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Spectral decimation of piecewise centrosymmetric
Jacobi operators on graphs

Gamal Mograby, Radhakrishnan Balu, Kasso A. Okoudjou, and
Alexander Teplyaev

Abstract. We study the spectral theory of a class of piecewise centrosymmetric Jacobi oper-
ators defined on an associated family of substitution graphs. Given a finite centrosymmetric
matrix viewed as a weight matrix on a finite directed path graph and a probabilistic Laplacian
viewed as a weight matrix on a locally finite strongly connected graph, we construct a new
graph and a new operator by edge substitution. Our main result proves that the spectral theory
of the piecewise centrosymmetric Jacobi operator can be explicitly related to the spectral theory
of the probabilistic Laplacian using certain orthogonal polynomials. Our main tools involve the
so-called spectral decimation, known from the analysis on fractals, and the classical Schur com-
plement. We include several examples of self-similar Jacobi matrices that fit into our framework.

1. Introduction

The aim of this paper is to introduce and study the spectral theory of a new class of
Jacobi operators on substitution graphs, inspired by B. Simon et al. [17,31]. Our main
results include the determination of the spectrum, spectral gaps, the type of the spec-
tral measures, and the eigenvalue counting function for a large new class of finite and
infinite substitution graphs. This class provides a new framework to study physically
relevant graph Laplacians, e.g. self-similar versions of almost Mathieu-type operators
[56]. In comparison to the previous literature, the appearance of orthogonal polyno-
mials is a significant new idea in the context of the classical spectral decimation.

Our work is part of a long term study of mathematical physics on fractals and
graphs, more specifically, quantum Hall systems with AMO and their topological
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quantum phases [1-6, 8-14,27,29,33,34,37,44,54,55,59-62], in which novel fea-
tures of physical systems can be associated with the unusual spectral and geometric
properties of fractals and graphs compared to smooth manifolds.

Given a finite centrosymmetric matrix viewed as a weight matrix on a finite
directed path graph and a probabilistic Laplacian viewed as a weight matrix on a
locally finite strongly connected direct graph, we construct a new (possibly high
dimensional, large or infinite) graph and a new operator that acts as a weight matrix
on this graph. In a sense that will be made precise, this graph can be viewed as a result
of a substitution procedure involving the initial graphs, and as such will be referred
to as a substitution graph. Further, the new operator, which we call a piecewise cen-
trosymmetric Jacobi operator acts on the space of square summable functions defined
on the vertices of the substitution graph.

The construction of the substitution graphs allows us to show that these spectra are
related to the spectra of the initial finite centrosymmetric matrices and can be deter-
mined using the spectral decimation method popularized in mathematical physics and
analysis on fractals beginning with work of Rammal and Toulouse [63, 64]. This
method is equivalent to the classical Dirichlet to Neumann map and Schur com-
plement, see [12, 19,23, 24, 27,40, 50, 53, 54] and references therein. We make an
explicit link between the classical spectral theory and the spectral decimation method
through the analysis of families of orthogonal polynomials. We conclude the paper
with several examples of one-dimensional graphs that fit into our framework. These
self-similar graphs are obtained using a substitution method starting from a pair of
initial graphs and this framework allows us to consider finite and infinite self-similar
graphs defined in one or higher dimensions. The Jacobi operators are then defined
so as to respect the adjacency relations in the resulting graph, and can be naturally
viewed as weight matrices on the graphs. Thus, we say that a matrix J = (J(x, y)) isa
Jacobi matrix if J reflects the adjacency relations of the graph G, where x, y € V(G)
and G = (V(G), E(G)) is a graph. For two different vertices x, y € V(G), we set
J(x,y) = 0, whenever x and y are not adjacent, i.e., (x,y) ¢ E(G); see [17] for a
definition of Jacobi matrices on periodic trees.

We begin with previewing the substitution method to define the graphs of interest,
and refer to Section 2 for more details. We first introduce the two initial inputs of the
method: the building block graph G and the model graph G,.

(a) The building block graph G. Let J be a finite tridiagonal matrix and assume
that J is centrosymmetric, i.e. J s = R Js R, where R is an anti-diagonal identity
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matrix
00 0 0 1
00 010
00 1 00
R =
01 ... 000
1 0 ... 00O

We regard J . as the weight matrix of a finite directed path graph G, in the sense that
the diagonal and off-diagonal entries in J . respectively denote the weights assigned
to the vertices and edges of G.,. We note that centrosymmetric matrices have a rich
eigenstructure and appear in several applications [15, 18,28,32,35,52,57,58, 81, 86,
87]. Figure 1 shows an example of a building block graph Gy, associated with the
centrosymmetric matrix J .

a(l) a(2) a(no—1) a(nop)
oSS
a(no) a(no—1) a(2) a(l)

Figure 1. A finite directed weighted path graph G.s. The weights associated with the edges and
vertices are the entries of a centrosymmetric Jacobi matrix J .

(b) The model graph G,. Let G, be a locally finite connected directed graph. We
consider a random walk on G, and therefore assume that the weight matrix of G, is
given by a probabilistic graph Laplacian

Ap () = f(0) = ple. ) f(D),

y:(x,y)€E(Gp)

where p = {p(x, ¥)}(x,y)eE(G,) 1S a given sequence of transition probabilities. Note
that if we consider a symmetric random walk on G, then Ap becomes the standard
probabilistic graph Laplacian. Throughout this work, we fix G, and assume that Ap
is a probabilistic graph Laplacian on G,,.

Using the building block graph G, and the model graph G, we obtain the substi-
tution graphs as follows.

(c) The substitution graphs. Given a building block G.s and a model graph G,,
we construct a new graph G = (V(G), E(G)) by substituting copies of G, between
adjacent vertices in G,. Figure 2 shows an example of a substitution graph starting
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Figure 2. Let G be a finite directed weighted path graph associated with a centrosymmetric
Jacobi matrix J.s of Figure 1. Let G, be a finite graph approximation of a Sierpinski lattice.
We construct a new graph G = (V(G), E(G)) by substituting copies of the graph G, between
adjacent vertices in G . The weight matrix of the graph G will be given by J := Fg,(Ap, Js)
and is an example of a piecewise centrosymmetric Jacobi operator on G.

from the building block graph G of Figure 1. For a choice of the probabilistic Lapla-
cian Ay of G, the weight matrix of the newly constructed graph G is given by a
substitution operator

(Ap’ Jcs) = FGp(Apy Jcs)7

which will be formally introduced in Definition 2.5. The substitution operator assigns
to each pair (Ap, J) a Jacobi matrix on the graph G, which we denote by J :=
Fg,(Ap,Js) and refer to as a piecewise centrosymmetric Jacobi operator on G. That
the substitution operator is well defined is a consequence of the symmetry assumption
on J . In addition, as we will see later, this symmetry assumption is key in establish-
ing many of our results.

The paper is organized as follows. In Section 2, we define the substitution graph
and operator associated with a fixed graph G, and a building block graph G.,. We
show that each element in the range of the latter can be identified with a piecewise
centrosymmetric Jacobi operator. Proposition 2.8 summarizes some of the relevant
properties of the substitution operator.

In Section 3 we begin the spectral analysis of the centrosymmetric matrix J ., and
connects it to the analysis of a related family of polynomials and rational functions.
This is summarized in our first main result, Theorem 3.3 which allows us to find a rel-
atively simple formula for the Schur complement of J .. Consequently, the spectral
analysis of the piecewise centrosymmetric Jacobi operators J = Fg, (Ap, J ) can be
investigated in the realm of the spectral decimation method, a standard framework in
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the analysis on fractals. Developed in the 1980s [7,21,36,63,64], the spectral decima-
tion method attracted considerable attention over the last decades [20, 42,49, 67-69,
75,77,78,82]. For an overview of some modern approach to the spectral decimation
method, we refer to [48,53,76,77,80].

The framework for the spectral decimation method developed in [53] is the one
that is most suited for the piecewise centrosymmetric Jacobi operators. Using it along
with a set of assumptions (Assumption 4.4) we obtain one of our other main results,
Theorem 4.7, which gives a description of the spectrum of J = Fg, (Ap, J ). The
essence of this result is that it relates the spectra o (J), 0 (Ay), and an exceptional set
€75, that appears naturally in the spectral decimation method. The link between these
sets is obtained using a polynomial, the spectral decimation function Rj that we
are able to explicitly calculated. Furthermore, we prove that the resolvent operators
of J and Ap satisfy the renormalization group identity given in (14). This result is
related to [25, Theorem 2.2] and Bellissard’s work on quasicrystals [21, Theorem 1],
although we do not rely on them. However, the connections and differences between
our framework and Bellissard’s are elaborated in [56, Section 6].

Section 3 is divided into two parts. The first part deals with the spectral analysis
of a centrosymmetric matrix J, to which is associated two families of polynomials.
Using these polynomials, we compute in Theorem 3.3 the Schur complement of J .,
and identify the polynomial Rjy_(z) as a spectral decimation function. Subsequently,
the second part of Section 3 is devoted to an analysis of Ry (z). In particular, we
relate the preimages of the points {0, 2} under Ry to the exceptional set €y, deter-
mine the critical points of Ry (z) thereby establishing the existence of the branches
of the inverse chls in the domain [0, 2]. These results are summarized in Theorem 3.6.
Section 4 contains the main results on the spectra of piecewise centrosymmetric matri-
ces. More specifically, in Proposition 4.6 we prove the spectral similarity between
J and Ap and determine the exceptional set £y . We then prove our main result,
Theorem 4.7 which gives a complete description of the spectrum of the piecewise
centrosymmetric Jacobi operator J. Finally, in Section 5, we illustrate our results by
focussing on one-dimensional path graphs which corresponds to the classical Jacobi
matrices.

2. Weighted substitution with centrosymmetric Jacobi matrices

This section introduces the main concepts of the paper, namely the definition of the
substitution graph and operator.
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2.1. Centrosymmetric Jacobi matrices

Suppose G.s = (V(Ges), E(Gs)) is a finite directed weighted path graph with vertices
V(G.s) and edges E(G). We assume that G, consists of ng + 1 vertices for ng > 1,
and denote the vertices by V(G¢) = {0, 1,...,n¢}. The set of edges is then given by
EGy) ={G,i+1)]ie{0,...,ng—1}}U{(i+1,i)|i€{0,...,no—1}}. We
describe the weights assigned to the vertices and edges by the following (19 + 1) x
(no + 1) centrosymmetric Jacobi matrix

b(0) a(l) 0 ... 0
a(ng) b(1) a) ... 0
Jsi=| 0 a(me—1) bR2) . : . (1)
: : a(no)
0 0 0 a(l) b(0)

The boundary and interior vertices of G are given by
0Ge :={0,n9} and V(G)\0Ges ={1,...,n9— 1},

respectively. In the sequel, the class of centrosymmetric Jacobi matrices will be
denoted by

€SF :={J¢ | Jos is centrosymmetric of the form (1), where ng > 1}.

2.2. Probabilistic graph Laplacians

Suppose G, = (V(Gp), E(Gp)) is alocally finite (strongly) connected directed graph.
Let {p(x, ¥)}(x,y)eE(G,) be a sequence of weights assigned to the directed edges.
The edge (x, y) points from the vertex x to y and we regard p(x, y) as a transition
probability from x to y. We impose the following conditions:

(va’)EE(Gp) ~ 0<P(x,y)§1,
(x7y)¢E(GP) — p(xvy):()’ (2)
Zy:(x,y)eE(Gp) p(x,y) =1 forallx € V(Gp).

Definition 2.1. Letp = {p(x, y)}(x,y)eE(G,) be a given sequence of transition prob-
abilities, i.e. p satisfies the conditions in (2). The probabilistic graph Laplacian on the
graph G, associated to p is defined by

Apf(x) = f(x) =Y plx. ) f(), 3)

y:(x,»)€E(Gp)

where f € £(Gp) :={f:V(Gp) — C} and x € V(Gp).
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The collection of all probabilistic Laplacians on a fixed graph G, is denoted by
L6, := {Ap | Ap defined in (3),p = {p(x, ¥)}(x,y)cE(G,) satisfies (2)}.

Remark 2.2. The third equation in the conditions (2) arises naturally in different
contexts and applications [38,43,46,47]. It is related to the consistency condition in
[78, equation (1.4)], where Strichartz utilizes the electrical network interpretation of
the weights. This condition is also found in [57, Assumption 2.8], in the framework
of Toda-lattices on fractal-type graphs as one of the sufficient conditions leading to
the existence of static soliton solutions on such graph. This condition also makes it
a Markov chain that later helps us to apply the Kolomogorov’s condition to establish
operators of interest as self-adjoint.

Throughout the paper, we make the following assumption on G,.

Assumption 2.3. We assume that if (x, y) € E(G,), then, sois (y,x) € E(Gp) and
we refer to x, y € V(Gp) as adjacent vertices. Note that in general, the transition
probabilities p(x, y) and p(y, x) are not equal.

2.3. Weighted edge substitution operator

We construct a new graph G = (V(G), E(G)) by starting from G, then substituting
copies of a graph G, between adjacent vertices in G,. We refer to [78] for similar
constructions. Now, recall that the vertices and boundary vertices of G are given by
V(Ge) =1{0,1,...,n0} and 0G5 = {0, ng}, respectively. Let (x, y) € E(G,) (hence
(y.x) € E(Gp)) for some x, y € V(G,). We replace the edges (x, y) and (y, x) in
the graph G, with a copy of G, by identifying x with 0 and y with n¢. Equivalently,
we can identify x with ng and y with 0, due to the centrosymmetry assumption on
G and in either case, the resulting graph G is the same. We distinguish two types of
vertices in the graph G. The vertices which we obtain from G, and therefore being just
V(Gp) and the vertices that are obtained from G, through the substitution procedure.
The edges of the graph G are exactly the edges in each copy of G.. We construct a
Jacobi matrix on the graph G, and view it as the graph weight matrix. We refer to [17]
for a similar definition.

Definition 2.4. A Jacobi matrix on a graph G = (V(G), E(G)) is a matrix J =
(J(x,¥))x,yev(G) indexed by the vertices V(G), such that J(x, y) = 0 whenever
(x,y) ¢ E(G) and x # y. We denote the set of all Jacobi matrices on graphs by

4 :={J | J is aJacobi matrix on a graph}.

Note that there are no specific requirements on J(x, y) in the cases (x, y) € E(G) or
x = y,and J(x, y) can be zero or not.
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Definition 2.5 (Substitution operator). Fix a graph G, as defined in Section 2.2.
A substitution operator associated with G, is the mapping Fg, given by

FGp:iprgsél_)g, (AP’JCS)'_)FG,)(AP7JC5)7

where Fg, (Ap, J ) is defined as follows. Let G be the graph associated to the cen-
trosymmetric matrix J.; and G = (V(G), E(G)) is the resulting substitution graph.
The substitution procedure naturally induces a covering map, which we denote by
¢: V(G) — V(Gg) (each vertex in G is in a copy of G, and hence corresponds nat-
urally to a vertex in G).

(1) J := Fg,(Ap. J ) is a Jacobi matrix on the graph G. The diagonal entries
are given by

J(x.x) :=Jes(@(x). ¢(x)).  x € V(G).

(2) Each (x,y) € E(G) is associated with an edge (¢(x), ¢(y)) in a copy of
G and suppose that this copy replaced the edges between the vertices, say
u,v € V(Gp). Then we set

“)

{J(x,y) = pu,v)d0,1) ifx =u,
J(x, ) = Jes(@(x). ¢(y)) ifx & V(Gp).

Remark 2.6. In the particular case no = 1, we have V(G,) = V(G). Moreover, if
we choose A for the Jacobi matrix J ., where

I -1
Ap = (_1 1 ) (5)

then the Substitution formula (4) gives J = Ay. This implies that the graphs G and
G are identical.

Definition 2.7. Let J € {. If there exist a graph G,, and a probabilistic Laplacian
Ap € £, and J. € €S ¢, such that J = Fg,(Ap, J), then we call J a piecewise
centrosymmetric Jacobi operator.

We end this section by summarizing the key properties of the substitution operator
that will be needed in the sequel.
Proposition 2.8. The following statements follow from the (4).

(1) Fg,(Ap,Ao) = Ay, (Where Ay is defined in (5)).

(2) Fg,(Ao,Jes) = s

(3) Fg,(Ap, 1) = I, where the identity matrices I might be of different size.
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(4) Let Jg) and Jg) be elements of €8 § and of the same size. Then for A, u € C,
we have

Fg,(Ap, AJD 401 JP) = AFg, (Ap, IV) + uFg, (Ap, IP).

S

3. Orthogonal polynomials and centrosymmetric Jacobi matrices

In this section we elaborate on the connection between the centrosymmetric Jacobi
matrices and a family of orthogonal polynomials.

3.1. Schur complement of centrosymmetric Jacobi matrices

The connection between orthogonal polynomials and the spectral theory proved fruit-
ful during the last few decades and generated considerable interest among various
communities of researchers. Our reference list is by no means exhaustive, and we
refer the reader for instance to Simon’s treatises and the references therein [22,26, 39,
70-72, 85]. The objective of this section is to reinterpret concepts from the spectral
decimation technique in terms of orthogonal polynomials. Because we are dealing
with Jacobi matrices, orthogonal polynomials naturally arise through the associated
three-term recurrence relations. For us, two cases are relevant, namely the three-term
recurrence relations corresponding to the centrosymmetric Jacobi matrices J ., and
the restriction of J to the interior vertices of G, which we denote by J Clz. Note that
when dealing with J clz we assume ng > 2 as J clz is the interior block matrix of J .,

O | a) 0 ... | 0

Joo = : Jb

0 | ... 0 a(l) |b(0)

We regard J .5 as a matrix acting on £(V(G.)) = £({0, 1, ...,no}), where £(1)
denotes the linear space of C-valued functions £(I) := {f: 1 — C} foraset /. In

particular, J g acts on £({1,...,n9 — 1}). Throughout this section, we suppose that
Jes € €8¢ is fixed for some ng > 2 and a(k) # 0 for each k = 0,...,n9 + 1.
We introduce a sequence of monic polynomials Py(z), P1(z), ..., Ppy4+1(2) corre-

sponding to J.s as follows. We initialize Py(z) := 1 and P;(z) := z — b(0). For
k e{2,...,n9 + 1}, we define P (z) to be the determinant of the leading principal
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k x k submatrix of zI — J, i.e.,

Py (z)
z —b(0) —a(l) 0 0
—a(ng) z—>b(1) —a(2) 0
;= det 0 —a(ng—1) z—-5>(2) :
: : —a(k—1)
0 0 0 —a(no—|—2 k) z—bk—1)

Note that Py,,+1(z) = det(z] — J ) is the characteristic polynomial of J . whose
eigenvalues are the zeros of P,,0+1 (z). It can be easily shown that the sequence of
polynomials Py(z), P1(2), ..., Pny+1(2) satisfies the following recurrence relations:

{Po(z) =1, Pi(z) =z-0(0), (6)

Pr(z) = (z = b(k = 1)) Pr_1(2) —a(k — Da(no + 2 — k) Pr_>(2),
fork € {2,...,n0 + 1}. Similarly, for the Jacobi matrix J clz , we initialize POD (z):=1
and PID(Z) :=z—>b(1).Fork € {2,...,n9 — 1}, we define PD(Z) to be the deter-
minant of the leading principal k x k submatrix of zI — J2 i.e.,

PP (2)
z—b(1) —a(2) 0 0
—ano—1) z-0>(2) —a(3) 0
= det 0 —a(ng—2) z—b(3) : ,

: : - —a(k)
0 0 0 —ang+1—-k) z-—>bk)

where in this case Pn -

The sequence PD (), PP (2),. 0 1(z) satisfies the recurrence relations

(z) = det(zI J . ) is the characteristic polynomial of J

{POD(Z) =1. PP(z)=z-b(1), -

PP(z) = (z =b(k) PP (z) —a(k)ang + 1 = k)PP, (2),

fork € {2,...,n9—1}.
We first prove auxiliary lemmas.

Lemma 3.1. The following identities hold:
(1) PP(2)Pi(2) = PP (2) P2(2) = a(l)a(no);
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2) forng =2andk € {2,...,n¢p},
PP (2)Pi(z) — P2 (2) Pey1(2)
= a(no + 1 —k)a(k)(PL ,(2) Pm1(z) — P2, (2) Pk (2)):
(3) PP (2)Puy-1(z) — PP _,(2) Pay(2) = a(no)a()([T}2," a(i))®.

Proof. To prove (1) we use the recurrence relations (6), (7) and obtain
PP (2)Pi(2) = PY(2)P2(2) = (2 = b(1) P1(2) = P2(2) = a(D)a(no).
Similarly for (2), repeated application of the recurrence relations (6), (7) gives

PP (2)Pi(z) = P21 (2) Py (2)

= PP () Pe(2) — P2 (2)((z = b(k)) Pi(z) — a(k)a(ng + 1 — k) Px_1(2))

= (PP (2) = P2, (2)(z = b(k) Pe(2) + a(k)a(no + 1 —k) Pi—r (2) P2, (2)

= —a(K)a(ng + 1 - k)PP, () Pe(z) + a)a(no + 1 — k) Pe_y () P2, (2).
To prove (3), we iterate the arguments in parts (1) and (2). [ ]
Lemma 3.2. Letng > 2. Then

(Pno(Z))2 _ ( 1_[ a(i))2 = det(z] — J¢) det(z] — Jg .
i=1

Proof. We first compute Pj,(z) as a determinant and expand by the first row.

Using the Centrosymmetrlc assumption of J2 we see that the cofactor of a(l) is

cs?

~a(no) P2 _,(2), leading to
Poy(2) = (z = b(0)) det(z] — I 2) —a(Da(no) P2 _»(2).
Hence,
(z = b)) P2 _(2) = Puy(2) + a(Da(ng) P,o_,(2). (®)

Repeated application of the recurrence relations (6), (7) gives

det(zl — J ) det(z] — J )— ,,O_H(z) o—1(2)
= (2 = b(0) Pay(2) P 1(2)—a(no)a(1)Pn0 1) P (2)
= (Puy(2) + a(Da(no) P, 2(2))Pn0(2) a(no)a(l)Pno 1(2) P (2)
= (Pug(2))* — a(no)a(1)(Pyo_1(2) Pug-1(2) = Py _5(2) Pag(2)),

where the third equality holds by (8). The statement follows by Lemma 3.1 (3). |
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To state the main result of this section, we first establish some Schur comple-
ment computations for J .. These computations will be relevant in Section 4 and used
in the context of the spectral decimation method. We decompose J .5 on £(0G.s) &
L(V(Ges)\0Ges) = £({0,n0}) ® £({1,...,n9 — 1}) in the block form

b(0) 0 a(l) 0
0 b 0 0 ... a®)
So Xo a(mo) 0 b(l) a@@ ... 0
(XO QO) N 0 0 |amo—1) b(2) : (©)
: : : . a(ng —1)
0 a(no) 0 0 a2  bQ)

We observe that Sy is multiple of the identity matrix »(0)/ and that Q¢ = J g

Letz € p(J; ) an element of the resolvent set of J 2| then the Schur complement of

cs?
J ¢s with respect to the decomposition (9) is given by

SChUI'g(aGCS)(JCS) =zl — S() — )?0(2] — Q())_IXO.

Our first result states that the Schur complement of J can be expressed using the
polynomials Pp,(z) and P 1(z)

Theorem 3.3. For each z € p(J g ) we have
Schurg(yG,) (Jes) = @3, (2)(Ry(2)] — Do),
where Ay is defined in (5) and the functions Ry (z) and ¢y (z) are given by

Pag@) o Tl2al)
e, a@) e PP_(2)
Remark 3.4. Note that PD _1(z2)=det(z] — J . ). In particular, the domain of ¢jy_ (2)
is given by p(J 2).

Ry (z):=1— (10)

Before proving this result, we first establish an auxiliary lemma.

Lemma 3.5. Ler X, Qo, and Xg be the block matrices defined in (9) and z € p(J ).
The following identity holds:

”O 2(2)

n NN =

l—[,ola(l) ]_["0 1a(z)
no l(Z) —1

-1
PR oG
I1°9, " ati)

Xo(zI — Qo) ' Xo =

In particular, this implies Schurgg.)(Jcs) € €S G forall z € p(JCDS).
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Proof. Recall that Qy is the Jacobi matrix J . We invert the matrix (z/ — J . ) using
Cramer’s rule and restrict the computatlons to the relevant entries in the ad]ugate
matrix, i.e. (zI — Q¢)~! is equal

(=)o (=121 Ya i)

P no—2(2) * *
1
Pnl())_l(z)
* * * *
(=1 (=121 (i) * PR ,(2)
For X and )70, we have
a(ng) 0
0 0 _ al) 0 ... 0
Xo = , Xo= .
0 : : 0 (0 0 ... a(l))
0 a(ng)

A direct computation gives

)?0(2] — QO)_1 = a(l)a(n())( 0_2(2) H:logla(i)) ]
PP ) \[1/%" al) PR _,(2)
Proof of Theorem 3.3. By Lemma 3.5 and (10), we have
Pn,gfz(z)
_ T -
To(zl = Q)Xo = gy 0 [ M= e@ -,
‘ 1 _ Pug—2®
11795 aG)
1 -1 PP ,(2) (1 0
—¢JCS(Z)(_1 1) — ¢, (2)(1 +m)(0 1)-
Recall that Sy is multiple of the identity matrix #(0) 1, hence
Schurg(yg,,) (Jes) = 21 — So — Xo(zI — Qo)™ Xo
—b(0) Pro2(2)
= ¢3.,(2) 1+ ——— )1 — ¢5.,(2) Ao.
( 3., (2) nj‘ozla(i)) °
Using (10) and the identity (8), we compute
2ob©) |, PRSG) _ CobOIPRLG) ahato) B ()
$3.,(2) ]_["3 1a(z) [172, a) [172, a)
=1- _Fuo(@) = Ry (2). n

1_[1—1 ( )
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3.2. Main technical tools

This section is devoted to analyzing the polynomial Ry _(z). In Section 4 we will
see that Ry (z) is a spectral decimation function, which represents a significant tool
in the spectral analysis on fractals and self-similar graphs. The following theorem is
the main result of this section and summarizes the relevant features of Ry_(z) when
investigating spectral properties of Jacobi matrices on graphs.

Theorem 3.6. The following statements hold.
(1) Forall z € C, we have

no 5
det(z] — J ) det(z] — J2) = (]‘[ a(i)) Ry.(2)(Ry(z) —2).
i=1
In particular, z € 6 (J ) U G(JD ifand only if Ry_(z) € {0, 2}.
Q) Ifzeals) N O'(J <), then z is a critical point of Ry, i.e. R} LS =0.

(3) Let z be a critical point of Ry (z); then Ry (z) ¢ (0,2). In pamculan there
exist ng branches of the inverse R}i, that are defined and continuous in the
domain [0, 2].

To prove this result, we make the following elementary observation.

Lemma 3.7. The polynomial Py (z) has no simple real roots. The critical points of
Py (2) are also real and interlaced between its roots. Moreover, if z. is a critical
point of Py (z), then we have

Py (ze) Py (z¢) <O.

no
We now have all the tools needed to prove the main result of this section.

Proof of Theorem 3.6. It is assumed that ng > 2 and a(k) # 0 for each k = 0, .
nog + 1 (see Section 3.1), and therefore P,,(z) is a polynomial of order at least 2
Theorem 3.3 implies: Pp,(z) = Oif and only if Ry (z) = 1.

(1) Use Lemma 3.2 and the following computation:

oo 0 (2) 0 (2)
(H”" L P - (ITe®) ] = (HI,’;; ol 1)(11?21 IR,

= Ry, (2)(Ry(2) = 2),

where in the last equality, we used the definition of the Ry given in (10).
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Statement (2) follows from differentiating the identity in part (1):
2Ry (z)Ry (2) — 2Ry (2)
_[det(z] — Jo)) det(z] — I 2) + det(z] — Jo))[det(z] — I D))
(]_[:21 a(i))? '

In (3), if the critical point z, isin o (J ) U o (J g ), then the first part of the statement
holds by part (1). We assume z. ¢ o(J ) U o (J2) and define

Y

det(z] — Jo) det(z] —J2)

(121 a@))?
Note that the polynomial D(z) is of degree 2no and the roots of D(z) are given
by the eigenvalues o (J ) U o (J g ). By (11), we see that z. is also a critical point

of D(z). Moreover, z. lies between two roots of D(z) due to the assumption z, ¢
o(Je) U a(Jg). Using Lemma 3.2, we compute

2(P;(2))> + 2P (2) Py (2)
(172, a())?

By (10), we have P, 0 (zc) = 0 and Lemma 3.7 implies that z, is a local maximum of
D(z),1ie.,

D(z) :

DN(Z) —

2Py, (Zc)Pr:/o (2¢)

(172, a(@))?

In particular, we have D(z.) > 0. We rewrite the identity in part (1),

D//(Zc) =

(Ry.(ze) = 1)* = Ry (zc)* = 2Ry (z¢) + 1 = D(zc) + 1,

which gives Ry (zc) =1+ /D(z.) +1 ¢ (0,2). ]

4. Spectral decimation of piecewise centrosymmetric Jacobi matrices
on graphs

We start by recalling some facts about of the spectral decimation method following
the framework set forth in [53], as it is the best suited for our results. Let J¢ and #,
be Hilbert spaces, and U: #y — J be an isometry. Suppose H and Hy are bounded
linear operators on # and #, respectively, and that ¢, y are complex-valued func-
tions. We call the operator H spectrally similar to the operator Hy with functions ¢
and ¢ if [53, Definition 2.1]

U*(H —zI)"'U = (¢(2)Ho — ¥ (2)]) 7", (12)
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for all z € C such that the two sides of (12) are well defined. Note, in particular, that
for z in the domain of both ¢ and v and satisfying ¢(z) # 0 we have z € p(H) (the
resolvent set of H) if and only if R(z) = ¥&) € p(Hy). We call R(z) the spectral dec-
imation function. The functions ¢ (z) and v (z) are difficult to determine directly from

the structure of the considered fractal or graph, but they can be computed effectively
using a Schur complement (several examples may be found in [19, 20]). Identifying
Ho with a closed subspace of # via U, let #; be the orthogonal complement and
decompose H on # = Hy & H; in the block form

S X
H= (X Q). (13)

Lemma 4.1 ([53, Lemma 3.3]). For z € p(H) N p(Q) the operators H and Hy are
spectrally similar if and only if the Schur complement of H (with respect to the decom-
position (13)), given by Schurg,(H) :=zI — S — X(zI — Q)71 X, satisfies

Schurg, (H) = ¥ (z)I — ¢(z) Hy.
The following set plays a crucial role in the spectral decimation method.

Definition 4.2. The exceptional set of H is given by
Eg:={zeC|zeo(Q)or¢(z) =0}.
Proposition 4.3 ([53, Theorem 3.6]). Let H be spectrally similar to Hy with func-
tions ¢ and W and z ¢ Eg. Then
(1) R(z) € p(Hyp) ifand only if z € p(H);

(2) R(2) is an eigenvalue of Hy if and only if z is an eigenvalue of H. Moreover,
there is a one-to-one map

for> fi= fo—(zI — Q) ' Xfo

from the eigenspace of Hy corresponding to R(z) onto the eigenspace of H
corresponding to z.

We now apply this framework of the spectral decimation method to the substitu-
tion graph G and operator J = Fg, (Ap, J) obtained from a graph G, equipped
with a probabilistic Laplacian A, and a graph G be a finite path graph associated
to a centrosymmetric weight matrix J .

Assumption 4.4. We assume that

(1) there exists a Hilbert space of C-valued functions on V(G,), which we denote
by ¢2(G,,d ), such that the probabilistic graph Laplacian A, is bounded
and self-adjoint;
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(2) there exists a Hilbert space of C-valued functions on V(G), which we denote
by ¢2(G,dmy), such that J is bounded and self-adjoint;

(3) there exists an isometry U: €2(G,,dn,) — €2(G,dmy).

Remark 4.5. The self-adjointness assumption is by no means necessary. In fact, the
results in [53] hold for more general operators. Section 5 shows how to construct such
Hilbert spaces in the one-dimensional path graphs case, for which Assumption 4.4
holds. The key idea is to equip the set of vertices V(G,) and V(G) with a measure
satisfying a Kolmogorov’s cycle type condition, see (15) for more details.

We also note that Assumption 4.4 combined with Perron-Frobenius theorem
implies that o(Ap) C [0, 2], as Ap is a stochastic matrix (with spectrum in [—1, 1])
shifted by the identity, see also [53, Remark 5.9].

Proposition 4.6. The following statements hold.

(1) For the exceptional set, we have €3, = o(J g .

(2) Js is spectrally similar to Ag (given in (5)) with the functions @3 (z) defined
in (10), and V3. (2) := ¢3.(z2) Ry, (2), where Ry (z) is given by (10). In
particular, Ry (z) is the corresponding spectral decimation function.

(3) J = Fg,(Ap, Js) is spectrally similar to Ap with the same functions ¢y (2)
and Yy (z) as in part (2). The associated spectral decimation function and

exceptional set coincide with Ry (z) and €3, respectively.

cs?

Proof. Statement (1) follows by Definition 4.2 and ¢y, (z) # 0 (see (10) and recall the
assumption a(i) # 0). Statement (2) follows by Lemma 4.1 and Theorem 3.3. State-
ment (3) is an immediate consequence of Lemma [53, Lemma 3.10] and its main idea
can be sketched as follows. Using the isometry U, we decompose J on {2(G,d ;) =
U(t*(Gy, dmp)) ® U(?(Gp, drp))* in the block form (13) and denote the Schur
complement of J with respect to the decomposition (13) by Schurywy(G,) (J) :=
zI —8§ — X(zI — Q)~'X. The Schur complement is preserved under the substitu-
tion operator Fg s in the sense

Fg, (Ap, Schurgag,,)(Jes)) = Schuryy g,y (J).
Proposition 2.8, Theorem 3.3, and Lemma 4.1 imply the last statements:

SchuryyG,)(J) = ¢3.,(2) Fi,(Ap. Ry (2)] — Ap)
= ¢3.(2)(Ry.(2) FG,(Ap, I) — Fg,(Ap, Ao))
= ¢3.,(2)(Ry (2)] — Ap). n

The main result of this section is the following theorem.
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Theorem 4.7. The following statements hold.

(1) R}CIS(G(AP)\{O, 2) Cco(d) C R_ils (0(Ap) U{0,2}).

(2) The resolvent operators satisfy the following renormalization identity:
Po_1(2)
T2, a()
forzep@)andz ¢ &5, =a(JP).

(3) The polynomial Ry, preserves the types of the spectral measures of the oper-
ators J and Ay outside of the finite exceptional set R}CIS ({0, 2}).

U*(zI - 3)'U = — (Ry ()] — Ap)~! (14)

Proof. Theorem 3.6 asserts thatis &3, C R}:S {0,2}. Statements (1) and (2) follow by
Proposition 4.3 and Proposition 4.6. Statement (3) is proved following the same lines
as [80, Theorem 2.3]. We use (14), (12), and the Schur complement in Lemma 4.1 with
the block decomposition (13). Using the standard general theory [65, Section VIIIL.7]
or [84, Chapter 3], for a self-adjoint operator H on a Hilbert space # the spectral
measure [ty of ¥ € J is uniquely defined by the Herglotz function Fy (z), a Borel
transform of a finite Borel measure, Fy (z) = (¥ | (H —2)"'"¥)% = [p ﬁdﬂw(k),
z € C\R. The measure iy, is unique by the Stieltjes inversion formula, which implies
the result. In particular, if ** € {pp, sc, ac} stands for pure point, singular continuous,
absolutely continuous spectrum, then, for z ¢ £y, we have R(z) € 0w« (Ap) if and
only if z € 04« (J). ]

Remark 4.8. Theorem 4.7 can be extended to a formula for the spectral projections
and the spectral resolution of the identity, similarly to [80, Theorem 2.3], using the
general theory of Schur complement for self-adjoint operators, see [19,50,51,65,73,
74,79, 82]. Useful resolvent estimates are given in [45, 66].

Corollary 4.9. If the points 0 and 2 are limit points of o (Ap), then
o(J) = Ry (0(Ap)).

Proof. Theorem 3.6 asserts the existence and continuity of the branches of the inverse
Ry! on the interval [0, 2]. We conclude

Ry (0(8p)) = Ry1(0(Ap)\{0.2)) C 0(J) C RyL(0(Ap) U{0,2})
= Ry (6(Ap)). =

5. The one-dimensional path graphs case

In this section, we illustrate the results of the previous sections by focusing on one-
dimensional path graphs. We apply the framework of Section 4 and start by addressing
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Pk—1 Pk
1— pr 1= pr+1

Figure 3. The directed path graph G, = (V(Gp). E(Gp)).

a(no) a(l) a(no)
a(l) a(nop) a(l)
kth copy of G (k + 1)th copy of G
— —
a(l) a(ng) a(l)
Gy el e @y
a(nop) a(l) a(nop)

Figure 4. Constructing the graph G by substituting copies of G between adjacent vertices
in Gp.

the question concerning the existence of the Hilbert spaces and the isometry mapping
in Assumption 4.4. Let G = (V(Ges), E(G¢s)) be defined as in Section 2.1. Suppose
that G, consists of ng + 1 vertices for fixed ny > 1 and the associated weight matrix
Jos € €S ¢ is of the form (1). Next, we restrict the definition of G, = (V(Gp), E(Gp))
as given in Section 2.2 to path graphs. We distinguish three cases, when G, is a finite,
semi-infinite, or infinite path graph. Accordingly, the set of vertices is given by

V(Gp) =1{0,n¢,....kono}, V(Gp) =noZy orV(Gp) =noZ.
The set of edges E(Gp) is then given by

{(kno,kng + no) | kng, (k + 1)ng € V(Gp)}
U{(kno + no,kno) | kno, (k + 1)no € V(Gp)}.

We simplify the notation and set for the transition probabilities py := p(kng,
kng + no). In particular, the third equation in conditions (2) implies that p(kno,
kno —nog) = 1 — pg, see Figure 3. Let G = (V(G), E(G)) be the constructed
graph when substituting copies of G, between adjacent vertices in G, as explained
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in Section 2.3. Depending on G,, we distinguish three cases, where G is a finite,
semi-infinite or infinite path graph. Accordingly, the set of vertices is given by

V(G)=1[0.n]NZy, V(G)=Z4 orV(G)=LZ.

where n € N, n > 1. In the finite graph case, we assume that n is a divisor of n,
i.e. n = kong, and kg is the number of the copies of G in G. We regard the vertices
{kno,...,(k + 1)ng} as the vertices of the kth copy of G, see Figure 4. The weight
matrix associated with the graph G is a tridiagonal matrix, that is created by the
substitution operator J = Fg,(Ap, J¢). The operators Ap and J are assumed to
act on the Hilbert spaces

{ﬁz(Gp, dmp) == {f:V(Gp) > C | YXrev(g,!f (¥)*mp(x) < oo},
(f.8)p = erV(Gp)mg(x)”p(x)a

{MG,dm) ={f1V(G) = C | Xyeye | f ()P (x) < oo},
(£.8)1 = Xrevie) [()gx)ms (x),

respectively, where the set of vertices V(G,) and V(G) are equipped with the follow-
ing measures satisfying the Kolmogorov’s cycle condition [38,43,46,47]:

{np(O) =1, mp(kno) = mp((k — Dno) Z5=L, kng € V(Gp)\{0}, 0s)

w0 =1, w0 =m;(x-DIELD. xeV(G).

Note that if we set J(x — 1,x) = J(x,x — 1) for all x € Z in the infinite graph case,
we obtain £2(G,dny) = {*(Z).

Proposition 5.1. The operator J (resp. Ayp) is a bounded self-adjoint operator on
02(G,dny) (resp. £2(Gp,d mp)). Moreover, for x € V(G,) C V(G), we have 7rp(x) =
7wy (x).

Proof. Let W, (f,g) :=nym)J(n,n + D)(f(n)g(n + 1) — f(n + 1)g(n)) be the
n-th Wronskian of f and g. Direct computation gives

Y @I g@)mr(x) =D T f()g(x)ms(x) = Wa(f.8) = Win1(f.8).

For f,g € {>(G,dmy), we see that (£.J g)y — (J £.g)y = im0 Wy (f. g) —
limy,——co Win—1(f, g) = 0. Similar computations for the semi-infinite graph case
and the proof is identical for Ap. The second statement follows by (15) and the cen-
trosymmetry assumption on J . ]
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Using Proposition 5.1, we view {2(G, d ;) as a subspace of £2(G, d ) via the
identification

3(Gp,dmy) = {y € L3(G,dny) | ¥(x) = 0forall x € V(G)\V(Gp)}.

In this sense, U:€(Gp, dm,) — £>(G,d ) is the inclusion operator.

Proposition 5.2. Assume G, is a finite path graph. Then
o(J) = (R51 (@ (Ap)\{0,2}) U0 (Jcs).

Proof. The constant vector (1,1,1,...) " is an eigenvector with the eigenvalue 0 and
the alternating vector (1,—1,1...)T is an eigenvector with the eigenvalue 2 for Ap.
Hence, we have {0,2} C 0(Ap) C [0,2]. In particular, |0 (Ap)\{0,2}| = ko — 1. Note
that Ry (z) is as Py, (z) a polynomial of degree n¢. Theorem 3.6 implies

IRy (0(Ap)\{0.2})] = no(ko — 1) = noko — no.

Note that all the noko — no preimages are not in the exceptional set and therefore
distinct eigenvalues of J. Theorem 3.6 asserts Rji {0,2}) =acJs) Ua(J g ). By
excluding the exceptional points &3, = o(J Clz ), we see that R}é ({0, 2}) generates
no + 1 distinct eigenvalues of J, namely the eigenvalues in o(J ). We generated
(noko —no) + (no + 1) = noko + 1 distinct eigenvalues, which shows with a dimen-
sion argument that we completely determined the spectrum o (J). ]

We now restrict our investigations to the case G, is a finite path graph and use
the substitution operator Fg, to generate a multi-parameter family of self-similar
probabilistic Laplacians. A key observation is that the centrosymmetric probabilistic
Laplacians are invariant under the substitution operator in the sense thatif Ap,, Ap, €
€S54 with Ay, € £¢,, then Fg,(Ap,, Ap,) € €SI N Lg.

Definition 5.3. Let Al(,l) € €5¢ N L, be given. We define the sequence
(AP} en C €S

inductively by
A = Fg, (AP, AP)  for £ > 1.

We refer to {Al(,e)} (eN as a sequence of self-similar probabilistic Laplacians.
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If we initialize A( ) .= = Ay, then A( ) is a constant sequence, i.e., A(e) Ay for
all{ > 1.Forko > 2, p ={po, 1, .., PkoJ With po = 1 and pi, = 0, we initialize
Al(,l) as the following (ko + 1) x (ko + 1)-matrices:

1 -1 0 ... 0
p1—1 1 -p1 ... 0
APV =1 0 p—-1 1 . i |, (162)
: e p1—1
0 0 0o -1 1
1 —DP1 0
-1 1 :
AWDD = | P2 . (16b)
: o
0 0 —P1 1

Note that the centrosymmetry assumption impose p; = 1 — pg,—1, p2 = 1 — piy—2,
and so on. Proposition 4.6 implies that Al(,l) is spectrally similar to Ay with the func-
tions RAS) and ¢A§)1) given by

P, ko—1 ;
RAS)(Z) =1- (—1)k0k’;+(12)’ ¢A},”(Z) — (_1)k0+1 1_[ =0 Pi a7
]—[i=0 pi 0_1( )

where the polynomial Py, (resp. P 1) is defined by the recurrence relation (6) cor-

responding to the matrix A{, ) (resp. by the recurrence relation (7) corresponding to
the matrix AI(,I)’D).

Note that in the special case of a symmetric random walk, i.e., px = % for
k=1,..., ko—1, we refer to Af,l) as a standard probabilistic Laplacian. A direct
computation shows that the spectral decimation function corresponding to a standard
probabilistic Laplacian can be derived from a Chebyshev polynomial. Recall that the
Chebyshev polynomials of the first kind satisfy the recurrence relations Chebgy(z) = 1,
Cheb;(z) = z, Chebg(z) = 2z, Chebg_1(z) — Chebg_»(z), where k € {2,..., ko}.
If Af,l) is a standard probabilistic Laplacian, i.e., given by (16) and p; = % for
k=1, ..., ko — 1, then the corresponding spectral decimation function in (17) is
RA,(,” (z) =1 —(=1)ko Cheby, (z — 1). This is discussed in detail in [20, Section 4].
It is evident that for ko = 2 the 3 x 3 standard probabilistic Laplacian is the only
possible centrosymmetric probabilistic Laplacian of this size.

When kg = 3, then Ai(,l) is of size 4 x 4 with p = {1, p1, p2, 0}. Imposing the
centrosymmetry assumption on the transition probabilities gives p» = 1 — p;. Hence,
we obtain a one-parameter family of centrosymmetric probabilistic Laplacians and
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it is not difficult to see that this type of probabilistic Laplacians was already studied
in [83] under the terminology of a pg-model, see also [16,30] and more recent [56,
Proposition 2.3].

5.1. One-parameter family of Laplacians with ko = 4

Now, we consider the case kg = 4, i.e., a centrosymmetric probabilistic Laplacian
Al(,l) of size 5 x 5 with p = {1, p1, p2, p3,0}. Imposing the centrosymmetry assump-
tion on the transition probabilities gives p3 = 1 — p; and p, = 1 — p,. We obtain
again a one-parameter family of centrosymmetric probabilistic Laplacians whose
matrices are given by

1 -1 0 0 0
p—1 1 —p O 0 1 —p O
1 _ 1 1 1),D _ 1 1
Ay’ = 0 -5 1 =3 0 . Ap =|-3 1 —3| (18
0 O —-p 1 p-1 0O —p 1
0 0 0 -1

where we set p; = p for some p € (0, 1). Note that this type of probabilistic Lapla-
cians is related to the graph Laplacians studied in [41]. Direct computation gives

oA =10, 1- T=p. 1. 14+ JT=p. 2},
(AP = {(1— yp, 1, 1+ /P).

We compute the spectral decimation function using the formula in (17),

_ _1)2
Ry(2) = 22(21)(12)_(2) 2 (19)

We obtain for the set of the preimages
R;%l)(O) = {0, 1,2},
P

20
Ritn@ = (1= VT=p. 1= /P, 1+ 7. 1 + VT=p} -~

Figure 5 (top) shows the preimages in (20) using the cutoffs y = 0 and y = 2. The
sequence of self-similar probabilistic Laplacians Al(f) is then constructed as in Defini-
tion 5.3, where Al(,l) is initialized by (18). Figure 5 (bottom) shows how the spectrum

of Al(f), ¢ = 6 changes when varying the parameter p € (0, 1).
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(11— p.2) 1+ /p.2)
~

1.0 oo fo__ -~ /N

1-J1-=p,2) 1+ J1-p,2)

1.5

0.0 1

—0.5 4

0.0 0.5 1.0 1.5 2.0

spectrum

1.04

0.8

0.6

0.4

0.2

0.0
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Figure 5. Top. The spectral decimation function (19) corresponding to the probabilistic Lapla-
cians (18). The preimages in (20) are indicated using the cutoffs y = 0 and y = 2. Bottom. The
spectrum of Ag) for £ = 6 (x-axis) is plotted for p € (0, 1) (y-axis).

5.2. Two-parameter family of Laplacians with kg = 5

Now, we consider the case kg = 5, i.e. a centrosymmetric probabilistic Laplacian A{,e)
of size 6 x 6 withp = {1, p1, p2, p3, p4,0}. Imposing the centrosymmetry assumption
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on the transition probabilities

927

gives p4 = 1 — p; and p3 = 1 — p,. We obtain in

this case a two-parameter family of centrosymmetric probabilistic Laplacians whose

matrices are given by

p1—1
A

oS O O

—

p2—1
0
0

1,D _
Ap =

-1 0 0 0 0
1 —p 0 0 0
D2 D2 0 0 ’ 21a)
0 -p2 1 p2—1 0
0 0 —p 1 p1—1
0 0 0 —1 1
-p1 0 0
I (21b)
-p2 1L p2—1
0 —P1 1

We compute the spectral decimation function using the formula in (17),

Z

(2> +z(p2—3) + p1p2—2p2 +2)

RAf,l)(Z) =

p1p2(pr —D(p2—1)

x (22 =z(p2+2)+pip2—p1+p2+1)

For the convenience of the

notation, we fix p;

% and compute the eigenvalues

as functions of the parameter p,,

o(A) = (A1, Az, A3, Ag. As. e}, o (AP = (P A0 A2 APy (2

The formulas for eigenvalues are given by

A

Az

As

As

A6

05

1+p2_ 9p§—6p2+9
2 6 ’

1_|_p2 9p§—6p2+9
2 6 '

3-p2 \/9p3 —6ps +9
2 6 ’

3—py 9p2 —6p2 + 9
2 6 ’

27
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1.0

0.8

0.6

P2

0.4

0.2

0.0

0.0 0.5 1.0 1.5 2.0
spectrum

1.0 A

0.8

0.6

P2

0.4 4

0.2 7

0.0 7

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00

spectrum

Figure 6. (Top) The spectrum of Aff) for £ = 5 is plotted on the x-axis for p5 € (0, 1) (y-axis),

while p; = % is fixed. (Bottom) Plotting the eigenvalues as functions of p, reproduces the

contour of the spectra.

and
p_2-p2 \/9p§—24p2+24 b 2—p \/9p%—24p2+24
A’l = — N )\12 - + 5
2 6 2 6
b2t \Jor3 — 24ps + 24 b2t \J9P3 —24ps +24
3 = - = :

2 6 S 2 6
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Now, we construct the sequence of self-similar probabilistic Laplacians Al(,e) as
in Definition 5.3, where Al(,l) is initialized by (21). Figure 6 (top) shows how the

g), ¢ = 5 changes when varying the parameter p, € (0, 1) and fixing

spectrum of A
p1= % Plotting the eigenvalues (22) as functions of p, reproduces the contour of
the spectra in Figure 6 (top). Using the eigenvalue-formulas, we can for example
determine when the spectral gap between AID and A, closes, namely by reducing the

problem to solving the equation AP = X, see Figure 6 (bottom).
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