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Spectral summability for the quartic oscillator
with applications to the Engel group

Hajer Bahouri, Davide Barilari, Isabelle Gallagher, and Matthieu Léautaud

Abstract. In this article, we investigate spectral properties of the sublaplacian —A on the
Engel group, which is the main example of a Carnot group of step 3. We develop a new approach
to the Fourier analysis on the Engel group in terms of a frequency set.

This enables us to give fine estimates on the convolution kernel satisfying F(—Ag)u =
u x k , for suitable scalar functions F, and in turn to obtain proofs of classical functional
embeddings, via Fourier techniques.

This analysis requires a summability property on the spectrum of the quartic oscillator,
which we obtain by means of semiclassical techniques and which is of independent interest.
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1. Introduction and statement of the main results

1.1. The Engel group

Analysis on Lie groups is nowadays a rich and independent research field, with applic-
ations and intersections with many fields of mathematics, from PDEs to geometry
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[28, 36]. A particular class of such groups receiving increasing attention is given
by the so-called Carnot groups. These groups, playing the role of local models in
sub-Riemannian geometry as the Euclidean R does for Riemannian geometry, are
nilpotent Lie groups diffeomorphic to R¢ and homogeneous with respect to a fam-
ily of dilations, which are automorphisms of the Lie algebra. The most renowned
examples of such groups are Heisenberg groups, which are Carnot groups of step 2.

The Lie algebra g of a Carnot group admits a stratification ¢ = €);_, a; where
the grading is compatible with the dilations, and the first layer g is Lie bracket gener-
ating, i.e., the smallest Lie algebra containing g is g itself, satisfying g;+1 = [g1, gl
with the convention g+ = 0. The (smallest) integer s satisfying this property is then
called the step of the Carnot group.

While the analysis on Carnot groups of step 2 is now quite well understood (see
for instance [5,6,29,32,35,74-76] and the references therein), much less can be said
for Carnot groups of higher steps. The main example of a Carnot group of step 3,
which is the focus of the present paper, is the so-called Engel group.

The Engel group G is a nilpotent 4-dimensional Lie group which is connected and
simply connected, and whose Lie algebra g satisfies the following decomposition

g=g1®azdags,
with
. def def
dimg: =2, g = [a1.g1), 83 = [q1, g2)-

This group is described in detail in Section 3. Let us recall that it is homogeneous
of degree Q = 7, and one can define a sub-Riemannian distance on G, and the sub-
Riemannian gradient Vg f. One can then consider the sublaplacian operator

A f ¥ div(Vg f),

where div denotes the divergence with respect to the Haar measure on G.

1.2. Spectral analysis of the sublaplacian

One of our goals in this paper is to provide an effective analysis of the spectral prop-
erties of the sublaplacian Ag, having in mind the following version of the classical
spectral theorem for selfadjoint operators (see [66, Theorem VIIL.4 p. 260] or [56,
Théoreme 4.5 p. 117]).

Theorem 1.1. Let (A, D(A)) be a selfadjoint operator on a separable Hilbert space
H. Then, there exists
e aBorel set B C Rd, d > 1, endowed with a locally finite Borel measure wm on B,

* alocally bounded real valued function a € L{, (B;R,dm),
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o anisometryU: H — L?*(B,dm),

such that

UAU™ = M,,

the operator of multiplication by the function a, with UD(A) = D(M,).

Any such Borel set B can be seen as a “frequency space” for the operator A, and

the unitary operator U: H — L?(B,dm) can be understood as a “Fourier transform”

adapted to the operator A.

Let us discuss the spirit of this theorem on two main examples: the Euclidean

space R (which is a commutative Lie group) and the Heisenberg group H¢, which
is a noncommutative, nilpotent Lie group, whose Lie algebra §) satisfies ) = §; & b,
with o = [b1, b1] and [h1, o] = 0.

)]

2

The Euclidean space R4 In this case for the (opposite of the) classical Laplace
operator A = —A the standard Fourier identity

F(—Auw)E) = EPF)E). € eRY, (1.1)

can be reinterpreted in terms of Theorem 1.1 by choosing H = L?(R?) and
B = R4 endowed with the Lebesgue measure, where U = ¥ is the Fourier
transform and a(§) = |£|?.

The Heisenberg group H?. In this case the (opposite of the) sublaplacian
—Apa becomes after noncommutative Fourier transform a rescaled version
of the harmonic oscillator acting on L2(R¢)

HE —A, + 1222 z eR?, A eR¥, (1.2)

whose spectrum is given by the set {|A|(2|m| + d), A € R*, m € N4},
A formulation of Theorem 1.1 for the operator A = —Apye can be given for
H = L*>(H%, dw) and U a Heisenberg Fourier transform Fyy«. An explicit
description has been provided in [4] where B = N¥ x N9 x R* (writing ele-
ments of B as triplets w = (n,m, 1)) is the space of frequencies endowed with
the measure §(n)8(m)|A|¢ d A, where §(n)8(m) denotes the counting measure
on N24_ The function a is given by a(n, m, ) = |A|(2|m| + d).

Notice that this translates into the analogue to the Fourier identity (1.1) for
A = —Apua as follows:

Fra (—Agauw)(n,m,A) = |A|Q2|m| + d) Fga (w)(n,m, A).

We highlight that the function a in the case of the Heisenberg group does not
depend on n: this is related to the fact that the operator —Ay is diagonalized
by the Hermite basis of eigenfunctions of H.
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In this paper our first aim is to identify a family of objects (B, m,a, U) as presen-
ted in Theorem 1.1 for the sublaplacian Ag on the Engel group, acting on the Hilbert
space L2(G,d x) (as we shall see in Section 3, the Haar measure on G can be
identified with the Lebesgue measure d x in suitable coordinates), that is useful in
applications. In the case of the Engel group it is known that the noncommutative
Fourier transform exchanges (the opposite of) the sublaplacian —A g with an operator
acting on L?(R), which turns out to be the (family of conveniently rescaled) quartic
oscillator

P,= ———
. aez *
where u € R is a real parameter (see (4.12)—(4.13) below). To the best of our know-

w & (%Z—M)Z, 9 R, (1.3)

ledge, this operator appeared for the first time in relation with hypoelliptic operators
in the paper by Pham The Lai and Robert [53] (but had already been studied before
that in relation to quantum mechanics). Since then, it has received enduring attention
and has been extensively studied under different perspectives: more references on the
spectral theory for P, are provided in Section 2.

In order to state our first result, we need to recall that P, can be endowed with the
domain

D(P,) = {u e L2(R), —dd—; + (9—22 - /L)zu = LZ(R)}, (1.4)

and that its spectrum consists in countably many real eigenvalues {E,, (i) }men of
multiplicity 1 and satisfying

0 < Eo(p) <Ep(u) <-++ <Em(i) < Em+1(n) — +o00.

We also define, for (v, 1) € R x R*, the rescaled eigenvalues

Em, ) & 30 (—2). (1.5)
()

A3

Theorem 1.2. Ser G & N x N x R x R*, write elements ofé as X = (n,m,v, ),

&t 8(n)d(m)dvdA, recalling that 5(n)d(m) is the

counting measure on N2. Then define on G the function

and define a measure on G bydx

¥ a(®) Y En(v, ).
There exists a unitary operator U: L?(G,d x) — Lz(é, d X) such that
U-Ag)U* =M,, UD(—Ag)= D(M,), (1.6)

where M, denotes the operator given by multiplication by the function a.
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As in the case of the Heisenberg group described above, notice that the function a
involved in Theorem 1.2 does not depend on n. Again, this is related to the fact that
the Engel sublaplacian is diagonal on the basis of eigenfunctions of P,.

The set G will be understood in the following as the frequency set of the Engel
group. The operator U will be a Fourier transform ¥ (a function acting on ele-
ments X = (n,m, v, 1) of é) which we construct explicitly, see (4.18)—(4.19). We
recall that the Fourier transform on noncommutative Lie groups is classically defined
as a family of bounded operators on some Hilbert space. That notion of Fourier trans-
form enjoys the same properties (in terms of operators) as the Fourier transform
on R4, such as inversion and Fourier—Plancherel formulae. As we show in Section 4,
our new approach is equivalent to the classical Engel Fourier transform which as
already mentioned above converts —A¢ into P, up to scaling. The Fourier transform
given by Theorem 1.2 consists in considering the classical Engel Fourier transform
(as a family of operators) by means of its coefficients in the basis of the eigenfunc-
tions of P;,, and as we shall see, the difficulty of the classical Engel Fourier transform
is shifted to the frequency set G which turns out to be discrete with respect to a
part of the variables and continuous with respect to the other part, and thus it cannot
be identified with G as in the Euclidean setting; in Section 6, we attempt to equip
it with a topology which takes into account the basic principles of the Fourier trans-
form, namely that regularity of functions on G is converted into decay of their Fourier
transform on G. Contrary to the Heisenberg setting investigated in [4], the study of
topological properties of G such as determining its completion, computing the meas-
ure on its unit sphere and providing the spectral decomposition of —Ag prove to be a
challenging task requiring refined spectral analysis of P,.

The explicit representation of the Fourier transform in terms of a basis allows us
to make effective computations. Once the Fourier transform is well understood, it is
natural to try to recover via this tool well-known functional inequalities on G, such as
Sobolev embeddings, and to analyze evolution equations involving the sublaplacian.
This requires estimating quantities involving the operator F(—Ag), for suitable func-
tions F defined on R . For such F there holds (for all u in the Schwartz space S (G)
which is nothing else than the Schwartz space § (R*))

F(F(=Ag)u)(X) = F(En(v. A)F u)(X). (1.7

hence we are led to computing integrals of the form

> /F(Em(v,)t))d)cdv,
meN R R*

which can be rewritten as fé F(a(x))épmdX, forXx = (n,m,v,1) € G and a(¥) =
E. (v, 1). Contrary to the Euclidean case, or to the harmonic oscillator (1.2) appearing
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in the Heisenberg group, the eigenvalues of P, are not explicitly known. However,
the spectral analysis we conduct in this paper leads to the following theorem, which
enables us to generalize (with some technicalities) to the Engel group many results in
real analysis, such as classical functional inequalities and Bernstein inequalities. Our
second main result is indeed the following.

Theorem 1.3. With the notation of Theorem 1.2, the following result holds. For all
measurable functions F: R, — R, the function F o a belongs to L*(G, On,m dX) if
and only if F € LY(Ry., r3/2dr), and there holds

/F(a(x))Snm dx = Z[ /rS/ZF(r)dr. (1.8)
Em(//v)2 o
Moreover,
Z/E(M)ydu<oo<:>y>2 (1.9)

ENR

To better understand the content of the previous theorem, let us reconsider our two
basic examples.

(1) In the Euclidean space R¢ we have a(¥) = a(£) = |£|? with d X = d & so that
the left-hand side of (1.8) can be computed using spherical coordinates

/F(a(x))dx—/F(|§| ydg = |S9- 1|/F(r)r dr.  (1.10)
B R4

(2) On the Heisenberg group H¢, we have a(¥) = a(n,m,A) = |A|2|m| + d)
and 8, d ¥ = 8(m)|A|? d A so that

/F(a(i))5n,mdx= > /F(|A|(2Im|+d))|k|ddk
B meN4R «
2
=< 2 W)/"dF(r)dr, (1.11)
meNd E,

where the last equality follows from a change of variables. Note that the power
of risd = (Q —2)/2 where Q = 2d + 2 is the homogeneous dimension
of H¥, so the summability conditions have the same homogeneity on R¢ and
on H, and are exactly the same as that given by (1.8) since Q = 7 for the
Engel group.
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Remark 1.4 (On the explicit constants). It is interesting to notice that the prefactor
in the right-hand side of (1.11)

def 2
Che = Z d+1
enNd (2|m| +d)

corresponds to the measure of the dual unit sphere of the Heisenberg group (see [64]),
when one endows the dual of the Heisenberg group by its natural metric structure and
volume form. The same property appears also in the Euclidean case, by (1.10) and
recalling that the dual of the Euclidean space coincides in fact with the space itself. It
would be interesting to investigate whether the constant

chifZ/

meNR m(l’l’)2

(1.12)

shares a similar geometric property. We stress here that the fact that the integral (1.12)
is finite is part of the statement of Theorem 1.3

1.3. Functions of the sublaplacian and their convolution kernel

Let us go further in the analysis of operators of the type F(—Ag) by considering

their convolution kernel. To this end, we define the space of functions of polynomial

growth (R 1) € | OP(R,), with

FeOyRy) < ()"F € L[Ry),
where (r) &ef +/1 4 r2, and recall the following rather classical result (which holds for

any left-invariant sublaplacian on a Carnot group; the proof is recalled in Section 4.4
for the sake of completeness).

Proposition 1.5. For any F € O®(R..), the operator F(—Ag): $(G) — L*(G) is
well defined (via spectral theory) and there is kg € 8'(G) such that

F(-Ag)u =uxkp, forallue S$(G), (1.13)

where x is the natural convolution product on G (see (3.10) below).

The Fourier transform defined in the present article allows to generalize the set of
functions F for which the functional calculus is well defined and to characterize the
regularity of the kernel in terms of properties of F'. We define the space

def
OV Ry = JOy ®RY).

meN
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where
FeOFRy) & ()™F e L'R4,r°dr),
where O,;° (R) is endowed with the norm
def |/ \— -
1F oty & 16 ™ Flloi@yrsan = / Py E()dr.
Ry
The space O!* (R ) is endowed with the associated Fréchet topology.

Theorem 1.6. Assume F € OV%/2(R.). For any function u € $(G), one can define
in L°°(G) the inverse Fourier transform of the function

n,m,v,A\) > F(En(v,A)F (u)(n,m,v, L)

and the operator F(—Ag): $(G) — L*°(G) is thus well defined by

def

F(=Ag)u = FH(F(Em(v, 1)F (u)(X)).

Moreover; there is a distribution kg in 8'(G) such that (1.13) is satisfied and the map
OY52(Ry) — 8'(G), F kg,

is continuous.

Remark 1.7. For a function 6: G — C, sufficient conditions to have a well-defined
inverse Fourier transform are given in Proposition 4.11.

We next give a sufficient condition for continuity/boundedness of the kernel k
in terms of properties of F.

Theorem 1.8. If F € L' (R, r>/2dr), the kernel kg given by Theorem 1.6 belongs
to (C° N L*®)(G) (where the distribution kr is identified with a function using the
Haar measure of G ) and there holds

o0
Ikl < (27)*Co / PSRIE()dr
0

and
o0

kp(0) = (2n)—3c6/r5/2F(r)dr,
0

where Cg is defined by (1.12).
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Remark 1.9. The proof shows that if F € L' (R, 732+t dr) for some £ € N, then
Aszp belongs to C°%(G) N L>®(G) and there holds

o0
1ALk o) < (27)3Co / PSP dr,
0

where Cg is defined in (1.12).

It is known [59, Proposition 4.1] that the map
k:F e (L"NL®) Ry, r?2dr) > kr € (C° N L®)(G)

is continuous on general connected Lie groups of polynomial growth. Theorem 1.8
expresses in particular that k is continuous from L'(R ., 7>/2dr) to (C° N L*®)(G),
with an explicit constant.

We can also recover (through a different approach based on the Engel Fourier
transform) in this context the “Plancherel identity” of [21, Proposition 3] (see also [72,
Lemma 1], [57, Theorem 3.10], or [59, equation (1.1)]). The latter is known on general
nilpotent Lie groups but we provide here with an explicit constant and slightly relaxed
assumption on F (F is supposed to belong to L°°(R ) in the above references).

Proposition 1.10. Assume F € O'3/2(Ry). Then, kr € L*(G) if and only if F €
L2(R4, r*/2dr) and there holds

o0

ke 2y = @m7*¢a [ F2F (IR
0

where Cg is defined in (1.12).

Interpolation between Theorem 1.8 and Proposition 1.10 implies that, for any p €
[1,2], if F belongs to L? (R4, r>/2dr) then k¢ belongs to L?'(G) with

_ 1
”kF”Lp/(G) <(2n) SCG)I’ ||F||L/’(R+,r5/2dr)'

Note that the constant ((271)_3CG)% obtained from the Riesz—Thorin theorem is not
expected to be optimal for p € (1,2), although it is in cases p = 1 and p = 2 (accord-
ing to Theorem 1.8 and Proposition 1.10 respectively). Note finally that one can
deduce as usual L? — L9 mapping properties for the operator F(—Ag) from the
LY regularity of its convolution kernel kr and the Young inequality (3.7).

Remark that it was shown in [31, 49] that the kernel kr belongs to $(G) in
the case when F belongs to $(R.). Here, the assumption on F is much weaker,
and the regularity we deduce is accordingly weaker. However, the regularity of kr
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described in Theorem 1.8 is the appropriate one for many applications in analysis.
As will be discussed in Section 4.2, the Fourier transform of the kernel kg satis-
fies U(kr)(X) = F(Em(v,A))8m.n (see (4.47) below). Taking for instance F(r) =
F;(r) =exp(—tr), t > 0, one recovers the fact that the Engel heat kernel at the origin
satisfies (for further details see (5.11))

ceI'(£)

kr(0) = ,
F() (27-[)31‘%

where I' denotes the Gamma function and Cg is defined by (1.12).

Finally, let us also recall that the investigation of necessary and sufficient condi-
tions for operators of the form F(—A) to be bounded on L? (or, more generally from
L? to L?) for some p # 2 in terms of properties of the spectral multiplier F is a
traditional and very active area of research of harmonic analysis. For related results
when working with sublaplacians Ag we refer the reader to [21,58-61] and refer-
ences therein.

1.4. Layout

In Section 2 we establish the summability property (1.9), thanks to a semiclassical
analysis of the operator P,,. This property is at the core of our work, but is independent
of the rest of this text, and its proof can be skipped altogether by a reader interested
only in applications to the Engel group.

In Section 3 we recall some basic facts about the Engel group. Section 4 is ded-
icated to the study of the Fourier transform on the Engel group. In Paragraph 4.1, we
give a brief description of the standard Engel Fourier transform, using irreducible rep-
resentations. Then in Paragraph 4.2, we start the proof of Theorem 1.2 by revisiting
this Fourier transform in the spirit of [4] providing a new, equivalent, functional point
of view which consists in looking at the Fourier transform as a complex valued func-
tion that is defined on the frequency set G. This is based on the spectral analysis of
the quartic oscillator P,,. Granted with this new approach, we furnish in Paragraph 4.3
a convenient expression for the spectral decomposition of —Ag. In Paragraph 4.4 we
achieve the proof of Theorem 1.2 and prove Theorems 1.6 and 1.8 as well as Propos-
itions 1.5 and 1.10.

Section 5 is dedicated to some applications of our Fourier decomposition. In Para-
graph 5.1, taking advantage of (1.8), we recover many functional inequalities due
to Folland [31] using the approach based on the Engel Fourier transform, while in
Paragraph 5.2, we define the notion of spectral localization and establish Bernstein
inequalities as well as their inverse version. In Paragraph 5.3 we highlight once again
the efficiency of (1.8) by analyzing the heat kernel on the Engel group.
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Finally, in Section 6, we endow the frequency set G with a distance linked to its
Lie structure. We deal in two appendices with several complements for the sake of
completeness, as we strive for a self-contained paper. In Appendix A, we recall the
construction of the irreducible representations. In Appendix B, we relate the spectral
theory of a family of operators P, ; with that of our reference quartic oscillator P,
and recall basic facts of spectral theory.

To avoid heaviness, all along this article C will denote a positive constant which
may vary from line to line. We also use f < g to denote an estimate of the form

f=Cg.

2. Summability of eigenvalues of the operator P,

In this section, we study some spectral properties of the operator (P, D(P,)) intro-
duced in (1.3)—(1.4). This operator appears in different contexts:

* in quantum mechanics, see Simon [73] (see also [67]);

* in the study of irreducible representations of certain nilpotent Lie groups (see for
example [37,53] with focus on analytic hypoellipticity of hypoelliptic operators,
see also [19]), which is the application we have in mind here (see also [25] for the
analysis of a related sublaplacian);

* in the study of Schrodinger operators with magnetic fields on compact manifolds
and in superconductivity (see e.g. Montgomery [62] or [41,42,65]).

Properties of the first eigenvalue of P, have also been investigated in [39].

Here, motivated by the study of functions of the Engel sublaplacian Ag, the
ultimate goal of the section is to prove (1.9). Before this, we recall basic spectral
properties of this operator. The following proposition serves as a definition for the
eigenvalue E,, (1) and the associated eigenfunction ¢}, for m € N, and a proof is
given in Appendix B.1 for the convenience of the reader.

Proposition 2.1. For any u € R, the following statements hold true. The operator
(Pu, D(Py)) is selfadjoint on L*(R), with compact resolvent. Its spectrum consists in
countably many real eigenvalues with finite multiplicities, accumulating only at +o0.
Moreover,

(1) all eigenvalues are simple and positive, and we may thus write Sp(P,) =
{Em(p),m € N} with

0 <Eo(u) <Ep(u) <+ <Em(n) < Epy1(n) = +o0,
dimker(P, — En(p)) = 1,
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(2) all eigenfunctions are real-analytic and decay exponentially fast at infinity (as
well as all their derivatives),

(3) forallm € N, functions in ker(P,, — E,;,(i1)) have the parity of m,
4) forallm € N, there is a unique function ¢l in ker(P,, — Em(p)) such that

@k is real-valued,
lomllzw) = 1.
@k (0) > 0 if m is even,
d J1(0) > 0ifm is odd,
m
40 7 Pm i is o
(5) the family (¢hy)men forms a Hilbert basis of L*(R).

The aim of this section is now to prove (1.9), that is to say, discuss (in terms of
the parameter y) convergence of

def
du, fory > 0.
Z/Ek(ﬂ)y

We rewrite the integral in consideration as

Iy=/E (o dndso).

RxN

where d §(k) is the counting measure on N. As will appear in the proof of (1.9) in
Theorem 1.3, there are three main regimes to be considered in the analysis of the
eigenvalues Ex (w) in terms of (i, k) € R x N. In each of these regimes, we will use
a semiclassical reformulation of the problem with a single (small) parameter /4 related
either to a power of k! or a power of ©~!. The three main regimes in the study of
convergence of I, are as follows:

(1) |pu| S Tor|p| < +Ex(p) (classical and perturbative classical regime) that is,
1 bounded or going to 00 not too fast,

(2) u — —oo and Ex(u) < u? (Semiclassical Harmonic oscillator/single well
regime),

(3) u — +ooand Ex (1) < pu? (Semiclassical double well regime).
We shall then split I, accordingly, for some ¢ > 0 (small) and o > 0 (large) as

I, = I, (e o) + I)(e, o) + I (&, 120) 2.1
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with

dudék
def/ pdick) withe = —, 0, +,

(e, o) = | ————,
v 20 E (10)"
&°(e,10)
and
def
8%e, o) = {(u. k) € R x N, || < o or |u|? < e2Ex (1)},
_ def
€7 (e, o) = {(t k) € R x N, i < —pug and |p|* > e2Ex (1)},

€% (e. o) & {(u.k) € R x N, iu > o and |p]? > e2Ex (1)}

In each region, we shall make use of scaling operators in R. We define for « > 0
the following unitary (dilation) operator

Ty: L2(R) — L2(R), u(x) — a?u(ax), 2.2)

having adjoint/inverse T,f = T, ! = T,—1.

Note that the (necessary and sufficient) condition y > 2 for having I, < oo, as
stated in Theorem 1.3, comes from the third (double well) region, see Corollary 2.11
below.

2.1. Classical and perturbative classical regime (1)

In the regime (1) we consider P, as a “small” perturbation of the quartic oscillator

Po = —% + % and look at the asymptotics k — +o0.

Lemma 2.2. There exist two continuous nondecreasing functions I'+: Ry — Ry
such that T'y (gg) > 0 for eg > 0 and T'+(0) = 0 satisfying the following statements.
Forall e > 0 and ju € R such that |uA~"/?| < &, we have

A3*(Voly —T'_(e) + o(1)) < 27fi{k € N, Ex(p) < A}
< A¥*(Vol; +T4(¢) + o(1)), (2.3)

as A — +oo, where

def

Vol; = /dgdg > 0.

(E2+9 <1

Forall e, jig > 0 and for all (u, k) € R x N such that |uEx () ~V2| < e or || < o,
we have

2

4/3
T )T +001), ask .
Vol; +T4 (e) ) (I+o(l)). ask = too

e (1) = (
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For all € > 0 such that Vol; —I'_(g) > O (that is, &€ small enough), for all (u,k) €
R x N such that |uEx(n)~ /2| <,

2

_ 2" 00 1ea k
T ) (1 +0(1)), ask — +oo.

Ex (i) < (

In the end, the first term in the decomposition (2.1) can be estimated as follows.

Corollary 2.3. There is g9 > 0 such that for all ¢ € (0, &9) and for all py > 0,
Ig(s, o) < +ooifandonlyify > %.

Proof. Fix gg > 0 such that Vol; —T'1(g9) > 0 (and take any po > 0). For all

e € (0, &), there is ko € N such that if —2L_ < ¢ or || < o, then
( 0) 0 m_ |,U,|_[L0

|1l < max(Cek*?, o) and  C7'k*? < Ex(p) < Cek*/?

for all k > k¢. As a consequence, using that Ex (i) > 0 on R together with Lemma 2.2
for all fixed k € N, we have

dpds(k)

I0(e, o) = —_—
y(&:Ho) / Ex ()Y
[i]<e/Ex (1)

or || <po

§/d,ud5(k)+ / dpds(k)

Ex (W)Y (C7 43y
lul=po || <CeVEA73
k<ko >ko
~ k2/3
< C(po.ko) + C; Z W
keN*
~ 1
= C(po, ko) + CakXN: W < 00,
IS >k

if and only if y > %(1 + %) = %. Finally, Lemma 2.2 also yields the associated lower

bound a0 dsH) .
2 -
L 7> e —
/ Ex(p)” ~— CSI;;I (k2/3)2r—1
lul=<e/Ex (1)
Corollary 2.3 is proved. |

Proof of Lemma 2.2. We use the dilation operator T, defined in (2.2) to recast the
problem as k — +o0 in a semiclassical setup. We have

Pul/f = Ek(ﬂ)w — TaPuTa*ITaW = Ek(M)TaW,



Spectral summability for the quartic oscillator with applications to the Engel group 637

where 5 5
5 d ,0 2
TP Ty—1 = —a~ d92 + ( > —,u) .
We deduce that
_¢ @2 62 )2 _
Pu¥ = (¥ = |~ Oz + (5 e ?) [Ty = o BTy

def _3 . _
We now choose i = a3, i.e.,« = h~'/3, so that

Pu¥ = Ek(WY < P (Ty-13%) = h*PEc () (Ty-1/39),

with
2

d92 + (92 Mh2/3>2.

As a consequence of the simplicity of the spectrum, we obtain that Sp(P(h)) =
{h4/ 3Ex (), k € N}, and that these eigenvalues are sorted increasingly. We may now

P(h) = —

apply Proposition B.7 for L = 1, yielding existence of the functions 'y satisfying the
following statement. For all ¢ > 0 and i € R such that |xh?/3| < ¢, we have

Vol —T_(e) + o(1) < @rh)lk € N, h*/3E, (1) < 1} < Vol; +T4(¢) + o(1)

as h — 01, Setting A = h=*/3 — +o0, i.e., h = A~3/*, we have obtained that for
all ¢ > 0 and p € R such that [uA~Y2| < g, (2.3) is satisfied.

Finally, we deduce an asymptotics of the E (i) from an asymptotics of the count-
ing function. We recall from Proposition B.1 that the eigenvalues are ordered increas-

ingly, Ex (1) < Egx+1(u) and we set
k(A) = suplk € N, Ex(p) < A}

By definition (forgetting temporarily the dependence in w) and simplicity of eigen-
values, we thus have

Eea) < A < Exyrr and k€ NLEg(u) < A} = k(A) + 1.
As a consequence, (2.3) rewrites,
A¥*(Vol; —=T'_ (&) + o(1)) < 27 (k(A) + 1)
< A¥*(Vol; +T4(e) + 0(1)), as A — +oo0,
whence, assuming |/’LEk(A)| < & (which then implies |[uA™Y/2| < ¢),
Epin, (Yol =T'_(e) + 0(1)) < 2 (k(A) + 1)
< Epayer (Yol +T4(e) +0(1)).  as A — +o0.
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Since A — k(A) is nondecreasing, tending to infinity and onto from Ry — N, we
deduce that, assuming |pEx (1) "V/?| < ¢,

Ex/*(Vol; —T_(e) + o(1)) < 27k < E/*(Vol; +T4(e) + o(1)), ask — +oo,

which implies the last two statements. |

2.2. Semiclassical Harmonic oscillator/single well regime (2)

In this region, we only need rather loose properties. First notice that, for all m € N,
forall u <0, Em(p) > |1l (2.4)

Indeed, starting from the eigenvalue equation

(_dd_; + (%2 —u)z)(pﬁ = Em (W5

and taking the inner product with ¢, yields
1
196 @p 172 @) — 1IO@RI72 + £ 102001172 + 1? = Em(p),
(R) 4

which implies the bound (2.4). We further need a Weyl-type asymptotics.

Lemma 2.4. Forall L > 0, one has
fitk € N Ex(u) < L} = @m) 7 ul>?(Vol, +0(1)), as u— —o0, (2.5)

where Voly, is defined by

2 2
Vol d;f/dxdg, with p(x, §) =8+ V(x), Vo =(+1) .
{p(x.§)<L}
x+ (L) 2 2 (L)2 2
x X+
_/ L—(7+1) dx, wzth( 5 +1) =LforL>1. (2.6)
x—(L)

In the end, this is helpful to estimate the second term in the decomposition (2.1).

Corollary 2.5. Forany e > 0, there is jio > 0 such that, for all o > fio, I, (e, o) <
+ooify > 2.

Proof of Corollary 2.5 from Lemma (2.4). The set of integration is u < —e/Ex (1)
and i < —po < 0. Then, the integral can be estimated as follows: given & > 0, there
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is o = po(e) > 0 such that for all © < —pp, the number of eigenvalues in p <

—e+/Er (1) is, according to (2.5),
1 _
2k € NoEk(w) < 5 1uP} < @)~ P2 (Yol +1). - for jt < —puofe).

Since Ex (1) > |p|? for u < —po(e), there is Cy such that

_ dudé(k) duds(k)
Iy (&, o) = / Ty = / 2y
Ex (1) 1
M=—eA/Ex (1) M=—e/Ex (1)

[l=po |ul=po
_ d
< /(2;1) 1|M|3/2(Volg_z +l)|M|I;Ly < Cg < 0,
W<—Ho
assoonas2y—%>lthatisy>%. [

Proof of Lemma 2.4. We set i &t —u and study for n — +o0,
d? 62 2
P_,,=—d—92+(7+n) .
We choose a = ,/7 in the rescaling
d2 92 5 d2 2 2
TyP yTy—1 = —a_zw + (az? + 7;) = —oz_zm +a4(7 + 1) .

Asa consequence

P—nw = Ek(—fl)l/f — TaP—nTa—lTal/f = Ek(_r/)Toﬂ/’

d? 62 2
— _6_ JE— — —4 J—
= [+ (F+1) [Ty = e BTy
We set h = @3 = 1~3/2 and obtain
d? 62 2
B (_ 2 9 v _ 435 (_
Py = By = [~ 15 + (5 +1) Ty = hP B Ty,

The Weyl Law (B.5) applied to the operator —hz% + (% + 1)? then reads: for all
L > 0 fixed,

#{k € N, h*PEp(n) < LY = @rh)~ (Yol +0(1)), ash — 0,
with Voly, defined by (2.6). Recalling that 1 = 773/2 then yields
itk € N, n 26 (—n) < L} = 2m)"'p*/*(Vol +o(1)), s — o0,

and then we write back 4 = —n to obtain (2.5). |
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2.3. Semiclassical double well regime (3)

We want to estimate the last term in the decomposition (2.1), namely I ;r (&, o).
To this aim, we study for  — +o0, the operator P, and as above rescale it with
h=a3=p372 as

, & 02 2 4/3

Put = By = [-ns 4 (5 = 1) |Tev = P ey

d6? 2
= u B (WTay.  (2.7)
We thus need to study the spectrum of the operator

2 2
p, Y _hzdd? L V(@©B), with V()= (% - 1)2 2.8)
for energies 0 < E < M for M = &2 (fixed by Corollary 2.3). Remark that this is a
symmetric double well problem, which has been much studied [26, 38,44,45, 68].
In this section, we only work in a semiclassical regime; we thus reformulate com-
pletely the problem with & = u=3/2, and Ej(h) = h*/3Ex (1) the k-th eigenvalue of
Py, In the integral I;r (e, jb0) in (2.1), weset u =h=2/3,dp = %h_5/3 d &, and obtain

with g = u;”
5 h=53dh ds(k) 2 h@y=5)/3
ey = 2 [ PECdRdSGK) 2 f RO L. 2.9
y (& 10) 3/ (h—4T3E, (h))” 3/ Ex(h)Y (k) (2.9
Ej(h)<s™2 Ex(h=e—2

0<h=<hg 0<h<hg

To prove convergence of this integral, we split the energy region [0, M| where M =
&2 is large into three different regions as

[0, M] = [0, Bh] U [Bh,a] U [, M],

where 8 > 0, € (0,1), M > « are fixed (independent of /). Concerning the energy
window [a, M], a counting estimate will be enough for our needs: the following is a
rewriting of (B.5) in the present context.

Lemma 2.6. For V(0) = (% —1)? and p(0,§) = €2 + V(0), forany o < M, we
have

t{j € N,E;(h) € [a, M]} = @rh) "' (Vol p~([a, M]) + 0a.m (1)), ash — 0.

Concerning the energy window [Bh, «], we shall use the following much more
precise result from [44, p. 294f].
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Lemma 2.7. For E € [0, 1), we set

e 1 2
o(E)Y E/d@dg, with p(6, ) = &2 + (% - 1)2. (2.10)

p(0.6)<E
There are B > 0 and Ng € N such that for all o« < 1, there are K, ho > 0 such that
forall h € (0, hy), there exist N*(h) € N with [Nt (h) — N~(h)| < 1 and N*(h) <
Kh™!, and two finite sequences E]i(h) € [Bh,a] for j € {Ng,..., NE(h)} with

@(E].i(h)) =(j +1/2h+ Oqp(h*), ash— 0",
such that we have

Sp(Py) N [Bh.al = JEF () U | JE; ().

je{Ng,.. Nt @)}  je{Npg,...N~ ()}

Note that here, EJjE (h) is not the j-th eigenvalue of Pj. However, the £ Ji (h)’s
exhaust the spectrum of Py, in the energy window [8/4, o] as h — 0.

Concerning the bottom of the spectrum, that is the energy window [0, /], we shall
need a precise description of the eigenvalues [45]. We recall that V/(0) = 29(% -1
and VV”(0) = 362 — 2. In particular, at the two minima V" (£+/2) = 4 and

i wzﬁ.

The following result is a consequence of [45], see also [68] and [38, pp. 55-60], and

states that the low-lying eigenvalues are close to those of the Harmonic oscillator
_p2 2y 202
h*$gz + =0~

Lemma 2.8 (Bottom of the spectrum for the double well problem). Forall B € Ry \
w(2N + 1), there are Ng € N, hg > 0 such that

Sp(Pr) N (—oo, Bh) = {Ep(h),n €{0,..., Ng}}, uniformly for h € (0, hy),

with0 < E,(h) < Epqy1(h) < Bh foralin €{0,...,Ng — 1} and h € (0, ho). Moreover,
as h — 07, we have
(1) Eax(h) = 2k + Dwh + Og(h?) is simple and associated to an even eigen-
Sunction Yrpi (h),
(2) Eak41(h) = (2k 4+ 1)wh + Og(h?) is simple and associated to an odd eigen-
Sunction Yog 41 (h).
The regimes of Lemmata 2.7 and 2.8 overlap (depending on the choice of the

constant 8 in these two statements) and we now check that the two asymptotics as
h — 0% coincide.
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Lemma 2.9. The function ®:[0,1) — R4 defined in (2.10) is continuous, of class
C!on (0,1), and we have, for E € (0, 1),

x4+ (E)
1 1
' (E =—/—dx>0, withx+(E) = V2 £ 2V E.
®= 5 | e (B) =242V
X—

Moreover, the function ® is differentiable at E = 0% with ® (07) = 2v/2)"! > 0.

Remark 2.10. A consequence of Lemma (2.9) is that the asymptotics given by Lem-
mata (2.7) and (2.8) coincide in the regime in which they overlap. Indeed, for all
eigenvalues belonging to both regimes, we have, using Lemmata (2.7) and (2.9)

(J + 1/Dh ~ S(ES () ~ @' (0N Eff (h) = 2V2) T Ef (h),

that is to say E].jE (h) ~ V2(2j + 1)h as h — 0%, which is consistent with Lemma 2.8.

The proof of Lemma 2.9 is postponed to the end of the section. As a corollary of
these four lemmata, we prove that 7 ;,r (&, Lo) is finite.

Corollary 2.11. Forall M = =2 > 0, there exists 1o > 0 such that I)‘," (&, o) < 400
ify >2.1Ify <2, If (e, po) = 400 forall e > 0 and jip > 0.

Proof of Corollary 2.11. We let B be fixed by Lemma 2.7, fix @ = % in this lemma
and split the integral in (2.9) according to

3
EI;(&MO) =11+ 1+ I3,

/

with, writing hy = /,L0_3 2 sufficiently small,

Il=/, Iz=/, I3=/.

E(h)€[0.8R],  Er(h)ElBh.1/2]  Ey (e[, M]
0<h=<ho 0<h=ho 0<h<ho

Concerning I3, we use Lemma 2.6 (which applies for /¢ sufficiently small) to estim-
ate

h4y—5)/3
I3 =/—dhd8(k) 52V/h<4y—5>/3dhd5(k)

E(h)Y
Ey(h)e[%.M] Ey (h)e[%.M]
0<h<hg 0<h<hg
h() h()
< 2?/ WA=k e N, Ex(h)e[1/2, M]}dh < c/h<4y—5>/3h—1 dh < oo,
0 0

assoonas (4y —5)/3—1> —1, thatis y > %.
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Concerning I, we need additional information on the function ® in (2.10).
Lemma 2.9 implies that @’ is continuous (and positive) on [0, 1/2], and we may thus

set Mg & max[g,1 /2] ®’. We therefore obtain
MgE > ®(E), forall E €[0,1/2]. (2.11)
According to Lemma 2.7, we have

Sp(Py) N [Bh.1/2 = JEf () v [ JE; ()

jeiNg,...Nt ()}  JE{Ng,...N~ ()}

with, for all j € {Ng,..., N¥(h)}
+ + : 2 : 1
MoEf () = ®(EF (1) = ( +1/2h + Oupt®) = (j + ;)b forh < ho,

where the inequality comes from (2.11). As a consequence, we have

p4r=5)/3 s NE®m)
I, = ————dhdd(k R
2= | gy hase - / 22 Ei(h)V

Ey (h)€[Bh,1/2]
0<h<hg

ho max{N ~ (h),Nt (h)} 1

C | hr=>13 ————dh
/ _Z ((4) + Dh)r
0 j=Ng

ho
1

(4y=5)/3p—v
gc/h h.2_1(4j+1)ydh
J<Kh

0
ho

C / W4 =3)Bp=v 4 h < o0,
0

IA

as soon as y > 1 and (4y — 5)/3 —y > —1, that is to say y > 2. The term I is
estimated similarly but using Lemma 2.8:

pr=)/3 L I
= " anasky<c [nerny Ly
= [ o had < 0/ 2 @ oy

E (h)€[0,Bh]
0<h<hg

ho
< C/h(4y—5)/3h—y dh,
0

which is finite as soon as y > 2 for the same reason.
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To conclude the proof, we simply notice that Lemma 2.8 also implies
Ei(h)Y

Ex (h)€[0,8h]
0<h<hg

L@r=5)/3 o
I, =/ dhdsk) > c/h(4y‘5)/3h‘ydh = 400
0

ify <2.
For the proof to be complete, we now prove Lemma 2.9.
Proof of Lemma 2.9. We have ®(0) = 0 and, for E € (0, 1),
1 1
d(E) = —/d@dé = —/d@dg
4 2

{p(0.E)<E}  {£24V(9)<E.9>0}
0+ (E)

:%/d@déz%/mda

{0<t<JE-V(0),6>0} 0—(E)
. _ (0% 2
with V() = (5 — 1)* and

64 (E) are such that V(1 (E)) = E and 0 < 6_(E) < v/2 < 0,4 (E),

644

that is, 0+ (E) = V2 +£ 2JVE. As a consequence, ® is a continuous and strictly
increasing function on [0, 1) with ®(0) = 0. The functions E + 64 (E) are smooth

on (0, 1) and
n®'(E) =0, (E)VE —V(0+(E)) — 0 (E)VE — V(0+(E))
0+ (E)
1
- / 2 E —V(0) a6
0_(E)
04 (E)

1 1
= [ ——do.
92(/E),/E— V(0)

Moreover, recalling w = 4/ %@ = «/f we have
V(0) = 0?0 — vV2)2 + 0((0 — V2)?), ash — V2.
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Hence, setting y = %(9 — /2), we have

VE " VE
r®E)= | VE—-V(H)do = = E-V f+ —y)dy,
6_(E) F= (0 (E) V2)

with the following asymptotic properties as E — 0%

2
1= @ <« %(Qi(E) —+/2)%,  whence %(Qi(E) —V2) > 1,

E
V(«/f + gy) =Ey? + O(E??) uniformly for y bounded.

As a consequence, as £ — 0% we have,

1 1
T ®(E) = g/ \/E — Ey? + O(E3/2)dy + o(E) = %/ V1—y2dy + o(E),
-1 -1

with f_ll V1 —y2dy = 7. As aconsequence, recalling that ©(0) = 0, we deduce that

® is differentiable at E = 07 with ®'(0%) = 5L = 5 f Lemma (2.9) is proved. m

3. Basic facts on the Engel group

As recalled in the introduction, the Engel group G is a nilpotent 4-dimensional Lie
group which is connected and simply connected, and whose Lie algebra g satisfies
the following decomposition

g=¢81Dag2Pgs

with g;+1 = [g1, @] fori = 1,2, 3 with the properties dim g; = 2 and [g1, g3] = 0.

Notice that the subspace g is bracket-generating in the Lie algebra g and if g; is
endowed with an inner product, we can define on G a left-invariant sub-Riemannian
structure. In this way G belongs to the class of the so-called Carnot groups 2, 14].
There exists a unique Carnot group satisfying the above properties, up to isomorph-
isms [1, 13], called the Engel group (cf. also the discussion in [63, Section 6.11]).

It is well known that the exponential map exp: ¢ — G is a global diffeomorphism
and defining for x, y € g

Xy Eexpexp(x) - exp())
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the Lie group G can be identified with g ~ R* endowed with a polynomial group
law [14]. Indeed, using the Baker—Campbell-Hausdorff formula and the fact that the
Engel group G is nilpotent, we can write for x, y € g the identity

exp(x) -exp(y) = exp(x + + 3[e. 71+ (e, Loyl ~ D[ vD). - G

Fixing a basis X1, X», X3, X4 of g (which we can identify with left-invariant vector
fields on G) such that

g1 = span{X1, X2}, g2 =span{X3}, g3 = span{Xy},

def def
X3 = [X1, Xa], X4 = [X1, Xa)

one can define a set of coordinates x = (x1, X2, X3, X4) on G by the identity

4
g= exp(z xiXi) exp(x1 X1). (3.2)
i=2

After some computations exploiting (3.1), one gets

X1 Y1 X1+ )1

xa |l vz X2 + y2 . (3.3)
X3 V3 X3+y3+x1y22

X4 Ya X4+y4+xly3+x7‘y2

With this choice of coordinates, a basis of left-invariant vector fields is given by

. xZ
X, o, and X, £ 0., + x10x, + XY

and thus
X3 = 8x3 +X18x4 and X4 = 8x4.

Notice that the inverse of an element x = (xy, X2, X3, X4) in the coordinates (3.2) is
given by

1
-1 2
(X1,%2,X3,X4)" " = (-Xl, —X2,—X3 + X1X2,—X4 + X1 X3 — §x1x2)- 3.4

One can define a sub-Riemannian structure on the Engel group G by introducing
the bracket-generating distribution D spanned by the vector fields in g; and defining
an inner product (-, -) on D such that X; and X, define an orthonormal frame. Thanks
to the bracket generating condition, we have the following well-known connectivity
property through the so-called horizontal curves for the distribution, which is a con-
sequence of the classical Rashevski—Chow theorem: for every pair of points x,y € G
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there exists an absolutely continuous curve y: [0, T] — G such that y(¢) € D, and
v(0) = x, y(T) = y. We denote by Q2 , the set of absolutely continuous horizontal
curves joining x and y. If y: [0, T] — G belongs to Q2 , we set

T

/ 0. 7)Y d.

0

def

lo(y) =

This enables one to introduce the sub-Riemannian (also called Carnot—Carathéodory)
distance dg on G which is defined as follows

de(x.y) Einfllg(y) | y € Q). (3.5)

This is a well-defined distance inducing the Euclidean topology, moreover the metric

space (G, dg) is complete. In particular, all closed balls Bg (x, ) are compact [2].
By construction, the sub-Riemannian distance on the Engel group is invariant with

respect to left-invariant multiplications 7,: G — G defined by 7, (x) . X, namely

dg(tzx,1,y) = dg(x, ).

Moreover, being a Lie group, G can be endowed with a Haar measure which turns out
to be a scalar multiple of the Lebesgue measure in R* in the coordinate set we have
chosen; we shall therefore denote in what follows for simplicity by d x the Haar meas-
ure on G. The corresponding Lebesgue spaces L (G) are thus the set of measurable
functions u: G — C such that

1
def 4 .
lullr) = (/ |u(x>|f’dx) <oo, ifl1<p<oo,
G

with the standard modification if p = oco.
The convolution product of any two integrable functions u and v is defined by

uxv(x) € [ u(x -y H(y)dy = [ u(y)o(y~" - x)dy, (3.6)

G G
and even though it is not commutative, the following Young inequalities hold true:

1 1
luxvlrr) < Iluller@yllvliLe), wheneverl <p,q,r <ocand —=—+——1.

rp dq
3.7
Moreover, if X is a left-invariant vector field on G, then we have for all C! functions
u and v with sufficient decay at infinity:

XU *xv)=ux(Xv). (3.8)
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We also define the left translation by

(La) () L u(tey) = ulx-y). (3.9)

According to (3.6), we may also define the convolution between T € §'(G) and u €
S (G) (where we recall that the Schwartz space § (G) is nothing else than the Schwartz
space S (R*)) as
def v . v def —
(T *u)(x) = (T.iix)sG),s(6),  Withix(y) = u(y™ - x) = (Ly-1u)(x),

u* T)(x) €T ) 516786, withit* (7)) Eux-y™) = L)y,
(3.10)

which both satisfy 7 x u € C*®°(G) and u *x T € C°°(G). Note that this actually
stands for the definition of the convolution product in (1.13), between the tempered
distribution k r and the Schwartz function u.

Recall also the following homogeneity property: the Haar measure |Bg (x, r)| of
the ball centered at x € G and of radius r satisfies

|Bg (x,r)| =cr? (3.11)

where ¢ & | B (0,1)],and Q is the homogeneous dimension of the Engel group which
is given by

3
def .oqe
Q=E jdimg; =7.
j=1

Identity (3.11) is related to the following crucial fact: defining the dilations
81:G —> G, b)(x1,x2,X3,X4) &ef (Ax1,Ax2,A%x3,A%x4) forall A > 0,
we have the following homogeneity
dg(85x.68,y) = Adg(x.y).

Given u: G — R, one can introduce its sub-Riemannian gradient Vgu defined as the
unique horizontal vector field satisfying

(Vou, X) & du(x)

for every horizontal vector field X € D. This translates in terms of the vector fields
in the identity
VGM = (Xlu)Xl + (XZM)XZ

One can then introduce a sublaplacian operator Ag as follows:

Agu &ef div(Vgu)
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where div denotes the divergence with respect to the Haar measure of G. In terms of
the vector fields we have
Agu = (X? + XP)u, (3.12)

but the definition given above guarantees that A is an operator which is canonically
associated with the sub-Riemannian structure on G, i.e., independent of the choice of
orthonormal frame X, X>.

Remark 3.1. In a similar way, one can build a right-invariant sub-Riemannian struc-
ture on the Engel group, and build the corresponding right-invariant sub-Riemannian
Laplacian. With respect to the product law given by (3.3), a basis of right-invariant
vector fields is given as follows:

= def = def
Xl é axl + x28)C3 + x3aX4’ X2 é 8x2-
This defines a right-invariant metric which in turn defines a right-invariant sublapla-
cian Ag as follows:
Rou & div(Veu),

where div denotes the divergence with respect to the Haar measure on G (which is
indeed bi-invariant since the group G is nilpotent) while the gradient is different since
the metric has changed. In terms of the vector fields, we have

Agu = (X? + X3)u.

Remark 3.2. The Engel group can also be described as the set J2(R, R) of 2-jets
of a real function of a single real variable as follows: an element (x, y, p,q) € R*
represents a 2-jet of a real function if it is of the form (x, u(x), u’(x),u” (x)) which is
equivalent to the relations p = j—)yc, q= ‘;—5. These relations define a vector distribution
(playing the role of ;) defined by the kernel of the differential forms in R*

wy=dy—pdx, w,=dp-—qgdx.

For more details on sub-Riemannian structures on jet spaces, one can see, for instance,
[16,78].

4. The Fourier transform on the Engel group: Proof of Theorems 1.2
and 1.3
4.1. The standard Fourier theory on the Engel group

4.1.1. Definition. As recalled in the introduction, the standard way to define an Engel
Fourier transform consists in using irreducible unitary representations. The one
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that we shall use here relies on the representations (R;’A)(w A)eRxR* introduced in
Appendix A, and that are given for all x in G and ¢ in L?(R), by

2
{R;Ag{)(Q) def exp[i (—%xz + A(x4 + 0x3 + %xz))]d)(@ +x1) forall 6 € R.

“4.1)
For any (v, 1) € R x R*, the map

RV G — ULE(R)), x — R4,

is a group homomorphism between the Engel group and the unitary group U(L?(R))
of L2(R). Actually (ﬁ””l)(,,,;k)eRxR*, plays the same role as the map x +— e Ex) in
the Euclidean case, as regards the definition of the Fourier transform.

Remark 4.1 (Adjoint representation). Note that for any (v, A) € R x R* and any
x € G, we have (RV1)* = (RVM) ! = fR;_Al (the adjoint is taken in L2(R)), where
the first equality follows from unitarity and the second from the group homomorphism
property. This also follows from the explicit expression (4.1) and a straightforward
computation.

Definition 4.2. The Fourier transform of an integrable function u on G is defined by

Fu)(v, L) et / u(x)gﬂ)‘;’]L dx forall (v,A) € R x R*. 4.2)
G

Remark 4.3. Observe thatif u € L!(G), then for all (v,1) € R x R* and all x € G,
F(Law)(v, 2) = R4 F@) (0. 2) “3)

where L, is the left-translation operator defined in (3.9). Indeed, by definition of L,
we have

F(Lyu)(v, 1) = /u(x-y):R;’Ady.
G

Using the left invariance of the Lebesgue measure, changing variable z = x - y and
taking advantage of the fact that R is a group homomorphism, we get

F(Lyu)(v, ) = / u(z)R"A _dz
G
= R, / u(z)R2*d z
G
= R4 Fw)(v. 1)

which proves (4.3).



Spectral summability for the quartic oscillator with applications to the Engel group 651

4.1.2. Main properties. According to Definition 4.2, the Fourier transform is a map
F: LY(G) - L®(R x R*; L(L*(R))), (4.4)

that is to say, for any u € L!(G), F(u) is a family, parametrized by (v, 1) € R x R*,
of bounded operators on L?(R) with

1F) v, Ml 2wy < Ul forall (v,A) € R x R*. 4.5)

Despite first appearances, this Fourier transform has many common features with the
Fourier transform on R<. First, since K" is a group homomorphism, F(u)(v, A)
transforms convolution into composition, that is to say, for all integrable functions u
and v,

Fu*v)(v,A) = Fwu)(v, L) o F(v)(v,A) forall (v,1) € R x R*.

Moreover, as in the Euclidean case, the Fourier—Plancherel and inversion formulae
hold true in that setting, with d v d A as Plancherel measure, resorting respectively to
Hilbert—Schmidt norms and trace-class operators (see for instance Corwin and Green-
leaf [23]).

In order to state the Fourier—Plancherel formula, let us recall the definition of the
Hilbert—Schmidt norm. Denoting by (e,;),en an orthonormal basis of L2(R), we
define the Hilbert-Schmidt norm ||F () (v, A)||gs on L2(R) (which is independent of
the choice of the basis) by

def

13600, s & (3 17600 DemlFam,)

meN

The following result is very classical, see e.g. [23, Theorems 4.3.10 and 4.3.17]. In
order to justify the constant appearing in the formula and for the convenience of the
reader, we provide a sketch of proof below.

Proposition 4.4. The Fourier transform F, defined on L'(G) N L?(G) (see (4.4)),
extends uniquely as a map

F:L*(G) - L*(R x R*; HS(L2(R))),

where HS(L?(R)) denotes the space of Hilbert—Schmidt operators on L*(R). A func-
tion u belongs to L*(G) if and only if F(u)(v, L) is a Hilbert-Schmidt operator for
almost every (v, 1) in R x R*, and there holds

a6y = @) [ 1700 DI dvar. “6)
RxR*
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Proof. As usual, using the extension theorem for linear continuous maps, it suffices
to prove that if u belongs to (L' N L?)(G), then for almost every (v, 1) € R x R*
the operator F(u) (v, A) defined by (4.2) is a Hilbert—Schmidt operator satisfying (4.6).
The rest of the argument is left to the reader. According to (4.1), for all (v,A) € R x R*
and ¢ in L%(R)

2
(F) (v, 1)) (0) = /u(x) expi(—%xz + x(x4 +Oxs + %xz)>¢(9 +x)dx
G
— ot a8 a6 e d
—f”(xl,z— 5T )P (0 + x1)dxq,
R

where @ denotes the Euclidean Fourier transform with respect to (x2, x3, x4). It fol-
lows that
02

ﬁ(xl, v —A—,—AG,—A)‘del dé,

1F ) (v, 1) 12 =/ PR

R2

hence
/W?WXMAN%dvdlZ/ﬁﬂmfz&fdﬁdnd&d&d&
RxR* R3xR*

where we have performed the change of variables (6, v, 1) — (&1, &2, &3), with unit

Jacobian
£ = W £y = A0, E4= -2 “.7)
2 — A 2 9 3 = 9’ 4 — . .
The result follows from the Fourier—Plancherel formula on R3. [

The inversion formula requires introducing the trace class on a separable Hilbert
space H (in the applications here, H = L?(R)). We recall that T € £(H) is a trace

class if

def def
IT I = w(IT]) =

> (en | IT|en)rs < o0

neN

for some (and hence for any) Hilbert basis (e,),en of H (see [66, Section VI.6]),
where |T| & JT*T. We denote by Tr(H ) the space of trace class operators on H. If

T € Tr(H), then the trace of T is defined by

Z (en | Ten)n,

neN

r(T) &

where the sum converges absolutely in C and does not depend on the Hilbert basis
(en)neN, according to [66, Theorem VI.24]. For later purposes, we give here a suffi-
cient condition for an operator to be trace class.
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Lemma 4.5. Let H be a separable Hilbert space. Assume that there is a Hilbert basis
(en)neN such that Y, o ITen ||z < 00. Then T € Tr(H) and we have

0<|ue(M) <u(IT) = Tllee < Y [ Tenllnr- (4.8)
neN

Proof. We start by proving the right-most inequality in (4.8) and the fact that T €
Tr(H ). We first have from the Cauchy—Schwarz inequality

w(ITh = (e | |Tlen)s < D> T lenllnr-

neN neN
The last inequality in (4.8) then follows from
Tl = (T v, Tvg = (TPv.v)g = (T*Tv,v)g
= (Tv,Tv)g = |Tv||} forallv e H.

Finally, that | tr(T")| < tr(|T’|) is for instance proved in [55, Chapter 30, Theorem 4].
[

We may now introduce the “inverse Fourier transform” as a map

F-L LY(R x R*; Tr(L2(R))) — L=(G),

(v, A) > T (v, 1)) > F(T), 4.9)

defined by
F T (x) ¥ 27)3 / (R4 T (0, A) dvdA,
RxR*

and satisfying

15T ooy < (2) / 1T, M)l dvdA,
RxR*

where we used that R;_Al is unitary together with the fact that
|UT| = ~vT*U*UT = |T|

for U unitary and T trace class. According to Lemma 4.5, if there is a (v, A)-depend-
ent Hilbert basis (ej;*)men such that (v, 1) > e%” is measurable R x R* — L2(R)
and

> [irene

meN R R*

|L2(R)dl)dk < 00,

then 7 € L'(R x R*; Tr(L?(R))) and F~1(T) is well defined.
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Let us now discuss the Fourier inversion formula. Again, the following result is
classical (see [23, Theorem 4.3.9]) but we give a proof for the convenience of the
reader.

Proposition 4.6. Ifu € L'(G) is such that F(u) € L' (R x R*; Tr(L?(R))), then one
has
u(x) = 2m)73 / (R4 Fu)(v,A) dvdA  forallx € G. (4.10)

RxR*

Proof. As in the proof of Proposition 4.4 we use the fact that for all (v,A) € R x R*
and ¢ in L%(R)

2
Ewo.090) = [(x. - A 0.-2)(0 + x0)dxy
R
2
— /ﬁ(xl —0, % —A%,—w, —/\)q’)(xl)dxl,
R

where # denotes the Euclidean Fourier transform with respect to (x2, x3, x4). It fol-

lows that 5
— ol 21 _ _
w(F(u)(v, 1)) _/u(o,)L AT =, A)dxl,
R

and

2

/tr(ff(u)(v,x))dudx = /12(0,%—A%,—Axl,—k)dxldvdk,
RxR* R2xR*

hence performing the change of variables (x1, v, ) — (£1, &2, £3) asin (4.7) we find

/ tr(ff(u)(v, /\)) dvdi = / 12(0, fz, 53, 54) dfz d§3 d§4
RxR* RZxR*
= (27)%u(0)
by the inversion formula on R3. The proposition then follows from Remark 4.3. m
As a particular case of Lemma 4.5, we find that if u € L!(G) is such that

> 1F @) (v, Dept 2@y dvd A < oo, (4.11)
meN g R*
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then the operator .ﬂ;fl F(u)(v, A) is of trace-class, and (4.10) holds and rewrites

u(x) = (27)~° / 3 ept | RVAF ) (v ety dvd A
RxR¥EN

=207 ) [(e,“,;* | R4 Fu) (v, Vep?) dvda,
mEN R R*

where the last interversion is justified by absolute convergence in the sum, see [60,
Theorem VI1.24]. Again, this holds for any (v, A)-dependent Hilbert basis (e';’,;’l )meN
such that (v, 1) > el:* is measurable R x R* — L2(R).

Let us emphasize that the hypothesis (4.11) is satisfied in the Schwartz space $ (G)
(see Proposition 4.14 below).

4.1.3. Action on the sublaplacian. A key point in the analysis of the Engel group
consists in studying the action of the Fourier transform on the sublaplacian Ag defined
by (3.12). Actually, we check that, for any C? function ¢ on R, for any (v, 1) €
R x R* and any x in G, there holds

—AGRYHM(p) = RVAP, ¢ and  —AGgRVM(P) = PRV, (4.12)

with! "
def d ()L 5 V)2
L2 4 (%0 ——) : 4.13
w2 =g T3V T3 ¢-13)
This shows, as explained in the introduction of this paper, that the Fourier transform
on the Engel group is strongly tied to the spectral analysis of the quartic oscillator. To

obtain (4.12) we take advantage of (4.1) to gather that

v,A _ v,kd¢ v,A . A 2 v v,A
XNRA@) = R T and XaRA@) =i (504307 )R @) @14)

which implies that —Ag Ro™*(¢) = RY* P, 1. Along the same lines, one gets

~ d ~ A v
v,A _ % (ov,A v,A —i(Zp2_ 2 v,A
RRAP) = = (RP9) and HRYG) =i(567 - T)RV@),
which completes the proof of (4.12). Note also that
X3 RUHM(@) = iARA(09),  X4RVM(¢) = iARM (¢) (4.15)

and
X3RUM (@) = iAOREM (D), XaRVM () = iARVH ().

!'As will be seen later, the operators P, 3 and P, are, up to the factor |1|>/3, unitarily
equivalent.
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Remark 4.7. Let us give some insight on the parameters (v, 1) € R x R* involved
in the definition of the Fourier transform (4.2). By definition, A belongs to the dual
of the center of G, which in accordance with the structure of the Lie algebra of G is
associated to a homogeneous operator of order 3. On the other hand, the parameter v is
associated to the operator X4 X, — %X 32 which is a homogeneous operator of order 4.
This can be illustrated through the relations (4.14) and (4.15) which give

(XaX2 = 5 X2) R @) = vRA @), (4.16)

4.2. The Fourier transform seen as a function: Proof of Theorem 1.2

This section is dedicated to introducing an alternative definition of the Fourier trans-
form on G introduced in Section 4.1. This will provide the construction of the set G,
the operator U and the function a satisfying (1.6) of Theorem 1.2.

4.2.1. The frequency set. This new approach, initiated by H. Bahouri, J.-Y. Chemin,
and R. Danchin in the setting of the Heisenberg group [4], is based on the spectral
analysis of P, ; conducted in Appendix B.1, where it is in particular established that
the operator P, ; is selfadjoint on its domain, in L?(R), with compact resolvent (for
any choice of the parameters). Thus, it can be associated with an orthonormal basis
of eigenfunctions w,ﬁ’” associated to the eigenvalues E,,(A,v) € R (see Proposi-
tion B.1 for further details)

Pyt = Ep(v, M)y lt 4.17)

Then by projecting F(u)(v, A) on the basis (1//,’;{'1) meN, one can see the Fourier trans-
form of u as the mean value of ¥ modulated by some oscillatory function in the

following way: for all X &f (n,m,v,1)in G LIN2 x R x R*,

F ), m,v,2) S (F) 0, DRV o w)-

Now, computing the right-hand side of the above formula, we discover that

Fwy(n,m,v,7) =/W((n,m,v,k),x)u(x)dx, (4.18)
G

with

W((}'l, m,v, A), X) déf (ﬁ;sl v,A

m

A
V) 2®)

. v I 2
_ iGxs—¥x2) / MO+ v (g oy rA(g)de.
R

(4.19)
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It readily stems from (4.18) (and the Cauchy—Schwarz inequality in (4.19) and the
fact that (w,';,"l)meN is an orthonormal basis) that the following continuous mapping
holds:

F:LY(G) = L*®(G). (4.20)

In the following G will be called the frequency set of G.

4.2.2. Proof of Theorem 1.2. With this point of view, the Fourier—Plancherel and
inversion formulae (4.6)—(4.10) may be expressed in a similar way as in the Euclidean
case, namely

ll1726) = O INF W7 25 4.21)
U, v)2(6) = Q) F W), F ()12 (4.22)
u(x) = 2m)™3 / W((n,m,v, 1), x HF u)(x)dx, (4.23)

e

where the measure d X is defined by

o def

/G(X)dx o
G

and where x ! is given by (3.4). Finally, for any function u in the Schwartz class § (G)

ZQ(n,m,v,/\)dvdA, (4.24)
RXR* (n,m)EN2

and any X € G, combining (4.12) together with (4.18)—(4.19) along with an integration
by parts, we get according to (4.17)

F(—Agu)(n,m,v,A) = E,,(v,A\)F (u)(n,m,v, L) (4.25a)
and
F(—Agu)(n,m,v,A) = E,(v, \)F u)(n,m,v,X). (4.25b)

This construction proves Theorem 1.2.

4.2.3. Additional properties. First, observe that the relations (4.25) lead in particu-
lar to the definition of the homogeneous Sobolev semi-norms as in the Euclidean case
by means of the Fourier transform

1
def s _ — . )2
el s ey & 1(=A) P ull 26y = (27) 3/2( / Ef,,(v,mu(u)(xnzdx) ,
G
(4.26)
and, along the same lines, in the non-homogeneous framework,

s ) & 11d—A6) 3 ull 2y = (2n>—3/2( / 1+ Em<v,x>)5|mu>(fc)|2di) §

G
(4.27)
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Second, note that in this new setting, the convolution identity (4.5) rewrites as follows,
for all integrable functions ¥ and v and all X = (n,m,v,A) € G:

Fuxv)(¥)=(F ) F)X) &f Z F@)n, p,v,\)F(v)(p,m,v,A). (4.28)
peN

Before going further, let us list some useful properties of the function 'W.

Proposition 4.8. For any X = (n,m,v, ) in G and x in G, we have

W(n,m,v,1),0) =68ym and |W((n,m,v,1),x)| <1, 4.29)
W((n,m,v,1),x) = W({(n,m,v,—1), x), (4.30)
'W((n,m,v,)u),x_l) = W((m,n,v, L), x), 4.31)
D IW(n.m. v, 2). 0P = 1, 4.32)

neN
W((n,m,v,1),8.(x)) = W((n,m,r*v,r31),x), forallr > 0. (4.33)

Proof. The first property follows from the fact that (w,':,’)L )meN is an orthonormal
basis and the Cauchy—Schwarz inequality in (4.19). The second one is an immediate
consequence of the fact that, for all m € N, thanks to the symmetry invariance’ of

P, ; with respect to A,
v,A _ wv,—)t
m — Ym .

Identity (4.31) follows from (3.4), while (4.32) stems from the fact that JQ;”I are
unitary operators and thus | RY*Y/m* || L2®) = 1, which implies that for all m € N

S IR R 2wy = D I W((nm.v.2). x)* = 1.

neN neN

In order to prove (4.33), we first observe that in view of (4.19), there holds
w((”’ m’ Vv A’)’ Sr(x))
) v ) 2
— i(rixa=jrxo) / e’k(9r2x3+%m2)%‘:{l(9 + rx1)1/f;:’k(9) do.
R

Then performing the change of variable 6 = rz, we deduce that

W((n,m,v,1),8(x))

4

; v . 72
= P hr i) / MRy 2 4 y) Ty () dz,
R

20One has P,i=P, ;.
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where 7T} is the unitary operator in L2(R) defined by (2.2).
4.3
Recalling that, by (B.2), we have T,y2*(0) = v *" *(6), this completes the
proof of (4.33), hence of the proposition. |

Remark 4.9. Note that introducing, for all r > 0,
3r(n,m,v,/\) dé"f(n,m,r“v,ﬂ)t), (4.34)
it readily follows from (4.33) that
Fuod)=r"2Fu)os, . (4.35)

We deduce that the frequency set G has the same homogeneous dimension Q as G.
Indeed, according to (4.24), we get for any integrable function 6 on G,

/(905,)()%)d5c =/ > 0. m.r*v. r*A)dvdd
G RxR* (n,m)eN?2

— 2 > 6(.m.v.A)dvdA.
RxR* (n,m)eN?

In contrast with the Euclidean situation, when adopting the function point of view
for the Engel Fourier transform one has to take into account that somehow, we deal
with infinite matrices associated to bounded operators in L2?(R). To better exploit
the relation between the definitions (4.2) and (4.18), let us introduce the following
definition.

Definition 4.10. For p € [1, 0o], we define :ﬁ’;z(é) as the set of functions 6 on G
equipped with the norm

def

||9||$5¢-2(G) = ”9”Lf (RxR*xN;£2(N))"

Am

The following two statements are the analogues of the Hausdorff—Young inequal-
ity in R?, which we here have both for ¥ and # ~!. Recall that F ~!(8) is defined by
(cf. also (4.23))

FHO)(x) = (271)_3/W((n,m,v,)t),x_l)G()?)dfc.
G

Proposition 4.11. Forall 1 < p <2, the following inequality holds: for all u in § (G),
170 gy < Lo (4.36)

where p' is the dual exponent of p, and thus ¥ extends as a continuous linear map
F:LP(G) — £52(G).
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Forall 0 in :ﬁ;z(é) its inverse Fourier transform ¥ ~1(0) belongs to L>°(G) N
C%(G) and the map ¥ ~1: i;ﬁz(Gv) — L®(G) N C%G) is continuous.

Forall 1 < p <2, there is a positive constant C such that for any 0 in i;’z(é),
its inverse Fourier transform ¥ ~1(0) belongs to L? (G) and

177 O 6y = Cl0ll g2 s, (437)
Proof. Let us start by proving that if u € L(G) then ¥ (u) € éti;o’z (G) and
1760l gse2 gy =< Il Gy (4.38)

Note that (4.38) is more accurate than (4.20). By definition (4.18) followed by the
Cauchy—Schwarz inequality, there holds

2

|F ) (X)? = ‘/"W((n,m,v,/\),x)u(x)dx
G

S/IW((n,m,v,l),X)lzlu(X)ldX/IM(X)Idx

G G

so according to identity (4.32),

S IF @ am v )P < ul) -
neN
which proves (4.38). Combining the Fourier—Plancherel formula (4.21) together with
complex interpolation, we deduce (4.36).
In light of (4.10)—(4.11), all functions 8 € i;z(G“) admit an inverse Fourier trans-
form given by

FHO)(x) = (271)_3/W((n,m,v,)t),x_l)G()?)d)%.
G

Invoking the continuity of the function ‘W with respect to x together with the smooth-
ness of the group operations of multiplication and inversion on G, we infer that for all
(n,m,v,A) € é, the function x — W((n,m, v, 1), x " 1)0(n, m, v, A) is continuous.
Since, in view of (4.32), there holds

‘ Z W((n,m,v, 1), x H0m, m,v,1)| < ||0(-,m,v,k)||€%(N),
neN

applying the Lebesgue dominated convergence theorem, we deduce that ¥ ~1(0)
belongs to L>®(G) N C%(G) and satisfies

17~ @)z < 2n) 736 L2
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which implies (4.37) by combining the Fourier—Plancherel formula (4.21) together
with a complex interpolation argument. ]

Remark 4.12. Let us emphasize that the action on left translations (4.3) translates
into the following property: if u € L!(G), thenforall x € G and ¥ = (n,m,v,1) € G,
there holds

F(Lxu)(n,m,v,A) = Z W({(p,n,v, 1), x)F (u)(p,m,v, 1), (4.39)
peN

the latter sum being finite according to (4.32) and (4.36). Indeed, since for all (v,A) €
R xR*and all y € G, {R;,”A is a unitary operator of L2(R), it follows from (4.19)
that for any integer n

Ryt = 3 W(pon v ) with Y [W((p.mv ). =

PEN peN
(4.40)

Then, invoking (4.3) together with (4.18)—(4.19), we infer that
F(Lxu)(n,m,v, 1) = (F(Lx) 0 DVt W) 2wy
A
= (RV4F )0, VYN 2w
= (T VIRV 12 @).
which thanks to (4.40) leads to (4.39).

Remark 4.13. It will be useful later to note that, for all F € @"%/2(R,.), the oper-
ator F(—Ag) acting on $(G) is invariant by left translation. This can be proved
by means of functional calculus (see for instance [70, Section 5.3]), but can also
be obtained easily from the above remark which ensures according to (1.7) that, for
allu € $(G), F € (91’5/2(R+), xeGandXx = (n,m,v,A) € G, there holds

F(F(=Ag)(Lxu))(n,m,v, )

= F(En(v,A)) Y W((p,n,v,2),)F w)(p,m,v, 1),
peN

and
F(Lx(F(—Ag)u))(n,m,v,A)

= Z W((p,n,v,)t),x)fF(F(—A(;)u)(p,m,v,)&)
peN

= F(En(v.2)) ) W((p.n.v.2).X)F () (p.m.v. 2).
peN
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Let us end this section by establishing that if u# belongs to the Schwartz space
$(G), then F (u) belongs to i;’.z(G), which according to Proposition 4.11 is a natural
class to define the inverse Fourier transform, hence to write

u(x) = (2n)‘3/W((n,m,v,A),x—l)f(u)(fc)d;c.

Proposition 4.14. For any p > % there exists a positive constant C such that the fol-
lowing result holds. For all u in 8 (G), its Fourier transform ¥ (u) belongs to i;iz(é)
and

17 @)l g126) = CllullLiey + 1(=A6) ulL1(6))-

Proof. The proof is inspired from the proof of the corresponding result on the Heisen-
berg group which can be found in [9]. In order to establish the result, let us consider u
in $(G) and split ||J'7(u)||$1,z(é) into two parts I; + I, where

F

LEY [||37(u)(-,m,v,)k)||gzdvd)t.

meN g, (v,0)<1

Since by (4.36) (with p = 1), one has
17 @)l g2y =< L1y

we deduce that

I < ulpie) Y /dvd/\.
meN g (v.1)<1

Then, performing the change of variables y = Il|+/3 (for fixed A), and recalling (1.5),
we infer that

Wl Y [ [ didu

meN
R 1
|M§Em(u)3/2

oo Y [ e

meN p
which according to (1.9) ensures that
I < ullpie-
On the other hand, thanks to (4.25), and again (4.36) with p = 1, there holds

17 @) Com,v, W2 < ERF @, ) (=A6) ullL1 6
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for any integer k € Z, and thanks to complex interpolation, we find that for all p € R,
17 @) Com v, Dz = E° (0. DI(=A6) ullL16)-
We deduce that
B2l-A0 il Y [ B0 A dvdd,
meN g (v,2)>1

Considering again the change of variables u = |M+/3 (for fixed A), this leads to the
following estimate:

12 = ”( AG)pu”Ll(G) Z /Em(“) p/|/\|4/3 2/3pd)td,u,

meN
R 1
W—E (u)3/2

< 1(=A6) ulLi ) Z / £, (M)7/2

as soon as p > 7/2, which achieves the proof of the proposition. |

4.3. The spectral measure of —A g

Let us start by recalling that the spectral measure of a selfadjoint operator A on
L2(R%) is characterized for any continuous bounded function F by

(Hus F) S (F(Au. ) 2@ay, w,v € LR,
and thus in particular when A = —A, we get thanks to the Fourier—Plancherel formula
(e ) = @) [ FUEPIIE©TE) a6,

R4

Using spherical coordinates in R?, we readily gather that

(—Au, v)p2gay = (2n)—d/szﬁ(Rw)é(Rw)Rd—ldwdR

Sa—1

= (2n)-d/RZ/a(g)é(g)de_l(R)dR. (4.41)

0 Sqg—1(R)

Then setting y = R?, we infer that

o0

(— A, v) 2y = f Y (AG)ul)dy,
0
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with

(27)~4 / a(ﬁwﬁ(ﬁwxﬁ)d-l%dw

(A(y)ulv) €

Sa—1
1 _
= ony 5 / A(E)DEAS a1 (V7).
Sa—1(/v)

The above formula can be interpreted as the spectral decomposition of —A

oo

—Au :/yd?yu
0

and one has

o
(—Au,v)r2Ray = /y(dJPyu|v) with (d Pyulv) & (A(y)u|v)dy.
0

We deduce that for any continuous bounded function F
(F(=A)v,v)p2Ray = / F(y)(dPyv|v)
R4

= (2m)~1 / F(EP)0(8)1> dé.

R4

664

Arguing similarly for the Engel group, we infer that the spectral measure of the sel-

fadjoint operator —Ag is given, thanks to (4.22), by

(M. F)

def
= (F(—Ag)u.v)12(6)

:(27‘[)_3/ > F(En(.\)F @) n.m v, )F ) (n.m,v,2)dvdA,

RxR* n,meN

(4.42)

for any continuous bounded function F and all u, v in L?(G). Then, performing the

change of variable u = M|+/3 (for fixed A), we deduce that

(=Agu,v)12()

=m0 D F@).m, AP0 F @) nm, A3, 0)
meN RxR* neN

X [A[2PEn (1) d p|A[*2 d A
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Recalling that E,, (v, 1) = |A|?/3E,, (1) plays the same role as |£|? in the Euclidean
framework, we now consider the change of variables R? = |1|?/3E,, (1), which gives
rise to

(=Agu, v)LZ(G)
3du wR* R
-3 R2
e / ng\liﬂ::]}g/ Em(ﬂ)i neN (u)(n’n% E'”(/'L)Z’ Em(ﬂ)%)

( uR*  £R3
n,m ,
Em(10)? E,p(10)3

(v)

)RGdR.

Analogously to (4.41), the above formula can be reinterpreted as follows:

(=Au, v)2(G) = (271)‘3/Rz/?(u)(%)m(i)dasé(md&
0 Ss(R)

where S (R) £ {(n,m,v,1) € G/Ep(v, 1) = R?} and

[ 18P o
S¢ (R)

Sy vty

g -
meN * 5 Em(1)2

( uR*  +R3

)‘2R6dR (4.43)
’m7 b . o
Em(11)? ()3

This definition is justified by the following proposition which is the analogue of the
classical integration formula in spherical coordinates.

Proposition 4.15. For any function 6 € L(G), we have
o0
[rocras= [ [1o62a0s,m)ar.
G 0 SR
where fS(;(R) 10(%)]? dos (r) is given by (4.43).

Proof. By definition of the measure on é, we have

/|0(x)|2dx—/ Z|9(n,m,v,)t)|2dvdk.

& RxR* "> meN
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Then performing successively the change of variables © = I/ll+/3 (for fixed A)and R =
|A|Y/3 \/Em () (for fixed p), we infer that

/|e(5c)|2d5c

/ ZZ/ ()g <”m e e[ rear
Em(p)2

2
meN =+ Em (1) Em()2

which proves the proposition. ]

Finally, setting y = R?, we deduce that
[e.e]

(—Agu. V)12 = / y(A()ulv)dy
0

with

3
(At = &

/ S 7 () (1, ) F )1, VS (7).
(«/_) neN
This shows that the spectral decomposition of —Ag takes the following form:

o
—Agu =/deyu where d (P, u|v) (A()/)ulv)d)/
0

Along the same lines, starting from (4.42) and performing successively the change of
variables yu = M|+/3 and R? = |1|?/3E,, (), we readily gather that, for any continuous

bounded function F and all functions v in L?(G), there holds

(F(=Ag)v, U)LZ(G)

= Qn) 3/F(R2)ZZ/ 3dp ”(v)(n,m, uR* | :l:R3§>

meN =+ m(//v)2 En (10)? Em(1)2
— R* j:R3
x?(v)(n,m, H 5 3)R6dR.
Em(1)? E, ()2

With the previous notations, setting y = R?, we deduce that
(F(=Ag)v.v)12(6) = / F(y)dPyolv)dy = @)~ / Fa(@)|Fu(@)P dx,
R4 G

where a denotes the function on G introduced in Theorem 1.2.
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4.4. End of the proof of Theorems 1.3, 1.6, 1.8 and proof of Propositions 1.5
and 1.10

Proof of Theorem 1.3. Recall that (1.9) has been proved in Section 2. Let us start by
proving the following identity: for F € C O(R ),

> /F(E (v, A))dudx—s(/ 5/2F(r)dr)

meN pxRr* R4

Z/E 7 )7/2du (4.44)

mEN

Recalling that P, 3 = P,z = Py 3, we have Ep(v,2) = Em(v,—2) = Em (v, [A]),
so it suffices to prove that

> /F(E (v,A)dvdr == (/ 5/2F(r)dr) Z[E (u)m

meN ]RX]R* R,

Invoking Corollary B.4, and using changes of variables, the integral on A > 0 rewrites

Z /F(E (v,A)dvda = Z / /\2/3E /\4/3, ))dvdk

meN RxR% meN RxR*

so setting 4 = 75 (for fixed A) and then r = A2/3E,, () (for fixed p) we find

> [F(E (v.A)dvdA = )" /F(/\z/"’Em(,u))/\“/?’dAdu

meN RX]R* meN RxR*
- (/ S/ZF(r)d’) Z/E W
R* mEN H
+

This concludes the proof of the identity (4.44). The latter remains true (with equality
in [0, +00]) for all nonnegative measurable functions F. Applied to | F| instead of F,
this implies that F o a belongs to L'(G 8., d %) if and only if F € L' (R, r5/2dr),
and, if so, then (1.8) (which is nothing but (4.44)) holds. ]

We now prove Theorem 1.6. Note that the Schwartz kernel theorem [48,
Theorem 5.2.1] or [77, equation (51.7), p. 531] states that any continuous map
$(G) — $’(G) has a distribution kernel. Here, left translation invariance of the oper-
ator F(—Ag) further implies that the operator is a right convolution operator. Our
proof of Theorem 1.6 is inspired by [46, Proof of Theorem 1.2, p. 98] and does not
rely on the kernel theorem.

Proof of Theorem 1.6. To prove that, for any function u € §(G), one can define the
inverse Fourier transform of the function (n,m,v,A) — F(E, (v,A)F (u)(n,m,v, 1),
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it suffices according to Proposition 4.11 to check that this function belongs to L2
that is to say

JE N F(En (0. 2DF @)n,m,v. 1) g2

=y /|F(Em(v,k))|||37(u)(-,m,v,l)||ézdvdk < 0.
meN g yRr*

For this we reproduce the proof of Proposition 4.14, writing J = J; + J, with

BEY [ IFE0DIT @ m vl dvdl.

meN g, (v,0)<1

As in the estimate of /; in the proof of Proposition 4.14, and thanks to (4.44), we find

nzllpe Y [ [ IFO e )ale didp

meN
R 2
Epl ()

1
< ||u||L1<G)/r5/2|F(r)|dr
0

Slulp@alFI s
SOLER T J

On the other hand, and again as in the estimate of /5 in the proof of Proposition 4.14,
o0
2 = 10a-86) uli ) [ ) PIF@Idr
1

S 11d—=Ae) ull 1)l Fl 1.3
0@ (R-I—)

This implies that, for F € (94}’5/2(]R+) andu € §(G),
J = NF(Env. A)F @)(n,m, v, )| g1

< |ullga F 5
ullz1 o) ||(91,2(]R

F10d=A6) ulieIF I 5
o +) o,

®R4)
We have thus obtained that (n,m, v, ) — F(E;,(v,A))F (u)(n,m, v, L) belongs to
l’;ﬁz. According to Proposition 4.11, its inverse Fourier transform

def

F(=Ag)u = FH(F(En(v, ))F (u)(n,m, v, 1))
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thus satisfies F(—Ag)u € C°(G) N L*®°(G) together with

IF(=Ac)ulLe@) < lullLio)llFIl 15 +10d—Ag) ull 1) I F 1.5
0y 3 ®y) 0,3 ®4)

In particular, the bilinear map
l,i
0,”(R4)x8(G) - C, (F.u)— (F(=Ag)u)(0), (4.45)

is linear, contmuous for the topology of (9 -3 (R4+) x 8(G). As a consequence, for
afixed F €0 ’2(R+) the partial map S(G) — C given by u > (F(—Ag)u)(0)
belongs to §’ (G). That is to say, there is T € §'(G) such that

(F(=Ag)u)(0) = (T, u)S/(G)’S(G), forallu € $(G).
Now, there is T € $’(G) such that, with 77(y) = u(y~!), we have

(T.w)s6).56) = (T )5/ 6).56), forallu € S(G).

Recalling the definition of the convolution in (3.10), and noticing that 1 = ¢ = 1°,

the above two lines rewrite

(F(=Ag)u)(0) = ( u)s/6),sG) = (U * T)(O), forallu € $(G).
Invoking Remark 4.13, we infer that, for all x € G and u € §(G),

(F(=Ag)u)(x) = (Lx F(—Ag)u)(0) = (F(=Ag)Lu)(0)
= ((Lyu) * T)(0) = (u » T)(x) (4.46)

where, in the last equality, we have used again the definition of the convolution

in (3.10). This concludes the proof of Theorem 1.6 with kr LT The continuity
statement of the map F +— T =k r follows from (4.45), (4.46), and the continuity of
L, asamap §S(G) — S(G). ]

Notice that (4.46), joint with (4.23) and (4.25), imply the following useful identit-
ies:

FkF)(X) = F(Em(v.1))8m n. (4.47)

and

kr(x) = 2n)™3 / W((n,m,v,A), x V) F(Ep(1,A))8mnd¥. (4.48)
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Indeed, (4.22) and (4.23) provide

(u*kr,v)2c)
= Q2n) 3 (F(u *kp), F)r2

—e0 Y [ T DT k)
(n,m,p)eN? RxR* x F(u)(n,m,v,A)dvdA,

S0, using (4.46), we find (4.47) while the inversion formula provides (4.48).

For the sake of completeness, we also give here a proof of Proposition 1.5, which
follows that of Theorem 1.6 with a different starting point (the general functional
calculus for selfadjoint operators instead of the Fourier transform %), and would hold
in any Carnot group.

Proof of Proposition 1.5. As it was emphasized in Section 4.3, spectral theory asso-
ciates with —Ag a spectral measure that we denoted by d &, and it is well known
(see for instance [66, Theorem VIIL.6] or [70, Section 5.3]) that if F is a locally
bounded Borel function on R 1, one can define on the Hilbert space L?(G) the oper-
ator F(—Ag) by

D(F(—Ag) £ {u e 12G), [ IFpPa@uh < oo},
R

def

F(-Ag)u & / F(y)dPyu, foru € D(F(—Ag)).

R

Now, if F is a function in O, (Ry) for some nonnegative real number m, then we
have, foru € $(G),

IF A6l = [IFP@ul) = C [,
R R
= Cll1d-A6)" [ g,

Therefore, D((Id —Ag)™) is embedded continuously in D(F(—Ag)). Next, since
Ag is a differential operator with polynomial coefficients, we have (Id —Ag)*u €
S(G) for any u € §(G) and k € N, together with

I(0d—AG)* F(=AG)ul}agy < ClAd—=Ag)" ull7, g, forallu € S(G).
As a consequence, we obtain

ueS(G) = F(-Ag)u e[ | D(Id—Ag)*) =) D(AG). (4.49)
keN keN
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Now, local hypoellipticity of the operator Ag proved in [47] (see also [69] for the
expression of ¢) implies the existence of & > 0 such that D(—Ag) C H{ (G) with
continuous embedding, where Hf (G) = o HE (R*) denotes the usual local Sobolev
space defined by v € HE (R*) if (§)6F(xv)(§) € L2(R*) for all y € C2°(R*), where
F denotes the usual Euclidean Fourier transform. A classical induction argument (see,
e.g., [54, Corollary B.2]) shows that D(—A ) C HloC (G) for all k£ € N with continu-
ous embedding. We thus deduce from (4.49) (and the usual rough Sobolev embed-
dings in R*) that if u € $(G), then F(—Ag)u € (ien HloC (G) = C*(G) (and this
map is continuous). In particular, F(—Ag) maps continuously §(G) in C°(G) and,
from this point forward, we may follow the end of the proof of Theorem 1.6 line by
line. |

Let us turn to the proof of Theorem 1.8.

Proof of Theorem 1.8. First assume that F € L'(Ry, r>/2dr). We have by (4.48)
that

lkr(x)| = 2m)~

3 [W((n,m,v,x),x—l)F(Em(u,x))sm,,,d;z

Since, by (4.29), we have, for any (n,m,v, 1) in G and y in G,
| W((n,m,v, 1), y)| <1,

it follows that
lkr(x)| < (27r)_3/ |F(Epm(v,A))|8m,ndX
G
By (4.44), we deduce that

ke ()] §<2n>-3( / 5/2|F<r)|dr) Z / Uk

R

The continuity of kr under the hypothesis of Theorem 1.8, as well as its L°° bound,
readily follows from the continuity of ‘W with respect to x, (4.29) and the Lebesgue
dominated convergence theorem. Finally, the formula for k¢ (0) simply comes from
(4.48) and the fact that, for all (n,m, v, 1) in é, W(n,m,v,1),0) = 8y m. ]

Proof of Proposition 1.10. Assume F belongs to ©@'*>/2(R.). Then, according to
Theorem 1.6, kr is well defined, and (4.21) implies that kr belongs to L2(G) if
and only if ¥ (k r) belongs to L? (G), and

2 _ =3 ¢ 2
”kF”LZ(G) = (27) ”f' (kF)||L2(é)'
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But, using (4.47),

17 (kP2 =D | (kp)(n.m. v, 2> dvdA
(n,m)eNzRX]R*

- /Fz(Em(v,/\))dvdA.
meN p R

Reproducing the computations leading to the proof of Theorem 1.3, we find

17 G0y = > [ PO ena* a2 dn

meNR R
= / 5/2F2(r)dr) Z/
Em (M)7/2
R}
The result follows. [

5. Applications

5.1. Functional embeddings

Combining the Engel Fourier transform together with (1.8), we recover in this section
many functional inequalities, whose original proofs may be found in [31].

Let us start with the following result concerning Sobolev embeddings in Lebesgue
spaces. Such embeddings are known to hold in a variety of contexts (see for instance
[7,17,18,24,30,50]). The proof conducted here is inspired from the paper of Chemin
and Xu [20], and adapted previously in other contexts (see for instance [8, 10] for the
Heisenberg group).

Theorem 5.1. For any real number s in [0, Q /2[, there exists a constant Cg such that
the following inequality holds:

, forallu € H%(G).

20
Q0 —2s
Proof. Let us assume that ||u|| As() = 1, and compute the L? norm according to the
Cavalieri principle:

”u”L[)(G) =< CS”””HS(G) with p =

lullZ ) = p/ﬂ”‘ll(lul > B)ldp.
0
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In order to go further, we shall use the technique of decomposition into low and high
frequencies, namely we shall decompose, for all A > 0, the function u into two parts
as follows:
U=1Ug g+ Upa 5.1

with

Prg def o~

F(uga)n,m,v,A) = F W) (n,m,v, )Vg , 1)<42-
From the inversion formula (4.23), the definition of the Sobolev norm (4.26) and the
Cauchy—Schwarz inequality, we get

lue allLoo(c)

< Cliealgey( [ 900200 (B0 05)
En(A,v)<A?

In view of (4.32), we have

f W (. v, 2. ) P(Em (v, ) d &
Em(A,v)<A?

-y /(Em(v,/\))_sdvdk.

meN g, (v.2)<A2
Then, applying (1.8) with F(r) = r~*1jy 421(r), we deduce that
Qo
lug,allLooe) < CAZT.

. 2 .
Thus, choosing A = Ag = ¢ 2 for some small enough positive real number ¢ ensures
that

|(ful > Bl = (g, a5l > B/2D| + [(lun,agl > B/2)| = |(Jun,a41 > B/2)].

which thanks to Bienaymé-Tchebitchev inequality yields
[e.¢]
[l o) = [ 87 np 2 4.
0

Hence, by virtue of Fourier—Plancherel formula (4.21),

oo

2, < € / pr-> / |7 () (@) dxdp,

0 En@a)=z43

which completes the proof thanks to the Fubini theorem. |
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Notice that refined versions of Sobolev embeddings (see [33,34]) can be obtained
by slightly adapting the above proof. We shall not pursue this further here.

The following theorem is to be compared with the Poincaré inequality.

Theorem 5.2. Let s be a nonnegative real number and K a subset of G with finite
measure. There exists a positive constant C(s, K) such that for all functions u in the
subspace Hg (G) of functions in H*(G) with support in K, we have

||u||HS(G) = ”u”H‘Y(G) < C(s, K)”“”HY(g)-

Proof. The first inequality is obvious, and in view of Fourier—Plancherel formula
(4.21) the second one amounts to prove that

2s
“f (u)“LZ(é) =< (C|K|) Q ||u||Hv(G)

To this end, let us again decompose u into low and high frequencies as in (5.1). We
thus set ¢ > 0 and write

17 )17 2,
= 17 @ne) 72 + 15 @eol7s
:/E,,,(v,A)—ZSEm(v,/\)Zsm(u)(n,m,v,/\)|2d)z+ 17 (ue.)lI7 2
Em(v,A)z¢>

2

HS(G)'
first take advantage of (4.38) which since u is compactly supported gives rise to

S IF @@ mv. P <l g < 1Kl = @0 KT @2, 6,
neN

The first integral may be bounded by &=4|ju||% To handle the second one, we

Thanks to identity (1.8) with F(x) = 139 .2)(x), this implies that
|7 @eo)l? 2 < QOTIKINF @75 5,2
We deduce that
1 5 0
17 (0l 225) = =55 101306y + CIKICIF @2 g,

which achieves the proof of the result choosing €2 = 1/(2C|K]). ]

Decomposing functions into low and high frequencies is a key tool to establish
functional inequalities, but also to investigate nonlinear partial differential equations.
Let us showcase again the efficiency of this method by establishing the Sobolev
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embedding corresponding to the critical exponent s = Q/2. To this end, we intro-
duce the space BMO(G) of locally integrable functions ¥ on G with bounded mean
oscillations:

||“||BMO(G) = S P

|B|f|(u—u3)(x)|dx<oo w1thuB = |/u(x)dx

where the supremum is taken over all balls B of G, and where |B| denotes the
Lebesgue measure of the ball B.

Theorem 5.3. The space L} (G) N H%(G) is included in BMO(G). Moreover,
there exists a constant C > 0 such that

loc

u <C ,
|ullemo(G) el . 7%

or all functions u in L:._ (G) N H% G).
loc

Proof. As previously, we use the decomposition (5.1). Then applying the Cauchy—
Schwarz inequality, we infer that for any ball B in G, we have

/ 1 = ug) ()]

2
|B| < llug,a— (ue,a)Bllr2p, gy 1 lun,allL2(c)-

|B|2

In order to estimate the low frequency part, we shall use the metric structure of the
Engel group: recall that for any (x, x’) of G x G, there exists a horizontal curve
of Q4 joining x to x’. Using the Carnot—Carathéodory distance dg defined in (3.5),
we infer that, for any ball Br of G of radius R, there holds

g, 4 — (ue,a)Bg ||L2(BR,|;§;|) < RA””“H%(G)' (5.2)

Indeed, by definition of (14, 4)p,, we have

(es — (g p)3)(x) = ﬁB/ (g4 (X) — g A(¥)) A,

Since for any curve y = UII;;J yp where y,:[0,T,] — G belongs to 2 namely

XpXpt1»
Aryp(t) = £Xi(yp(1)).  ¥p(0) =xp,  ¥p(Tp) = Xp1,
100 =x, y;(Ty)=x" forp=1,...,J —landi € {1,2},
there holds

s (pit) — g a(y) = [ B0 (ue.a(rp(1))) 1,
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we readily gather that

lug,a4(x) —ug,a(x")| S dg(x,x") sup [ Xiug allLoo(G)- (5.3)
ie{1,2}

We deduce that

lwe,a = (ue,a)Brll2pe, gy S R sup |1 Xiugallze(e)-
R ie{1,2}

By the inversion formula (4.23), we have
Xitteallie) < [ Wm0, 20,5717 X (D] 5,
Em(A,v)<A?

Then, combining the Cauchy—Schwarz inequality together with (1.8) and (4.32), we
get
| Xiue,a

oo < A ujl . s
L) < Al IIHg(G)

which ensures that

)y S RAJu|l . o

e, a— (e, a)BrllL2(Bp. o %26y

x
[BRI

To bound uy, 4, we combine identity (4.21) with formula (1.8), which gives rise to

Il 6y = CA Il o

2 G)

We know by (3.11) that | Bg| = CR2. Then, the latter estimate implies that

0
< (AR 2 . 5.4
lL2(6) < (AR) ||M||H%(G) (5.4)

1 ”Mh,A

R|2
Gathering the estimates (5.2) and (5.4) and choosing A = R™! completes the proof
of the result. u

One can also prove, by a similar high-low decomposition technique, embeddings
between Holder spaces and Sobolev spaces. To ease the notations, we denote in what
follows X = (X1, X2) the family of horizontal left-invariant vector fields on G, and
we set, for any multi-index « in {1, 2}k ,
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Then we denote by C**(G), (for (k, p) in Nx ]0, 1]) the Holder space on the Engel
group, consisting in functions # on G such that

def [ X%u(x) — X%u(y)|
llullc. = sup (| X%ullLoc + sup = < 00
@ a|5k< x#y d(x,y)r )

We have the following result.
Proposition 54. If s > % and s — %
included in the Holder space of index

wn=(-5ls-5-[-3)

and we have for allu € H*(G),

is not an integer, then the space H*(G) is

lullckogy < CsllullasG)-

Proof. We prove the result only in the case when the integer part of s — Q/2 is 0,
namely the case when s = % + p, with 0 < p < 1. Using again Decomposition (5.1),
we infer, according to (5.3), that the low frequency part of u satisfies

lug,a(x) —ug a(x)| S dg(x.y) S{up } | Xive allLoo(G)-
ie{1,2

In view of (1.8), one gets

1

2
1 Xitg 4 llLowG) < lul HS(G)( > Em(v,x)—”ldvdx)
"N By (1) <42
(2
<Al (s Z)H”HHS(G)’

which implies that

_(s—Z2
ue.a(x) = uea(x)| S de (x, A" ull s ).

Along the same lines, we obtain

1
_ 2 2_
|Loo(G) < ||u||H5(G)( > /Em(v,)t) dedl) < A2 ullgs ).
mEN g (v.4)> A2

||uh,A

Consequently,
|u(x) - M()’)| < (dg(x, J’)Al_p + A_p)”u”Hs(G)-

Choosing 4 = dg(x, y)~!, we conclude the proof of the result. ]
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5.2. Bernstein inequalities

Similarly to the Euclidean case, (4.25) allows to give a definition of a function whose
Fourier transform is compactly supported, in the following way.

Definition 5.5. We say that a function u in L?(G) is frequency localized in a ball B
centered at 0 of radius A > 0 if

Supp F (u) C{% = (n,m,v,A) € G/Emn(v, 1) < A%}.

Similarly, we say that a function u on G is frequency localized in a ring € centered
at 0 of small radius A /2 and large radius A if
. A?
Supp F (u) C {x = (nm.v.2) € G/~ < En(v.0) < AZ}.
Remark 5.6. Equivalently, u in L?(G) is frequency localized in 8B, if there exists

a function ¥ in D(R) supported in B, valued in the interval [0, 1] and equal to 1
near 0 such that for any X = (n,m,A,v) in G,

F ), m,v,A) =F@)n,m,v, YW (A"2E,(v,1)). (5.5

Similarly, u is frequency localized in €, if there exists a function ¢ in D(R) \ {0}
valued in the interval [0, 1] and supported in €; such that for any X = (n, m, v, 1)
in G,
F)mn,m,v, 1) = Fw)(n,m, v, \)p(A"2Epn(v,1)). (5.6)
This definition allows classically to recover equivalent definitions of Sobolev and
Holder spaces via the well-known Littlewood—Paley decomposition, and to define
generalizations of those spaces known as Besov spaces; these turn out to be very
important tools, namely to refine Sobolev inequalities, and to study nonlinear PDEs.
For an introduction to this topic, we refer the reader for instance to [3]. We shall not
pursue further this line of investigation here, but only prove the following proposition,
known as the Bernstein inequalities. The proof of this result is inspired by the corres-
ponding result on the Heisenberg group in the monograph by Bahouri, Chemin, and
Danchin [5] — we refer also to [8] for the easier case (5.7).

Proposition 5.7. With the above notation,

s ifu is frequency localized in B, then forall1 < p < q < oo, k € N and B € N?
with |B| = k, there exists a constant Cy depending only on k such that

1 1
1P ul| ey < CuA* T2 lul|Lr (6)s (5.7
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s if u is frequency localized in €y, then for all p > 1, k € N and B € N? with
|B| = k, there exists a constant Cy, depending only on k such that

ey < CeA™ Sup 1P ullzr6)-
=k

Remark 5.8. Spectral truncations are convenient means of approximating functions.
Indeed, Proposition 5.7 shows that for any u € L?(G) for instance, ¥ (—A"2Ag)u
belongs to H*(G) for any s > 0, and, as a consequence of the Plancherel formula,
V¥ (—=A"2Ag)u converges to u in L?(G).

Proof of Proposition 5.7. By density and to make sense of the next computations, we
assume that u belongs to §(G). First, we notice that (5.5) and (5.6) can be restated
respectively as

u=1yY-A2Ag)u and u = ¢p(—A"2Ag)u.

In view of Hulanicki’s result [49], there exist functions 4y and sy in $ (G) such that,
for all u in §(G), there holds

U(=AT2Ag)u = ux A2(hy 08p) and ¢(—A2Ag)u = u  A2(hyo084).
(5.8)
Let us prove that the functions h¢ and hw are even, that is to say, for all x € G,

hy(x) = hy(x™Y) and  hy(x) = hy(x™).

Since the analysis of Ay is similar to that of Ay, we limit here ourselves to the case
of hy. By definition

F(hy)n,m,v,A) = Y (En(v,A)ém.n.

which in view of the inversion Fourier formula (4.23) implies that

hy(x) = 2m) 73 Z /"W((m,m,v,k),x‘l)W(Em(v,/\))dvdk.
meN R R*

Also,

hy(x™h =(@2r)~3 Z W((m,m,v, 1), )Y (Epn(v,1)dvdA.
meN R R*

But, in view of (4.30)—(4.31), we have
W((m,m, v,)t),x_l) = W((m,m,v,—A), x),

which gives the result since Ey, (v, —A) = Ep(v, A).
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Let us return to the proof of the proposition. We observe that by scale invariance,
it is enough to prove the proposition for A = 1. In order to establish (5.7), we first
combine Definition 5.5 with identity (5.8) which implies that

U =1uxhy,
with iy, € §(G). Invoking (3.8), we infer that
XBu = u « Xﬂhv,,

which leads to the result, thanks to Young’s inequalities (3.7).
Let us turn to the case when u is frequency localized in a unit ring: we use (5.8)
again, and notice that
Aghg = Zghd,.

Moreover, since hg is frequency localized away from the origin, for any integer k,
one has
u=uxhg=ux(—Ac)"hk =ux(—Ag)*nk, (5.9)

where h]qi is the even Schwartz class function defined by
FHEY .m0, 2) E (Ep(0,2)) G (Em (v, 1))Snm-
We claim that for any u, v € §(G) and all i € {1, 2}, one has
Xiuxv =u*)?,-v. (5.10)

Indeed, by definition, one has

(X1u) * v(x) = / @y )0y~ - x)dy = — / u(y)3y, (- X))y
G

G

by integration by parts, and since
ylox= (—yl + X1, =2 + X2, —y3 + x3 — y1(—y2 + x2),
1
—ya+xs—yi(=ys +x3) + 5)’%(‘)’2 + Xz)),

and by Remark 3.1
Xl = axl + XZaX3 + x38X4

then we obtain

(X1u) * v(x) = / u (N (1) (" - x)dy

G
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whence (5.10) for i = 1. Along the same lines, since

2

() #00) = [[((02 4310 + 205 Ju) 0100~ 00y,
G

performing an integration by parts, we get

(Xau) % v(x) = / (N (Ea) (" - x)dy.
G

from which (5.10) also follows for i = 2. Then invoking (5.9), we deduce that

2
u=ux(—Aag)hh =" Xju« X;(—Ag) ik

i=1

By induction, we obtain
u = Zxﬂu *q)ﬂ,kv
|Bl=k
for some functions ®g ;. in § (G). This completes the proof of the proposition thanks
to Young’s inequalities (3.7). |

5.3. Application to the heat equation

The heat kernel of the sub-Riemannian Laplacian has been the object of several invest-
igations in the last decades, both from the analytic and geometric viewpoints. We refer
the reader to [11, 12, 15,71] and references therein for a complete discussion. In this
paragraph we show the efficiency of (1.8) by analyzing the heat kernel on the Engel
group.

It is well known that this kernel is a Schwartz class function; see for instance [22]
and the references therein. Here we show in an elementary way, thanks to (1.8), that
it belongs to H*(G) for any s > 0. As already mentioned in the introduction, the
Fourier transform U given by Theorem 1.2 allows to compute explicitly the solutions
of evolution equations associated with —Ag. For instance, if we consider the heat
equation on G

(Ho) { 0;u — Agu =0,
Ujr=0 = Uo,
applying the Engel Fourier transform and taking advantage of the identities (4.25),
then integrating in time the resulting ODE, we deduce that, for all X = (n,m, v, 1)
in é,
F@)(n,m,v,X) = e EnODE 0y, m, v, L).
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Invoking the Fourier inversion formula (4.23) along with the convolution identity
(4.28), we infer that

u(t,)) = ug x hy with F(h,)(n,m,v, 1) = e Em:s (5.11)

Then, according to the scaling property (4.35), the heat kernel /; is given, for all f > 0,
by
1

hy = —5(ho81) withh(x) = (2;1)‘3/e—EmW’MW((n,m,u,x),x—l)sm,ndx.
t2 ! J

G
(5.12)

Thanks to (1.8), we deduce that the heat kernel on G belongs to (1, H*(G).
Indeed, combining (4.27) together with (5.12), we infer that for all s € R,

||h||12‘IS(G) =(@2mn)~? Z Fy(Enm(,A))dvdA,
meN R R*

where Fy(r) & (1 + r)%e~2" which ensures the result.

6. Metric structure on the frequency set G

The aim of this section is to endow the frequency set G = N2 x R x R* with a
distance. To do so, we have to keep in mind that, as in the Euclidean setting, we
expect the Fourier transform to transform the regularity of functions on G into decay
of the Fourier transform on G. So, first let us start by observing that in view of the
relations (4.15), (4.16), and (4.25), one has

F(=Agu)(n,m,v,A) = E,,(v,\)F (u)(n,m, v, A),
F(—Agu)(n,m,v,A) = E,(v, \)F u)(n,m,v, ),
F(Xqu)(n,m,v,A) = —iAF (u)(n,m,v,A),
37(()(4)(2 - %Xg)u)(n,m,v,x) — v F (), m, v, A).

Our aim now is to endow G with a distance d in accordance with the above rela-
tions and which is moreover homogeneous of degree one with respect to the dilation
ga defined by (4.34). This motivates our definition of the distance d between two
elements X = (n,m,v,A) and X’ = (n',m’,v’, }') of the set G as follows:

A& 7)) E | Epnw,A) — Emr (v, X)|2
+ (Em — En) (0, A) = (Epy — En))(v/, A)]2

SR T N U 6.1)



Spectral summability for the quartic oscillator with applications to the Engel group 683

To check that d is a distance on G, the main point consists in proving that
dxX,.¥)=0=x%=x.

In view of (6.1), this amounts to showing that if for some integers k, k’, we have
Er(v,A) = Err(v,A), then k = k’. This follows from the first item of Proposition B.1
which asserts that the energy levels do not intersect. Now, the fact that d is homogen-
eous of degree one with respect to the dilation Sa, namely for alla > 0

d(8a%,8,3") = ad (%, %),

follows from the scaling property Ex (v, 1) = |A|2/3Ek(m+/3) (see (B.3)).
Since A belongs to R*, the set (é, d ) is not complete. Its completion is described

by the following proposition.

Proposition 6.1. The completion of the set G for the distance d is the set
G UGy

with

Go & (Ry x R x {Og2}) U {((2m + 1)~/2v,2(m — n)v/2v, v, 0),

(n,m,v) € N> x R%}.

Proof. We denote by S the completion of the set G for the distance d , that is to say
the set of all limits of Cauchy sequences (n,,mp, Vp, Ap)pen in (G, d), and our goal
is to prove that

S =G UGy,
with

éo = éo,o u éo,l,
éo,o = R4 xR x {Og2},
Go,1 = {((2m + 1)V2v,2(m — n)v/2v,v,0), (n,m,v) € N2 x R* }.

We first prove that S C G U Gy. Let (np,mp,vp, Ap)pen be a Cauchy sequence
in (G, d ). Then (vp)pen and (A, )pen are Cauchy sequences of real numbers, and thus
they converge respectively to some v and A in R. Moreover, Ey,, (Vp,Ap), En, (Vp,Ap)
are Cauchy sequences in R 4 and thus converge in R : there exist x e Ry and y e R4
such that

Emy(vp Ap) 225 %, Eny(vp, Ap) s 3. 6.2)
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Recalling the scaling relation (B.3), this reads

p—>oo
2, (1) 225
and

p—>o0
Ap*/En, (11p) —— 3,

with Up = M:%
If A # 0, we have

p—>00 v

Mp—)m—“'/:”ER

and
p—>oo p—>oo
|Ap|2/3EMp (Mp) — X, |Ap|2/3Enp (Mp) — ).

Asa consequence,

|—2/3 |—2/3,

Em, (1p) = X[A » Enp (1p) = yIA

and, according to Proposition 2.1 (1), we infer that the sequences (mp)pen and
(np)pen are constant after a certain index. Therefore, there exist m and n in N such
that

o p—>00

d((np,mp,vp,Ap), (n,m,v, 1)) —— 0.

Consequently, (in that case) the limit of the sequence (n,.,mp, Vp. Ap)pen in (G, d )
belongs to G.

We now consider the case A = 0, thatis to say A, — 0, and recall that v, — v € R.
If v < 0, recalling that by (2.4), for any k and any < 0, one has Ex (1) > |u|?, we
deduce that

2
Vv v p—>00
A, |2%E ( P )> £ +00,
| 17| mp |AP|4/3 - |)¥p|2
2
v 1% p—>00
Ap|?/3E ( Ld >> 4 00,
| p| np |/\p|4/3 - Mp|2 +

which contradicts (6.2). In the case A = 0, we thus necessarily have v > 0 and we
distinguish the two cases v = 0 and v > 0.
(i) Firstly, if v = 0, then according to (6.2),

(Emy(ps Ap)s Emy(0ps 2p) = Eny (Vp, Ap), Vp, Ap) ———> (%, X — 3, 0, 0) € Goo.

(i1) Secondly, if v > 0, then v, > 0, for p large, and according to the scaling
relation (B.3) and (6.2),

1/2

_ p—oo .
Em,(vp, Ap) = v, Mpl/zEmp(,up) — X,
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with w, = M:ﬁ — 400. As a consequence, M;I/zEmP(Mp) — v~1/2%. Setting

-3/2
hp = 1tp !

M;Z Em, (1p) is an eigenvalue of the semiclassical Schrodinger operator in (2.8). Since

— 0 and performing the change of scales (2.7), it follows that Ey,, (h,) =

— - p—>oo .
hy! Emy (hp) = 11, ?Em, (1p) —— v7'24, (6.3)

there exists 8 > 0 such that h;lEm ,(hp) < B forall p € N. Lemma 2.8 implies first
the existence of Ng > 0 such that m, < Ng forall p € N, and second that there exists
m € N with m < Ng such that

hy ' Em,(hp) = v2Q2m + 1), ash — 0%, (6.4)

Combining (6.4) and (6.3) yields X = ~/2v(2m + 1).
The same method applies to the sequence Ey, (v, ) yielding existence of n € N
such that y = +/2v(2n + 1), and we finally obtain

(Emp,(Wp, Ap)s Em,(vp,Ap) — En,(Vp, Ap), Vp, Ap)

272 (V2v@m + 1), 2(m — n)/2v, v, 0) € Go 1.

This concludes the proof of S C G U éo,o U éo,l.

We now prove the converse statement, i.e., S D G U éo,o U éo,l. If(n,m,v,A) €
G, that is to say with A # 0, then the constant sequence (n, m, v, 1) converges to
(n,m,v, ) in G.

If (x,5,0,0) Go,o, then we claim that there exists a Cauchy sequence (7, m,,
Vp, Ap) € G such that

Ap =0, vp =0, Ep,(vp,Ap) > X, En,(vp,Ap) = . 6.5)

Indeed, if X = 0 and y = 0, then, choose v, = 0, m, = n, = 1 and any sequence
Ap — 0. We then have

Enm,(vp. Ap) = [p[7PE1(0) > 0, En,(vp. Ap) = [2,*/*E1(0) — 0.

Otherwise, either x # 0 or y # 0. Assume for instance X # 0, and recall that by virtue
of Lemma 2.2 one has Eg (0) ~ (V k)*/3 as k — 4-o0. Then, applying Lemma 6.2
below to the sequence u; = Eg (0) we infer that there exist sequences (mp)peN.
(np)pen € NN such that E”" (((()))) . Setting then v, =0and A, = (5 ))3/2 we
have

Em, (vp, Ap) = [Ap|*/%Em, (0) = %,
(0) p—oo .y

Eny (0 2p) = P60, (0) = 3, 3Ep, (0) 22 S
np(Vp p) | p| n,;() | | m,,( )Em,,(O) ————>x},€ y
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which proves the existence of a Cauchy sequence satisfying (6.5), and thus Go,o cS.
Finally, let (v2v(2m + 1),2(m —n)~/2v,v,0) € GVO,I, that is to say v > 0 and
m,n € N. First, choosing f > 2+/2(2max{m,n} + 1), Lemma 2.8 implies that

W Esm(h) — vV22m + 1), h™ ' Ea(h) - v22n + 1), ash — 0.

Second, we fix any sequence A, — 0 and notice that

def v

MPZW—)"'OO

As already noticed in (6.3), we have with &, &f /1,;3/ 250

En(v.2p) = oy 2 Em (1) = N0y Em(hy) 2> N20(Q2m + 1),

and similarly E,(v,A,) = ~/2v(2n + 1). This proves the existence of a Cauchy
sequence satisfying

Ap =0, vp =,

Em,(Vp, Ap) = ¥202m + 1),  En,(vp, Ap) — ~20(2n + 1),

and thus Gvo,l C S. This concludes the proof of the proposition. |

un+1

Lemma 6.2. Assume that (uy)nen in (0,00)N is such that u,, — +0o0 and — 1,

asn — oc. Then, the set {¥, (n,m) € N2} is dense in R .

Proof. Our purpose is to prove that for all £ > 0 and all & > 0, there exists (n,m) € N2
such that |Z_’: — £| < e. We shall argue according to the value of £.

(i) The result ii trfle when £ = 0 (respectively £ = 1) since by hypothesis Z—g tends

to 0 (respectively === tends to 1), as n goes to infinity.

un+1

(i1) Assume now that £ > 1. Since the sequence (uy),eN is such that — 1,

there exists 7o € N such that for all n > n¢, one has | Z“ 1] < ‘9 . Then, usmg that
n
U, — +00, one can define

mo = ”glrrllo{um > Lupy}

which clearly satisfies WZL_I < {. We deduce that
no

E<%<(I+E)M<<l+%>6=£+g’

Un,

that is to say |% — £| < &, which completes the proof of the claim in that case.
0

(iii) The case when £ < 1 can be dealt by inverting m and n in the proof of the
case £ > 1. [
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Invoking (4.25) together with (6.1), we readily gather that, as in the Euclidean
case, the regularity of a function implies the decay of its Fourier transform in (G, d).
In the next statement we have used the notation

def
lulln.sG) = sug(l + dg (x,0)V|(1d—AY u(x)|
xXE€

for the semi-norms on $(G).

Proposition 6.3. Denoting by 0 the point in Go corresponding to (x =0,y = 0,
v =0,A =0), for any k in N, an integer Ni and a constant Cy exist such that for
allu € $(G) 5

(1 +d (& 0)|F (X < Cillulln, s6)-

Proof. Taking advantage of (4.25), we get that
En (0. )F )(X) = F (-A6) u) (%),
Hence, invoking (4.20), we infer that
EX . DIF @) @) = 1(=A6) Ul < Crllullng.s)-
Similarly, one has
Exw. )F )(X) = F(~Re) u)(@).

which implies that
EX @, )IF u)(F)] < Crllullny.56)-

Finally, using that

VF () (F) = ?((nxz - %Xg)u)(;z) and  iAF (u) (%) = —F (Xqu) (%),

we end up with the result. ]

A. Irreducible representations

In this section we briefly summarize the Kirillov theory which permits computing
explicitly the irreducible unitary representations for nilpotent groups and in particular
to recover those of the Engel group described in Section 4.1. For a comprehensive
description we refer the reader to [23,52]. See also [43, Section 2] for another deriv-
ation.
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A.1l. Induced representations

Let G be anilpotent Lie group and H be a subgroup. Given a representation X: H —
U(V) of H onto the space U(V') of unitary operators on a vector space V' one can
define an induced representation R: G — U(W) on a Hilbert space W which we now
define. Consider functions f: G — V such that X (h) f = f o Lj, where Ly denotes
the left translation, or

f(hg) = X(h)f(g)., heH, geG. (A.1)

Notice that for such a function, since X (%) is unitary, we have that || f(hg)|| is inde-
pendent of / and hence the norm of || f(Hg)|| is well defined, where H g denotes the
left coset of g in H\G. We also require that

/ If(Hg)IPdp < oo, A2)

H\G

where d p is an invariant measure on H\G. This means that the function f is in
L?(H\G,d ). Then we set

W& (G > V| f satisfies (A.1)—(A.2)}.

Finally, one defines R: G — U(W) as follows

def

RS = foRs,

1.€.,
(R() &) = f(g'e),

where the R, is the right translation. One can check that R is unitary and strongly
continuous.

Remark A.1. In order to compute explicitly the induced representation one can use
the following observation. Consider the natural projection 7: G — H\G of the group

onto its quotient. Given any section’ s: H\G — G we can consider its image K &
s(H\G) and write elements of G as products H - K. If g'¢ = hk, where h € H and
k € K (both depending on g’g), we can write

(R(9) ) = f(g'g) = f(hk) = X(h) f (k).

3recall that a section is a map s: H\G — G such that 7 o s = idg\ G-
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In what follows we apply this construction when X is a character of the group. Thus,
in the induced representation, X represents the exponential part while the component
f(k) is a “shift.”” The crucial step in the computations will be to solve the equation

g'g =h(g'e)k(g'e). (A.3)

Since f satisfies (A.1), it is enough to solve (A.3) for g’ € K. (In a compact form,
one hastosolve K -G = H - K.)

A.2. Coadjoint orbits and Poisson structure

Given a Lie group G and its Lie algebra g one can consider the so-called coadjoint
actionfor g € G

def

Ady:g* —g",  (Adgn,v) = (n, (Adg—1)xv),
where Ad, is the usual adjoint map. Notice that Ad* can be seen as an action of G
on g*. Given n € g* the coadjoint orbit of 1 is by definition the set

0, E{Ad;n | g € G},
The dual of the Lie algebra g* has the natural structure of Poisson manifold with the
bracket
def
{a,b}(n) = (n.[da, db]),
where a, b: g¢* — R are smooth functions and da, db are their differentials thought
as elements of (g*)* ~ g (hence the Lie bracket [da, db] is a well-defined element
of g). Given a smooth function a: g* — R we can define its Poisson vector field by
setting for every smooth b: g* — R
i) ¥ 1a,py.

The computation of the coadjoint orbits can be done in a coordinate independent
way using the Poisson structure. The set of all Poisson vectors at a point defines a

distribution
def

Dy ={a(n) [a € C®(g")},
which does not have in general constant rank (notice indeed that we always have
Dy = {0}). We can define also the Poisson orbit of n € g*, in the sense of dynamical
systems, as follows:

OF E (e"d1o...0eMie(y) | £ € N,;; € R,a; € C¥(g")).
Notice that both (9,17D and @, are subsets of ¢* containing 7.

Proposition A.2 ([52]). For every n € g* we have the equality (9,1)D = Oy. Each orbit
is an even-dimensional symplectic manifold.
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A.3. Computation of coadjoint orbits

To compute explicitly coadjoint orbits on a nilpotent Lie group G, one can use the
following method (cf. for instance [2, Chapter 18]). Consider a basis of the Lie algebra
X1,..., X, such that

n
[Xi. X;] =D cf Xy,
k=1

l’; are constant.

Define the corresponding coordinates on the fibers of T*G given by h;(p,x) = p -
X; (x). Notice that /; are functions which are linear on fibers. These functions, due to

Thanks to the fact that the vector fields are left-invariant, the functions ¢

left-invariance, can be thought as smooth functions on g* and satisfy the relations
n
k
{hihj} =Y ckhy.
k=1

We recall that a Casimir is a smooth function f € C°°(g*) such that
{a, f} =0, foralla € C*®(g").

If we consider an arbitrary function f € C°°(g*) as a function of the coordinates just
introduced f = f(hi1,...,hy,), then f is a Casimir if and only if { f, 4;} = 0 for all
j =1,...,n, which means

i ck
ah

i=1

k=0, jk=1...n.

With similar computations, the Poisson vector field associated to a function f is given
by
n
2 0 f ok 0

f - l] hk
Lt g g

(A.4)

We stress that the Poisson vector field associated to a Casimir is the zero vector field.
Moreover, for coordinate functions /A1, ..., h, we have

0
h _
Zcuhkah
J.k=1

Clearly, to compute Poisson orbits @ F, it is sufficient to consider the flow of the

vector fields from the family hl, cee, h,,.
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A 4. Kirillov theory

The Kirillov theory gives a way to describe all irreducible unitary representations of
G in terms of coadjoint orbits of the group. The Kirillov theorem can be described as
the following three-steps algorithm.

(1) Fix an element n € g* and any maximal (with respect to inclusion) Lie subal-
gebra fy of g in such a way that n([b, h]) = 0.

(2) Consider the one-dimensional representation X, p: H — S! = U(C) defined
by
Xpp(e®) =P X e,
where, as usual, (1, X) denotes the duality product g* and g.
(3) Compute the induced representation Ry 5: G — U(W).

Notice that, due to the previous discussion, the space W of functions f: G — V
satisfying (A.1) and are in L2(H \G) can be identified with L?(R¢) with d = dimg —
dimb.

The Kirillov theorem states that the map which assignston € g*/G to R, p in G
is a bijection. This is formalized in the following statement.
Theorem A.3 ([52]). We have the following properties:

(a) every irreducible unitary representation of a nilpotent Lie group G is of the
form Ry y for some n € ¢*/G and b maximal subalgebra of g such that
n([b. b)) = 0;

(b) two representations Ry and Ry g are equivalent if and only if n and 1’
belong to the same coadjoint orbit.

Here two irreducible unitary representations
RllG—)U(Wl) and R2G—>U(W2)

are equivalent if there exists an isometry 7: W; — W, between the corresponding
Hilbert spaces such that 7 o R;(g) o T~! = R,(g) forevery g € G.

Notation. In what follows we write R, &ef Ry.p by removing the Lie algebra from
the parameters to simplify the notation.

A.5. The irreducible representations on the Engel group

Recall that the Engel group is a nilpotent Lie group of dimension 4 with a basis of the
Lie algebra satisfying

[XlaXZ]:X:‘}’ [X11X3]:X4.
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Following the discussion in Section A.3, to find a basis of the Poisson vector fields it
is enough to compute /; foreveryi = 1,2,...,5. Using formula (A.4), we have that

hy = hsdn, + hadny. ho = —h3dp,. h3=—hadp,. ha=0.  (AS)

Notice that s4 is a Casimir since the corresponding vector field X is in the center of
the Lie algebra. The Lie algebra admits a second independent Casimir.

Lemma A4. The function f = %h% — hahy4 is a Casimir. In particular, all coadjoint
orbits are contained in the level sets L, ) defined by

ha = A,
o (A.6)
112 —hy = v.

Proof. This is a consequence of an explicit calculation. Indeed, we have {f,h;} =0
for j =2,3,4,since {h;, h;}(p,x) = p-[X;, X;](x) which vanishes identically if i
and j are both different from 1. Moreover,

{foh1} = {h3, hiths —{hy, hithy = —h4hs + hzhy = 0.
This proves the lemma. |

Coadjoint orbits are given by the flow of the Poisson vector fields restricted to the
level sets of the Casimirs. One gets the following description.

Proposition A.5. In coordinates (hy, hy, hs, hy) on g*, the coadjoint orbits are
described as follows:

1) ifA =v =0, then every point (h1, h»,0,0) is an orbit,

(i1)) ifA =0andv # 0, then orbits are planes {hz = c} for ¢ € R,

(iii) if A # O, then the orbit coincides with the set defined by the equations (A.6).

Proof. Case (i) is easy. By assumption, A = v = 0, then i3 = hq = 0 by (A.6). Hence,
coadjoint orbits are contained in the set Lo,o = {(h1,/2,0,0) | i1, ha € R} but since
all Poisson vector fields vanish on this 2-dimensional set thanks to (A.5), all points in
Ly, are orbits.

Case (ii) is similar. By assumption, A = 0, v # 0, then 4 = 0 and A3 # 0 by (A.6).
Hence, coadjoint orbits are contained in the set L, o = {(h1, h2,5h3,0) | hy1, hy € R,
h3 # 0}. When restricted to L, ¢ the only non-zero Poisson vector fields are

I;I = h38h21 52 = _h38h17

so that if 43 # 0 orbits are planes {h3 = ¢} for c € R.
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Case (iii). Here A # 0 hence each orbit is contained in the level set L, , defined
by equations 44 = A and %h% — Ahy = v as in (A.6). On the other hand, the non-zero
vector fields (A.5) restricted to the level set have the form

hy = vdp, + Adpy. hy = —vdy,. h3=—Ad,.

Since A # 0, it is not difficult to check that the orbit in this case coincides with the
level set itself. [

Let us now compute all irreducible representations corresponding to the case (iii),
i.e., A # 0. In this case, the orbit is the set L, ; described by (A.6) and on this set we
fix the element n = (0, —v/A, 0, A). Then we choose the subalgebra

h = span{X>, X3, X4}, [bh,b] =0,

which clearly satisfies n([h, §]) = 0 and is maximal with respect to inclusion since 5
is not zero. The corresponding 1-dim representation acts on H = exp(})) as follows:

X, A(ex2X2+x3X3+x4X4) = pl(vx2/A+Axq)

Let us write points on G as
g = X2 Xo+x3X3+x4 X4 px1 X1 (A7)
Following the discussion in Remark A.1, we consider the complement K = exp(RX1)

and we have to solve the equation K - G = H - K. Thanks to Lemma A.7 below

(applied in the form e4e® = eCA4:B) o4y we have the identity

2
e@X] ex2X2+x3X3+x4X4ex1X1 — ex2X2+(X3+0x2)X3+(X4+0x3+97x2)X4e(9+x1)X1

‘We deduce that

eRv Af(eexl) — xv A(ex2X2+(X3+9x2)X3+(X4+9)C3+%XQ)X4)f(e(9+xl)X1)'

. .z def .
Introducing the notation f(6) = f(e?X1), we can summarize the above result as fol-
lows.

Proposition A.6. All unitary irreducible representations on the Engel group corres-
ponding to coadjoint orbits of case (iii) are parametrized by A # 0 and v € R, acting
on L?(R) as follows:

2

R [(0) = expli (—rxa + 2 (x4 053+ 20)) | 7O 43 (A8)

where (X1, X2, X3, X4) are coordinates on G defined by (A.7).
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We state here without proof the following algebraic lemma.

Lemma A.7. Assume that the Lie algebra generated by A, B is nilpotent. Then we
have that e4eBe=4 = ¢C(A4:B) it

s—1 k
Adk(4)
_ A g _
C(A,B)=e B_k§: o B
=0

where s is the nilpotency step of the structure. In particular, in the case of the Engel
group we have

C(A,B)=B +[A.B] + %[A, (A, B]].

Remark A.8. Formula (A.8) gives the representations of the element of the group
G parametrized by coordinates (x1, X2, X3, X4), where (0, 0, 0, 0) is the origin of the
group (which corresponds indeed to the identical representation).
Hence, differentiating (A.8) with respect to the variables x; at x = 0, we get also
the representations of the element of the Lie algebra as follows:
~ d - ~ v 62
Xf==f Xf=i(-3+25
=g Xaf=i(-3 445
which indeed satisfy [X1, X2] = X3 and [X;, X3] = X4 as differential operators.
Notice that the Laplacian in this form is written as

d? A V2
X2 1 x2 2
Pt W B (59 - )_k) '

Remark A.9. Notice that in the explicit computations of Section 4 only the repres-

)i Xaf =ir0f Xef =iAf.

entations corresponding to the case (iii) of Proposition A.5 are involved, since in the
Fourier transform the representations are integrated with respect to the Plancherel
measure, which in these coordinates is written as d P = d A d v. Computing the rep-
resentations corresponding to the case (i) and (ii) reduces to the representations of the
Euclidean plane and the Heisenberg group, respectively. See [27,52] for more details
on the Plancherel measure and [51] for an explicit formula on nilpotent Lie groups.

B. Spectral theory

B.1. Spectral analysis of the quartic oscillator P,

We first collect general properties of the operator P, defined in (4.13) for (v, A) €
R x R*, and endowed with the domain
d? A

D(P,;) = {u € L2(R), T5u+ (592 - %)Zu = LZ(R)}.
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Proposition B.1. For any (v, 1) € R x R*, the following statements hold true.
The operator (P, 5, D(P,)) is selfadjoint on L*(R), with compact resolvents. Its
spectrum consists of countably many real eigenvalues, accumulating only at +o0.
Moreover;

(1) all eigenvalues are simple and positive, and we may thus write
Sp(Py.2) = {Em(v,A),m € N}
with

0< Eog(v,A) < E;(v,A) <+ < Epy(v,A) < Epp1(v, A) = 400,
dimker(P, y — En(v, 1)) = 1;

(2) all eigenfunctions are real-analytic and belong to S (R);
(3) forallm € N, functions in ker(P, 5 — E., (v, A)) have the parity of m;

(4) forall m € N, there is a unique function 1//,‘,’,’)t in ker(Py, 5 — Ep(v, A)) such
that

. W,‘:{'l is real-valued;
© It lew = 1
. Wr]:{'l (0) > 0 ifm is even,
o Lyp0) > 0ifmis odd;
(5) the family (Y )men forms a Hilbert basis of L*(R).

This proposition serves as a definition for the eigenvalue E,, (v, A) and the associ-
v,A

ated eigenfunction w,‘,’{’l for m € N. Note that for v,,,”, we made a particular choice.
Proof. If € D(P, ), the inner product of P, ;¥ with ¥ implies in particular that
v € H'(R) and (’%92 — ¥)¥ € L*(R), whence the compactness of the embedding
D(P, ;) <= L?*(R) and that of the resolvent of P, ;. The structure of the spectrum
is a direct consequence of the first stated facts. Then we notice that the coefficients
of P, , are real and one may thus choose real-valued eigenfunctions. The fact that
the eigenvalues are simple follows from the classical Sturm—Liouville argument, see,
e.g., [67]. The latter also yields that any real-valued eigenfunction i associated to E,,
has exactly m zeroes.

The property (—oo, 0] N Sp(P, 5) = @ follows from the fact that P,z = Ev
for ¥ € D(Py ») \ {0} implies

2

0 VI + | (507~ D[, = EV Iy

L2R)
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Hence, E > 0. If E = 0, then the left-hand side yields ¥’ = 0 in D’(R), thus ¢ = 0
(since ¥ € L?(R)), which is a contradiction.

In (2), real-analyticity of the eigenfunctions follows from the analytic Cauchy—
Lipschitz theorem. That eigenfunctions belong to § (R) follows from Agmon estim-
ates, see [26,38,45]. (3) is a consequence of the fact that (% 92 — %)2 is even. Hence, if
Y is an eigenfunction associated to E,,, then x — v, (—x) is also an eigenfunction.
Simplicity of the spectrum implies that x — ¥, (—x) is proportional to ¥,,. Since we
choose v, real-valued and L2-normalized, we necessarily have ¥, (—x) = £, (x).
That v, has the parity of m follows from the fact that v,,, has m zeroes.

Concerning (4), since dimker(P, ) — E(v,A)) = 1, there are only two normal-
ized eigenvalues, say ¥ and — . In case m is even (resp. odd), these eigenvalues are
even (resp. odd) from (3) and hence one has ¥ (0) # 0 (resp. ¥'(0) # 0), and we
choose among +1 the one having positive value (resp. positive derivative) at zero.

Finally, the last item is a consequence of the spectral theorem for compact selfad-
joint operators. |

We now explain how the study of the two parameter family of operators P, ,
reduces to that of P,,. We start with the following scaling argument, referring to the
scaling operator Ty defined in (2.2).

Lemma B.2 (Scaling). Forall o > 0 and (v, 1) € R x R*, the operators o> P, and
Pyay o35 are unitarily equivalent: we have

Poty iy = Ta Py 3 Ty
In particular, we have for all @ > 0 and (v,1) € R x R*, and allm € N,
Enm(@*v,a®)) = «?E,(v, 1), (B.1)
Yo R (O) = Ty (0). (B.2)

This scaling property will later allow us to get rid of one of the two parameters.
Note that the last property can also be written, if needed: for all @ > 0, we have

a2v,a—3/2 v
a1/4wk R )»(al/Ze) — wk,k(e)'

Proof of Lemma B.2. The first statement simply follows from the following compu-

tation:
et =g (5 3 = s (0 o)
2 2 4
- Lt 05 S -
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Concerning the second statement, we deduce from the first one that
P Ta¥pt = 0Ty Py Ty 1 To " = 02Ty Py ¥y = @ Em (v, ) T
a4v,a3k Ole = alyvAlyg—l WWm = o l),/lw;n =« m(\% ) OKWm .

Hence, T, w,‘;;k is an eigenfunction associated to the eigenvalue a?E,, (v, A). From
Proposition B.1 (1), we deduce that &® E,, (v, A) is the m-th eigenvalue of Pya, 43,
whence (B.1). From the uniqueness of the eigenvalue in Proposition B.1 (1) and the
fact that  +— T,y preserves the sign of ¥ (0) and ¥’ (0), we deduce (B.2). ]

We also notice that P, , = P, _; = P, |5|. Now, we choose a particular value of
a with so that to reduce to a one-parameter problem, namely o = |A|~'/3 > 0.

Definition B.3 (Reference operator). For u € R, and m € N, we set

def dz 92 2 def wodef 1
Puo= Py :_W‘F <7_/1~) o Em(p) = En(p, 1), O = Vm -

Note that Proposition B.1 applies to P, Ex, (), @k and we use it implicitly. In
particular, E,,(u) is the m-th eigenvalue of P, and @k, is the (with the appropriate
choice) associated eigenfunction.

-1/3

According to Lemma B.2 taken for ¢ = |A| > 0, we have the following state-

ment.

Corollary B.4 (Scaling and reference operator). For all (v, 1) € R x R*, and all
m € N, we have

3 v
Pv,l = |l|2/ T|M1/3PMTM|—1/3, n = W—“’/?’ S R,

Vv

En(v, 1) = [APPEn (1), W= s © R, (B.3)
V
= Tapseh W= R

As a consequence, we are left with the study of the family of operators P,,, depend-
ing on a single parameter u € R.

B.2. Spectral theory for semiclassical Schrodinger operators

In this section, we collect several results of spectral theory, that are used in the main
part of the paper to study the operator P, (or equivalently P, ;).
We refer, e.g., to [79, Section 6.4] for the following very classical Weyl law.

Theorem B.5 (Weyl’s law in dimension 1). Assume that V € C*°(R;R) is real val-
ued and satisfies 0%V (0)| < (6)% for all o and all 6 € R, and V(0) > c(6)* for
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|6] = R > 0. Then, for all h > 0, the operator
2

Ph) =1 {o5

+ V().
2 (B.4)

D(P(h)) = {u e L(R), —hzwu Y Vue LZ(R)},
acting on L*(R) is selfadjoint, has compact resolvent, has discrete real spectrum, and
an orthonormal basis of eigenfunctions. Moreover, for any a < b,

#(Sp(P (h)) N [a, b])
= uh) ' (Vol{(0.£) e R%,a < 2 + V(8) < b} + 0(1)), (B.5)

ash — 0t,

Note that the phase space volume (taken according to the symplectic volume form
d6dé)is given by

Vol{(0,.§) e R*,a <E2 4+ V(0) < b} = /dedg.

{a<€2+V(0)<b}

In the 1-dimensional context, it can often be computed more simply, see, for instance,
Remark B.8 below.

We shall also make use of the following lemma, which is a simple consequence
of the minimax and maximin formulae (see [40, Chapter 11 and discussion top of
p. 148]).

Lemma B.6. Let H be a Hilbert space. Assume that (A, D(A)) and (B, D(B)) are
two selfadjoint operators, with compact resolvents, that are bounded from below
and such that D(B) C D(A). Denote for j € N by E;(A) (resp. Ej(B)) the j-th
eigenvalue of the operator A (resp. B), defined by the minimax formula, so that in
particular Eg(A) < E1(A) <--- < E;j(A) < Ej11(4) <+ = Fo0.

Assume further that (Au,u)g < (Bu,u)g for all u in a dense set of D(B). Then
we have

E;(A) < E;j(B), forall j € N.

We now consider the operator

P(h) = — dd—; + (9—2 ) .
D(P(h)) = {u € L2(R), —hzd—;zu n (; - 8(h))2u = LZ(R)}.
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Note that
Py =S e ey (B.6)
= d92 4 & £ . .

42

Since —&(h)0? + (h)? is a relatively compact perturbation of —hzm + %, we

notice that

2 , & o 2
D(P(h)) = {u € L’(R).—h* su+ u el (R)}
does not depend on e(h).

Proposition B.7. For any L > 0, there are two continuous nondecreasing functions
I+:Ry — Ry such that T+ (gg) > 0 for eg > 0 and I'+ (0) = 0 satisfying the follow-
ing statement. For all g > 0 and all |e(h)| < &9, we have

Vol —T'—(g0) + o(1) = 2zh)#(Sp(P (7)) N[0, L]) < Volz +T'4(g0) + o(1)
as h — 07, where
Voly défVol{(Q,E) eR xR, £+ %4 < L} - /dedg.
2+ % <L)
In particular, if e(h) — 0 as h — 07, we have
Qrh)#(Sp(P(h)) N[0, L]) = Vol +o(1) ash — 0%,

Remark B.8. Notice that we can take advantage of the homogeneity of the symbol
£2 4+ % to prove that Vol = L3/* Vol;. Indeed, we have explicitly

x4 (L)

Vol;, = / VL — %4dx, where xiE‘L)“ =L, =£x+(L)>0

x—(L)
(4L)1/4

= / L— %4dx, and thus, setting y défx/Ll/“,

—(4L)1/4

41/4 . 41/4 .

_ / - LyTLl/“dy - L3/4/ J1— dey = 134 Vol .

_4l/4 _4l/4

The proof of the proposition relies on a comparison argument using Theorem B.5
and Lemma B.6.
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Proof of Proposition B.7. For |e(h)| < g9, we define
e et

P~ (h) = —hzm +T £062,

64 d? 62 2
+ _ 32 2 2 _ 2

with respective domains defined as in (B.4). According to the same remarks as above,
we have D(P*(h)) = D(P(h)). According to (B.6), we further notice that

(P_(h)u,u)Lz(R) < (P(h)M,M)L2(R) < (P+(h)u,u)L2(R) forallu € S(R),

where S (R) is dense in D(P (h)).

For j € N, we now denote by E ]i (resp. E;) the j-th eigenvalue of the oper-
ator P*(h) (resp. P(h)), defined by the minimax formula. Lemma B.6 yields for all
jeNandh >0

As a consequence, for any L,h > 0,

#j eNES <Ly <f(Sp(P(M) N[0,L]) =#{j €N, E; <L} <t{j eN,E; <L},

Theorem B.5 then implies that for any gg, L > 0 we have in the limit 7 — 07T;
/d@dé +o(1) < Qah)i(Sp(P(h)) N[0, L]) < /d@dé‘ + o(1).

{E24+(% +e0)2<L} €2+ 9 —e002<L}

The sought result follows by taking I'(g¢) = max{I';(gg), [—(g9)} with

r+(so)d§/d9dg - [dedg,

(E24+ 9 —5002<L}  {£2+% <L}

r_(go)"éf/dedg - /dedg.
(2481 <L) {E24(% +e0)2<L}

and noticing that I' has the desired properties. ]
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