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Nodal domain theorems for p-Laplacians on signed graphs
Chuanyuan Ge, Shiping Liu, and Dong Zhang

Abstract. We establish various nodal domain theorems for p-Laplacians on signed graphs,
which unify most of the existing results on nodal domains of graph p-Laplacians and arbitrary
symmetric matrices. Based on our nodal domain estimates, we obtain a higher order Cheeger
inequality that relates the variational eigenvalues of p-Laplacians and Atay-Liu’s multi-way
Cheeger constants on signed graphs. In the particular case of p = 1, this leads to several
identities relating variational eigenvalues and multi-way Cheeger constants. Intriguingly, our
approach also leads to new results on usual graphs, including a weak version of Sturm’s oscil-
lation theorem for graph 1-Laplacians and nonexistence of eigenvalues between the largest and
second largest variational eigenvalues of p-Laplacians with p > 1 on connected bipartite graphs.

1. Introduction

The graph p-Laplacian is a natural discretization of the continuous p-Laplacian on
Euclidean domains, and it is also a simple nonlinearization of the Laplacian matrix.
The spectrum of the graph p-Laplacian is closely related to many combinatorial prop-
erties of the graph itself; and its eigenpairs, reveal important information about the
topology and geometry of the graph. For example, similar to the original Euclidean
p-Laplacian and graph linear Laplacian, the p-Laplacian on graphs has some impor-
tant relations to Cheeger cut problem and shortest path problem on graphs. Just as
the Laplacian matrix which has been successfully used in diverse areas, the graph
p-Laplacian has been also widely used in various applications, including spectral
clustering [10,32,55,56], data and image processing problems, semi-supervised learn-
ing and unsupervised learning [35, 55, 56]. Much recent work has shown that algo-
rithms based on the graph p-Laplacian perform better than classical algorithms based
on the linear Laplacian in solving these practical problems in image science.

The theoretical aspects of p-Laplacians on graphs and networks are still not well
understood due to the nonlinearity. Among several progresses in this direction,
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a remarkable development is that the second eigenvalue has a mountain-pass char-
acterization and it is a variational eigenvalue which satisfies the Cheeger inequality
[3, 10]. Another important result is the nodal domain count for graph p-Laplacians,
including an interesting relation that connects the nodal domains of the p-Laplacian
and the multi-way Cheeger constants on graphs [49]. For the limiting case p = 1,
the spectral theory for graph 1-Laplacian was proposed by Hein and Biihler [32] for
1-spectral clustering, and was latter studied by Chang [13] from a variational point of
view. For example, Cheeger’s constant, which has only some upper and lower bounds
given by the second eigenvalues of p-Laplacians with p > 1, equals the second eigen-
value of graph 1-Laplacian [13,32]. Moreover, any Cheeger set can be identified with
any strong nodal domain of any eigenfunction corresponding to the second eigenvalue
of graph 1-Laplacian.

To some extent, nodal domain theory provides a good perspective for under-
standing the spectrum of graph p-Laplacians. Indeed, various versions of discrete
nodal domain theory have been developed in different contexts. A very useful context
should be the signed graphs, whose spectral theory has led to a number of break-
throughs in theoretical computer science and combinatorial geometry, including the
solutions to the sensitivity conjecture [34] and the open problems on equiangular
lines [11,36,37]. In addition, signed graphs have many other practical applications on
modeling biological networks, social situations, ferromagnetism, and general signed
networks [4, 5, 31]. Therefore, it should be natural and useful to develop a general
spectral theory that includes nodal domain theorems on signed graphs. Along this
line, Ge and Liu [30] provided a definition of the strong and weak nodal domains
on signed graphs, which is compatible with the classical one in [22] on graphs. They
also obtained sharp estimates of the number of strong and weak nodal domains for
generalized linear Laplacian on signed graphs. We notice that estimates of strong
nodal domains on signed graphs has been established in an earlier work of Moham-
madian [43], see [30, Remark 3.12]. For more details and historical background of
nodal domain theory, we refer the readers to [30]. We particularly mention that the
results in Fiedler’s classical 1975 paper [26] can be considered as nodal domain the-
orems on signed trees (see [30, Section 5]). In 2013, Berkolaiko [8] and Colin de
Verdiere [18] computed the nodal count of edges on signed graphs by allowing the
signs of each edge to become complex. See Remark 2.2 for more detailed comments.

The combination of signed versions and nonlinear analogs of nodal domain theo-
rems is the main focus of this paper. To the best of our knowledge, the p-Laplacian
on signed graphs has not been well studied. A related research was given in [38]
for p-Laplacians on oriented hypergraphs, which includes the p-Laplacian on signed
graphs as a special case. However, that paper does not focus on the nodal domain
property, so there are no sufficiently in-depth results on nodal domain theorems for
p-Laplacians on signed graphs.
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In this paper, we systematically establish a nodal domain theory for p-Lapla-
cians on signed graphs, which unifies the ideas and approaches from these recent
works [23, 30,38, 49]. Based on our nodal domain estimates, we also obtain a higher
order Cheeger inequality that relates the variational eigenvalues of p-Laplacians and
Atay-Liu’s multi-way Cheeger constants on signed graphs [6]. Although these results
appear to be formally similar to that in [23,49], there are several key differences in
both results and approaches. First, our upper bounds for the number of dual nodal
domains for p-Laplacians on signed graphs are new, and the proof relies heavily on
the intersection property of Krasnoselskii genus. In particular, for p > 1, the estimate
of the number of dual weak nodal domains, and the bound on the number of dual
strong nodal domains of the k-th eigenfunction with minimal support, further require
the odd homeomorphism deformation lemma in Struwe’s book [48]; while the case
of p = 1 should be treated separately by using the localization property. It is worth
noting that a cautious analysis gives us a stronger result for the signed 1-Laplacian
case, which is also new for graph 1-Laplacian. Second, the approach we use to obtain
the lower bound estimates for the number of strong nodal domains, further relies on
a duality argument by considering the quantity &(f) 4+ &(f), which is similar to
the linear case in [30], but the nonlinear estimate requires more subtle techniques.
Third, the k-way Cheeger inequality connecting variational eigenvalues of p-Lapla-
cians and Atay-Liu’s k-way Cheeger constants on signed graphs is essentially new,
although the proof is not difficult for anyone who is familiar with analysis or spec-
tral graph theory. Interestingly, this result also reveals that variational eigenvalues
of the 1-Laplacian on signed graphs are very closely related to certain combinato-
rial quantities on signed graphs. Fourth, it should be noted that many of the nodal
domain properties of p-Laplacians are different on graphs of different signatures.
For example, on a balanced graph, the second eigenfunction has exactly two weak
nodal domains (see [23]), which is not always the case on an unbalanced graph,
see Example 3.1. Very interestingly, we prove a nonlinear Perron—Frobenius theorem
for p-Laplacians on antibalanced graphs, that is, the eigenfunction corresponding to
the largest eigenvalue is positive everywhere or negative everywhere. Moreover, the
eigenfunction corresponding to the largest eigenvalue is unique up to a constant mul-
tiplication. However, this does not hold for p-Laplacians on balanced graphs.

Even on the usual graphs, our theorems directly derive at least two new results.

* Any eigenfunction corresponding to the k-th variational eigenvalue Ax (such that
Ak > Ag—1) of the graph 1-Laplacian with minimal support has at least k + r — 2
zeros, where r is the variational multiplicity of A, (see Theorem 4). Recall Sturm’s
oscillation theorem, which says that the k-th eigenfunction of the second-order
linear ODE has exactly (k — 1) zeros. Our result actually shows that the k-th
variational eigenfunction of the graph 1-Laplacian with minimal support has at



C. Ge, S. Liu, and D. Zhang 940

least (k — 1) zeros. Therefore, in a sense, we are actually building a weak version
of Sturm’s theorem for the graph 1-Laplacian.

*  When p > 1, there are no other eigenvalues between the largest and the second
largest variational eigenvalues of the graph p-Laplacian on connected bipartite
graphs (see Corollary 5.1). This new phenomenon can be seen as a dual version
of the classic result that there are no other eigenvalues between the smallest and
the second smallest variational eigenvalues of the graph p-Laplacian.

The paper is structured as follows. In Section 2, we collect preliminaries on
p-Laplacians and signed graphs, particularly on the continuity and switching prop-
erty of p-Laplacian spectrum of signed graphs. In Section 3, we present the upper
bounds of strong and weak nodal domains for p-Laplacians on signed graphs, and
discuss the related nodal domain properties on forests. In Section 4, we show multi-
way Cheeger inequalities related to strong nodal domains involving p-Laplacians on
signed graphs. In Section 5, we establish a nonlinear Perron—Frobenius theorem for
the largest eigenvalue of the p-Laplacian on antibalanced graphs. In Section 6, we
develop the interlacing theorem which is a signed version of Weyl-like inequalities
proposed in [23]. Finally, we show lower bound estimates for the number of strong
nodal domains in Section 7.

2. Preliminaries

To explain the interesting story clearly, let us present our setting and notations in this
section.

Let G = (V, E) be a finite graph with a positive edge measure w: E — R™T, a
vertex weight u: V = {1,2,...,n} — R™ and a real potential function «: V — R.
In this paper, we work on a signed graph I' = (G, 0) with an additional signature
o:E — {—1,1}. We use C(V) to denote the set of all the real functions on V', and we
always identify C (V) with R”, i.e., C(V) = R". We denote w({x, ¥}), k(x), u(x)
and o ({xy}) by Wxy, kx, x and o,y for simplicity. We assume p > 1. Let ,:R - R
be defined as @, (1) = |¢|?72¢ if 1 # 0 and ®,(r) = 0if 1 = 0. We also write x ~ y
when {x, y} € E. For p > 1, the signed p-Laplacian A7: C(V)) — C(V) is defined
[3,23] by

AGF() =) way®p(f(¥) =0y f(1)) + kxPp(f(x)), x €V, feCV).

y~x

A nonzero function f:V — R is an eigenfunction of A7 associated with the eigen-
value A if the following identity holds

A7 f(x) = Aux®p(f(x)) forallx € V.
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The signed 1-Laplacian A [13] is a set-valued map defined by

A?f(x) = { Z WxyZxy + KxZx:Zxy € Sgn(f(x) — nyf(y))v
y~x

ny e —O'xyZyx, Zx € Sgn(f(x))}’

in which
{1} ift > 0,
Sgn(t) := 4§ [-1,1] ift =0,
{—1} ift <O0.

We always use Sgn to denote the above set-valued sign function. And we use sgn to
denote the usual sign function as follows

1 ifr >0,
sgn(t) ;=40 ifr =0,
1 ift <O.

For a nonzero function f:V — R, we say that it is an eigenfunction of A{ corre-
sponding to an eigenvalue A € R if

AT f(x) N Apx Sgn(f(x)) # 0, forallx €V,
or equivalently, the differential inclusion
0e€ A f(x) — Auyx Sgn(f(x)) forallx € V

holds in the language of Minkowski sum of convex sets.
We will also discuss eigenfunctions with minimal supports (see Theorem 4 in the
next section).

Definition 2.1. For any function g: V' — R, define supp(g) := {x € V:g(x) # 0}.
Let f be an eigenfunction of A7 corresponding to A. We say f* has minimal support
if for any eigenfunction g of AJ corresponding to A with supp(g) C supp(f), we

must have supp(g) = supp(f).

Definition 2.2 (Switching). A function 7 is called a switching function if it maps from
V to {41, —1}. Switching the signature of I' = (G, 0) by t refers to the operation of
changing o to be 0¥ where

Oy i=T(X)0xyT(y)

for any {x, y} € E.
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Definition 2.3. Two signed graphs I' = (G, 0) and T'" = (G.0”) are switching equiv-
alent if there exists a switching function t such that 0’ = ¢°.

Next, we define balanced and antibalanced graphs. The definition given below is
equivalent to the original one by Harary [31] due to Zaslavsky’s switching lemma [53].

Definition 2.4. A balanced (resp., antibalanced) graph is a signed graph which is
switching equivalent to a graph whose edges are all positive (resp., negative).

Remark 2.1. For k = 0, A7 is the usual p-Laplacian on signed graphs.

For 0 = +1, Ag is nothing but the usual p-Schrédinger operator on graphs.
It is known that the graph p-Schrédinger eigenvalue problem covers the Dirichlet
p-Laplacian eigenvalue problem on graphs, see, e.g., [33].

For p = 2, A§ reduces to an arbitrary symmetric matrix by taking certain param-
eters w, o, i and k.

Before giving the following definition, we recall that a set S in a Banach space is
centrally symmetric if § = —S where —S := {—x:x € §}.

Definition 2.5 (Index). The index (or Krasnoselskii genus) of a compact centrally
symmetric set S in a Banach space is defined by

52 10 ifS =0,
yiS)= min{k € Z*:3 odd continuous #: S — R¥} if S # 0.

If, in the above, {k € Z™:3 odd continuous /: S — Rk} = J, we set
min{k € Z%:3 odd continuous h: § — R¥} = ooc.

The following proposition can be found in [48, Proposition 5.2].

Proposition 2.1. For any bounded centrally symmetric neighborhood 2 of the origin
in R™, we have y(0Q2) = m.

Let
$p(V) = {f € COVY: Y- mal FIIP = 1},

xeV

and let
Fr(Sp(V)) ={A C 5,(V): A is compact centrally symmetric and y(A4) > k}.
For convenience, we omit the symbol V' if no confusion arises, e.g.,

Sy = S,(V),  Fi(Sp) := Fi(S,(V)).
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Denote by

2 txyrel Wyl (%) = oxy fOD)IP + kx| f(X)]7
D xev Mx| f(X)IP

the p-Rayleigh quotient. The Lusternik—Schnirelman theory allows us to define a
sequence of variational eigenvalues of A7:

Ry (f) =

M(A%):= inf sup R2(f), k=1,2,...,|V]|.
P Se:ﬁ(sp)feg nJ vl
Moreover, each variational eigenvalue is an eigenvalue of A7.

It is worth noting that there does exist graphs with non-variational eigenvalues, see
[3, Theorem 6]. It is proved in [23, Theorem 3.7] that forests admit only variational
eigenvalues.

Definition 2.6 (Eigenspace). The eigenspace X, (A7) of A7 corresponding to an
eigenvalue A is the subset of §, consists of the all eigenfunctions corresponding to A.

The multiplicity of an eigenvalue A of A7 is defined to be y(X;(A7)), and we
shall denote it by multi(A(A%)). In this paper, we write A to denote Ax (A7), if it is
clear.

Definition 2.7 (Variational multiplicity). For a variational eigenvalue A of A9, its
variational multiplicity is defined as the number of times A appears in the sequence
of variational eigenvalues. We will denote it by multi, (A(A7)).

It is known that for any variational eigenvalue, its variational multiplicity is always
less than or equal to its multiplicity [48, Lemma 5.6].

Definition 2.8 (Nodal domains [30, Definitions 3.1-3.4]). Let " = (G, o) be a signed
graph and f:V — R be a function. A sequence {x; }§=1 of vertices is called a strong
nodal domain walk of f if x; ~ x;+1 and f(X;)0x;x; ., f(xi+1) > O for each i =
1,2,...,k—1.

A sequence {x; }f.‘zl,
if for any two consecutive non-zeros x; and x; of f,i.e., f(x;) # 0, f(x;) # 0, and
f(x¢) =0foranyi < £ < j, it holds that

k > 2 of vertices is called a weak nodal domain walk of f

f(xi)axixl-+1 -+ Oxj_qx; f(xj) > 0.

We remark that every walk containing at most 1 non-zero of f is a weak nodal domain
walk.
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Let Q = {x € V: f(x) # 0} be the set of non-zeros of f.

®

(ii)

Define an equivalence relation X on Q as follows. For any x,y € Q, x L y
if and only if x = y or there exists a strong nodal domain walk connecting
x and y.

We denote by {S;}75, the equivalence classes of the relation L on Q. We
call the induced subgraph of each S; a strong nodal domain of the func-
tion f. We denote the number n g of strong nodal domains of f by &(f).

Define an equivalence relation % on § as follows. For any x,y € Q, x X y
if and only if x = y or there exists a weak nodal domain walk connecting
x and y.

We denote by {W;}’?, the equivalence classes of the relation X on Q.
We call the induced subgraph of each set

WP := W; U{v € V: there exists a weak nodal domain walk
from v to some vertex in W;}

a weak nodal domain of the function f. We denote the number ny of weak
nodal domains of f by ( f).

Note that {W,}:'Z’l is a partition of Q := {x € V: f(x) # 0}. And Wi0 is obtained
by adding some zeros to W;.

Next, we give two examples to illustrate this definition.

Example 2.1. We consider the signed graph I' = (G, o) which is shown in Figure 1.
The corresponding signed Laplacian is given as below

10100
01 100
Ag=111 411
001 11
00 1 11

By numerical computation, we have the eigenvalues of A§

A =0<A,~0238 <Az =1=<2A4 ~1.637 <As5 =~ 5.125,

and the corresponding eigenfunctions

fi=1(0,0,0,—1,1)7T,

f» ~ (2.313,2.313,-1.762, 1, )T,
f3=(—1,1,0,0,0,0)7,

fa ~ (—0.517,—-0.517,—0.363,1, )T,
fs ~ (0.758,0.758,3.125,1, 1) 7.
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Figure 1. T = (G, 0).

In Table 1, we list the strong and weak nodal domains of each eigenfunction. Notice
that we only provide vertex subsets. The strong and weak nodal domains are the
induced subgraphs of those vertex subsets.

Eigenfunction Strong nodal domain Weak nodal domain

fi (4,5 {1,2,3,4,5)

b {1,2,3,4,5) {1,2,3,4,5)

J2 (13,42} {1,2,3,4,5)

Ja {1{2}.3.4.5} {1}{2}.{3.4.5}

s {13423 35 {4145} {11.{2).{3}.{4}.{5}

Table 1. Strong and weak nodal domains.

It is worth noting that for the eigenfunction f3, vertices 1 and 2 lie in the same
weak nodal domain because 1| - 3 — 4 — 5 — 3 — 2 is a weak nodal domain walk.

Example 2.2. We consider a signed star graph I' = (G, o) depicted in Figure 2 and
its signed Laplacian matrix:

5

I
_ =
R R
c o~ o =
o= o o =
-0 o o =

The eigenvalues of M are Ay =0 < A, = A3 = A4 = 1 < A5 = 5. We consider
the eigenfunction f = (0, 1, 1,—1, —1) corresponding to A,. It is direct to check that
there are 4 strong nodal domains of f. Next, we investigate the weak nodal domains.
Observe that 3 — 1 — 2 and 4 — 1 — 5 are both weak nodal domain walks of f.
And there are no weak nodal domain walks between {2, 3} and {4, 5}. Using the
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Figure 2. The signed star graph.

notation of Definition 2.8, we have W = {2, 3} and W, = {4, 5}. Furthermore, we
have W = {1,2,3} and W) = {1,4,5}. Thatis, f has two weak nodal domains.

Now, we recall two propositions from [30, Propostions 3.16 and 3.17] which will
be useful later in the proof of Theorem 3.

Proposition 2.2. Let { Di}?=1 be the all weak nodal domains of a non-zero function
f onasigned graph T = (G,0). Let Gp = (Vp, Ep) be the graph given by
Vp = {Di}q and Ep := {{Di, Dj}i D; ~ Dj},

i=1’

where D; ~ D; means that there exist x € D; and 'y € D; such that x ~ y. Then, if
the graph G is connected, so does the graph Gp.

Proposition 2.3. Let f be a non-zero function on a signed graph I' = (G, o). Then
for any three weak nodal domains D1, D,, D3 of f, we have D1 N D, N D3 = @.

Remark 2.2. Another way to study the discrete nodal domains is to consider the
edges instead of vertices. Given a function f, define two edge sets E™ = {{x,y} € E:
JS(xX)oxy f(¥)>0}, E-={{x,y}€E: f(x)ox, f(y) <0} and a vertex set Vo={x€V:
f(x) # 0}. Then the number of strong nodal domains of a function f is equal to the
number of connected components of the graph I'' = (G’, 0’) where G’ = (Vy, E™)
and 0, = oxy forany {x,y} € E *. Mohammadian [43] proved the upper bound of
the signed strong nodal domains by considering the graph I'’. When f is a generic
eigenfunction, i.e., f is simple and non-zero on every vertex, the set £~ is regarded
as the nodal set of f, and the cardinality of £~ is called the nodal count of f. The
properties of nodal count have been studied in, e.g., [2,7, 8, 18]. The nodal count of
signed Laplacian plays an important role in the extension of the Nodal Universality
Conjecture from quantum graphs [1] to discrete graphs [2].

We use G(f) (resp., W(f)) to denote the number of strong (resp., weak) nodal
domains of f with respect to (G, —0o).
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The perturbation theory plays an important role in studying of the properties of
linear operators [40]. The following proposition is about the perturbation theory of
eigenvalues of p-Laplacian. To state the proposition, we first recall the definition of
upper hemi-continuity of set-valued maps.

Definition 2.9. Let X and Y be metric spaces. A set-valued map F: X — P (Y),
where #(Y) stands for the collection of all subsets of Y, is called upper hemi-
continuous at x € X if for any neighborhood U of F(x) in Y, there exists n > 0,
such that for any x’ € Bx(x,n) := {z € X:dx(x,z) < n} where dy is the metric of
X, wehave F(x") CU.ltis said upper hemi-continuous if it is upper hemi-continuous
at any point of X.

Proposition 2.4. The k-th variational eigenvalue is continuous with respect to
(w, ke, 11) € (0, +00)" x RV x (0, +00)"".

Moreover, the multiplicity and variational multiplicity of the k-th variational eigen-
value are both upper semi-continuous with respect to (w, k, L) and the corresponding
eigenspace is upper hemi-continuous with respect to (w, k, |t). In particular, the set of
the parameters (w, k, j1) such that Ax (A7) has multiplicity 1 is open in (0, +00)E x
RY x (0, +00)Y. Similarly, the set of the parameters (w, k, j) such that the varia-
tional multiplicity of Ax(Ap) is 1 is also open in (0, +00)E xRY x (0, +00)".

Proof. Since R} is locally Lipschitz continuous with respect to
(W&, . f) € (0. +00)F x RY x (0. +00)" x (R" \ {0}),
it is easy to show that the k-th variational eigenvalue

Ar = inf sup R¢ = min maxR?
k Sefk(sp)fgg » (/) Seﬁk(s,,)feg » (/)

is continuous with respect to (w, k, ().

First, we prove the upper semi-continuity of the variational multiplicity. Let r be
the variational multiplicity of Ax (A7 [wo, ko, o]), where (wo, ko, (o) € (O, +00)E x
RY x (0, +00)". Without loss of generality, we assume that

Aie—1 (A7 [wo, ko, o]) < Ak (A7 [wo, ko, to])
and

Ae+r—1(Ap [wo. ko, po]) < Ak+r(Ap[wo, Ko, fo])-
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By continuity, the above two inequalities hold in an open neighborhood U of (wy, ko,
to). Therefore, the variational multiplicity of Ax(A7[w, &, u]) with (w,«k, pn) € U
is equal to or less than r. This proves the upper semi-continuity of the variational
multiplicity.

Next, we prove the upper semi-continuity of the multiplicity. Let Xz (w,«, ) C Sp
be the collection of all normalized eigenfunctions corresponding to the k-th
variational eigenvalue of A7 with the parameter (w, k, ). We first verify that the
eigenspace Xy (w, k, i) is upper hemi-continuous with respect to (w, «, it). Suppose
the contrary, that there exists &g > 0 such that there exists a sequence (o', k', ')
converges to (w,k, i) asi — +00, but Xi (o', k?, u?) is not included in the £-neigh-
borhood B, (Xx (@, &, 1)) of X (w, k, ). That is, we can take f% € Xg (o', k%, pu') \
Beo (Xk (@, K, 1)), forany i > 1. Since f* € §,, by the compactness, there exists a sub-
sequence, still denoted by { f?};>1, converging to a limit f € S, \ B¢, (Xg(, K, 1t)).
Since f? is an eigenfunction corresponding to the k-th variational eigenvalue
Ak (A [w!, k%, u']) of A7 [w!, k?, u'], we have the eigen-equation

Aple’ et 1 f1 = Aa(AG o't 1)) - 1 @ (f).

Taking i — 400, we have AT [w,k, u] f = Ak (A7 [w, k, u]) - u®p (f), which implies
that f is an eigenfunction corresponding to Ax (A7 [w, k, u]). Thus, f € Xy (v, &, ),
which contradicts to the fact /' € §, \ Bg, (X (0, K, ).

By the monotonicity and continuity of the index function y ([48, Proposition 5.4]),
we have

multi(Ax (Ap[w’, &, ') = y(Xx (', &, 1) < yBe(Xi(w, &, 1))
= y(Xi(w, k, w)) = multi(A (A7 [w, k., 1)),

where B.(Xg(w, k, ) denotes the e-neighborhood of Xj(w, «, i), and where
multi(Ag (A7 [w, k, u])) indicates the multiplicity of the k-th variational eigenvalue
of A7 with the parameter (w, «, 14). This implies that

{(w. e, ) multi(Ar (A7 [w. k. 1)) < C}

is an open subset of (0, +00)% x RY x (0, 4+00)", for any constant C > 1. Hence, the
multiplicity of the k-th variational eigenvalue is upper semi-continuous with respect
to (w, k, (). [

In the linear case, we know that if (G, o) and (G, 6) are switching equivalent with
the same edge measure, vertex weight and potential function, then the spectrum of
AJ coincides with that of A‘;’ . The following proposition shows this fact still holds
for the nonlinear case.
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Proposition 2.5. Let (G, o) and (G, G) be two signed graphs with the same edge
measure, vertex weight and potential function. If & is switching equivalent to o, then
the spectrum of Ag coincides with the spectrum of Ag. Moreover, the variational
spectra of Ay and Ay are the same.

Proof. Suppose ¢ := o7 for some switching function 7: V — {—1, +1}. By direct
computation, we derive that (A, f) is an eigenpair of A7 if and only if (A, 7f) is
an eigenpair of Agr. Therefore, the set of eigenvalues of A7 agrees with the set of
eigenvalues of Agr.

Note that for any centrally symmetric subset X C §, of index k, - X := {tf
f € X} is also a centrally symmetric subset of index k. For any eigenvalue A of A,
itis clear that 7 - X, (A7) is nothing but the collection X, (Agt) of the eigenfunctions
corresponding to the eigenvalue A of AZT. Hence, the multiplicity of the eigenvalue
A of A7 coincides with the multiplicity of the eigenvalue A of Agf. In summary, we
obtain that the spectra of A7 and Agt coincide.

Finally, we focus on the variational eigenvalues. It is direct to check that y(A4) =
y(t - A) for any centrally symmetric subset A. And for any minimizing set A with
respect to Ay (Agr), T - A is a minimizing set with respect to Ax(A7). It then follows
from the fact RS (f) = R (zf) that Ax(AT") = A (A9). "

3. Nodal domain theorems

In this section, we prove nodal domain theorems for p-Laplacians on signed graphs
and discuss several applications. Let ' = (G, o) be a signed graph with G = (V, E),
and let

A=Ay < S Ay-1 S Ay

be the variational eigenvalues of A7. For ease of notation, we denote n = [V|.
For any eigenfunction f corresponding to A, we prove the following upper bounds
for the quantities S( 1), W(f), S(f) and WW( f).

Theorem 1. For p > 1, if A < Ag41, then we have W(f) < &(f) <k.
Theorem 2. For p > 1, if A > Ay, then we have B(f) < &(f) <n —k.
Theorem 3. For p > 1, if A = Ay and

A S S o1 <Ak = Ak =0 = Aot < Akgr <000 S Ag,
then we have

W(f)<k+c—1and W(f)<n—k—r+c+1,

where c is the number of connected components of G.
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Theorem 4. For p > 1, if A = A where
AL S S Ak—1 <Ak = Aggr = = Apgr—1 < Apgr 000 S A,
and the corresponding eigenfunction f has minimal support, then we have
G(f)<k and &(f) <n—k—r+2.

In addition, when p = 1, and f has minimal support, we further have that S(f) = 1.
Moreover, when the graph is balanced, the number of zeros of f is at leastk + r — 2.

Let us first remark on the estimates of G( f) (resp., T( f)), i.e., the number of
strong (resp., weak) nodal domains of f with respect to (G, —o). In the linear case,
if f is an eigenfunction of the signed Laplacian A§ corresponding to A, then it is
also an eigenfunction of —A§ corresponding to —A. Since —A§ can be considered
as a signed Laplacian of the graph (G, —o) (with a suitable choice of the potential
function), the upper bound estimates of G( f) and T( f) follows directly from the
signed nodal domain theorem [30, Theorem 4.1]. However, in the nonlinear case,
when f is an eigenfunction of A7, f may not be an eigenfunction of A anymore.
It is an interesting question to ask whether there are still upper bound estimates of
&(f) and W( f) or not. Theorem 2, Theorem 3 and Theorem 4 above answer this
question positively. Intriguingly, these upper bound estimates will be very useful in
the proofs of our later results, including Theorem 5, Theorem 6 and Theorem 9.

Those above upper bounds can be regarded as discrete versions of the Courant’s
nodal domain theorem [19, 20] proved in the 1920s. Cheng [15] studied Courant’s
theorem on Riemannian manifolds. The study of discrete nodal domain theorems for
linear Laplacians on graphs dates back to the work of Gantmacher and Krein [29]
in the 1940s and the work of Fiedler [25-27] in the 1970s. Van der Holst [50, 51]
proved that the second eigenfunction f; induces 2 strong nodal domains if it has min-
imal support. Duval and Reiner [24] studied the discrete nodal theorems of higher
eigenfunctions. In 2001, Davies, Gladwell, Leydold and Stadler [22] established the
discrete nodal domain theorems for generalized Laplacians. There are amount of
works about discrete nodal domain theorems for linear Laplacians, see, e.g., [7, 9,
17,28,42,45,46]. The extensions to linear Laplacians on signed graphs have been
discussed in [30, 38,43], while the extensions to nonlinear Laplacians on graphs have
been carried out in [14,23,49].

Those above results unify many results on the upper bounds of the number of
nodal domains for p-Laplacians on graphs and signed graphs, including [30, Theo-
rem 4.1], [38, Theorem 5.4] for signed graphs, [49, Theorem 3.4 and Theorem 3.5]
for graphs. Moreover, the inequality (see [38, Theorem 5.3 ] and [39, Theorem 2.2])

N(f) <min{k +r—1,n—k +r},
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where N(f) stands for the number of connected components of the support of f,

becomes a direct consequence of these results, since we have () < min{&(f),

&)

We further point out that Theorem 3 cannot hold for the case p = 1, even for

balanced signed graphs. A counterexample is given in [14, Example 10].

For the proofs of these theorems, we prepare two lemmas. The first one has been

established in [3,38,49].

Lemma 1. Lett,s,a, b be real numbers. Then, we have for p > 1

|ta + sb|? > (|t|Pa + |s|Pb)|a + b|P"%(a + b), ifab <0,
[ta + sb|? < (|t|Pa + |s|Pb)|a + b|P~2(a + b), ifab > 0.

Moreover, the equality holds if and only if
ab=0 or t=s

in both cases.
In the case of p = 1, we have for any z € Sgn(a + b),

|ta 4+ sb| > (t|a + |s|b)z, ifab <0,
|ta + sb| < (|t|la + |s|b)z, ifab > 0.

3.1

For any function g: V — R, we define [|g]|5 = Y.<y |§(x)|Pux for p > 1. We

will use the notation ) ;. := >, > ... ; for simplicity.

Lemma 2. For p > 1, let [ be an eigenfunction of Ag corresponding to an eigen-
value A. Set Z := {x € V: f(x) = 0}. Let V1,..., Vi be a partition of V \ Z. Let X

be the linear function-space spanned by f1, ..., fm where
f(x)’ l.fx € VA,
filx) = _ l
0’ l\fx ¢ Vi .

Then, forany g = Y i~ ti f; € X \ 0, we have
1
(R () =Mlgly = 5D > D weyGis(x.7).
i#j xeV; yeV;
where

Gij(x.y) = |ti fi(x) = oxyt; [ (V)P
= (11”7 fi(x) = oxy 817 £ (1)) Pp (fi (X) — 0y f5 (1))
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ifp>1l,andifp =1,
Gij(x,y) = [ti fi(x) — oxytj [ D] — (6] fi (X) — 0xy 8] f5 (¥))Zxy.
for some zx, € Sgn(f(x) —oxy f()).

Proof. We first compute for any p > 1 that
D ey lg(x) — o gI” + D Kxlg(x)]?

{x,y}€E xevV
1 m
=20 D wolti iP5 Y Y weylul” L) = oy i)
i=1xeV; yeZ i=1xeV; yeV;
1
+520 2 2 wolifit) —ony LI + ) klg@I?. (2)
i#j xeV; yeV; xeV

We next deal with the case p > 1. Employing the eigen-equation, we have for each
ie{l,...,m}

MANZ =AD" el O =D iAa®p(f(x) = Y fi(x)(AG f)(x)

xeV xeV xeV
=D i)Y wo®p(f(x) —oxy SO + Y kal S(X)IP
xeV; y~x xeV;
1
= Z Z wxy|fi(x)|p + 5 Z Z wxy|fi(x) _nyfi(Y)lp
xeV; yeZ xeV; yeV;
+ 303wy OB/ =0y ) + I al i1
x€V; yeV; x€eV;
J#

Consequently, we obtain

Mgl =21l f£12
,;=1
=33 S wnlal? i)l

i=1x;€V; yeZ

+ % S w6121/ () — 0wy i)

i=1xeV; yeV;

F2 0T S w1 i) — ol D@ (i) 0y f5(7)

i#j x€V; yeV;

+ Y0 kelul PSP (33)

i=1xeV;
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Combining (3.2) and (3.3), we get

D wiplg(n) — oy gIP + Y kelg ()P = Allgllp

{x,y}eE xeVvV

= T Y wa Gy,

i#jxeV; yeV;
where
Gij(x,y) = |t: fi(x) — oxyt; [ (V)P
— (|17 fi (X) = 0xy |17 £ () Pp (i (X) = 0y £ (¥))-

This completes the proof for the case p > 1.
Finally, we discuss the case p = 1. By definition, we have

AT f(x) N0 Apex Sgn(f (x)) # 0.

for any x € V. Hence, there exist zx, € Sgn(f(x) — 0xy f(¥)), Zxy = —OxyZyx,
zx € Sgn(f(x)) and z; € Sgn(f(x)) such that 3, WxyZxy + kxZx = Apixz}, for
any x € V.Foranyi € {1,...,m}, we compute
MAl =2 Y el i) = Y ez = 3 AEO( D weyzey + ez
x€V x€V xevV y~x
=D L)Y wepza + Y kel £
x€V; y~x x€V;
1
= Z Z Wyl f(X)] + 5 Z Z Wxy | fi(xX) = 0xy fi (V)]
x€V; yeZ xeV; yeV;
+ Z Z wxyfi(x)zxy + Z kx| f(x)].
x€V; yeV; xeV;
JF#i

Consequently, we derive

m
Mgl =AY lall fill
i=1

> Y woli i@l + 530 Y Y il i) 0y )]

i=1x;€V; yeZ i=1x€eV; yeV;

N T w0 — ol 50Dz

i#] x€Vi yev;

0D kel £ (34)

i=1xeV;
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Combining (3.2) and (3.4) yields

> wiylg() — axyg ()] + Y kxlg ()] — Allglls

{x,y}eE xevV

— I Y S Gy,
2

i#j xe€V; yeV;
where
Gij(x,y) = |ti fi(x) = oxytj i W) = (1 [ fi () — 0y |71 £j (V) Zxy -
This completes the proof for the case p = 1. ]

We are now well prepared for the proof of Theorem 1.

Proof of Theorem 1. By definition, we have B8( ) <&( f). Next, we prove &( f)<k.
Suppose that f has m strong nodal domains on I' = (G, ¢) which are denoted by

Vi,..., Vin. Consider the linear function-space X spanned by f1, ..., fm, where f;
is defined by
f(x), ifxelV,
fitx) = , ’
0, if x € V.
Since V71, ..., V;, are pairwise disjoint, we have dim X = m. Then we can use Propo-

sition 2.1 to get
y(X NS, =m.

We claim that R7(g) < A for any g = YUt tifi € X\ 0. Indeed, we have by

Lemma 2,
1
(RE@ = Dlglf =53 > D weyGij(x.y).
i#j xeV; yeV;

Forany i # j, x € V; and y € V;, we take a = f;(x),b = —0xy, [;(¥), t =1
and s = ;. Because x and y lie in different strong nodal domains, we have ab =
—fi(x)oxy f;(y) > 0. Then we use Lemma 1 to get G;;(x, y) < 0. That is, we have
CHGEDS

By definition, we have

Am inf ~sup R7(g) < sup Ry(g) <A < Apr.

X'e€Fm(Sp) grex’ gexns,
This implies m < k. ]

In order to prove the upper bound of &( f) in Theorem 2, we recall the following
lemma from [44, Proposition 4.2.20].
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Lemma 3 ([44]). If X is a Banach space, Y is a finite-dimensional linear subspace
of X, py € £(X) is the projection operator onto Y, and A is a closed centrally
symmetric subset with y(A) > k = dim(Y'), then A N (Id —py )(X) # 0.

Proof of Theorem 2. By definition, we have W( ) < &( f). Next, we prove &(f) <
n—k.

As above, we suppose that f has m strong nodal domains on I'" = (G, —o) which
are denoted by 171, e 17,,,. Let X be the linear function-space spanned by f1,..., fm,
where f; is defined as follows

f(x), ifxeV,
filx) = , !
0, ifx € V;.
We first prove that R (g) > A for any g = Y'_ tifi € X\ 0. Indeed, we have
by Lemma 2,

(R~ Mgl = 333 3 way Gy ).

i#] xeV; yeV;

Foranyi # j,x € V;and y € V;, we take a = f;(x),b = —0yy fj(y) and t = t;,
s =tj. Because x and y lie in different strong nodal domains on I' = (G, —0o), we have
by definition ab = — f; (x)oxy f; (y) < 0. Then we use Lemma 1 to get G;; (x, y) > 0.
That is, we have R7(g) > A.

Notice that, by Lemma 3, X' N X # @ for any X’ € F,_+1(Sp). Then we have
by definition

An— = inf sup R (g’
n—m+1 X/an—m+1(3p)g’e§)(’ p(g)
> inf inf _R7(g")

T X E€Fu—m+1(8p) g’eX'NX
> inf R7(g) > A > Ag,
gex\0

which implies n —m + 1 > k, i.e., m < n — k. This completes the proof. [

To show the upper bounds of W( ) and W(f) in Theorem 3, we prepare the
following two lemmas. The first one is a reformulation of a related result by Hein and
Tudisco [49, Lemma 2.3]; The second one is a new result for estimating the number
of dual nodal domains. It is worth noting that any f € S, is a critical point of R}
corresponding to Ak if and only if it is an eigenfunction of A7 corresponding to A.
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Lemmad4. For p > landk > 1, let A* € F(S,) be such that

Ar = inf sup R? = sup R%(g).
€= e, Sub Rp(8) = sup p (&)

Then A* contains at least one critical point of Ry corresponding to Ak.

Proof. The proof follows the same line of that of [49, Lemma 2.3], with the only
difference being that the deformation lemma is used to construct an odd continuous
map to deform the minimizing set A*. |

Lemma 5. For p > 1 and k > 1, let X be a linear subspace of dimensionn — k + 1
such that

A = inf sup R? = inf R° = min R(g).
k Ae.?'k(Sp)geg p(g) gex\0 p(g) gexns, p(g)

Then X N Sp contains as least one critical point of R} corresponding to Ay.

Proof. We first concentrate on the case of p > 1. Suppose the contrary, that X N $,
has no critical points of R7 corresponding to Ax. Let K, (R7) be the set consists of
all critical points in §, of R corresponding to A. By definition, we know K, (R7)
is closed. By assumption, we have X N §, N K, (R7) = @. Then there exists a neigh-
borhood of K3, (Ry) denoted by N(Ky, (Rp)) such that

X N8, N N(Ky (RS)) = 0.

Since p > 1, §, is a C!>! manifold and Ry is smooth, we can apply [48, Theo-
rem 3.11] to derive that there exists an odd homeomorphism 6: §, — §, with

0(lg € Sp: Ry () = Ax — e} \ N(K;, (R}))) C{g € Sp: R, (8) = Ak + &},
where ¢ > 0 is sufficiently small. In particular, we have
0(Sp N X) C{g €Sp:Ry(8) = Ak + &} \ N(Kj, (Rp)).

Let A be a minimizing set corresponding to A;. We have y(A4) > k. Since 6 is an odd
homeomorphism, the inverse map 6~ is odd continuous. By the continuity property
of the index function y, we have y(8~1(A4)) > k. So, by the intersection property of
the index function y (see also Lemma 3), 671(A) N §, N X # @. Thus,

ANOGS, N X)=00"1A)NS,NX)#0.
Then, we obtain

Ar = sup R¢ > min R° > A+ ¢
k geg p(g)_gee(spmx) 5 (8) = Ak

which is a contradiction.
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For the case of p = 1, we consider the restriction &R |s,. Then [12, Remark 3.3]
implies that the generalized Clarke gradient d.R{|s,(g) restricted on §, is the set
{h—<(h,g)g:h € 0R{(g)}. By [16, Proposition 2.3.14], the Clarke derivative satisfies

i o T ) < 1 o T

gl gl
where TV(g) := ) 1, 1er Wxylg(x) — 0xyg(¥)| + kx[g(x)|. According to the facts

(g, A7g) =TV(g) and (g, 11 Sgn(g)) = [|g|l1, we have (g, 0RT (g)) =0,i.e., (g.h) =
0 for any & € d:RJ (g). So, we have

T Sents))

IRT|s,(g) = ORT(g) forany g € Ss.

That is, the set of critical points of K¢ with /2-norm one coincide with the that of the
restriction R |s,. We then apply [13, Theorem 3.1, Remarks 3.3 and 3.4] to deduce
that there is an odd homeomorphism 6: S, — S, with

0({g € $2: RT(g) = Ak — &} \ N(K3, (RY))) C {g € $2: R7(g) = Ak + ¢},

where ¢ > 0 is sufficiently small.

Let n: §; — S, be an odd homeomorphism defined as n(f) = f/|| f|l2. Then,
along the line of the proof for the case of p > 1, we derive for a minimizing set
A C 81 corresponding to Aj that,

Ak =sup R7(g) = sup R{(g) > min RT(g) > Ax +¢,
g€A gen(A) g€b(52NnX)

which is a contradiction. [

Proof of Theorem 3: upper bound of (). Suppose f has m weak nodal domains
which are denoted by Uy, ..., Uy,. Let Wy, ..., W, be the ¢ connected components of
the graph. Then, for any i € {1, ..., m}, there exists a unique / € {1, ..., c} such that
Ui C Wi.Forl =1,...,c, We denote by

I} ={ie{l,....m:U; C W}

the index set corresponding to W;. Then, we have |_|j_, I; = {1,...,m}.

We prove that by contradiction. Assume m > k + c. Let X be the linear function-
space spanned by f|u,...., flu, where fly, = fonU; and fly;, =0on V \ U;
forany 1 <i < m. Let X’ be the linear function-space spanned by f|w,,.... f|w.
where f|w, = f on W; and f|w, =0on V \ W; forany 1 < j < c. Similarly to
the proof of Theorem 1, we drive from Lemma | and Lemma 2 that

Ry (h) < A, forany h € X \ 0. (3.5)
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By definition, we have f|w, = }_;¢;, f|u;, and hence X' is a linear subspace of X.

We can have a decomposition X = X' @ Y. Since dim X = m > k + ¢ and

dim X’ = ¢, we derive dim Y > k, and hence, y(Y N §,) > k by Proposition 2.1.
According to the definition of variational eigenvalues, there holds

A = inf su RG/< max <‘R0/<l,
k Y’Eﬁk(sp)g/el;/ p(g)_g’eYﬂSp p(g)_ k

So, we have rr;axs Ry (g’) = Ak. By Lemma 4, there exists an eigenfunction
g'eYns,

m
g = Z[if|U,' €Y
i=1

corresponding to Ax. That is, the equality in (3.5) holds forh = g = Y7_  t; f|u, -
Let U; and U; be two adjacent weak nodal domains. If there exist xo € U; and
Yo € Uj such that {xo, yo} € E, f(x9) # 0 and f(yo) # 0, then we derive from the
condition (3.1) in Lemma 1 that #; = ¢;. If, otherwise, there exist xo € U; and yo € U;
such that {xg, yo} € E and f(x9) = 0, f(yo) # 0 or f(x¢) # 0, f(yo) = 0, then
we claim #; = ¢; still holds. Without loss of generality, we assume f(xo) = 0 and

Sf(yo) #0.

Indeed, since f and g are eigenfunctions, we have

Z Wxoy Pp(0xey f(¥)) =0 and Z Wixoy Pp(0x0y&(¥)) = 0. (3.6)

y~x y~x

We derive from Proposition 2.3 that every y ~ xg lies in either U; or U;. In fact, if
there exists y ~ xg such that y € Uy for some k # i, j, then we have xo € U; N U; N
Uy by definition of weak nodal domains and the fact f(x¢) = 0. This contradicts to
Proposition 2.3. From the equalities in (3.6), we obtain

Z Wxoy Pp(0xoy S (V) + Z Wxoy Pp(0xy () = 0,

yeU; yeU;
q)p(ti) Z wxochp(UxOyf(y)) + q)p(tj) Z wxqu)p(axoyf(y)) =0,
yeU; yeU;
and’ hence,
(p (1) = D)) Y Wxgy Pp(0ey f() = 0. 3.7)
yeu;

By definition of weak nodal domain walk, for any y, y’ € U; with {xo, y},{xo,y'} € E,
we have

(Ox0y (1) * (003 f (1) = f(¥)Oyx0xy f(¥) 2 0
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and f(yo) # 0, which implies that

Z wxqu)p(oxoyf(y)) = waoylf(y)lp_z(axoyf(y)) ?é 0.

yeU; yeU;

Thus, we derive from (3.7) that ®(¢;) — ®(¢;) = 0, which yields #; = ¢;.
In conclusion, we have #; = #; whenever U; and U; are adjacent. Thus, in each
connected component W}, we use Proposition 2.2 to get f; = ¢; whenever i, j € I;.

But this implies ¢ € X’ \ 0, which is a contradiction with g € Y. This completes the
proof of W(f) <k +c—1. ]

Next, we prove the upper bound of B ( f).

Proof of Theorem 3: upper bound of T( f). Suppose f has m weak nodal domains
which are denoted by Uy, ..., U,, with respect to the opposite signed graph (G, —0).
Suppose, to the contrary, that m > n —k —r + ¢ + 2. Let {W,-}f=1 be the con-
nected components of G. For any 1 <i <m, let f |l7i be the function that equals
f on U; and zero on V \ U;. Define X to be the linear function-space spanned by
flg,s---+ flg,-Forany 1 < j <c¢,let f |W be the function that equals f on W;
and equals zero on V' \ W Define X’ to be the linear function-space spanned by
Slwys oo fly,. As above, X’ is a linear subspace of X and we can have a decom-
posmon X X'@Y.SincedimX >n—k —r + ¢ +2and dim X’ = ¢, we have
dimY >n—k —r +2.
Following the same line of the proof of Theorem 2, we drive from Lemma 1 and
Lemma 2 that
Ry (h) > A, foranyh € X\o. (3.8)

Observe by Lemma 3 that A NY # @ for any A € F1,—1(S,). Then we prove that

A = Ajgr—1 = inf sup R7
+r—1 AT ir1(50) g/ 611)4 (g)
> inf inf _R7(g")

A€Fy1r—1(8p) g’cANY
> 1nf R"(g) > Ak,
gey

So, the above inequalities hold with equalities. In particular,

min R7(g") = Ak.
g’eY\0

Then, Lemma 5 implies that there exists an eigenfunction g = Y 7, f; f lg, € Y with
R7(g) = Ak. That is, the equality in (3.8) holds for h = g = > i flg,-

Along the same line of the proof for W( /) < k 4+ ¢ — 1, we get a contradiction
that the nonzero function g belongs to both X’ and Y, which completes the proof. m
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In the following, we prove Theorem 4. For the p = 1 part of Theorem 4, we show
the following lemma.

Lemma 6 (Localization property of 1-Laplacian). Let (A, f') be an eigenpair of AY.
Then, for any strong nodal domain U of f, and any ¢ > 0 such that {x € U: f(x) > c}
or{x € U: f(x) < —c} is nonempty, both f|y and 1(xev: f(x)>c} — lixeU: f(x)<—c}
are eigenfunctions corresponding to the same eigenvalue A of AY.

In addition, if f has minimal support, then f has only one strong nodal domain,
denoted by U, and [ must be in the form of t(14 — 1p) for some t # 0 and some
disjoint subsets A, B with AU B = U. Moreover,

X3 (A7) N{g € C(V):supp(g) C AU B} C{lgs—1p:A'UB = AU B}
is a finite set with index 1.

Proof. Set fu. = lixeu: f(x)>c} — l{xeU: f(x)<—c}- First, it is straightforward to ver-
ify that

Sgn(f(x) —oxy f(¥)) C Sgn(flu(x) —oxy flu(y))
C Sgn(fU,c(x) - O—xny,c(Y))

and
Sgn(f(x)) C Sgn(f|u(x)) C Sgn(fu,c(x))

for any x, y € V, any ¢ > 0 and any strong nodal domain U of f. It means that as
a set-valued map, AJ f(x) C AJ flu(x) C Af fu,c(x) for any x € V. Since f is
an eigenfunction corresponding to an eigenvalue A of AJ, we have the differential
inclusion

0 € AT f(x) — Apx Sgn(f(x)) C AT flu(x) — Apx Sgn(f v (x))
C AT fu,e(x) — Apx Sgn(fu,e (x)),

for any x € V. Thatis, both f|y and fy . are eigenfunctions corresponding to A.

Now, we further assume that f has minimal support. Then, by the localization
property proved above, f has only one strong nodal domain, denoted by U. Suppose,
to the contrary, that f is not in the form of (14 — 1p). Then there exists ¢ > 0
such that the support of fy. is a nonempty proper subset of U. So, we construct
an eigenfunction fy . corresponding to the eigenvalue A, but its support is a proper
subset of the support of f, which leads to a contradiction with the minimal support
assumption on f.

Therefore, we have shown that f is in the form of (14 — 1p), and its strong
nodal domain U is the disjoint union of A and B. Clearly, for any g whose support
is included in U, if g is also an eigenfunction corresponding to the eigenvalue A,
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g =1t'(14 — 1p/) for some ¢’ # 0 and some disjoint subsets A’ and B’ with A’ U B’ =
U = AU B. That means, X; (A]) N {g € C(V):supp(g) C U} is a finite set, and its
index is one. ]

Proof of Theorem 4. Recall we assume that f has minimal support.

We first prove that &( f) < k. Let {V;}/L, be the strong nodal domains of f on
I' = (G, o). We prove it by contradiction. Assume m > k. Consider two linear spaces
X and X’ defined as follows:

m—1

X = {iaifh/i:ai ER} and X’:{Zaiflyi:a,- GR},

i=1 i=1
where f'|y, is the restriction of f to V;. By the proof of Theorem 1, we have

R5(g) <A, foranyge X \O0.

By Proposition 2.1, we have y(X N'Sp) =m >k and y(X'NS,) =m—1>k.

By definition of variational eigenvalues, we get
A= inf  sup RI(g) < sup RI(g) < sup RI(g) < .
AeFi(Sp) grea gex'ns, o gexns, o

Therefore, all the inequalities above are equalities. In particular, X' N S, is a minimiz-
ing set. By Lemma 4, there exists an eigenfunction go = Z:"z_ll b; f |, corresponding
to A, which contradicts to the fact that f has minimal support. This proves m < k.

Next, we prove &(f) <n—k —r + 2. Let {17}}:.’1:1 be the strong nodal domains

of f with respect to the opposite signed graph (G, —a’). We prove it by contradiction.
Assume m > n — k —r + 2. Consider two linear spaces X and X’ defined as

m—1

X = {iaifh;i:ai GR} and X' = {Za,-fwl_:a,- GR}.

i=1 i=1

By the proof of Theorem 2, we have
Ry(g) > Ak, forany ge X \0.

By Proposition 2.1, y(X NSy) =m>n—k —r+3andy(X'NS,) =m—1>
n—k —r + 2. Applying Lemma 3, A N X’ # @ for any centrally symmetric compact
subset A C S, with y(A4) > k + r — 1. Then we have

I inf sup R%(g’) > inf R
k+r—1 Aefk+,_1(sp)g/£ ,,(g)_gex,msp 5 (8)

> inf R9(g) > Ap = Aggr—1-
Z ot 5 (8) = Ak = Akr—1
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Therefore, all the inequalities above are equalities. Next, by Lemma 5, X' N §,, con-
tains a critical point of R7 corresponding to Ax. That is, there exists an eigenfunction
g= Z;"z_ll bifly € X "\ 0 corresponding to the eigenvalue A, which contradicts to
the fact that f has minimal support. This shows m <n —k —r + 2.

In the particular case of p = 1, we actually have ©( f) = 1 by Lemma 6. More-
over, we can assume without loss of generality that f = 14 — 1 for disjoint subsets A
and B, where A U B is the strong nodal domain of f. When the graph is balanced, we
obtain by the definition of strong nodal domains that &(f) = |4 U B|. The estimate
&(f) <n—r —k + 2 proved above tells |[A U B| < n —r — k + 2. Consequently,
the number of zeros of f is atleast k + r — 2. [

Next, we present two important applications of the upper bounds for G( f), &( f),
W(f) and W(f) in Theorem 1, Theorem 2, and Theorem 3. The estimates of the
quantity

S(f) +&(f)

for an eigenfunction f will play an essential role.

Theorem 5. Let I' = (G, o) be a signed graph with G = (V, E). Let f be an eigen-
Sfunction corresponding to a non-variational eigenvalue. If |E| < |V|, then f must
have zeros.

We emphasize that the graph G = (V, E) in the above theorem is allowed to be
disconnected.

Proof. We prove it by contradiction. We assume that f is non-zero on all vertices.
Define

ET = {{x,y} € E: f(x)0xy f(¥) > 0}

and

E™ = {{x,y} € E: f(x)oxy f(y) <0}
By assumption, we have |E| = |E™| + | E~|. By definition of strong nodal domains,
we have

S(f)=n—|E*| and &(f)>=n—|E"|,

where n = |V|. Let k be the index such that Ay < A < A1, where A is the eigenvalue
to f. Then, Theorems 1 and 2 tell that

&(f)<k and G&(f)<n—k.
Combining the above inequalities, we have
n=G(f)+&(f) =2 —|EY| —|E7| = 2n—|E| > n,

which is a contradiction. [
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On a forest G, Theorem 5 implies that any eigenvalue A with an everywhere non-
zero eigenfunction f must be a variational eigenvalue. This can be strengthened as
follows. Theorem 6 below has been obtained in [23, Theorem 3.8]. We provide here an
alternative simple proof using the estimates of nodal domains and anti-nodal domains.

Theorem 6. Let G = (V, E) be a forest with ¢ connected components and f be an
everywhere non-zero eigenfunction corresponding to an eigenvalue A. Then A is a
variational eigenvalue with variational multiplicity ¢ and f has exactly k + ¢ — 1
strong nodal domains.

This can be regarded as a nonlinear version of the results on the linear Laplacian
[7,9,26].

Proof. Since G is a forest, we have |V | — |E| = ¢ > 0. By Theorem 5 and the assump-

tion that f is non-zero on every vertex, A is a variational eigenvalue. We assume that
A = Ag and

Ak—1 <Ak =+ = Akgr—1 < Akr.
We define
ET = {{x,y} € E: f(x)oxy f(y) > 0}
and
E™:={{x.y} € E: f(x)oxy f(y) <0}.
Since f does not have zeros, we have |E| = |[E™| + |E™|. By definition of strong

nodal domains, we have
&(f)=n—|ET| and &(f)=n—|E|,
where n = |V|. This yields
G(f)+G&(f)=2n—|EY|—|E"|=n+c.

We first prove r < ¢. Since f is non-zero on every vertex, we can use Theorem 3 to
get

G(f)=BW(f) <k+c—1 and G(f)=BW(f)<n—k—r+c+1
We compute
nte=6(f)+G(f)<k+c—l+n—k-—r+ct+l=n+2c—r. (39

which implies r < c.
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Next, we prove r > ¢. By Theorems 1 and 2, we have
S(f)<k+r—1 and G(f)<n—k+1.
Hence, we obtain
ntce=6(f)+6(f)<k+r—1+n—k+1=n+r

Then we have ¢ < r. This concludes that r = c. So, the equality holds in (3.9), which
implies that &(f) =k +c—land &(f) =n—k + 1. [

We present below a nonlinear version of [30, Theorem 3.18]. It tells that there exist
many weighted signed graphs for which all the eigenfunctions of the first variational
eigenvalue have no zeros.

Theorem 7. Let I' = (G, 0) be a connected signed graph with G = (V, E). For any
vertex weight | and potential function K, there exists an edge measure w: E — R™T
compatible with G, that is Wy, # 0 if and only if x ~ y, such that the first variational
eigenvalue A1 of A%, p > 1 has multiplicity 1, and any corresponding eigenfunction
f1 is nonzero everywhere.

Proof. Choose a switching function t such that I'* = (G, ¢7) has a spanning tree
consisting of positive edges. Set

E% = {x. )} € Eiof, = +1}
and

EL :={{x,y} € E:oy, = —1}.

Then, the graph (V, ET) is a connected graph. By [23, Theorem 4.1], for any edge
measure w on E7, the first variational eigenvalue of the p-Laplacian on the graph
(V, EY) has multiplicity 1 and the corresponding eigenfunctions are either positive
everywhere or negative everywhere.

For any edge measure w™ on E¥, and for any & > 0, w" + sw™ provides an edge
measure on E. In fact, we have for every edge {x, y} € E that

wt if{x,y} € ET,

WH +ew ), =
P | ewy,.  if fx,y) € BT

By Proposition 2.4, it still holds for ¢ sufficiently small that the first eigenvalue A,
of AgT on the signed graph I'® equipped with the edge measure w* + ew™ has
multiplicity 1 and any corresponding eigenfunction fj is either positive everywhere or
negative everywhere. By Proposition 2.5, £} is an eigenfunction of A7 on the signed
graph I with the edge measure w* + ew™, and A, is the corresponding eigenvalue
of AZ. ]
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To conclude this section, we point out that nodal domain properties of unbalanced
signed graphs are quite different from that of balanced ones. Let p > 1. Recall from
Theorem 3 that W ( f1) = 1, where fi is the eigenfunction corresponding to the first
variational eigenvalue A;. Let f, be an eigenfunction corresponding to the second
variational eigenvalue A,. When the graph is connected and balanced, we have by
[23, Theorem 4.1] and Theorem 3 that 1 < ( f) < 2, and hence, W( f) = 2. How-
ever, this is not always true for unbalanced signed graphs. Indeed, the first variational
eigenvalue A1 of A7 on an unbalanced signed graph can have high multiplicity. There-
fore, it can happen that 8( f>) = 1. The following example tells that, even if A has
multiplicity 1, it is still possible that B( f2) = 1.

Example 3.1. Let p = 2. Consider the complete graph K7 with the signature 0 =
—1. Define the symmetric matrix A where A;; = 1 forany i # j and A;; =i for
i =1,...,7. By construction, 4 is compatible with (K7, o). It is direct to check that
every eigenvalue has multiplicity 1 and the number of weak nodal domains of the
second eigenfunction is 1.

4. Cheeger inequalities related to nodal domains

In this section, we assume the potential function ¥ = 0. Let us first introduce the
following notations. For any subsets V;, Vo, C V, we denote by

EX(V, )= ) wxy.

xeVy yeV,
oxy==x1

When Vi = Vs, we write |E(V})| = |[E*(V;, V)| for short. We further have the
following notations for boundary measure and volume:

[0V1] = Z Z Wxy, and vol, (V) := Z w(x).
x€V] ygV; xeV

For ease of notation, we denote n = |V/|.

Definition 4.1 ([6, Definition 3.2]). For any integer 1 < k < n, the k-way signed
Cheeger constant hy, of a signed graph I' = (G, o) is defined as

hy = min ‘max B2 (Vai—1, Vai),
((Vaj 1, Vo)W i=1onk
where
B° (Vai-1,Vai)
_ 20ET (Vaic1, Vo)) | + |EZ (Vaiz)| + [E~ (Vai)| + [0(Vai—1 U Vai)|
: vol, (Vai—1 U Va;) ’
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and the minimum is taken over all possible k-sub-bipartitions, i.e., (V2;—1 U V2;) N
(Vaj—1 U Vpj) =@ foranyi # j,and Va—1 U Vay # @, Vay—1 N Vy = @ for any /.

It is direct to check the following monotonicity of the multi-way singed Cheeger
constants. For the readers’ convenience, we provide a proof below.

g

Lemma 7 (Monotonicity). For any integer 1 < k <n — 1, we have hy < hk T

Proof. Let {(Vai—1, V2i)}*1] be a (k 4 1)-sub-bipartitions of V' satisfying

7., = max B°(Vai_1,Va;).
k+1 15i5k+1'3 ( 2i—1 2z)

We define a new k-sub-bipartitions {(Up;—1, Uzl)}éc=1 of V as follows:

Un =

Vin, 1<m<2k-2,
Vin U Vinso, m =2k —1or2k.

By definition, we have 8% (Uy;—1, Us;) = B° (Vay—1, Vo) forany 1 <[ <k — 1. Next,
by direct computation, we get

B (Uzk—1, Uzk) < max{B° (Vak—1, Var). B Vak+41. Vak42)}-

So, this implies

h$ = min “max B7(Wai—1, W) < max B (Uzi—1,Usi)
{(Waj_1,Wai)Yo_ i=1oesk i=1,...k
< max o Voi , V5:) = hO . -
— 1§i§k+lﬂ ( 2i—1 21) k+1

Remark 4.1. The above signed Cheeger constants on signed graphs can be con-
sidered as an optimization of a mixture of isoperimetric constant and the so-called
frustration index. The frustration index (? (€2) of a subset 2 C V measures how far
the signature on €2 is from being balanced. It is defined as

o o 1

= g, S0

X~y

By switching, we see (?(2) = 0 if and only if the signature restricting to the sub-
graph induced by €2 is balanced. Indeed, the k-th signed Cheeger inequality can be
reformulated as [41]

4o ) () + |09 ]
L= min max ———————
{Qi};le i=1,....k VOIM(Qi)
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This can be verified using the one-to-one correspondence between the function
7:Q; — {%1} and the bipartition (V,;_1, V2;) of Q; via the relation

Voi—1:={x € Q;:t(x) = +1}, and Vy; :={x € Q;:7(x) = —1}.

Notice that i} reduces to the classical k-th Cheeger constant when I' = (G, o) is
balanced, since (? (£2;) vanishes for any subset €2;.

Theorem 8. Forany p > 1 and any k € {1,...,n}, the k-th variational eigenvalue
Ak (A7) satisfies
ﬂ(ha VP < Ak (A9) < op—1po
Cp—lpp m) = "k\Bp) = ’
Zy~x Wxy
Mx
eigenfunction corresponding to Ak (Ap).

where C := maxXyey and m is the number of strong nodal domains of an

This theorem can be regarded as a signed version of [49, Theorem 5.1], which is
an extension of previous works [3, 10, 13,21].
Before proving this theorem, we first show an elementary inequality.

Lemma 8. Foranya,b € R, p > 1 and o, € {—1, 1}, we have
la — aapb|? < 277 |a|? sgn(a) — oap|b|? sgn(b)|.

Proof. Without loss of generality, we can assume ab # 0. We consider the case of
04p = —1 below. The proof for the case of 6,5 = 1 can be done similarly.
If ab > 0, we assume a > 0 and b > 0 without loss of generality. Then we get

la —o.pb|P = |a + b|?.
By the convexity of f(x) = |x|?, we have f(#) < %f(a) + %f(b), ie.,

ja +b|7 <2771 (|jal? + |b|?)
= 277" |a|? sgn(a) — 04p|b|” sgn(b)|.

If, otherwise, ab < 0, we assume a > 0, b < 0, and a = —kb with k > 1 without
loss of generality. Then we get

la —0apb|? = la +b|” = |k —1|7|b]”.

By the convexity of the following function

) |x|?, ifx >0,
X) =
& X, if x <O,
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we have g(%) <1lg(k)+ig(-1).ie., [k — 1|7 <2771(|k|? — 1). Next, we com-
pute
lk — 117|b|? < 2271 ([k?| - 1)|b|?
= 277"|a|” sgn(a) — oqp|b|? sgn(b)|.

This completes the proof of the case o, = —1. |

Proof of Theorem 8. Observe that for any k-sub-bipartitions {(V5;_1, Vz,-)}f.‘:1 of V
that
R (Mvy;_y — 1vy) = B (Vai-1, Vai),
where 1y, is the indicator function of V;.
We first show the upper bound estimate of Ag. By abuse of notation, we use
{(Vai—1, V2,-)}f=1 for a k-sub-bipartitions of V' that realizes 17, i.e.,

r = max B7(Vai—1, Vai).
1<i<k

For any g € span(ly, — ly,,.... 1y, — lyy,). ie.,

k
g(x) =Y ti(lyy_, (x) = lyy; (x))  withty..... 1 €R,
i=1

we derive by Lemma 8 that

lg(x) — oxyg(W)I?
<277 |g(x)|? sgn(g(x)) — oxylg(»)]” sgn(g ()|

k
= 217_1 ‘ Z |ti |p Sgn(ti)(lei_l (X) - 1V2i (X) - ny(1V2[_1 (y) - 1V2,‘ (y)))

i=1
k
< 21)—1 Z |ti|p|1V2i_1 ()C) - 1V2i ()C) - ny(lVZi_] (y) - 1V2i (y))|
i=1
Therefore, we compute

Y weylg(x) —ox,g(0)I?

{x,y}eE

D palg(x))?

xeV

R, (g) =

k
Z Wxy Z |ti |17 | 1V2[_1 (x)_ 1V2[ (x)_gxy(lVZi_l (y) - 1V2,‘ (y))|
1{x.y}€E i=1
k

S Y wdalP v, (x) = 1y, ()]

i=1 x€V;_1UV>y;

<2F”
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k

D 1617 S way |,y (%) = Ty, (%) = 0y (L () = Ly, ()]

{x,y}eE

k
D17 Y sl () = 1y, ()]
i=1 xeV

< p-l1 max  Ri(ly,,_, (x) — 1y, (x))

i=1,...,

=271 max B% (Vai_1, Vai)

1<i<k

_ pp-1i=]

-1
= 2P g

By definition of the variational eigenvalue A, we obtain A, < 27 _lhz.

Next, we prove the lower bound estimate of Ax. Let f be an eigenfunction corre-
sponding to Ay, and let V1, ..., V,, be the strong nodal domains of f. By the proof of
Theorem 1, we have

RI(fi) Sde, i=1.....m,

where f; equals f on V; and equals zero otherwise.
We prove two claims.

Claim 1. Foranyi = 1,...,m, we denote by fl-p: V — R the function

x = [fi(0)]P sgn( fi (x)).

Then we have
p—1

Ry (fi RI(fPHP, i=1,....m.

2
)z s
- Cp—lpp
Indeed, by [3, Lemma 3], we have

17 (0 + Ifi”(y)|>1—}z'

|17 () = axy 7 (0)] Splfi(X)—Oxyfi(y)l( 5

Following the proof of [49, Lemma 5.2], we obtain

RT(S7)
Y w7 () = 0y £P ()]
. {x,y}eE
Dl f0)
x€V;
4 4 1_%
{xyz}eéuxy|ﬁ(x)—axyﬁ(y)|('ﬂ Wl 0y
B Dkl f@)P

x€eV;
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( wa']‘f(x)—oxyﬁ(y)v)’l’( 3 1y LN IOy

{x,y}€E {x,y}€E 2
- NG
x€V;
1
Z wxy|fi(x) - oxyfi(y)|p ’
{x,y}€E Cc 1_%
= ; (3)
D bl f@)]
x€V;

1

1,/C\1—%
=R (5) "
This proves Claim 1.

Claim 2. There exist Uy;_1 U Uy C Vi, i = 1,...,m, such that
‘ﬂtlf(flp) = e‘R(IT(IUQ,'_] - 1U2,‘) = ﬂa(UZi—l, U2i)-

Forany t > 0, define VL(f) :={x e V:£f(x) > t%} and a function f’: V—-R
as follows 1
1, if f(x)>1t7,

Froo) =1 -1, if f(x) < —t7,

0, otherwise.
Then, we have
[f ()17
/ Sl ffoprd =Y Mx/If Wrdr =Y ux/wr Sl )17,
xeV; xeV; xeV; x€eV;

and
/ {(x) = oxy L Wl = | £7(x) = 0wy £7 ()], forany {x, y} € E.
0

Note that the function fip is defined as in Claim 1. So, by direct calculation, we have

/ D wey | 1) — oy (At =Y wyy / |1 (x) = 0y fL(0)d1
o {x.y}€E {xy}eE

=Y wey |7 ) — 0wy L ).

{x,y}eE
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Therefore, there exists to > 0 such that
RI(fP) = D (x.y)eE Wxy | fi7 (X) = 0y £;7 (V)]
> xev Hxl fi(x)[?

o Y eer 0o () — 0y f 0)d1
el @lrar
LixyeE wxy|f70 (x) — nyfito (03]

Yvev il f0 ()17
= R{ () = R{(lvy,_, ~ 1u,)
= B (U2i-1,U2i),

where Uy;_1 1= Vfro (fi) and U,; := V'0( f;). This completes the proof of Claim 2.
Combining the above two claims, we get

2p-1 .
—Cp—lpl’ (B (Uai—1,Uz))? < A, fori =1,....m
In consequence, & p 1 o7 (h2)? < Ag. The proof is completed. |
It was proved in [6, Proposition 3.2] that A7 = --- = hiy =0 < hy_, if and only

if ' = (G, o) has exactly k balanced connected components. Combining Theorem 8
with [6, Proposition 3.2], we derive the proposition below.

Proposition 4.1. For any p > 1 and any k € {0, 1, ...,n}, a signed graph T has
exactly k balanced connected components if and only if the variational eigenvalues
of the p-Laplacian satisfy

A(AY) =+ = A(A7) = 0 < Ag41(A7).
Moreover, suppose I' has k + | connected components denoted by T'1, ..., Tryy,
in which 'y, ..., Tx are balanced, while I'y 1, ..., x4y are not balanced. Then,

the smallest positive eigenvalue of the p—Laplacian coincides with the (k + 1)-th

variational eigenvalue, which can be expressed as follows
A A%) = mi in A2(AZ|r.), i A (AZ|r )}, 4.1
k+1(A7) mm{,-i?},?,k 2(A ;) i 1(AZ )} 4.1)

where /\S(Ag|pi) is the s-th variational eigenvalue of the p-Laplacian restricted
onTj.

Proof. We first assume I" has exactly k balanced connected components. Then by

[6, Proposition 3.2], we have h{ = = h" =0< hZH By Theorem 8, we have

Ak(A9) < 2771h? = 0. Since 0 < )L](Ag) < -+ < A(AY), they are all zero.
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On the other hand, according to [39, Theorem 2.1], the smallest positive eigenvalue
of A7 on I' is Ax+1(A7). So, we have Ax41(A7) > 0. Conversely, we assume that
A(A7) =+ = A (A7) = 0 < Ag11(A7). Denote by m the number of balanced
connected components of I". Along the same line of the above arguments, we derive
that

kl(Ag) == /\m(Ag) =0< /\m—H(Ag)-

Comparing with our assumption, we have m = k.
Next, we prove (4.1). It is direct to check that the eigenvalue of A7 on I is the
multiset-sum of the eigenvalue of Ag onljfori=1,....,k+1,1ie.,

k+1
{A: A is an eigenvalue of A7 on T'} = @{A: A is an eigenvalue of A7 on I }.

i=1
Therefore, the smallest positive eigenvalue of A] on I' coincides with

min ) {the smallest positive eigenvalue of Ag on I';}.
i=1,..,

Noticing the result from [39, Theorem 2.1], this completes the proof of (4.1). |

For particular cases, the variational eigenvalues of the 1-Laplacian might coincide
with the signed Cheeger constants.

Corollary 4.1. For any signed graph I' = (G, 0), we have A1(AJ) = h{. Moreover,
if ' is balanced, we have A,(AJ) = hg.

Proof. Let fi be an eigenfunction corresponding to A1 (AY). Setting p = landk =1
in Theorem 8 leads to 49, < A1(A{) < h{, where m = &( f1). Since m > 1, we have
h{ < h;,. This implies A1 (A{) = h{. When I' is balanced, the identity A, (A{) = h§
follows directly from Proposition 2.5 and [13, Theorem 5.15]. |

As a consequence of Proposition 4.1 and Corollary 4.1, we have the following
expression of the first positive eigenvalue of the 1-Laplacian.

Proposition 4.2. Suppose a signed graph T has k + [ connected components denoted
by I't,...,Ugyy, in which T'y, ..., Ty are balanced, while Ty 41, ..., x4 are not
balanced. Then, the smallest positive eigenvalue of the 1-Laplacian Ag1(AJ) can be
expressed via signed Cheeger constants as follows

Ak+1(A]) = hi  (T) = min{i_nllinkhg(F,-), . min » h{(Tj)}. 4.2)

yeens j= yeees

Proof. Combining Corollary 4.1 with (4.1), we have

bieer (A7) = min{_min AS(T). _ min KT(T)). (43)
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Since the smallest positive eigenvalue of A{ on I' is Ax41(AY) and it is direct to
check by definition that the quantity (4.3) agrees with h7 _ (I'), the proof of (4.2) is
completed. |

By the above results, the smallest positive eigenvalue of the 1-Laplacian must be
some multi-way signed Cheeger constant in Atay—Liu’s sense. However, their multi-
plicities may not coincide. We show an example below.

Example 4.1. Consider the complete graph K5 with 0 = +41. It is direct to check
that h{ = 0, hg = 3 and h§ = h§ = h = 1. Furthermore, by the calculations in [13,
Section 6.3] and [54, Proposition 4.1], we have 11 (A]) =0, A2(A7) = A3(A]) = %,
and A4(A{) = As(AY) = 1. Thus, the multiplicity of the smallest positive eigenvalue

does not agree with the multiplicity of the multi-way signed Cheeger constant /9.

Corollary 4.2. If &(f) = k for some eigenfunction f corresponding to Ai(AJ)
or A2(AYJ) or the smallest positive eigenvalue of AY, then we have A;(A]) = hy,
i=1,...,k

Proof. We need the following simple observation: if h;’ < A;(AJ) for some j > i,
then

M(AD) = A1 (A]) = - = A (A]) = h =T, = --- = KT (4.4)

In fact, Theorem 8 tells that A;(A{) < h}’ and A; (AJ) < hy. Since j > i, we have
hi < h7 and A; (A7) < A;(A7). Together with the assumption 47 < A; (A7), we
obtain that

h;’ <Xi(A]) < A;(A]) <h9, and h;’ <Xi(A]) <h{ < h;’,

which implies immediately that A; (AT) = A; (A7) = h] = h and hence (4.4).
Now, we move on to the proof of the corollary. Recall from Corollary 4.1 that the
identity A1 (AY{) = h{ always holds. So, it remains to show the case that k > 2.
If f is an eigenfunction corresponding to A;(AY), then Theorem 8 yields hj <
A1(AY7), and the above observation implies that

A(AY) = o= A(AY) = hS = - = iS.
If f is an eigenfunction corresponding to A, (A9 ), then we similarly have
M(A]) = =2(A]) =h] =--- = h}.

The case A1(AJ) = h{ holds universally.
Suppose Ag(AJ) is the smallest positive eigenvalue, and f is an eigenfunction
corresponding to As(A]) with &(f) = k. Without loss of generality, we further
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assume that A;_; (A7) = 0. By Proposition 4.2, we have 11 (A]) =--- = A;_1(A]) =
h{ =---=h?_, = 0. When k < s — 1, nothing needs to be proved. Suppose k > s.
Then we apply Theorem 8 and the above observation to derive A (A7) = --- =
A(A]) = h§ =---=h] > 0. [

5. Perron-Frobenius theorem on antibalanced graphs

As is well known, the Perron—-Frobenius theorem implies for any connected graph
that, the first eigenvalue of its linear Laplacian (i.e., p-Laplacian with p = 2) is simple
and the corresponding eigenfunction can be taken to be positive on every vertex. For
the p-Laplacian on graphs with p > 1, the same property has been shown in [23,
Theorem 4.1] and [33, Theorem 1.1]. For the case of connected antibalanced signed
graphs, it was shown in [30, Theorem 3.13] that the largest eigenvalue of A7 with
p = 2 is simple and the corresponding eigenfunction can be taken to be positive on
every vertex. This can be considered as a Perron—Frobenius theorem for Laplacians
on antibalanced signed graphs. In this section, we prove a nonlinear version of [30,
Theorem 3.13] for p-Laplacians on antibalanced signed graphs with p > 1 by using
the estimate in Theorem 3 for the number T8( f) of anti-weak nodal domains.

Theorem 9. Assume that p > 1. Let I' = (G, 0) be a connected signed graph where
o=—1,G = (V,E) and |V | = n. For any eigenfunction f corresponding to the n-th
variational eigenvalue A,, of A%, we have the following properties:

(1)  f is either strictly positive or strictly negative, i.e., either f(x) > 0 for any
xeVor f(x)<Oforanyx € V;

(ii) for any other eigenfunction g corresponding to Ay, there exists a constant
¢ € R\ {0} such that g = cf;

(iii) if g is an eigenfunction corresponding to an eigenvalue A, and g(x) > 0 for
anyx € Vorg(x) <Oforanyx €V, then A = Ay.

Let us remark that the Perron—Frobenius theorem above does not hold for the case
of p = 1. Indeed, according to Theorem 4, there exists an eigenfunction f corre-
sponding to A, of A{ such that &(f) = 1. However, if Theorem 9 were true for
p = 1, we would have &( f') = n for any eigenfunction corresponding to A, of AY,
which is a contradiction.

Proof of Theorem 9. (i) Since A, is the n-th variational eigenvalue, Theorem 3 implies
2W(f) < 1. By definition of weak nodal domains, we have f(x) > 0 forany x € V
or f(x) <0forany x € V. We can assume f(x) > 0 for any x € V, since otherwise,
we can consider the eigenfunction — f.
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If f(x) = 0 for some x € V, we have by the eigen-equation that

A F(x) =Y ey ®p(f(X) = 00y [() + x Dy (f(X)) = Apptx ®p(f(x)) = 0.

y~x

Since 0 = —1, we obtain Zy~x WxyPp(f(y)) = 0. Because f(y) is non-negative
forall y € V, we have f(y) = 0 for all y with y ~ x. By the connectedness of G,
we have f = 0. This contradicts to the assumption that f is an eigenfunction of A,,.
Thus, we get f(x) > 0 forany x € V.

(ii) Suppose that g is an eigenfunction corresponding to A,. Without loss of gen-
erality, we can assume g(x) > O for any x € V. By definition, we have for any x € V,

Y wey @p(f(X) + £() = Rnjra — ) Dp (£ (X)), 5.1)
y~x
D Wy @p(g(x) + 8(3) = (Anfix — k2) Pp(g(x)). (5.2)
y~x

Multiplying (5.1) by f(x) — %, and (5.2) by g(x) — <1|>1{ g )(lxl;) we derive

g (x)|?
y; wey @p(F(0)+ FON(10) = o) = Gt =) (S = lg 1)
0 (5.3)
()?\

3 (e ) + sON(e0) = g7 05) = Gt =801 = 1/ I
5.4

Summing (5.3) and (5.4) over all x € V, we get
R(f.8)+ R(g. f) =0, (5.5

where

g (x)]? lg()I”
R(/, = x F—o '

We apply Lemma | by settinga = f(x),b= f(y),ta = g(x) and sb = g(y) to derive
that each summand in R( f, g) is non-positive. Similarly, we have each summand in
R(g, f) is also non-positive. Therefore, the identity (5.5) implies that every summand
of R(f, g) and R(g, f) equals zero. By the equality condition (3.1) in Lemma 1, we
have for any {x, y} € E that

g _ S

g»)  fO)
Since G is connected, we drive that g is proportional to f. This concludes the proof
of (ii).
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(iii) If g is an eigenfunction corresponding to A and g(x) > O for any x € V. By
definition, we have

D wey®p(f(X) + f(1) = Qnptx — k) Dp(f (X)), (5.6)
y~Xx
D ey p(g(x) + (1) = (Atx — K2) Pp(g(x)). (5.7)
y~Xx

As above, we multiply (5.6) by f(x) — dli E)})(lj)) and (5.7) by g(x) — q|>f: g)(l;;) and

sum them over all x € V. Then, we obtain

R(£8)+ R(g f) = G =2 Y (| F®)IP = g(2)[P). (58

xeV

We can choose sufficiently small ¢ > 0 such that f(x) —eg(x) > O for any x € V.
So, without loss of generality, we can assume |f(x)|? — |g(x)|? > 0 for any
x € V.If A < Ay, then the right-hand side of (5.8) is strictly positive and the left-
hand side of (5.8) is non-positive. This is a contradiction. The proof of A = A, is then
completed. ]

Notice that a connected bipartite graph with 0 = 1 is both balanced and antibal-
anced. Hence, our Theorem 9 covers the conclusion of [23, Theorem 4.4] and [33,
Theorem 1.2]. Next, we use Theorem 9 to derive the following results.

Theorem 10. Let I' = (G, 0) be a connected antibalanced signed graph and {A; }7_,
be the variational eigenvalues of A7 with p > 1. Then we have An—1 < Ay, and there
are no other eigenvalues between A,y and A,,.

Proof. Since T is antibalanced, by Proposition 2.5, we can assume o = —1 without
loss of generality.

We prove the theorem by contradiction. Assume that A is an eigenvalue satisfying
An—1 < A < Ay and f is an eigenfunction corresponding to A. By Theorem 2, we get
&(f) < 1. Then by definition of &, we have f > 0 on every vertex or f < 0 on every
vertex. We assume f > 0 on every vertex and the case that f < 0 on every vertex can
be proved similarly. If f is zero on some x € V, we have by the eigen-equation that

Y way @p(f(x) + f(1) + Py (£ (X)) = Apx @y (f ().

y~x

So, we have Y, wxy ®p(f(y)) = 0. Because f(y) > 0 forany y € V, we obtain
f(y) = 0for any y ~ x. By the connectedness of I', we have f = 0 on all vertices,
which cannot happen. So, f is positive on all vertices. Then, we apply Theorem 9 to
get A = A,, which leads to a contradiction. [
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Using again the fact that a bipartite graph with o = 1 is antibalanced, we derive
from Theorem 10 the following corollary.

Corollary 5.1. For any connected bipartite graph, there are no eigenvalues between
the largest and the second largest variational eigenvalues of the corresponding
p-Laplacian with p > 1.

6. Interlacing theorems

When one wants to understand a quantitative property of a graph, it is natural to
investigate how this quantity changes under modifying the graph via deleting vertices
or edges.

In this section, for an eigenpair (A, /) of A7 with p > 1, we give a way to modify
a signed graph to a forest 7" such that (A, f|7) is again an eigenpair of 7. We estimate
how the eigenvalue changes in each step. This leads to a nonlinear version of the
Cauchy Interlacing Theorem. The theorems in this section are signed versions of the
theorems in [23, Section 5]. Those interlacing theorems will be useful for the lower
bound estimates of GS( f) in the next section.

Removing an edge

Consider a signed graph I' = (G, 0), where G = (V, E), with an edge measure w, a
vertex weight i, and a potential function k. Let f € C (V') be a function and {xg, yo} €
E be an edge such that f(xo) f(yo) # 0. We define a new signed graph

F/ — (G/,U/)

where
G = (V,E"), E':=E\{x0,)0}

and
Oy, = Oxy forany{x,y} € E’,

with an edge measure w’, a vertex weight i’ and a potential function x’ defined as

follows: w’, = wy, for any {x, y} € E’, u’, = px forany x € V, and

y
Ky, if x # xo, yo.
Ky = 1 Kx + Wxoyo Pp(l —oxoyo%), if x = xo,

Kx 4 Wxgyo Pp (1 —oxoyo%), if x = yo.
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Then, the corresponding p-Laplacian with p > 1 of the new signed graph I'’ is given
by
AT g(x) =D W, ®p(g(x) — 0},8(y)) + K, Pp(g(x)). (6.1)
yeVi{y,x}eE’

It is direct to check that the above choices of w’, u’ and «’ lead to the following
property: if f € C(V) is an eigenfunction corresponding to an eigenvalue A of the
p-Laplacian A7 with p > 1, then f is still an eigenfunction of Ag/ corresponding
to A.

Let [Rg/ be the Rayleigh quotient of Ag/ defined as

nyEE’ w;cy|g(x) - U)/cyg(y)lp + erV K;|g(x)|p
D xev Halg(x)[?

We recall the following lemma from [47, Proposition 4.4], which will be very

RS (g) =

useful in the proofs of Theorem 11, Lemma 10 and Theorem 12.

Lemma 9. Let A be a centrally symmetric subset in a Banach space with y(A) > k.
Let ¢: A — R¥ be a continuous odd map. Then we have y(¢~1(0)) > y(A4) — k.

Theorem 11. Consider a signed graph I = (G, 0) where G = (V, E) and a function
S € C(V). Let A} be the corresponding p-Laplacian with p > 1, and T'" = (G', o),
Ag/ be defined as above. Denote by Ay and ny the k-th variational eigenvalues of Aj
and Ag/, respectively.

(1) If f(x0)0xyyo f (¥0) <O, then nx—1 < Ax < ni forany 1 <k <n.

(2) If f(x0)0xyo S (y0) > O, then ng < Ag < ng41 forany 1 <k <n.

Proof. We first assume f(x0)0xqy, f (Vo) < 0. Setting £(g) := gﬂg/(g) — R (g) for
any g:V — R, we compute

gl €(g) _

— |g(x0) — Oxpy08 (o) |?
Wxoyo

+( lsxo)? 1800l
@p(f(x0) 0 Dp(f(30)

Applying Lemma 1 by taking @ = f(x0), b = —0xqy, f (yo), ta = g(xo), and sb =
—0xy08(¥0), we have &(g) > 0, and hence

)@p(f (x0) = a3 f ().

R (g) < ng/(g) forany g:V — R,

where the equality holds if and only if g(x¢) f(vo) — g(»0) f(x0) = 0.
Let Ax € Fi(Sp) be aset such that Ay = maxges, R (g). Define

¢: A —> R, g g(xo0)f(yo) — g(o) f(xo0).
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Observe that ¢ is odd. Since k > 1 and y(Ag) > k, we use Lemma 9 to get
Y@~ (0) = k—1.
Moreover, we have R} (g) = ;Rf,/(g) for any g € ¢~1(0). So, we derive that

1= min  max R < max R
Tt =, min max R (g)_g€¢_1 VACY

= max R%(g) < max R(g) = Ag.
Jomax ,,(g)_geAk 5 (8) = Ak

By definition of variational eigenvalues, we obtain

Ar = min maxR°(g) < min max R? (g) < ng.
k Aefk(Sp) gGA P(g) — AE.?"]((S,;) gGA D (g) = nk

This proves (i). The proof of (ii) follows similarly. ]

Remark 6.1. We define A,, = 1, = —o0 for m < 0 and A, = nu—1 = +oo for
m > n. Then the above theorem holds for any k € Z.

Removing a node

Consider a signed graph I' = (G, 0) and the corresponding p-Laplacian A7 with

p > 1. For a given vertex xo € V, we define a new signed graph I'" = (G’, 0’) where

G’ = (V', E’) is the subgraph induced by V' := V' \ {xo}, and oy, = 0oy, for any

{x,y} € E’, with an edge weight w’, a vertex weight i’ and a potential function «’

defined as follows: w)., = wy, for any {x, y} € E’, u\, = py for any x € V', and
/

Ky = Kx + Wy, forany x € V.

Then, we define the corresponding p-Laplacian Ag/ on I'’ as follows:

A g(x) =Y W), ®p(g(x) — 0},8(»)) + K, ®p(g(x)). (6.2)
yeV/'{x,y}€E’

For convenience, we define two maps W: C(V) — C(V') and ¥: C(V') — C(V)
between the function spaces C(V) :={f:V — R} and C(V') := {f: V' — R} as
follows. For any g: V — R, we define (¥g)(x) = g(x) forany x € V' =V \ {xo}.
For any h: V' — R, we define (Yh)(x) = h(x) for any x € V' = V \ {xo} and
(Yh)(x0) = 0.

The reason to choose the new w’, u’ and «’ as above is to ensure that, for an
eigenfunction f of A7 corresponding to an eigenvalue A such that f(xo) = 0, W[ is
an eigenfunction of Ag/ corresponding to the same eigenvalue A. Indeed, we have for
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any x € V' that

AT (UF)() = 3wy @p (U (x) — 0, WF (1)) + @y (U1 (X))

yeV’{x,y}eE’

=) way®p(f(x) =05, F(1)) + (x + Wiy Pp(f(X))
yeV’{x,y}eE’

= Wy ®p(f(x) = 0xy f(1)) + Wiy Pp(f(X) = Oy S (X0))
yeV’:{x,y}eE’

+ kxPp (f(X))
=D Wy Bp(f(X) =0y f (1) + x Py (f (X))

yeVi{x,y}€E
= Mix @p(f(x)) = Aps @p (P (x)).

Let R} " be the Rayleigh quotient of Ag/ defined as

nyeE’ w;cylg(x) xyg(y)|p + ZxEV/ K |g(x)|p

RS (g) =
’ (g) erV/ Mx|g(x)|p

It is direct to check the following facts:
 forany g € C(V) with g(xo) = 0, we have R7(g) = Rgl(\llg);
» forany h € C(V'), we have RS (Yh) = RS (h).
Lemma 10. Consider a signed graph I" = (G, 0) where G = (V, E) and a given ver-
tex xo € V. Let Aj be the corresponding p-Laplacian with p > 1, and T'" = (G', 0),

Ag/ be defined as above. Denote by Ay and ny. the k-th variational eigenvalues of A7
and Ag/, respectively. Then we have

Ak <Mk < Ak41, foranyl <k <n—1.

Proof. Define 8, = {g: V' — R | }_ cps ix|g(x)|? = 1}. Let A} € Fi(S,) be a
set such that 7 = max,c A Ry '(g). Define Ay := V(A45). By deﬁmtlon we have
Ay € J*k(Sp) and

A = {R < 52" = :R =
k Aegf&,,)?fi‘ (g) = max (g) = max (8) = M-

This concludes the proof of the first inequality.
Let Ag+1 € Fr+1(Sp) be aset such that Ag 1 = maxgeq, ,, Rj(g). Define

¢: Akr1 — R, g g(xo).
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By Lemma 9, we have ¢~'(0) C F4(S,) and W(¢~'(0)) C Fx(S,). So, we get
M= min maxR(g) < max R (5= max RI(g)

AeFi(Sp) ged T gew(p—1(0) 7 gep=1(0)

o _
< max R;(g) = Agt1.
g€Ak+1

This concludes the proof of the second inequality. ]
We can use Lemma 10 iteratively to get the following theorem.

Theorem 12. Consider a signed graph I' = (G, o) where G = (V, E), with an edge
measure W, a vertex weight i and a potential function k. Given a subset {xi, ...,
Xm} C V of m vertices, we define a new signed graph T' = (G, ¢’), where G' =
(V', E') is the subgraph induced by V' := V \ {x1, ..., Xm}, with an edge measure
w', a vertex weight j" and a potential function k' defined as follows: w',, = wy, for
any {x,y} € E', i, = pux forany x € V', and

m
K :Kx—|—2wxxi, foranyx € V',

i=1

Denote by {A;}!_, and {n;}}_T" the variational eigenvalues of the corresponding
p-Laplacians Ag and Ag/ with p > 1, respectively. Then, we have

Ak <k < Akgm, foranyl <k <n—m.

7. Lower bounds of the number of strong nodal domains

In this section, we prove the lower bound estimates of the strong nodal domains. For
convenience, we give the following symbols.

Given a signed graph I' = (G, o) where G = (V, E), we denote by c¢(G) the
number of the connected components of G. For a given function g: V' — R, we define
two edge sets

Eo+ ={{x,y} € E:g(x)oxyg(y) > 0}
and

Eg— ={{x.y} € E:g(x)oxyg(y) <0j,
and two signed graphs

e+ = (Gg+.0) with Gyt = (V. Ep+)
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and
Ig— = (Gg—,0) with Gg— = (V, Eg-).

Let

I(G) = |E[ = V] +c(G),
I(Fg+) = |Eg+| —\V|+ c(Gg+),
[(Tg=) = |Eg—| = V] + c(Gg~).

Notice that the number /(G) is the minimal number of edges that need to be removed
from G in order to turn it into a forest. We further denote by z(g) the number of zeros
of g.

The theorem below is our main result in this section.

Theorem 13. Let I = (G, 0) be a connected signed graph. Let | be an eigenfunction

of A; corresponding to an eigenvalue A, and A1 < --- < A, be the variational eigen-

values of A%, where p > 1. Assume that {x,-}l-zg) are the zero vertices of f. Define

I'" = (G',0), where G' = (V’, E') is the subgraph induced by V' .=V \ {xi}fg).
(1) IfA > Ag, then

&(f) =k —U(G") + 1(Tp+) —z(f) + c(G).
(i) IfA = Ar > Ax—1 and the multiplicity of Ay is r, then
&(f) Zk+r—1—l(G/)+l(Ff+)—Z(f).

This theorem can be regarded as a signed version of [23, Theorem 3.10] for
generalized p-Laplacian on graphs, which is an extension of previous results on
2-Laplacian in the work of Berkolaiko [7] and Xu-Yau [52]. The lower bound esti-
mates of strong nodal domains for 2-Laplacians on signed graphs have been discussed
in [30, 43]. Restricting to the linear case p = 2, Theorem 13 is, in fact, weaker than
[30, Theorem 6.6]. The estimate in [30, Theorem 6.6] uses the cardinality of the so-
called Fiedler zero set — a special subset of the whole zero set — instead of z(f). It
is still open whether the lower bound in [30, Theorem 6.6] can be extended to the
current setting or not.

We first prove the following lemma.

Lemma 11. Let I' = (G, 0) be a signed graph with G = (V, E) and (A, ) be an
eigenpair of Ag on I'. Denote by E; the set of edges incident to the zero vertices of f.
Then we have

|Ef=|=|E|=|Ez| +2(/) = VI=1(Ts+) + &(f) S |E| = [V + &(f) = I(Ts+).
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Proof. First, we remove all zero vertices of f on I' = (G, o) to get an induced sub-
graph I" = (G’, 0”) with G’ = (V’, E’). By definition, we have |E’'| = |E| — | E;|.

Next, assume Er+ = {e;}jL, withm = |E,+| and e; = {x;, y;}. We remove all
edges in £+ one by one to get the graph I'” = (G”,¢"”) with G” = (V”, E") at end.
At the i-th step, we remove the edge e¢;. For j = 1,...,m, let r/ = (GA", o("')) be
the signed graph which is obtained by removing the edges {e; }lj —; from I'. We denote
Alt(ej, f) = l(FJ{+) — l(I‘J{:l), and define Av(e;, f) to be the variation between
the number of nodal domains of f on I'; and I';_;, where we use I'g to denote I'. By
a direct computation, we have for any j = 1,...,m that

0. f(xj)ox;y; f(yj) <0,

7.1)
1, f(xj)aijj f(yj) > 0.

Av(ej, f)—AlT(ej, /) = {
Therefore, we derive that

m
Y (Av(ej, f) = AlF(ej, /) = |Egp+| = |E'| = |Eg-| = |E| = |Ez| — | Ef-|.
j=1
(7.2)
On the graph I'”, there are no strong nodal domain walks of f. Hence, [ +(F}/ +)=0

and the number of nodal domains of f on I'" is |V| — z(f). Then, we have

Y Avle, /) =1VI=z(f)=&(f) and Y Alt(e;, f)=—I(Typ+). (1.3)
j=1 j=1

Combining (7.2) and (7.3), we have

VI=2(f)=&(f) +Tp+) = |E| = |Ez| = [Ef-|.

This implies
|Ep=| = |E| = [E:[ = V] 4+ z(f) = I(Ts+) + ©(f)
<|E[=VI=ITz+) +&(f).
The last inequality is because of |E;| > z(f). Then we complete the proof. ]

Proof of Theorem 13 (i). First, since ' is obtained by removing all zero vertices of
f from I, we can define a new p-Laplacian on I'’ as (6.2) denoted by Ag/. Next, we
remove all the edges in EJQ, of f on IV one by one to get the graph T = (G”, 0”)
with G” = (V”, E”) at end. At each step, we define a new p-Laplacian as in (6.1).
Denote by Ag” the p-Laplacian on we obtain at end. By Theorem 11 and Theorem 12,
we get

I "
A>he Z Mez(f) Z Mz ()-1Es- 1
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Forany {x,y} € E”, we have f(x)oxy f(y) > 0. Define t(x) = Iﬁigl forany x € V",
It is a switching function such that 0¥ = 1 and =/ is positive on all vertices in G”.
By switching invariance of eigenvalues and the Perron—Frobenius-type theorem [23,

. .. . o’ "
Theorem 4.1], A is the first variational eigenvalue of A 5 - Since A>AY, )—IEs— |’
we have

k—z(f)=|E-| <o0.
We use Lemma 11 to obtain

S(f)zk—z(f)=(EI=IE) + (VI =2(f)) + 1(Tf+)
>k —z(f) = I(G) + ¢(G') + I(Ty+).

This concludes the proof of (i). ]

Proof of Theorem 13 (ii). As above, we first define a new p-Laplacian on I'’ as in (6.2)
denoted by AJ'. Let {Ag};’:—f(f ) be the variational eigenvalues of AY'. By Theo-
rem 12, we have
/\;c+r—1—z(f) = A = A;c-‘rr—l'

Then there is a unique 2 € N such that A € [A}, 4}, ). So, we have A},
Ajiy- Thisimpliesh + 1>k +r —1—2z(f).

Next, we remove [(G') edges of I'' to make I" to be a forest T. Assume that
{e; }f(fl) are all the edges we remove, where ¢; = {x;, y;}. We define I; as the sub-

tr—1-z(f) <

graph obtained by removing edges {e;}/_, from I'"". At each step, we define a new
p-Laplacian on I'; as in (6.1) denoted by A7 .. Denote by {/\]((J )}Z;Zl(f ) the varia-
tional eigenvalues of A7 .

At the j-th step, suppose that A € [/\Ej), A;Ql). By Theorem 11, we have

A e PV YD) it f(x)on,y, f(v)) <0,

I+1
and
Le TV AEED) i f()oy, F() > 0.
Define ' /
—1, iftae YD 30Ty
An(ej, f) =140, if)Ae [Xz(jﬂ)’)‘;ﬁl))’
+1, ifd e BEEY AED),
and

—1, if f(x;)0x,y, f(y;) <Oand A € ATV AVFD),
if f(x;)0%;y; f(y;) <O0and A € [AYTD AU+D)

0

AM(ej, /=1 | ) O
L f(x))0x,y, f() > 0and & € V. 2011,
0. if f(x))0xy, f(y;) > Oand A € ATV, AU1Y),
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Recalling (7.1), we derive by a direct computation that
An(ej. ) = AM(e;. [) = Av(ey. f) — Al (ej. f). (74

where v(e;, f) and Al T (ej, f) are defined as in the proof of Lemma 11. Since f
has no zeros on the forest 7', we have by Theorem 6 that A is a variational eigen-
value. Suppose A = 1, < Nm+1, Where {ni}?;lz(f ) are variational eigenvalues of the
p-Laplacian on 7. Assume that f has S7(f) nodal domains on 7. By Theorem 6

again, we have S ( f) = m. By definition, there holds that

I(G"

> An(ej. f)=m—h, (7.5)
j=1
1(G")
> Av(es. ) =Gr(f) = &), (7.6)
j=1
1(G))
D Aty f) = ~I(Ty+). (7.7)
j=1
1(G)
> AM(ej. f) = ~I(G). (7.8)
j=1

We insert (7.5), (7.6), (7.7), and (7.8) into (7.4) to get
G(f) =Cr(f) +ITs+) —m+h—1U(G") =1Ts+) +h—1(G)
>k+r—1—z(f) +Z(Ff+)—l(G/).

This concludes the proof. ]
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