd) ® D,

N
Ti-To)p =) [ Skat

ac{0,1}V |a[>1 k=1

where Sk o := Dy, 0, and Sg; = A(X) — 2\0. We treat each summand separately.

N
e
k=1

L2R4,HT)
N k—1 k N
< 1_[ [(Ho +2) Z Ska (Ho +2)" 2 lpr2@a, maryll(Ho + 2) Z ¢l L2ra 1)
k=1

Because
k=1 _k
|(Ho+z) 2 Dy, 0(Ho+2z) 2 ||B(L2(Rd,H’)) <1 forz>1,

and at least one of the factors Sy o, equals A(X) — Ao, we conclude by (13),

N
e
k=1

which implies the required asymptotic (14). |

N
L@aHY I(Ho + 2) 2 ¢l L2a, zryo(1), 2 = +o0,
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Remark 3.8. We note that condition (8) from Proposition 3.7 implies for a.e. x € R¢,
1
1(A(x) = A0)(AF + 2) "2 |lpary = o(1), z — +00,

which implies by the self-adjoint Kato—Rellich theorem ([9, Theorem 5.4.3]) that
Dom(A4(x)) = Dom(4y), for a.e. x € R,

4. Main results

In this chapter we will discuss trace class properties of operators arising from multi-
plication operators, which then leads to the principal result of this work, Theorem 4.7.
We begin therefore with a lemma giving conditions on an operator family B, such that
a class of operators associated with the multiplication operator B(X) and the Dirac
operator ¢V are Hilbert—Schmidt operators in L2(R¢, H™).

Lemma 4.1. Let (B(x)),cpa be a measurable family of operators with
D C Dom(B(x)), xeR?,
such that
[ 18@lsirydx < .
R4
Lets >0,u> 5,1t <2u—s— %, and f:Rd — C measurable with

esssup | f(§)|(§)™" < oo,

£eRd

then the operator,
— _ 1
Q = (Ao)’ f(cV)(Ho + D)7*|B(X)|2,
is densely defined and admits a Hilbert—Schmidt extension in L*(R¢, H™).

Proof. Let K C R¥ be compact and ¢ € D. Then

/ NB@IEY I3, dx < 13 / 1B 2 g0, dx

= V1% / 1Bt ey dx < o,
R4
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So, |B|Z € LZFY(RY, (D, H”)). Lemma 3.2 then implies

C.(RY) ® D € Dom(|B(X)|?),

thus @ is densely defined.
For ¢ ™\, 0 and n — oo the operators

Ken 1= e_EA]l[—n,n] (Z\O)’

jointly converge strongly to 1 in L2(R¢, H"). Moreover, for ¢ > O andn € N

_ —ilx— _ 2
Ken(x,y) = (2m) 74 / e Ty R eI d £ 11, ,1(Ao)
]Rd

is a smooth B(H")-valued kernel of «, ,,. Let

Oen = kenQ.

Fore > 0andn € N its B(H")-valued integral kernel ko, , at x, y € R4 is given by

ko, (x.y) = 2n)~¢ / I8P £(e)(1 4 |E[2 + A2) " d

R (A0) 1 nny(A0) | B(Y)|?
= @y [ [0 A 1)1 167 + 22 ag
R R A (M) d Eag(A) [BO)|?.

Let us introduce the finite Borel measure pp on R given by

1
pa(t) = [ 1A BOI Bagrydr. 1< B0
R4

with

1
ja(R) = / 1B oy d v
]Rd

:/||B(Y)||Sl(Hr)dy<0°-
]Rd
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If g: R — C is an essentially bounded Borel function, then for any orthonormal basis'
(¢n)nen € D of H",

dy
S2(H")

/ H / () d Eqy ()| BO)|*

- / / 182 d(Eag ()| BO) b [BOY ) dy

rd "N R
/ g ( [ T (EaiBo i n 181 ¢n>mdy)
R4 neN
- / g dus(). (15)

We return to the integral kernel of Q, . For ¢, > 0, n,m € N, the function
fn,m’g,g:]Rd xR — C,

Frmas 22 1= @0 [ TN, 3Gy = P )
R? OO+ EP+ 2T dE,
is a bounded Borel function in A for every z € R¢. Additionally, Jn,m.es i given

as a partial Fourier transform in &, thus we may utilize Plancherel’s theorem for the
L?-norm in z. Let us consider the operator Q » — Qs m

|| Qe,n - QS,m ||§2(L2(Rd,Hr))

=//||stn(X,J’)—kQam(X,y)Héz(Hr)dxdy
R4 Rd

//H/f"m”((x—w 2)d Eay(M|B()[2

R4 R4
[/H/f”’"”(z A)d E4o(M)|B(y)* |2
R4 R4

W / / omes(@ D dus()dz. (16)

R R

dxdy
S2(H")

dydz
S2(HT)

1D is a dense linear subspace of a separable Hilbert space, thus such an orthonormal basis
always exists.
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We continue by applying Plancherel’s theorem,

= m) / / e HP 1y () — P EP T DP

K AFEPA+EP + 2172 dE dus (V)
< @) Lesssup| f(n)|2 ()
neRd
: / / e KR 1 () — e KR L DPE) 2542 dE d s (D).
R R4

The integrand in the last line of (16) possesses the dominant (§, 1) +> (£) 44 +2s+27,
which is integrable against d§ ® d g, because —4u + 25 4+ 2t < —d and pp is finite.
Therefore, we may interchange limits in &, N\ 0 and n, m — oo with both integrals.
Thus

> £,0\\0, n,m—00
1Qen — Qsml3a(o@a piry ———— 0.

Since for ¢ > 0 and n € N we may similarly show that

||Q8,n||§2(L2(Rd,Hr))
—d 2 —2t
< @2m) “esssup|f (M| (n)
neR4
: / / e (O P(E) 22 dE dpp(d)

R R4

< @m) 4 esssup | F)IP(n / / £) 7125420 g 4 g (R) < oo,

eR4
n R Rd

we conclude that the operators Q. , admit Hilbert-Schmidt extensions which form
a Cauchy sequence of Hilbert—Schmidt operators, and thus converge to some Q €
S2(L*(R?, H")). On the other hand, the strong limit of Q. , on their common
domain containing C °°(]Rd ) ® D is Q. Thus, Q admits the extension Q ]

An immediate consequence of the previous lemma is that we can give conditions
on an operator family B, such that a class of operators associated with the multi-
plication operator B(X) and the Dirac operator ¢V become trace-class operators in
L?(R4, H"), by splitting into a product of Hilbert—Schmidt operators.

Corollary 4.2. Let B € L2 (R4, (D, H")), such that

/ ||B(X)||Sl(Hr)dX < Q.
RA
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Sj

Lets; > 0,u; > 5, and t; <2uj —s; — %forj € {1,2}, then the operator

S = (A0) e V)" (Ho + D™ B(X){A0)29° (Ho + D72, § € N¥, |8| <o,
is densely defined on rg((Ho + 1)"?|coo(raygp) and admits a trace-class extension
in L2(R4, H).

Proof. The space rg((Ho + 1)"2|coo(rd)@p) is dense in L2(R?, H") by Lemma 3.1.
Let f € rg((Ho + 1)"2|coera)gp)- Then there is g € Ccc"’(Rd) ® D, such that
(Ho + 1)7#2f = g. Since (Z\O)S2 and 9° map CX(RY) ® D to itself, we obtain
that (Ag)28%(Hy + 1)™2f € C®(R?) ® D. Since B € LZM(RY, (D, H")),

loc
Lemma 3.2 implies that

(A0)*29% (Ho + 1)™2 f € Dom(B(X)).

Therefore, rg((Ho + 1)"?|ceoraygp) S Dom(S), which shows that S is densely
defined.

By polar decomposition there exists a measurable family (U(x)),cga of unitary
operators in H”, such that for a.e. x € R4,

B(x) = |B(x)*|3U(x)|B(x)|2.
Accordingly we may decompose
S =010>,
01 = (Ag)* (¢V)2(Ho + 1) ™| B(X)*|3,
Q> = U(X)|B(X)|2 (Ag)*20° (Ho + 1) 2.

For O, we obtain, using the commutativity of Z\o, d and Hy on adequate domains and
the *-invariance of Hilbert—Schmidt operators,

1 — —
102052 2@a.mry = NIBX)|Z(A0)2° (Ho + 1)l s2(12et .17
— _ 1
= [[(40)*3° (Ho + D™ |B(X)|2 Il s2(2a, 17y
so O, possesses a Hilbert—Schmidt extension by Lemma 4.1. Moreover, Lemma 4.1

also implies that O, admits a Hilbert—-Schmidt extension, because *-invariance of
trace-class operators yields,

an(x)*nsl(Hr)dx - [ 1BG) g1y dx < oo
R4 R4

Consequently, S admits a trace-class extension. ]
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The next result is concerned with giving conditions on a family B, such that the
operator (Ho + 1) "' B(X)(Ho + 1)~V admits a trace-class extension in L2(R?, H”).
To that end, we will use Lemma 3.6 to rewrite B(X), and obtain a decomposition of

(Ho + D)™'BX)(Ho + 17"
into operators of the type discussed in Corollary 4.2.

Proposition 4.3. Denote n := max(L% — 2| 4+ 1,0). Let o € R=0 be fixed. Let B €
wrrE(Rd (D HT)), and

loc
[ 175 B A0 @i ary dx <
R4
forall y € N? with |y| < n. Then for N > % + 2 + £ the operator
2 T27T 3
(Ho +1)™T'B(X)(Ho + )7
is densely defined on rg((Hy + 1)N lcoo(rd)00), and admits a trace-class extension
in L2(R4, HT).
Proof. Let f erg((Ho + l)Nlch(Rd)@,;D), which is dense in L2(R?, H") by Lemma
3.1.Theng = (Hp + 1)V f € C®(RY) ® O. Lemma 3.2 then implies that
(Ho + )" B(X)(Ho + )7
is densely defined. Let 2/ + k = n with k € {0, 1} and / € N, and denote
k,l . k,l n —
BRI (x) i= € (3750 (x) (40) ™
for y,§ € N?. Then Lemma 3.6 implies

(Ho+ )T'B(X)(Ho + )™V f = (Ho + 1) ' B(X)g

= (Ho+ D' (icV+ D7F A+ )Y Cif @™ B)(x)g

y,6eN4
ly+8|<n

=Y (Ho+ D)7V + D7F(A + DT C (7P B)(X) (Ho + 1) f

y,8eNd
ly+8l<n

= (cV)*(1 +icV)™ Y (e V)™ (Ho + )7 Bl (X)(A0)* 0 (Ho + 1)V f.

y,8eNd
ly+8|<n

The operator (cV)*(1 + icV)~¥ is bounded. For all y,§ € N¢ with |y + §| < n, the
operators

(V)™ (Ho + 1) Bl (X)(Ag)*0° (Ho + 1)~
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admit trace-class extensions, which follows by Corollary 4.2, because

Bk,l c LZ,End(Rd’(@’ Hr))’

¥,8 loc
and
k,l
[ 18551y <
R4
by assumption on B, and choosing u; = 1,51 =0,# = —n,u; = N, s = «, and
t» = n. Consequently, (Hy + 1)"'B(X)(Hp + 1)~V admits a trace-class extension.

By a complex interpolation argument, we may extend the trace-class membership
of (Hy + 1)™'B(X)(Ho + 1)~ to the operator

(Ho + )™ ' B(X)(Ho + 1)~V *m.

Corollary 4.4. Let B, o, n, and N satisfy the same prerequisites as in Proposi-
tion 4.3. Additionally, assume that B* € W"’z’End(Rd, (D, H")), and

loc
[ 198555 o) ) s ey dx < o0
R4
Then for allm € N with0 <m < N — 1 the operators

(Ho + )™ ' B(X)(Ho + 1)~V *™

are densely defined on rg((Ho + 1)V lcoo(r)0.0), and admit trace-class extensions
in LR, H").

Proof. First we show that
(Ho + 1) B(X)(Ho + 1)_N+m|rg((H0+1)N|cg’°(Rd)®:D)

is densely defined. This follows by Lemma 3.1 and Lemma 3.2 and if we note that
(Hp + 1) maps C®(R9) ® D to itself.

Now, consider the operator Sp := (Ho + 1)"'B(X)(Ho + 1)7!. Sy is densely
defined on

1g((Ho + Dlcgowaygn) S Dom(So),
by Lemma 3.1 and Lemma 3.2. We also find

S¢ 2 (Ho + 1) (B(X)"(Ho + 1)
2 (Ho + 1) B*(X)(Ho + D)™ lie((Ho+ Dl oo gty (17)
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which shows that S} is densely defined. Since So, S; are both densely defined, So
is closable and admits therefore a closure S. Denote T = (Hy + 1)¥~1. Then by
Proposition 4.3 the operator So7 ! admits a trace-class extension R, which is thus
bounded, therefore R = So7 1. Since ST ! is also a closed extension of So7 !, we
conclude R = ST~!. Because Sy = S*, and if we consider (17), the operator S*71
is a closed extension of

(Ho + D7 B*(X)(Ho + D™ lig((Ho+ DV oo g )"

which is densely defined and admits a trace-class extension R’ by Corollary 4.2, which
must be its closure. Therefore, S*T~! = R’. We thus meet the prerequisites of an
interpolation theorem ([8, Theorem 3.2]), ensuring that for x € [0, 1] the operators
T—*ST~'** defined on Dom(T') are closable and R, = T~*S T ~1+X are trace-class

operators. Now, choose x = % then

R

Nm_] |fg((H0+1)N ‘CL(‘X)(]R‘])(@{D)

= (Ho + )" BOOHs + D7 |ty 0V ot
which finishes the proof. |

We have now all ingredients prepared to show the principal result of this work.
Before stating the main theorem, let us summarize all accumulated conditions on the
operator family A in the following Hypothesis for convenience. Let us introduce the
notation

d d
cVEdg = Zc(dxj)air}dA, VEMd e = Z Bif}dAc(dxj).
j=1 j=1

Hypothesis 4.5. Denote n := max(L% —2] 4+ 1,0). Letar, B € R=0 be fixed.

Let Ao be a self-adjoint operator in H”, and let D = |, epy 18(1[—n,n](A0)) and
assume that ¢(d x/)(D) € Dom(4y), j € {1,...,d}.

Let A = (A(X)),cgpa be a family of symmetric operators in H” such that
D S Dom(A(x)). If A(x) commutes with c(dx/) forallx e R? and j € {1,...,d},
t;lenlftN e N with N > % + % + %,otherwiseletN > max(% + 3+ %,g + % +
T2

Assume that A € W2N~12Ed(Rd (p HTY) and

loc
/ 1075 (¢ VEM A (A0)~*) (x) |1 (zrry d x < 00,
R4

/ 1075 (VM Ac (Ag) ™) (x) |1 (grry d x < 00,

R4
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/ ||3”’E“d([c(dxj),A](AO)_ﬁ)(x)HS](Hr)dx <oo, jell,....d}, (18a)
R4

forall y € N9 with |y| < n. Assume that for y € N9 1< ly| < 2N — 1, there exist

t €10, M] and p € [2, +0o¢] such that, for ‘lzl —t> %,
llx = (187" A) (x)(Ao) ™ | eyl Lp ey < 00 (19)

or.for (P =1 p=2)v@=34eN Bl-_r=42
Ix = 1 (@7FA) ) (A5 + 2) " B lLpgay = 0(1), 2 = +o0.  (20)

Finally, also assume, for 0 < k <2N — 1,

_k+1
ess sup ||A’5(A(x) — Ao)(Ag +2)" 2 ||lpry =o0(1), z— +oo. 21
xeR4
Since Hypothesis 4.5 comprises of several technical conditions on the family A4,
we shall discuss their necessity and differentiate their importance. Let us first consider

the set of conditions (19), (20), and (21), which are chosen such that
Dom((D*D)N) = Dom((DD*)N) = W2¥2(R4, H") N L2(R?, Dom(A42")),

see Proposition 3.7. We may categorize these conditions as “minor” since they do not
pertain to trace-class properties of D but only of its domain. The essential conditions
on A, central to trace-class properties of D, are given by (18), and they are in analogy
to the conditions (2) in [10] and (3) in [7]. We should note that the additional deriva-
tives 9°F" for y < n appear only in dimension d > 4, while the entire second line
of (18) is not present for d = 1, since without loss of generality Clifford multiplica-
tion is scalar and therefore commutes with any operator family. We also note that the
requirement on the Clifford multiplication, c(d x/)(D) € Dom(4y), j € {1,....d},
is always satisfied if Ao and ¢(d x/) commute.

Let us illustrate the essential conditions by giving a simple example concerned
with operator families generated by a perturbed Dirac operator on R™, which is sim-
ilar to the discussed case in [6] for a diagonal matrix potential.

Example 4.6. Denote n := max([% —2] +1,0). Letm,s € N and let ¢ be a Clifford
multiplication over R” in C*, and consider the self-adjoint Dirac operator Ay := ev
in H” for H = L*(R™, C*). Let § > % o > % 4+ §,and let N € N with N >
S+5+ %. Let v: R4 x R” — R be a C2¥~!-function such that its derivatives are
bounded, and that

/ / |8§/v(x,y)|(y)8dy dx <oo, 1< |<n+1 (22)
Rd K™
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Define

V) NHG) =v(x, ) ), xeR? yeR™,
Dom(V(x)) = H" = L>(R™,C*)  C", x € R,

and

A(x) == Ay + V(x), x e R?,
Dom(A(x)) = Dom(4¢) = WH2(R™,C*) ® C”, x € R?.

Because v is smooth, we have A € ngcN _1’2’End(Rd, (D, H")). Furthermore, we note

that for all y € N4 with 1 < |y| < 2N — 1 one obtains

sup [0¥v(x, y)| =: C, < o0,
xeR4,yeRm

which yields condition (19). Because v is smooth with bounded derivatives, we also
find

_k+1
sup  [9%v (e, WIIAG +2)7 2 |l
x€eR4 ,yeR™
k+1
=Cyz= 2

=o(l), z— +00,0=<|y|=k <2N —1,

which yields condition (21). The essential condition (18) reads

/ 1@ VYY"l g1arydx <00, 1< y/| <n+ 1,
Rd

which is satisfied according to [11, Corollary 4.8] and 22. The second and third line
of condition (18) is voided since V commutes with ¢.

The operator family A therefore satisfies Hypothesis 4.5 and is admissible for the
following Theorem 4.7. It states that the associated Callias operator D =icV 4+ A(X)
in this example satisfies

(D*D + 1)V —(DD* + )™M e SYL2RY, H")) = S'(L>(R*™,C™)).
We state the principal result of this work.
Theorem 4.7. Assume Hypothesis 4.5. Then

(D*D + 1) —(DD* + )N e SY(L2R?, H")).
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Proof. A direct consequence of Proposition 3.7 is that
Dom((D*D)¥) = Dom((DD*)¥) = Dom(HY),
for 0 < k < N. Thus, by the resolvent identity, we find

(D*D+ )N —(DD* + 1)V
N—-1

Z(DD* + 1)_k_1[D,D*](D*D + 1)—N+k

k

N—

> Be(Ho + )™ [D. D*)(Ho + )™ By .

k=0

Il
- o

where the operators

By := (DD* + 1)™*=1(Hy + 1)k+1,
By := (Ho + DF(D*D + 1)7*,

are bounded. Thus, it suffices to show that
(Ho 4+ 1)*YD,D*|(Hy + 1) "Ntk ¢ SY(L2(RY, H")), 0<k <N —1.
ForO0 <k <N —1and ¢ €rg((Ho + 1)N|C(§>O(Rd)®i)), one obtains

(Ho + 1) 7![D, D*|(Ho + 1)V t*¢
= 2i(Ho + 1) * eV, A(X)](Ho + 1)V rg
d

=2i ) " (Ho+ D7 Me(dx!), AI(X)d,.; (Ho + D™V g
j=1

d
+2i Y (Ho+ 1) le(dx)) @5 A)(X) (Ho + 1)V g
ji=1

d
=2i(Ho + 1)1 > [e(dx/), Al(X)d,; (Ho + 1) V¢
j=1
+2i(Ho + )T (eVENA)(X) (Ho + )™V HE,
where we use that the conditions posed on A imply that Dom(A(x)) = Dom(Ay),

for a.e. x € R? (see Remark 3.8), and that c¢(d x/)(D) € Dom(4y), j € {1,....d}.
Since 9, (Ho + 1)_% is bounded for j € {1,...,d}, it suffices to show that

(Ho + 1)  edx?), A(X)(Ho + )N th+2 je1,... d),
(Ho + 1)7F 1 (e VEMA) (X)(Ho + 1)V HF
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admit trace-class extensions for 0 < k < N — 1, which is a direct consequence of
Corollary 4.4. ]

The above presented Theorem 4.7 should provide a large enough store of operator

families A such that one may investigate trace formulas and spectral shift functions
of the pair (D*D, DD*), which might lead to new results for the index of the Callias
operator D in this abstract setup.
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