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Dirichlet fractional Laplacian in multi-tubes

Fedor L. Bakharev and Alexander I. Nazarov

Abstract. We describe the spectrum structure for the restricted Dirichlet fractional Laplacian
in multi-tubes, i.e., domains with cylindrical outlets to infinity. Some new effects in comparison
with the local case are discovered.

Dedicated to Sergei A. Nazarov on the occasion of his jubilee

1. Introduction

The goal of this paper is obtaining a better understanding of spectral properties of
some non-local operators in domains with cylindrical outlets to infinity. This study
has various motivations.

The standard positive Laplacian —A in a domain  C R” corresponds, up to a
multiplicative constant, to the quantization of the kinetic energy % of a free parti-
cle with momentum p and mass m, confined in 2. This is because the quantization
procedure maps the classical momentum p to the operator —i V. The Dirichlet con-
dition in this case means the hard walls of the domain. However, the relativity theory
tells that the choice of kinetic energy as above is not appropriate for high energies
and for a massive relativistic particle it should be replaced by /p2 + m2. Thus,
the corresponding quantum Hamiltonian should be chosen as ~/—A + m? (see, e.g.,
[8, 16, 28] for further details). This gives an inspiration to study fractional powers of
the Helmholtz operator, especially their spectral properties. Notice that such powers
are non-local operators, which significantly complicates the problem.

We discuss mainly the fractional Laplacian though our results can be transferred
to the fractional Helmholtz operator.

As in case of a non-relativistic particle, the important complication to the state-
ment of the problem is brought by the boundary condition. In contrast to the local
case, we have a non-unique procedure to impose the Dirichlet condition. The first
choice is to take the spectral power (—Ag)® of the conventional Dirichlet Laplacian
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in 2. In this case the analysis of spectrum of such a problem reduces to the analysis
of the standard Dirichlet Laplacian.

The second way is to consider the so-called restricted Dirichlet fractional Lapla-
cian A?. It is defined by the quadratic form

alu] = (A% u) = / £ Fu(©)? dE,
Rl’l

where F,, stands for the n-dimensional Fourier transform

Rz l)g /e_i‘f'xu(x)dx.
R

Fou(§) =

The domain of the quadratic form a$? is defined as follows:
Dom(a$t) = H*(Q) := {u € H*(R"):suppu C Q},

where H*(R") is the classical Sobolev—Slobodetskii space (see, for instance, [34,
Section 2.3.3])

HP(R") = {u € Ly(R"): [§" Fru(§) € Lo(R™)}.

In what follows, we assume s € (0, 1). This case has a strong connection to the
theory of stochastic processes. While the Laplacian A in R” can be considered as a
generator of the standard Brownian semigroup exp(z A), the fractional Laplacian, or
more exactly the operator —(—A)® for s € (0, 1), stands for the generator of the Lévi-
stable motion semigroup. In both cases, restricting to the domain €2 and posing the
Dirichlet conditions means posing the killing or absorbing boundary condition for the
original random process (see, e.g., [8, 14,28]).

The study of spectral problems for the conventional Dirichlet Laplacian in domains
with cylindrical outlets to infinity has a long history. Typically, the spectra of such
problems consist of continuous spectra covering the ray [A+, +00) with some positive
threshold A+ and a number of eigenvalues (bound states) below the threshold which
may appear because of the geometrical structure of the domain in a finite region (the
junction). Usually, this takes place if it is possible to inscribe a sufficiently large body
into the junction (see, e.g., [2,31-33]) or if the cylinder is bent or broken (see, e.g.,
[9, 13, 15]). Typically, a finite number of eigenvalues may appear under the threshold
of the continuous spectrum. In some special cases, it is possible to prove the unique-
ness of such an eigenvalue (see, e.g., [3,31,32]).

For the relativistic case, we know only two recent works [11] and [6] which dis-
cuss a similar problem for the Dirac operator —i V. However, we stress that in contrast
to A?, this operator is local.
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The structure of the paper is the following. In Section 2 we recall some well-
known facts about the Caffarelli-Silvestre extension and prove an important auxiliary
lemma. Section 3 is devoted to the spectrum of A? in a (straight) tube.

In Section 4 we study the spectral properties of A? in a perturbed multi-tube. This
means that outside some compact set K, the domain 2 coincides with a finite union
of non-intersecting congruent semi-tubes, cf. [21]. We prove that, like in the local
case s = 1, the essential spectrum coincides with that in one semi-tube. However, in
comparison with the local case, this result holds only under the following additional
assumption: the axes of semi-tubes are not co-directional.

In Section 5 we study the influence of a local widening of a tube on the spectrum
of the operator A?. It is well known (see, e.g., [12] and references therein) that in the
local case, arbitrary such widening produces points of the discrete spectrum under the
threshold (in other words, the threshold is a virtual level for the Dirichlet Laplacian).
This effect obviously holds for the spectral fractional Laplacian. The same statement
turns out to be true for the restricted fractional Laplacian. A bit unexpectedly, the

1

proof forn = 2, s < 7 is essentially more complicated than in other cases.

We use letters C and ¢ (with or without indices) to denote various positive con-
stants. To indicate that C depends on some parameters, we list them in the parenthe-
ses: C(...).

2. Caffarelli-Silvestre extensions

The relation between fractional differential operators and generalized harmonic exten-
sions was discovered more than fifty years ago [22] and became popular thanks to the
celebrated work [7]. Namely, given u € H*(£2), the function

Us(x,y)z/?s(x—i,y)u()?)di, x €R”, yeRy, (1
R7
with the generalized Poisson kernel

F(n-SZS) yzs

w2T(s) (Jx? + y2)2ts’

Ps(x,y) =

minimizes the weighted Dirichlet integral

£2(W) = / / VI W (. )| dx dy
0 R”
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over the set

W) = (W = W(x.y): E2(W) < 00, Wly=o = u}
and solves the boundary value problem

—div(y""H VW) =0 inR" xRy; Wly—o = u.
Moreover, the following relations hold:

Adu=—C(s) lim y'™9,Us(.y). afu] = C()EX(WUs). (@
y—0

where C(s) = ;;ll:g"_';)) (the limit is understood in the sense of functionals on H* ()

and pointwise at every point of smoothness of u).

The function Uy is usually called the Caffarelli-Silvestre extension of u. The set
W(u) is also called the set of admissible extensions of u.

The following statement will be used in Section 5.

Lemma 1. Let n > 2 — 2s.' Assume that Q is bounded. Then for any function u €
H*(Q), its Caffarelli-Silvestre extension belongs to L>(R" x R y) with weight y'=25.

Proof. Using formula (1) and the Fourier transform in x we obtain

oo

I /yl—”ws(x,y)ﬁ dx dy

Rﬂ

0
=/y1—25/|$nus(s,y>|2d5dy
0 Rll

= (n)} / Fa (E) 2 / V|5 Py (e )P dy dE.
Rn

0

Notice that the function J is spherically symmetric in x and homogeneous:
Ps(x,y) = y " Py x 1),

This implies
FnPs (&, y) = FuPs(¥E, 1) =: ps(¥|E]).

IThis is a restriction only forn = 1.
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Therefore, we can change the variable in the last integral and obtain

I =@n)} / E22| T (B) P dE / 11725 o) 2 dt.

R 0

Since £; is smooth in x, py is rapidly (in fact, exponentially) decaying at infinity, and
the second integral evidently converges. Since u is compactly supported, its Fourier
transform is smooth, and the first integral converges for 2 — 25 < n. This concludes
the proof. |

3. Spectral problem in a straight tube

Let w be a bounded domain (connected open set) in R”~!, and let Q be a tube (cylin-
der)
O=wxR={x=(("2):x"€w, zeR}. 3)

Recall that the space HS (w) is compactly embedded into L;(w) and thus the spec-
trum of the operator A% is purely discrete and consists of a sequence of eigenvalues

The corresponding sequence of eigenfunctions ¢k (4$) can be chosen orthonormal in
Lz(a))

The following assertion is more or less standard. We provide its proof for com-
pleteness.

Lemma 2. The first eigenvalue A1(AY) (in what follows we denote it by A;) is simple
and the corresponding eigenfunction ¢1(AY) can be chosen positive in .

Proof. By [24, Theorem 3], for any u € H* (w) we have |u| € H* (), and the inequal-
ity a?[|u|] < a¥[u] holds. Therefore, without loss of generality we can assume ¢; (A)
non-negative. Then the strong maximum principle [17, Theorem 2.5] (see also [25])
shows that ¢1(A$) > 0 in w. Finally, if A; was multiple eigenvalue, we could find a
sign-changing eigenfunction, a contradiction. |

The max-min principle (see, e.g., [5, §10.2]) easily implies that the eigenvalues of
the operator A% decrease when the domain @ expands.

Remark 1. The inequality between restricted and spectral fractional Laplacians ([23,
Theorem 2], see also the survey [29]) implies that

Ak (AF) < (Ak(=Ay))*, k eN.
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Exact values of A (—A,,) are well known for several domains. For Az (4A¢), up to our
knowledge, no exact values are known, and sufficiently sharp estimates are obtained
only in the ball, see [10] and references therein. We also mention the paper [20],
where, besides two-sided estimates for Ay (,A{ ) on the interval / = (—1, 1), the two-
term asymptotics was derived:

aiah = ((Z 029 L o(), ke

(recall that Ax (—Ay) = ("2—”)2).
In this section we relate the spectra of A2 and AL

Theorem 1. The spectrum of ASQ coincides with the ray
0(A2) = Oess(A2) = [As, +00), )
where A is the smallest eigenvalue of AS .

Proof. First of all, we recall that, for any semi-bounded self-adjoint operator, the min-
imum of its spectrum coincides with the minimum of the corresponding Rayleigh
quotient. In particular,

, ag [v]

inf

vefls@) v La(@)||> — %

Forany u € H*(Q) and z € R let us define u, € H*(w) by the formula
u;(x") = u(x',z),

and denote U,  its Caffarelli-Silvestre extension. Then we have

a2fu] = C(s) / / / V(YU (2, 9P+ [8:Us (' 2. )[?) dz dx’ dy

0 Re—1 R
o0
ZC(S)/[ / YIBIVU, (X', y)? dx’ dy dz
R 0 Rn—1
Z/Aslluz;Lz(w)ll2 dz = Asllu; L2(Q)|I,

R

where V' is the gradient with respect to (x’, y). Thus,

alu]

info(A2) = inf ——— >
T uedso) lu La(Q)?

S
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To prove (4), we introduce the Dirichlet fractional Helmholtz operator in a domain
QCR”
AL = (Aq + 7).

It is defined by its quadratic form

agielu] = (Ao, u) = /(IEI2 +i) | Fau@I” dE, u € H(Q).
R”

In the case of a bounded domain w, we denote by A; . the first eigenvalue of the oper-
ator Ag . and by ¢, the corresponding eigenfunction, which can be chosen positive
and normalized in L, (w).

Obviously, for any Q C R”

Q Q
age, < agy, forkr <k.

Therefore, the function f (k) = Ay, is increasing. Moreover, it is continuous, f(0) =
Ag,and f(k) — +00 as k — 400, SO

{As:k €[0,400)} = [Ag, +00).

First, we give an informal explanation of (4). We claim that the function

Ds,k (x /)e
the “eigenvalue” A . Indeed, we have

ﬁn[%,/c(xl)ei“]@) = Fu-1lpsil(EN8(E — 1),
where £ = (&', ¢) is the dual variable to x = (x’, z), and thus

Ful AL 051 ()™ 21(§) = |E1** Fuoi @5, (€S — k)
= (|&']* + &) Fuc1lps ] ()8 — k)
= Fpo1[AL 05, ] (E)S(C — k)
= A Fn1lsic] €8 — k)
= A Ful@sic(x')e™?1(E, 7).

Y€z is an “eigenfunction of continuous spectrum” for ASQ corresponding to

and the claim follows.
To be more formal, we construct for any A, with « > 0 a Weyl sequence for the
operator ,ASQ. We put

Um (X) = s (X ) ym(z), meN,

where 5
. z—2m
@) = 4 (E22),
m
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and y is a smooth cutoff function such that y(z) = 1 for |z| < 1 and y(z) = 0 for
|z| > 2. One can easily check that y,, (z) xm,(z) = 0if m; # my, so it is enough to
prove that
||°74’SQUm — Ascvm; L2(Q)|
lvm: L2(Q) ||

—0 asm — +oo.

We have

Ful AL vm = Ascoml(§) = FalALvml(€) = Fao1 [AL 05,1 () F1 1m0
= (151 = (817 + &) Fu1 [0 €NV F1 [xm] ©),

s0, by the Parseval theorem we obtain that
“‘AVSQUm - As,/cva L2(Q)||2

= /((Ié"l2 18P = (&P + 1)) Famrl@s, 1 EVPIF ml (O d E'd L.
R7

We use the relation |F1[xm](0)| = m |F1[x](m(¢ — «))|, change the variable and
arrive at

”fA’sQUm — As U L2(Q)||2

=m / (&1 + |5 +[) =087 + ) 17 losad @ PIF L@ dE'dr
R~

<o [ = (|2 uf =) e led @ PIR RO €' d
R”

< m/((n%)z+2K‘%D2S|f"1x(r)|2dt/ | Fue1 5. (€2 dE’

R RrR2—1

- Cy (S,K).
- m2s-1

Since ¢y are normalized, we get

z—2m?\ |2
Jom: La(@)IP = [ [( )| dz = mlx: L@ = Com,
m
R

and finally

1AL vm = Asscvmi L2(Q)]] _ Cs,x)
= d
[vm: L2(Q)]] ms

as desired. ]

0, m— +oo,
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Figure 1. Perturbed multi-tube.

Corollary 1. Let @ = w x Ry be a semi-tube. Then the spectrum of Afl coincides
with the ray [Ag, +00), where A is the smallest eigenvalue of A .

Indeed, Theorem 1 and monotonicity of the spectra on domain imply the relation
a(a%?) C [Ag, +00), whereas the relation [Ag, +00) C JCSS(A?) holds due to the
same Weyl sequence.

4. Problem in a perturbed multi-tube

Let Q2 be a perturbed multi-tube, that is, outside of some compact set KX, 2 coincides
with a finite union of non-intersecting semi-tubes &@;, j = 1,..., N. We assume that

* all @; are congruent to @ = w x R4 (recall that w is connected);

* theaxesof @;, j =1,..., N, are not co-directional, see Figure 1.

Remark 2. We stress that the latter assumption is not needed in the local case s = 1.
First, we prove an auxiliary statement.

Theorem 2. For any R > 0 and for arbitrary u € H%(2), the following inequality
holds:
adlu] = (As — CR™*)|lu; Lo(Q)])* — Cllu; L(BR) |, &)

N

where Br = {x € R":|x| < R} is the ball, and C does not depend on u and R.

Proof. Here we partly follow the line of the proof of [4, Lemma 1] (see also [18])
but essentially modify it for the non-local case, cf. [30, Lemma 3.1]. For the sake of
brevity we denote by U(x, y) = Us(x, y) the Caffarelli-Silvestre extension of u.
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We choose rg > 0 such that the ball B,,, contains the compact set X, and the trun-
cated cylinders @; \ B,, can be covered by disjoint conical domains €;,
j =1,..., N, with the common vertex at the origin. Without loss of generality, we
assume that R > 2(rg + 2).

Let p; and p, be smooth cutoff functions of r = /|x|? + y2 such that

p1(r)=0 forr >rog+2; p2(r)=0 forr <rg+1; pf—}—pgzl.
Then, we have

IVUP =) (IVWpi) > =2UVU - oV i = UV i ).
k=1,2

Since 2UVU = V(U?), integration by parts gives

]o/yl—zs|vU(x,y)|2 dx dy = Z (/oo[y1—2s|v(Upk)|2 dx dy

0 R” k=1,2 0 R”

o0
+ / / U?pr div(y ™V pg) dx dy

0 R”
_ / Uzyl_zspkay,ok dx )
R" =0
= Y (k1 + Iz — Ia). 6)
k=12

The surface integrals I3 (k = 1, 2) disappear since p; depends only on r and
dypr(x,y) =0(y) asy — +0, x e R".
To estimate terms /i, we split the representation (1) as follows:
U =) + sty i= [+ [ )2 =5 ax.
Br R"\Bg
and note that
o div(y ' "2 Vo)l = [y 7 or Apr + (1 —25)y ™ prdy pi |
< Cy' " Aror1.r0+21(1),

where y¢ stands for the characteristic function of the set G. This gives

o
[j2] < C / / VI (UEx, Y) + UZ (6, Y) Kiro+1,r04+21(F) dx dy =: Jy + Ja.
0 R~
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The estimate of J; follows from the fact that the Poisson kernel #s(-, y) has L;-norm
equal to one, see, e.g., [7] or [27]. So, the Young inequality yields

ro+2 ro+2
h<C / V2 UL 0): LaR™) 2 dy < € / V1725w Lo(BR)|1 dy.
0 0

To estimate J, we notice that the inequalities |[X| > R and |x| < r¢ + 2 imply |x — X| >
|X|/2. Using the Bunyakovsky—Cauchy—Schwarz inequality we obtain

2s

[e.e]
2
I, <C 1-25 / : Y A%\ dxd
2= [ [ o [l v dxay
0 R” R™\B g

o0

4s
< Lo (Q)]1? 1-2s Y X
< C(ro)”u’ 2( )” / /y (|£|2/4 i y2)n+2s dx dy

0 R"\Bg
oo

= C(ro)llus L)) | <%
[

T4s

~2—25—2n g%
CESYIE=T d‘L’/ |X| dx

R™\Bgr

< C(ro)lu; L2(Q)>R* "2,

‘We substitute these estimates into (6) and arrive at

il =C6) [ [ Y0P dxdy
0 R"

> C(s) / / VIV (Upa) P dx dy

0 Rﬂ
— C(ro) R*™"**|lu; L2(Q)]I> = C(ro)llu: L2(Br)|>. 7

Denote by V' the Caffarelli—Silvestre extension of the function up,. Since Up, is
an admissible extension of up;, we have

o0 o0
/[yl—”wwpz)ﬁdxdyz[/yl—”wwzdxdy.

0 R” 0 R”
Now, we introduce a partition of unity on the unit sphere in R” x R, that is a set

of smooth, non-negative, zero order positively homogeneous functions g; (x, y) =
9;(%,%),j =1,...,N,such that

N

Pi(x,y) =pj(x,—y); ©j(x,00=1 forxe€; Zp}(x,y) = 1.
Jj=1
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Similarly to (6), we derive

o0
[ [y2wvieasy =3 (// 12519 (Vi) dix dy

0 R” J=1 "9 Rn

+ / / V2p; div(y' " V;) dx dy

0 R”
_/szl—zspjaypj dx ) (8)
R”? y=0
It is easy to see that
¢ Cy C
NET I 7; [0y ;] < r—z; |Apj| < r_z;

on the other hand, we have

Vix.y) = / Pox — . ) (up2) (%) d.

R"\B; 1

that gives V(x,y) = O(y*)asy — +0,x € [B%ro
Therefore, the last term in (8) vanishes, and we obtain

o0
/ / y1_25|VV|2 dx dy

0 R”
[

N 1-2s
1 2s 2 2
0 R~

j=1

Since Vg; is an admissible extension for the function up,; supported in €;,
Corollary 1 gives

o0
_ Q;
C(s) f / VIV dxdy = a fupaps] = Asllupas: La(E))2,
0 R~2

whereas [26, Lemma 2.1] provides the estimate

x yl—ZS
| [ v dxdy = Cllsuen: L@ P
0 R”
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Substituting all estimates into (7), we arrive at

N
affu] = Ay Y llupa: Lo(€)) 1> — CllIx| ™ upa: L2(2)]?
Jj=1

— C(ro) R*™"*|lu: Ly(Q)|1> — C(ro)|lu: L2(Br)II.
and (5) follows. ]

Theorem 3. Under the above assumptions, the essential spectrum of Agz coincides
with the ray [Ag, +00), where A is the smallest eigenvalue of A .

Proof. The Weyl sequence constructed in the proof of Theorem 1 shows that

[As, +OO) C O'ess(‘Agz)'

To prove the opposite inclusion we need to check that if A = Ay — 2§ with some
positive § then A does not belong to the essential spectrum of A?. Assume the con-
trary and consider the corresponding Weyl sequence that is a sequence {uk},':g C
H?*(2) orthonormal in L,(£2) such that

asQ[uk] — A ask — +oo. )
However, choosing R so large that CR™2% < §, we obtain by Theorem 2
aflug] = (As — CR™*) = Cllug; L2(BR)|> = A + 8 — Cllug: L2(Br)|1*.

By (9), the sequence {uy} is bounded in H¥(Bg). By the Rellich theorem, it is pre-
compact in L,(Bg). Since it is orthonormal, we obtain

lug; La(Br)| — 0 = liminfa$[ug] > A + 6,
that contradicts (9). ]

Remark 3. If the cross-sections of the outlets to infinity differ, then a similar argu-
ment proves the relation Uess(ef%gz) = [As, +00), where Ay is the minimal of the
smallest eigenvalues for the Dirichlet fractional Laplacians on the cross-sections.

S. Widening of the tube

The simplest multi-tube is a locally expanded cylinder (3) (see Figure 2). Namely, we
introduce the layer

My ={x =" 2) cR™"|z| < ¥}, £>0,
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Figure 2. Locally expanded cylinder.

and assume that a domain Q' 2 Q coincides with Q outside ITy, whereas the set
Q' N I, is bounded. Denote for the brevity

Qr=0NI; Q,=0 NI,
By Theorem 3, we have
O'ess(”%sQ) = Uess(fAsQ/) = [AS7 +00),

where Aj is the smallest eigenvalue of the operator 4. Denote the corresponding
positive eigenfunction by ¢g(x’).
The main result of this section is the following.

Theorem 4. The discrete spectrum of ,ASQ/ is not empty. Namely, there is at least one
eigenvalue in the interval (0, Ay).

Proof. To prove this theorem we show that
info(A2") < Ay.

This can be done via the max-min principle by construction of a function u € H* (9)
that satisfies the inequality

a?'Tul = Asllu; La(Q)] <.
According to (2), it is sufficient to construct a function W = W(x, y) such that
C(s) 82" W] = A W(, 0); Lo (2] < 0. (10)

To that end, we introduce a family of functions W, ¢ > 0, in the following way:

We(x,y) = U(x', y)pe(z. y) + we(x, y).
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Here U is the Caffarelli-Silvestre extension of ¢, the correction term w, will be
chosen later, whereas p, is a cutoff function:

p(8|Z|)7 if either n > 3orn=2ands € (%’ 1)’
pley/y>+122), ifn=2ands € (0, 3],

where p is a smooth function on R4, p(r) = 1 forr < 1 and p(r) = 0 for r > 2, and

p'(r) <0,
Inserting W, into (10), we obtain

pe(z,y) := {

C(5) 82 Wel = AW, 0): La(Q)P = T + T+ I3+ Ia, (11

where

o0
I =Cs) / / VIEIVUG )02z, y) dx dy — Ay / G2(x")p2(2.0) dx.,
0 R” 0

oo
I, = C(s)/ / yI=25QUYVU - psVps + U?|Vps|?) dxdy,
0 R”

Iy =2C(s) / / VISV (Upe) - Ve dx dy — 2A, f 05 (e (|2 we x. 0) dx.
0 Rn

o0
I, :C(s)//‘y1_25|Vw£(x,y)|2 dxdy—As/wgz(x,O) dx.
0 R 0

It is easy to see that

= (c<s> [ [yvuerasdy -, [ e dx')pz(e|z|>dz=o.

R 0 Rn—] w

Let us estimate I,. Notice that if eithern > 3 orn =2 and s € (%, 1), then the
first term disappears, and we have

(o) 2
n=ce [ [yvaray [z a2 ce [(entar= o)
R 1

0 Rn—l

(the inequality (x) is due to Lemma 1).
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The second case, n = 2 and s € (0, %], is more tricky. We integrate by parts the
first term. Similarly to (6), the surface integral disappears, and thus

1= €6 [ [ U201 @pe)? = ped (10, 00)) i .
0 R2

As in the proof of Lemma 1, we use the Fourier transform in x” and write
[ v ax = eot [ 1766 PGS a8
R R
where
p(1) = F1Ps(1. 1).
By the coordinate transform y = ¢~ !rsin(d), z = ¢~ !r cos(#) we arrive at

2

L <C [ (r(0' ) + rl" ()] + 10 ()]) / (7' r sin(0))~>
0

1
></|5‘71<ps(é/)|2|13(<9"1"Sin(f))é/)l2 dg'do dr
R

2

=C | 1F1esE)P [ [ (7' rsin@)! 7| p(e™ 7 sin(0)§)|* a6 dr dE'.
[rmer]]

1

We recall that p decays exponentially and estimate the interior double integral as

follows:
2 /2
/ [ (e 1rsin(0))! 725 | p(e " r sin(9)E')|* dO dr
1 0
2 m/2
<C / / (7 1rsin(6))1 72 exp(—cer sin(9)|E']) dO dr
1 0
/2
<C / 2 Lexp(—ce10|E]) db = Cszsl — exp(—/cs_1|$’|)
) 1§
Thus,

— P N
|I2|§C82s( / + / + /)|fﬁ<ps(g')|21 CXP(|S,C|8 5] dE’

|&'|<e e<|E'|<1 |&'|=1

=:Io1 + Io2 + I23.
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Now, we recall that 57 ¢; is smooth, and, therefore,

1
121 ECezs\/‘l_Lp(_Ct)dIEC82s;

0

1
I <C 2s d§/<c 251 —1y.
2 =C¢ ?_ e~ log(e™");
£
Ly = [ 170, )P dg < €,
R

Summing up, we obtain that in any case
I, = 0(8), where§ = max{e, £ log(¢™1)).

Now, we choose w.(x, y) = 5%w(x, y), where w is a smooth function supported

in (Q \ 0¢) x [0, 1). Then, easily, the last term in I3 vanishes, and I4 = O().

Further, if ¢ is small enough then we can drop p, in I3 and recall that U satisfies the
equation

div(y!™*VU) =0 inR" xR,. (12)

Therefore, the integration by parts yields
I3 = —2C(s)82 / lim (79, U, y))w(x,0) dx.
y—0
Q,\0¢

We claim that I3 = —C82 <0 provided w > 0, w(-, 0) # 0. Indeed, changing
the variable T = y2*, we rewrite the equation (12) as follows:

AUGx', 775) + 4s2c 5 2 U(x,125) =0 inR" x Ry, (13)
and 1
U(x',t2s
I3 = —2C(s)85/2s lim (X—T)w(x,O) dx.
>0t T
Q,\0;

By the strong maximum principle, U > 0in R"” x R . Since U(-,0) = 0in Qj \ Oy,
the differential operator in (13) satisfies the assumptions of the generalized boundary
point lemma [19] (see also [1, p. 201]). Namely, we have

1
LU 12s)
liminf ———= >
=0T T

07 er%\QZy

and the claim follows.
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Finally, we substitute all obtained estimates into (11). This gives

C(5) €2 [We] — Ay || Wal-, 0): Lo (Q))|> < —C83 + 0(5).

This, in turn, gives (10) provided § (and therefore ¢€) is small enough, and completes
the proof. |

Remark 4. Notice that AI(ASQ/) < (A1(=Ag))®, cf. Remark 1.

Funding. The results of Section 3 were obtained the under support of the Russian
Foundation for Basic Research (RFBR) grant 20-51-12004. The results of Sections 4
and 5 were obtained under the support of the Russian Science Foundation (RSF) grant
19-71-30002.
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