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Sharp spectral stability for a class
of singularly perturbed pseudo-differential operators

Horia D. Cornean and Radu Purice

Abstract. Let a(x, £) be a real Hormander symbol of the type Sgso(Rd x R9), let F be a
smooth function with all its derivatives globally bounded, and let Ks be the self-adjoint Weyl
quantization of the perturbed symbols a(x + F(6x), &), where |§| < 1. First, we prove that
the Hausdorff distance between the spectra of K5 and Ko is bounded by \/m , and we give
examples where spectral gaps of this magnitude can open when § # 0. Second, we show that
the distance between the spectral edges of Ks and K¢ (and also the edges of the inner spectral
gaps, as long as they remain open at § = 0) are of order |§|, and give a precise dependence on
the width of the spectral gaps.

1. Introduction and main results

Let a(x, £) be a real Hérmander symbol [14] of class SgSO(Rd x R?), i.e., a smooth
function on R2¢ satisfying the estimate

sup |D§‘D§a| < oo, foralla,f e N4, (1.1
x,EeR4

For 6] < 1letag(x, &) = a(«~/1+ 8x,+/1+ §&) € R. It belongs to the same class.
We denote by Hs = Op" (as) the self-adjoint operator generated by the Weyl quan-
tization, which means that

(. Hs) := (2m) f d§ f dx' dxe’#Cas(x + x') /2, E) Y (x)p (),
Rd R2d

where ¥/, ¢ € S(R?) and (-, -) denotes the usual scalar product in L?(R%) (considered
to be anti-linear in the first variable). The operator Hs has a distribution kernel that
can be written as the oscillatory integral

$5(u,v) = 2m)~¢ /as(u,g)eif'vdg, u=x+x)/2,v=x—-x. (12
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In [11], Grochenig et al. proved that the spectral edges of the spectrum o (Hs)
are Lipschitz at § = 0. The problem is non-trivial because the map § — Hj is not
necessarily differentiable in the operator norm topology, which can already be seen
at the level of the symbol: a should have some extra linear decay in both x and & in
order to make sure that Hs — Hy has a norm of order §, which would imply that the
Hausdorff distance between the spectra of Hg and Hj is Lipschitz continuous at zero.

Nevertheless, the authors of [11] show that such a strong decay is far from nec-
essary if one is only interested in the spectral edges. Actually they even consider
more general operators corresponding to symbols of Sjostrand type, operators which
belong to certain weighted modulation spaces; see [10] and references therein for an
introduction to the subject.

A similar phenomenon appears in the case of long range magnetic perturbations
[2,4-6,8,9]. In fact, the two problems are very much related, see Section 3.2 of the
current manuscript for more details.

1.1. A more general perturbation

In this manuscript we are interested in a more general perturbation of the symbol,
where the dilation treated in [11] becomes just a particular case. In order to achieve
that, we have to “rotate” the operators Hy in the following way.

Lemma 1.1. Denote by Us the unitary transformation in L>(R?) given by
Us f)(x) = A+ 8" f(1+8)7"2x), forall f e L*(RY).

Then U HsUs equals the Weyl quantization of the symbol a(x + 8x,§), and is iso-
spectral with Hy.

This result is straightforward and we will omit its proof. The advantage of working
with symbols shifted only in x is that we can identify a larger class of perturbations,
where the same spectral results as proved in [11] hold true. More precisely, instead of
x + 8x we will consider x + F(6x) where F satisfies the following assumptions.

Hypothesis 1.2. Let F € [C*®(R%)]? be a smooth real vector-valued function with
all its derivatives of all order uniformly bounded (thus F can grow linearly at infinity).
Given any real symbol a € Sg’O(Rd x R%) asin (1.1) and § € R, let K5 be the Weyl
quantization of the symbol a[F]s(x, &) := a(x + F(§x),£),i.e., Ks = Op” (a[Fs).
Also, the distribution kernel of K (defined as in (1.2)) is denoted by Ks. If F(x) = x,
then Kg and Hy are unitarily equivalent and isospectral.

We will only work with symbols of class S§,(RY x R?) (included in the Sjos-
trand class of symbols considered in [11]) since they are more suitable for the less
symmetric perturbation which we consider.
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1.2. The main results

We start by recalling the definition of the Hausdorff distance between any two com-
pactsets M, N C R:

dp(M, N) = max{ sup dist(A, N), sup dist(u, M)}.
reM HEN
Our first main result gives a sharp upper bound on how much the spectra can
“move” as sets.

Theorem 1.3. Consider the notation introduced in Hypothesis 1.2. Then there exists
C > 0 such that

dp((Ks),(Ko)) < C/8]

for all |§| < 1. This bound is sharp, in the sense that one can construct a Ko such that
0 € 0 (Ky) while the spectrum of Kg develops gaps of order \/|8| near zero.

The next straightforward corollary spells out in a detailed way how the interior
non-trivial gaps in the spectrum of Ky may vary with §.

Corollary 1.4. Assume that Ko has an open spectral gap (Ao, o) with Ag, (Lo €
0 (Ky). Then there exists a constant C > 0 (the same as in Theorem 1.3), independent
on the spectral gap, such that for all |§| < (o — Ao)?/(4C?) the interval [Ag +
C \/m , o —C \/W] is non-empty and belongs to the resolvent set of Kg. Moreover,

both intervals [Ag — C /|8], o + C+/|8]] and [po — C /18], o + C +/|8]] have a
non-empty intersection with o (Ks) for all |§| < (juo — Ao)?/(4C?).

The next main result states that the spectral edges of K have a Lipschitz variation
at§ = 0.

Theorem 1.5. Let E(§) :=supo(Ks) and E_(8) := info (Ky). There exists C > 0
such that |EL(8) — Ex(0)] < C|é|, forall |5] < 1.

The next corollary describes the variation of the edges of those interior gaps which
remain open at § = 0, and gives a precise control with respect to the width of the
spectral gap.

Corollary 1.6. Consider the same setting and the same notation as in Corollary 1.4.
Let || < (o — X0)?/(4C?). Since (o + Ao)/2 is in the resolvent set of Kg, and both
sets 6(Kg) N (—o0, (o + Ao)/2) and 6 (Ks) N ((uo + Ao)/2,00) are non-empty, we
may define

As := sup(a(Ks) N (=00, (1o + A0)/2)),
ps = inf(o(Ks) N (o + Ao)/2.00)).
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Then there exists a constant C > 0, independent of jLg — Ao, and some 0 < §; <
(o — Ao)?/(4C?) such that

C|§
max{|As — Aol, |5 — pol} < il ., forall|§| < 6.
Mo — Ao

Remark 1.7. Corollary 1.6 is stronger than Corollary 1.4 only when \/m is much
smaller than the width of the gap o — A¢. An important point is that the constant C in
Corollary 1.4 is independent of the gap, while the Lipschitz constant in Corollary 1.6
is inverse proportional with the width of the gap at § = 0. This is compatible with
Theorem 1.3: when |§| increases and becomes of order (i — Ag)?, the gap might
even close.

Remark 1.8. When F(x) = x, the results of Theorem 1.5 and Corollary 1.6 are also
obtained in [11]. On the other hand, the results of Theorem 1.3 and Corollary 1.4 are
new. We note that if one is only interested in proving Lipschitz behavior of the inner
gap edges Ag and g, one does not need the explicit estimate in our Theorem 1.3, but
only some a priori knowledge of their continuity, as in [11].

2. Technical preliminaries

2.1. Known facts about the Hausdorff distance between spectra

The following lemma is well known but also very important, hence we prove it for
completeness, see also [9].

Lemma 2.1. Let A and B be self-adjoint and bounded. Let E.(A) = sup o (A),
E_(A) = info(A), and E+(B) denotes the same for B. Then

|E+(A) — E+(B)| < dp(0(4).0(B)) < [|4 - B].

Proof. Let us prove the first inequality but only for “E4”. Let us assume, without loss
of generality, that E4 (A) < E;(B). Then

0 < E+(B) — E+(A4) = dist(E+(B).0(4))

< sup dist(A,0(4)) < dp(c(A),0(B)).
A€o (B)

Now, let us prove the second inequality. Let z & o(A4). We have
B—zl =1+ (B—A)(A—z1)"H)(4-z1).
If dist(z, 0 (A)) > ||A — B]|, then
I(B—A)(A—-zD)7" <1
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and z ¢ o(B). This means that the spectrum of B is located within a neighborhood
of width ||A — B| of the spectrum of A. The same conclusion holds for A replaced
with B. ]

Another useful inequality is the following.
Lemma 2.2. Let A, B, C, D be bounded self-adjoint operators. Then
|[E£(A) — E£(D)| < |[A— B| + |Ex(B) — Ex(C)| + ||C — D] (2.1)

Proof. Direct application of the triangle inequality and of Lemma 2.1. ]

2.2. Reduction to compact support in the second variable of the distribution
kernel

We refer to Hypothesis 1.2 for the notation involving Kg and K.

Lemma 2.3. Let 0 < f < 1 be smooth and compactly supported, with f x)=1in
a neighborhood of 0. Let Kg be the operator ) with the integral kernel 5?5 (u,v) :=
F(V18]v)Ks(u, v). Then the symbol a[Fls of Ks obeys (1.1) uniformly in |§] < 1 and

IKs — Ks|| = O(5%).

Proof. We may assume § > 0. Denote by f the Fourier transform of f. The symbol
of K is a convolution,

alFlr§) = oy 02 [ ate+ Fen.e - ) ELD (id//zf)dsc
R4
while the symbol of K5 — 123 is

()" d/zf(a(x+F(5x) §) —alx + F6x).§ - f))f(id//{) o

where we used that f(0) = 1. Using the integral Taylor formula we have

a(x + F(6x),€) —a(x + F(8x), £ — &)

1
= /drdia(x + F(6x). £ — & +r¢)
r
0

1

= (§'- Ve)a(x + F(6x).§) — / drr(§ - Ve)’a(x + F(8x),& — & + r’)

0
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N-1 _1)]' -
= IT (- Ve) Hla(x + F(6x),§)
j=o 7
( r)

N
Vi [d (& - VoV Tla(x + F(6x),& — £ +rE)
0

for every N > 1. Using that all the partial derivatives of f at zero equal zero, we may
write the symbol of K5 — K as

1
N
oyt [[arS0- / T a4 FEn.E -8 +rin LD g
0

for all N > 1. After a change of variables, this symbol reads as

8(N+l)/2(27_[)—d/2

N

0

forall N > 1.
This symbol obeys (1.1) where the supremum is bounded by Cy 4 6 +1/2 for
all N. An application of the Calder6n—Vaillancourt Theorem [3] finishes the proof. m

2.3. A localization result

Let 0 < g < 1 be smooth with compact support such that

Zgz(x —y)=1, forallx e RY. 2.2)
yezd

Let 0 < g < 1 be any other compactly supported function and define gs ,(x) :=
g(VI8lx —y) and g, (x) := &(/[8]x — y).

Lemma24. LetT := {Ty}yezd be any family of bounded operators on Lz(Rd ) and
let ||T|| = supyeza Ty |- We define

[z(7) = Z 85.y1y8s.y.

yezd
Then there exists a constant C independent of |6| < 1 such that

ITe (I = ClITI
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Proof. Giveny € Z¢, we denote by V,, the set of all y’ € Z¢ with the property that the
support of g5, has a non-empty overlap with the support of g5 ,,, including y’ = y.
Denote by v € N \ {0} the cardinal of V,; it is clearly independent of y and §. For
¥ € L2(RY),

ITz (D) |12

- - v+1

= Z Z (8s5,yTv8s.y V. 85,y Ty8s,y V) < - Z ||Tyg8,y‘ﬁ||2

yeZd y'€Vy yeZ4
v+1 v —|— 1

<7 > Z /gz( 18]x — Y)Y (x)|Pdx = || T (VAR

)’GZde
where in the last equality we used (2.2). [

3. Proof of Theorem 1.3

For simplicity, let 0 < § < 1. From Lemma 2.3 and Lemma 2.1, we infer that the
Hausdorff distance between the spectra of K and Kg is of order §°°. Let us define the
operator K5 through its integral kernel given by Rg (u, v) F(+/8v)Ko(u, v). Then
with the same proof as in Lemma 2.3 one can show that || K s — Kol = O(6*), and the
same is true for the Hausdorff distance between their spectra. Therefore, according
to the second inequality in (2.1), it is enough to prove that the Hausdorff distance
between the spectra of Eg and Igg is of order /5.

Let 7, be the unitary operator induced by the translation with —c, i.e., (74 ) (x) =
¥ (x — «); we use the notations introduced in Lemma 2.4 and work with Iy, i.e., with
g = g. We shall prove the following statement.

Proposition 3.1. Let 3 € C be in the resolvent set of 155 defined above. Let us define
o -1
I ®) = T_psy (Ks =30 75y

the associated family T (3) := {Ty(3)}yeza as in Lemma 2.4 and the “remainder
operator”
Rs(3) == (Ks —3DIe (T (3) — 1.

Then there exists a constant C such that for all 0 < § < 1 we have

§
RsR) < CL. (3.1)

dist(3,0(Ks))

In particular, this implies that the spectrum of Kg belongs to a neighborhood of width
C~/§ of the spectrum of K,g
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3.1. Proof of Proposition 3.1

Here we use some of the ideas employed in [1] We need to investigate the opera-
tor Kg g5,y and compare it with g5, T_ F(J3y) K5 TR (/3y) If they were equal to each
other, then Rg(3) would equal zero. In fact, there are two contributions to Rg(3): one
coming from replacing 1?5 gs,y Witht_ 3y) 123 Tr(Jy) &8,y and the other one com-

ing from the commutator [T—F(ﬁy) Kstr(/s5y): gs.yl-
Lemma 3.2. There exists a constant C > 0 such that
K585,y — T_p o) KsTr (/5 &8 | = CV5, forally €29,

Proof. The distribution kernel of the operator

Loy = Rsgsy —_p( s Kstp s 86y
from the statement of the Lemma is given by
J(V80)(Kou + F(8u).v) = Kolu + F(V8y). v)g (V8 —v/2) — y).
Let us denote
hy(x) == f(x)g(=x/2+ y).

We see that &, is identically zero if |y| is large enough. We may find some smooth
and compactly supported function 0 < 4 < 1 such that

hy(x)/;(y) =hy(x), forallx,y € R,

The role of y is played by Vu — y, which means that the quantity |«/gu — | remains
uniformly bounded in both § and y due to the presence of h.

Denote by Via(x, &) the partial gradient of a(x, §) with respect to the spatial
variables x. Then by denoting

as,, (u, £)
= a(u + F(Su),§) —a(u + F(V8y),£)

1
= (F(8u) — F(V/8y)) - [ drVia(u + F(V/8y) + r[F(Su) — F(v/8§7)]. )
0

the symbol of our operator Lg , is

(/5
bs., (u.£) == 2m)” d/zh(fu—y)/asy(u £— S)[gd—/i/dé
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An important observation is that the function
h(V/8u — y)(F ($u) — F(V/8y))

is uniformly bounded by +/8 together with all its derivatives. Thus, all the seminorms
of the above symbol will have (at least) a factor +/§, uniformly in y and we are done
after an application of Calderén—Vaillancourt. |

Lemma 3.3. There exists a constant C > 0 such that
I[gs,y- T_F(ﬁy)lg8TF(ﬁy)]|| < C«/g, forall y € 74,
Proof. The distribution kernel of the above commutator is
S(V80)Ro(u + F(V8y). v)(g(V8(u +v/2) =) — §(V8(u —v/2) — )

which equals

1/2
VEr [ dr f(VE0)Rotu+ FW/Bp. - Ve(ou—y +150/2)

—1/2

The v appearing in the factor v - Vg has to be coupled with Ko, in the sense that
when we write the symbol of the commutator as a convolution, by using integration
by parts, the factor Ko (u + F(+/8y). v)v becomes Vea(u + F(\/8y).E — &) in the
convolution. It turns out that again, all the seminorms of the commutator symbol will
be of order /8 uniformly in y. ]

We are now ready to complete the proof of Proposition 3.1. Let @  R? be a ball
which contains the set

{x e R? | dist(x, supp(g)) < 1}

and let us denote by g the indicator function of 2.

Remark 3.4. Due to our choice of f with support in the unit ball, the presence of
£(+/8v) in the distribution kernels of both K5 and K implies that

Ksgs. = 85.yKs8s.y, (3.22)
T_F(V/8y) Ks TR(J/En) 88y = gS,yT_F(ﬁy) Ks Tr(J/8y)88.7" (3.2b)

Now, let {My (3)}, cza be a family M(3) of operators given by

M, () = (ES - T_F(ﬁy)KSTF(ﬁy))gS,yTy(3)_[g8,yv T_F(ﬂy)KSTF(ﬂy)]Ty(a)'
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A short computation using also (3.2) shows that
Rs(3) = I'g(M(@3)),

hence an application of Lemma 2.4 with 7 replaced by M finishes the proof of (3.1).
Now, let us investigate the spectral consequences. If 3 € C is in the resolvent set
of K5, we have the identity

(K5 —31)Tg(T (3)) = 1+ Rs(3).

Now, if we also impose that dist(3, 0(185)) > C /5, then ||Rs(z)|| < 1 and (K5 — 31)
is invertible, thus 3 cannot belong to the spectrum of o (Kg). Thus, if A € 0(Kj), then
dist(3,0(Ks)) < C /5. This ends the proof of Proposition 3.1. [

3.2. Concluding the proof of Theorem 1.3

We have seen in Proposition 3.1 that if 3 € C is at a distance larger than a constant
times +/§ from the spectrum of 185, then 3 is also in the resolvent set of Eg. Exactly
the same type of proof can be used when we swap the roles of a(x + F(6x), §) and
a(x, £), namely by putting

a(x, &) :=a(x+ F(0x),§)

and
ag(x,€&) :=a(x— F(6x),§).

Thus, this proves that the Hausdorff distance between G(I%(g) and o (Kjs) goes like
V8.

This bound cannot be made better in general. Let d = 2 and let
as(x,§) = cos(§1) + cos(§2 + (1 + 8)x1).

Through Weyl quantization, this symbol generates an operator which is isospectral
with the Hofstadter model, in the Landau gauge, with a constant magnetic field b =
1 + 6. It is known [12, 13] that Op(ag) corresponds to the “half-flux case,” and the
operator has an absolutely continuous gap-less spectrum which contains the origin.
If § # 0 is small, then the spectrum of Op(as) develops gaps near zero of width
V8. A recent detailed analysis regarding the magnetic perturbations of ‘“Dirac cones”
which produce gaps of order /8 may be found in [7].
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4. Proof of Theorem 1.5

We only prove the theorem for E4 and 0 < § < 1. Due to (2.1), it is enough to prove
the statement for the pair of operators K s and Ig 5, where as before, K § corresponds to
the integral kernel f(v/$v)Ko(u + F(8u), v), while 185 corresponds to the integral
kernel f(+/8v)Ko(u, v).

Lemma 4.1. Let § > 0. For every ¢ € L2(R?) we define

)

d/4 a2
sy = (1) ey ().

Then W5 € L*(R??) and ||Ws || p2g2ay = V|l L2 ®a)-
Proof. Direct computation. |
Lemma 4.2. Let x,y,z € R?. Then
27N x +y/2—zP 427 x—y/2— 2P —y?/4 = |x — )2
Proof. Direct computation (the parallelogram identity). |
For ¥ € 8(R¥) we notice that we have the following identity:

(v, E,gw) = | dudvy(u+ v/2)f(«/gv)5?o(u + F(Su),v)¥y(u—v/2)

R

= /dy / du dvy(u + v/2) f(V$v)Ko(u + F(8u),v)

Rd RZd
6 \d/2 lu—y|2

x (=) e v -/,
4

where we used that the y-integral of the heat kernel equals 1.
The next lemma is very important, and says that we may replace F(§u) with
F(§y), making only an error of order §.

Lemma 4.3. There exists C > 0 such that
(V. Ksy) < /dy / dudvy (u +v/2) f(V8v)Ko(u + F(8y).v)
R4 R2d

d/2 u—y|2
x(i) e Ty —v/2) + CS|lY |2, 0<8<1.
4
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Proof. Let us consider the following distribution kernel:

[ s (ourRotu + Fioy). v~ ot + Fow, ()
R4

Denoting by V; the partial gradient with respect to the “u € R?” variables, we can
write the above distribution kernel as

[ v 1 E G - FGy - Vistotu + F 0 (1) et
R4

1
+ [ dy [ dr(1—=r)((F(8y) — F(§u))- V1)
Il

x f(V8v)Ko(u + F(Su) + r(F(y) — F(Su)), v)(%)d/ze_a%'

From our Hypothesis 1.2, we have |F(§y) — F(du)| < Cd|u — y|, hence both above
kernels correspond to S(?,o symbols due to the fact that the growth in |u — y| is con-
trolled by the Gaussian factor.

Moreover, in the second kernel we can couple one power of § with the quadratic
term |y — u|? and thus we can bound this second kernel by a constant times § and
conclude that all the seminorms of its associated symbol will be of order 8.

For the first kernel, we use the Taylor expansion

F(8y) — F(Su) = §VFSu) - (y — u) + 08|y —ul?).

The remarkable fact is that the linear term vanishes identically after integration in y.
The quadratic term can be dealt with as we did with the second kernel concluding that
it will generate an operator with norm of order §. ]

Using the notation from Lemmas 4.1 and 4.2, the inequality from Lemma 4.3
reads as

(V. Ksy) < /dy / dudvTs(u + v/2. ) f(V50)e T Kol + F(5y).v)
R4

R2d

X Ws(u —v/2,y) + C8||y|>. 4.1)

Another crucial observation is that the operator with the integral kernel given by

v2
f(x/gv)e%ﬁo(u + F(8y),v), forall y e RY,
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appearing in (4.1), is unitarily equivalent, by a conjugation with 7z (s, with the oper-
ator denoted from now on by My given by the distribution kernel

Ms(u,v) = f(«/Sv)e%m(u,v).

These operators have the same spectrum, for all y € R¥, thus from (4.1) and Lemma
4.1 we have

(¥, Ks¥r) < Ex(Ms) || + C8|ly > (4.2)

Finally, we see that the operator Mg — 135 has the integral kernel
1
r U2
(8/16) / dr £(V8v)e 16 2R (u, v).
0

The factor v multiplied by K will generate (by the usual integration by parts pro-
cedure for oscillatory integrals) some second order derivatives in & of the symbol
a(x, &), while the Gaussian is just a smooth function depending on V/8v, which on
the support of f remains bounded. Hence, the operator Mg — K s has a norm bounded
by &, which together with (4.2) implies

(v, Rsr) < E+(Kp)llv 1> + C8lly |1

ie., E4(Ks) <E,4 (125) + C§. The inequality where Kjs and 1%3 exchange places can
be proved in a similar way.

5. Proof of Corollaries 1.4 and 1.6

Corollary 1.4 is just a direct consequence of the definition of the Hausdorff distance.
For Corollary 1.6, we use a similar trick with the one used in [11]. Let

Yo = (240 + 1o)/3
and let us define
Ty := (K5 — yol)* = K§ —290Ks + 1. (5.1)

Let us assume for the moment that £ (Ts) are Lipschitz at § = 0, a fact which we
will prove later. If § > 0 is small enough, then by using the spectral theorem, the fact
that yg is closer to A than to pg, and the a priori estimate from Theorem 1.3 which
says that [As — Ao| < C+/8, we have that

E_(Ts) = (As — y0)*.
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The Lipschitzianity of E_(Ty) implies the existence of a constant C; > 0 such that
|(As — v0)*> — (Ao — ¥0)?| < C18, forall 0 <& < .

Writing
(As —0)> = (ko — ¥0)* = (As — 20)(As + Ao — 2y0)

we have some small enough §; < 8¢ such that

Cié Cid 3Ci6
|As — Ao| < ! < ° = I forall0 <8 <6,
[As + A0 =2yl ~ Yo—Ao  o—4o

and we are done.
The only thing which remains to be proved is that £ (Ty) are Lipschitz at § = 0.
We start with a lemma.

Lemma 5.1. Given B = Op" (b) with b € SSJO(RM), we denote by Mg(B) the Weyl
quantization of the perturbed symbol b(x + F(6x),&). If a € SSJO(RM) then Kg =
Ms(Ko) and

IMs(Kg) — K5l < Cé.

Proof. Denote by y the indicator function of the unit hypercube Q := [—1/2,1/2]¢.
The operator Ks can be seen as an operator in EBJ,GZCJ L?(R2) given by the operator
valued matrix

Ayy (8 (x, X)) i=90((x +x" +y+¥)/24+ FO(x +x)/2+8(y +v)/2).
x+y—x"—y),

where (x,x’) € @ x Q and (y,y') € Z% x 79.
Due to the strong localization of $¢ with respect to v = x — x’, one can prove
that for every N > 1 there exists Cy > 0 such that

14y, &) z2@) < Cnly — )N,
For (x, x") € Q x Q let us define
Ay B)(x. X)) i= So((x + X' +y +7)/2+ FG(y +y)/2.x +y —x' —V)).

Using a Taylor expansion for F together with the strong localization of $¢ in the
v variable, one may also show that for every N > 1 there exists Cy > 0 such that

4y, (8) — Ay (8)ll L2y < CnSly — ) V.

Up to a use of the Schur test in B, cza L?(Q2), we get that

Ks =) x(+ 1A @xC+v) = 00).

vy’ €zd
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Thus, up to an error of order § in operator norm, we have that Kg is given by

Z Z X+ V)Zy,y”(fs)gy”,y’(s))((' + V/)-

y,y/eZd y”EZd

By replacing F(8(y + y”)/2) and F(§(y” + y’)/2) with F(6(y + y’)/2), we pro-
duce an error of the type

(' =y Wy —v").
that is controlled by the strong off-diagonal decay in both |y — y”| and |y” — y/|

induced by &¢. Hence, Kg is up to an error of order § given by the operator valued
matrix:

By, (8)(x,x") := (Integral kernel of K3)((x + x" +y +y")/2+ FS(y +v')/2),
x+y—x"—y).

Finally, by again using a Taylor expansion and a Schur test, one shows that this oper-
ator and Ms(K3) differ from each other by something of order § in the operator
topology, and the proof is finished. |

Going back to (5.1), we notice that Lemma 5.1 implies that modulo an error of
order § we can replace Tp by

Ms(K§) — 2y0Ms(Ko) + v51 = Ms(K§ —2y0Ko + ¥31),

which is the same type as K and thus the Lipschitzianity of E_(T}p) will follow from
Theorem 1.5.

Funding. This work was partially supported by the Grant 8021-00084B of the Inde-
pendent Research Fund Denmark | Natural Sciences.
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