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Magnetic Lieb—Thirring inequalities on the torus
Alexei Ilyin and Ari Laptev

Abstract. In this paper we prove Lieb—Thirring inequalities for magnetic Schrodinger opera-
tors on the torus, where the constants in the inequalities depend on the magnetic flux.

1. Introduction

Lieb-Thirring inequalities have important applications in mathematical physics, anal-
ysis, dynamical systems, attractors, to mention a few. A current state of the art of many
aspects of the theory is presented in [7].

In certain applications, Lieb-Thirring inequalities are considered on a compact
manifold (e. g., torus, sphere [10]). In this case, one has to impose the zero mean
orthogonality condition. However, in the case of a torus the corresponding constants in
the Lieb—Thirring inequalities depend on the aspect ratios of the periods, for example,
on the 2D torus the rate of growth of the constants is proportional to the aspect ratio.

On the other hand, on the torus T¢ with arbitrary periods it is possible to obtain
bounds for the Lieb-Thirring constants that are independent of the ratios of the peri-
ods, provided that we impose a stronger orthogonality condition that the functions
must have zero average over the shortest period uniformly with respect to the remain-
ing variables [8].

In this work, we prove Lieb-Thirring inequalities on the torus for the magnetic
Laplacian. The introduction of the magnetic potential not only removes the orthog-
onality condition but makes it possible to obtain bounds for the constants that are
independent of the periods of the torus (more precisely, depend only on the corre-
sponding magnetic fluxes).

In this paper, when obtaining the constant in the Lieb—Thirring inequality we use
a combination of the result obtained in [9] and also adopting the proof from [7] to
the case of the magnetic operator on the torus. Surprisingly, both such independent
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estimates play important and non-interchangeable roles depending on the magnetic
fluxes.

In conclusion of this brief introduction, we point out that magnetic interpolation
inequalities both in R?, and in the periodic case received much attention over the last
years, see [2,3, 13] and the references therein.

We now describe our main result. Let T¢ = T¢(L) be the d-dimensional torus
with periods L1, ..., Lg. Let us consider the eigenvalue problem for the magnetic
Schrédinger operator # in Lo (T4):

HY = (iV, — AX))*W — V(x)¥

d
=) (i0x; —aj(x)))*¥ — V(x)¥ = -2V, (1.1)
j=1

where
A(x) = (a1(x1),...,aq(xq))

is the real-valued magnetic vector potential in the “diagonal” case when a;(x) =
aj(x;). For each j, we define the magnetic flux

and assume that o; ¢ Z for all j. Then we have the following result.
Theorem 1.1. Suppose that V(x) > 0and V € Ly+d/2(Td). Lety > 1. Then the fol-
lowing bound holds for the y-moments of the negative eigenvalues of operator (1.1):
DA< Lya / vr+a2(x)dx, (1.2)
n Td

where ;
Lyq < (%)dL;{d TT VK@) (1.3)
j=1

Here L;l 4 I8 the semiclassical constant (3.4), and

K(er) < min(K; (@), Kz(@)).
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The expressions for Ky () and Ky (o) are as follows:

m, 0<0[m0d(1) < 1/4,
Ki(o) =k(o)?, k(o) =141, 1/4 < amod(1) < 3/4; (1.4)
era; 3/4 <amod(l) <1,

5 1 2
Ko (o) = supbpPy | (1.5)
337 [bzo = (k +af +b)]

In Sections 2 and 3 we consider the one dimensional case, where this theorem
is proved in the equivalent dual formulation in terms of orthonormal systems in the
scalar case and the matrix case, respectively. We point out that this theorem with
K(a) < K; () was proved in [9] and the proof was based on the magnetic interpo-
lation inequality (2.3) (whose proof is briefly recalled in Section 2). In the 1D scalar
case, this inequality immediately gives the result by the method of [5], while the
inequality in the essential matrix case was proved in [9] (see also [4] for the starting
point of this approach).

The bound for the constant K(«) < K,(«) was proved in the 1D scalar case
in [11]. The proof in the matrix case is given in Theorem 3.1. Then the inequalities for
orthonormal systems are equivalently reformulated in Theorem 3.2 in terms of esti-
mates for the negative trace and for higher-order Riesz means of negative eigenvalues
in Corollary 3.1. Finally, Theorem 1.1 is proved in Section 4 by using the lifting argu-
ment with respect to dimensions [12]. The fact that the magnetic potential is of the
special diagonal form is crucial here.

We see in (1.4) and (1.5) that unlike K; («), the constant K, («) is not given in the
explicit form. A computation in Section 5 shows that in the central region |oe — 1/2| <
0.2273 it holds that Ky («) < Kj(«), while near the end-points K; («) is better, see
Figure 2.

2. 1D periodic case

We consider here the magnetic Lieb—Thirring inequality in the 1D periodic case. We
assume that the period equals

L=—, >0
€
Of course, one can use scaling and consider only the case ¢ = 1, but we prefer to
consider the general case in order to trace down the corresponding constants in the
most explicit way.
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Theorem 2.1. Let the family of functions Y1, . .., ¥ N € H'([0, L]per) be orthonormal
in L*([0, L]per). Then

L N L
[ oo ax <x@ Y [ 100 - P dx. @1
0 n=1j
where
N
p(x) = ¥ (x)
n=1
and

K(a) < min(K; (), Kz (@)).

Here « is the magnetic flux

L
o= L/a(x) dx, 2.2)
2
0

and the constants Ky () and Kz () are defined in (1.4), (1.5).

Proof. We first point out that estimate (1.4) was obtained in [9, (6.8)], where k() is
the constant in the 1D magnetic interpolation inequality

L 12, L 1/2
||u||§o < k(a)(/ i u'(x) —a(x)u(x)|2dx) (/ |u(x)|2dx) . 2.3)
0 0

The sharp constant k(«) (shown in Figure 2) was found in [9, (3.5)] and is given
in (1.4). For the sake of completeness, we briefly recall the proof of (2.3). We further
assume for the moment that the magnetic potential is constant a(x) = a = const. We
use the Fourier series

2r/e
€ T ikex 7 € —ikex
V(x) = \/%%Wk@ k . Yk = HE / v(x)e k dx.
€ 0

We consider the self-adjoint operator

AL = <i:—x —a>2 Y

and its Green’s function G (x, £)

AQ)Ga(x.§) = 8(x —§).
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which is found in terms of the Fourier series

s 6,im;(x—é)
Gr(x,8) = — —_—. 24
1(x:€) ZﬂZ(n8+a)2+)t 24)
nez
On the diagonal, we obtain
GOy =ity = =3 —
A o L e a2 + A
nez
11 1
T eor 2 2
e2m e n+a)2+A/e
1 sinh(2v/A/¢)

24/ cosh(2mv/A/€) — cos(2max) .

Using a general result (see [14, Theorem 2.2] with 6 = 1/2), we find that the sharp
constant in (2.3) is as follows:

k(@) = ———— sup AYG(1) = sup F(o),

(@) = Ga —gyie b O = sup Fle)
where -

Flp) = —Snh(@) o = 2m/ie.

cosh(p) — cos(2ra)’

An elementary analysis of the dependence of the behaviour of the function F(¢) on
the parameter @ = a/¢ (see [9] for the details) gives the expression for k(a) in (1.4).

We now consider the case of a non-constant magnetic potential a(x). It this case
instead of the complex exponentials we consider the orthonormal system of functions

&

o en(@). palx) = €l HOT D) (2.5)

that are periodic with period 27/¢ in view of (2.2) and satisfy

d
(17 = a0 )n(x) = —e(n + @)gn ).

Therefore, the Green’s function of the operator A(A) is
ol (nt)e(x—E)—[¢ a(y)dy

e2(n+a)>+ A

9’

Gax ) =52

giving the same expression for Gy, (€, £) as in (2.4) and hence the same expression for
k() as in the case a(x) = const.
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We can now obtain inequality (2.1) with K() < k(er)? by the method of [5]. For
an arbitrary § = (£1,...,&y) € CV, we set u(x) = Zfl\’:l En¥n(x) in (2.3). Using
orthonormality, we obtain

N 4 N
| Y v = k@16 Y &b — av. iV —avi0)
n=1 nk=1
For a fixed x, we set §; := ¥/ (x), j = 1,..., N, which gives
N
p(x)® k(@) Y Y (Vi () Yy — aVn. iV — aPie).
n,k=1

Integrating in x and again using orthonormality, we obtain (2.1) with (1.4).
It now remains to prove (1.5): K(a) < Ks(«). Let f be a non-negative function
on RT with [;° f(1)?>dt = 1 so that

/f(t/E)zdt =E.
0

Let a(x) # const. We use the Fourier series with respect to system (2.5):

2m/e
Yx) = @ 12 Vg (), i = @ / Y (x)gr (—x)dx.
€ 0

Then we obtain that

L

[ v —am v @P dx = ¥l + ol 0P
0 keZ
_ i E 2 A 2
- | X1 () e
0 €

L oo
:0/0/|¢E(x)|2dde,

e E ~
yE(x) = \/;kgzz f(m)Wk%Dk(x)-

where
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Therefore,

ORAOE \/> Z 1 (sam) P = WO o),
(2.6)

where

1F & x) = \/7 Z G I))wk(x’)wk(—x). @7

For any é§ > 0, we have

N N
P S+ [WE@P+A+8HD W@ —yE®P. (@28

n=1 n=1

In view of orthonormality, Bessel’s inequality, (2.6) and the fact that |@x (x)| = 1 we
have

an(x)—w,, 0> = wan() xE )P

n=1 n=1

= ”XE('vx)”i2(0,L)
€ E 2
_ 52(1 —f(—82|k +a|2)) . (2.9)

Next, following [6, 7] (see Remark 1) we set

1 4 \3/2
e+ = ()7 2.10
S 1+ put3/2 a (9«/3) 10
This gives
1
E 2 23
S X)|? = —eulE
12" 0l Meu Z ETETEEEE
— —5 Zf S/ZZ 1

2 (Ik +al® + u(VE [¢)?)?

1
13 JE . b5/
i k% (k + a|® + b)2

1
— u\3JE. b33 - -
7 sup E
2 b>0 = (Jk + af?® + b)?

1 1
= — VE -su b5/3 -
35/ Y R 12 (k +af + b)?

keZ

IA

= A()VE, (2.11)
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where

1
Z (Ik + o> +b)?’

1
A(a) = ———= - sup p5/3
5/4-1/2
3t b=0 kez

and where we singled out the factor ~/E, set b := pE3/2 /&3, and recalled the defini-
tion of u.
Substituting this into (2.8) and optimizing with respect to §, we obtain

p(x) < (

N
Z |W]-E(x)|2 > (Vp(x) — \/@E”“)i.
j=1

N 2
Y WE®P + ¢A(a)E“4) ,
n=1

which gives that

Finally,

L
/ i) —a@p@Pdx = [ [ [WE@)PdE dx
0

8 0\8

e

(Vp(x) — VA@)EY*2 dE dx

N
- T

L

/p(x)3dx.

0

~ 154(a)?

The proof is complete. =

Remark 1. The series over k € Z in (2.9), which we obviously want to minimize
under the condition fooo f(t)?>dt = 1, corresponds (after the change of variable  —
1=1/2) to the integral

o0

/ (1 — f(t)*t 3 ?ds.

0

A more general problem

/(1 — f@)?*tPdt — inf
0
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subject to the same condition fooo f(t)?dt = 1 was solved in [6]:

. 1 _(B-1 7/B \AB
f(t)_l—f—;u‘ﬂ’ ,u—( B .sin(n/ﬂ))’ p>1.

This explains the choice of f(¢) in (2.10).

3. 1D periodic case for matrices

Let {¥,}_, be an orthonormal family of vector-functions
vfl’l(x) = (‘ﬁn(x, 1)7 ce Wn(x, M))T7 'ﬁn : [0’ L]per - CM

and

Y. ¥m) = Yn, 'ﬁm)L2([o L],CM)

- Z/ o )P 1)

=1y

V()T Y ()dx = Sum.

O\h

We consider the M x M matrix U(x) = Zivzl Y ()Y, (x)T.

Theorem 3.1. The following inequality holds:
L
[ miveeiar < k@ > [ 193,00 — a0 ()2 .
0 n=179

where K(«) is defined in Theorem 1.1.

1119

3.1)

Proof. We first show that K(«) < K;(«). As before, let f be a scalar function with

Jo (1)?dt = 1. Then

/w () — a0 () oprdx = 3 21k + a1 (k) 2

keZ

/Zf o) WelwdE

:[L]O|¢E(x)|éMdE dx,
0 0
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where

3 E A A n A
¥E) = \/;k% (G =ap) ¥ Y= e )T

Let e € CM be a constant vector. Then
N

N
({U(x)e.e) = De V() =Y (¥ (x). €)?
n=1

N
D () — ¥k (x).€) + (¥, (x). )

S
—

N N
<A+ Y a0 =¥y 0.+ 1+ D [P (x).e)

n=1 n=1

where (-, -) denotes the scalar product in C™ . For the first term, we have

() —¥E ). e) = \/72 2|k |2))<ok(x)<n/7k,e>

= W) 2" 0O 2w, cm),

where the scalar function yZ(x’, x) is as in (2.7). Now, again by orthonormality,
Bessel’s inequality and (2.11) we obtain

D Vn(X) — ¥y (x),€)] Z(rﬁn() xF X)) 2 o

n=1 n=1
E 2
= ”X ("x)e”LZ(L,(CM)
E 2 2
= x= G o)lzzllellca

< A@VE|e|Zu.

For the second term, we simply write

N N
S W) @) = (UE(ee), UEE) =Y yE@PE®

n=1

Combining the above, we obtain
(Uee) < (1+ 8 ) UE (e e) + (1 + 8 A@VE el

If we denote by A;(x) and )L]E (x), j = 1,..., M the eigenvalues of the (Hermitian)
matrices U(x) and U £ (x), respectively, then the variational principle implies that

A(x) < (1 +8HAEX) + (1 + 8§)A@VE.
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Optimizing with respect to §, we find that

Aj(x) < (\/%4_ A(a)1/2E1/4)2,

A > (VA ) = A@2EVH D j =1 M.

or

Therefore,

N M
S WE DR = Trew UP() 2 Y (A0 = A@'2EV42.
n=1 j=1

Integration with respect to E gives that

N M
Z[ |'/’f(x)|(2:MdE > Z/(,Mj(x — A()2EV*2 dE

n=10 j=10

_ 1 J 31 3
= m;kj(x) = WTYU(X) ,

and integration with respect to x gives (3.1) with (1.5).

We finally point out that matrix inequality (3.1) with estimate of the constant (1.4)
was previously proved in [9, Theorem 6.2]. The proof given there holds formally for
the case of a constant magnetic potential. However, if a(x) # const we only have to
use the orthonormal family (2.5) as we have done in the proof of the scalar Lieb—
Thirring inequality in Theorem 2.1. The proof is complete. |

It is well known [4, 7] that inequalities for orthonormal systems are equivalent to
the estimates for the negative trace of the corresponding Schrodinger operator. In our
case we consider the magnetic Schrodinger operator

. d 2
H= (’E —a(x)) v (3.2)
in L5 ([0, L]per) with matrix-valued potential V.

Theorem 3.2. Let V(x) > 0be an M x M Hermitian matrix with Tt V3% € L(0, L).
Then the spectrum of operator (3.2) is discrete and the negative eigenvalues —A, <0
satisfy the estimate

L
2
D dn = —=VK(@) [ TV (x)*?)dx
- 343 0/

L

— %JK(O{)L?’] / e[V (x)**dx, (3.3)

0
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where

cd 1 _ 2\Y _ F(V + ])
ra = G [a-igpy as - T T
R4

(3.4)

Proof. Let {y, },1:’=1 be the orthonormal vector valued eigenfunctions corresponding
to {—A, },Ilv=1 :

(-5 —a) ¥u = Vi = —nthn

Taking the scalar product with ¥, using inequality (3.1), Holder’s inequality for
traces, and setting X = fOL Tr[U(x)3]dx, we obtain

N N L L
e == 3 [ 190 = a0 e + [ TV UCOL
n=1 n=1 0
L 2/3
< —K()'X + (/Tr[V(x)3/2]dx) X3,
0
Calculating the maximum with respect to X, we obtain (3.3). ]

The inequalities for higher-order moments of the eigenvalues of the magnetic
Schrodinger operators with matrix-valued potentials are obtained by the Aizenmann—
Lieb argument [1,7].

Corollary 3.1. Let V > 0be an M x M Hermitian matrix with Tr VY112 e L1(0, L).
Then for y > 1 the negative eigenvalues of the operator (3.2) satisfy the inequalities

L
D AL < Lys /Tr[V(x)l/“V]dx, (3.5)
0
where
Ly <—2 JK( )LCVI’l T /K@) L¢
R o = — o .
.1 = 3\/§ Lcll,l \/g Y,1

4. Magnetic Schrodinger operator on the torus

Proof of Theorem 1.1. We use the lifting argument with respect to dimensions devel-
oped in [12]. More precisely, we apply estimate (3.5) d — 1 times with respect to
variables x1, ..., xg—1 (in the matrix case), so that y is increased by 1/2 at each step,
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and, finally, we use (3.5) (in the scalar case) with respect to x4 . Using the variational
principle and denoting the negative parts of the operators by [ - ]—, we obtain

d—1
S0 = 3o An (0 — a0 + Y (00, — a;(5))* = V()
n n j=2
]d—l
= Y (0 —ara)? = [ Y0y —a; ()2 = Vw0 )
n j=2

Ly
b4
— Ki(a1) LCl [ axj —aj(xj))z _ V(X)]Z—H/zdxl
]

' 2 d 4 d-1
1
= (ﬁ) [T VR T340
j=1 j=1
Ly Lg—

) / - / Tr{(i 0x, — aa(xa))* = V()T 2dx, . dxg
0

( ) l_[ VK(af nLer(J 1)/21/Vy+d/2(x)dx,

Td

which proves (1.2), (1.3), since

d

1
[TL540-021 = Lya- u
j=1

Remark 2. The method of Theorem 2.1 (namely, its second part) is difficult to apply
in the case orthonormal system on the torus T¢ with d > 1, because the corresponding
series (2.11) is now over the lattice Z¢ and depends on d parameters. However, the
Lieb-Thirring inequality for an orthonormal system {; }N LEHNT 4y follows from
Theorem 1.1,,—; by duality. For example, for d = 2 it holds

/p(x)Zd %,/K(al)K(az Z /|szj(x) A(x)w](x)|(c2dx

T2
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084 084

0.6 0.6

Figure 1. The graphs of F(b,0.1), F(b,0.25), and F(b,0.5).

5. Some computations

We now present some computational results. We set in (2.11)

1

. 1,5/3
F(b,a):=b é—(|k+a|3+b)2‘ (5.1)

We clearly have that for all « (including integers)

o0
dx 8
lim Fha)=2 | —2 = ° /37 = 1.6122.
pim_ Fb,e) /(x3+1)2 77V
0

This immediately gives in the framework of this approach (see (1.5)) a lower bound
for the constant K, (a):

Ka(@) > — [ 8 /3 ]2 3207 _ 6 7961 (5.2)
o . —_— s = = . . .
=38 27 313/2

The graphs of F (b, «) for @ = 0.1,0.25, and 0.5 are shown in Figure 1.
The unique point of maximum b*(«) has the following asymptotic behaviour as
a — 0. For a small «, the main contribution in the sum in (5.1) comes from the term
with k = 0, that is, from
sz |
(a3 + b)?’
whose global maximum is attained at b = 5> and equals % . é Then (1.5) gives

513/3 1 1
Kz(a) ~ ma—z = OOSOSE as o — 0,
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2.6

2.4} :

221 b

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Figure 2. The graphs of K; («) = k(«)? (black) and K> («) (red). The horizontal blue line is
the constant in (5.2).

while it follows from (1.4) that

1

1 1
K](Ol) ~ 4]{—2()[—2 = 0025$ asa — 0,

which explains why Kj () < K, () near @ = 0 and @ = 1 in Figure 2. On the other
hand, in the middle region |% — a| < 0.2273 the new estimate (1.5) is better. It is also
worth pointing out that

K>(1/2) = Ky (1/4)(= 0.8819)
the equality holding since
F(b,1/2) = F(b/8,1/4).

The minimum is attained at a* = 0.273 giving K> (a*) = K(1 —a*) = 0.811.
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