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Abstract. A scattering zipper is a system obtained by concatenation of scattering events
with equal even number of incoming and out going channels. The associated scattering zipper
operator is the unitary equivalent of Jacobi matrices with matrix entries and generalizes Blatter—
Browne and Chalker—Coddington models and CMV matrices. Weyl discs are analyzed and
used to prove a bijection between the set of semi-infinite scattering zipper operators and matrix
valued probability measures on the unit circle. Sturm—Liouville oscillation theory is developed
as a tool to calculate the spectra of finite and periodic scattering zipper operators.
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1. Scattering zippers

A scattering zipper describes consecutive scattering events with a fixed number 2L
of incoming and out-going channels each. The zipper is specified by a sequence
(Sn)n=2,...n of unitary scattering matrices S, in the unitary group U(2L) as well
as two unitaries U, V' € U(L) modeling the boundary scattering. The size N of the
system is supposed to be either even or infinite. Then the scattering zipper operator
acting on £2({1,..., N}, CL) is defined as

Un = VN Wy,
where the two unitaries Yy and Wy are given by

S>
S4

Sy

and

Sn-1
v

The main hypothesis on each of the scattering matrices Sy, is that its upper right entry
of size L x L is invertible. In the notation of Section 2 below, S, is in a subset U(2L),,,
of the unitary group. This condition assures that the scattering is effective so that Uy
does not decouple into a direct sum of two or more parts. The terminology scattering
zipper is best understood by looking at Figure 1 illustrating the model. It shows the
first scattering events of a semi-infinite model N = oo for which we also drop the
indices on U, V, and W. It is also possible to consider periodic scattering zippers,
see Section 8 below for finite operators and Section 9 for infinite ones. Furthermore,
by placing either of the boundary conditions U and V into Yy, one can consider the
case of odd N, but we refrain from doing so.
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Figure 1. Illustration of the first scattering events as well as the boundary scattering. The
wave functions ¢® = (¢7),>1 and Y% = (Y7 ),>1 satisfy Up? = z¢?, which is equivalent
to 7 = z7 V7 and 7 = We?. The picture corresponds to Proposition 3 below. The
boundary conditions ¢§ and ¥ as well as Sy can be introduced for convenience, but one can
also just keep U, c.f. Section 3.

The main message of this paper is that scattering zippers are the unitary analogs
of Jacobi matrices with matrix entries. Here are the structural results supporting this
claim.

e The matrix Uy is not tridiagonal, but five-diagonal. Nevertheless, solutions
of the associated eigenvalue equation can be calculated by transfer matrices
having the same symmetries as in the Jacobi case, but no further restrictions (see
Section 3).

e The matrix element of the resolvent of Uy corresponding to the left boundary
site 1 has a simple expression in terms of the entries of the transfer matrix,
namely it is given by a M6bius transformation of the other boundary condition
(Theorem 1).

¢ These matrix elements of the resolvent lie on a Weyl surface which is a matrix
ball (Theorems 2 and 3).

¢ All semi-infinite scattering zipper operators U with fixed boundary condition U
are in the limit point case. Fixing an appropriate gauge for each S, the semi-
infinite scattering zipper operators are in bijection with their spectral measures
which are all matrix-valued probability measures on the unit circle (Theorem 4).

e The eigenvalues of the finite scattering zipper operators can be calculated using
matrix Priifer phases by Sturm—Liouville type oscillation theory (Theorems 5
and 6). This is also an efficient tool to calculate the spectrum of infinite periodic
scattering zippers (Theorem 7).

For Jacobi matrices with matrix entries, it is well-known how to use transfer
matrices, and how to calculate the resolvents (e.g. [10], but this is classical). Weyl
surfaces are also known for Jacobi matrices (see [11] which also contains earlier
references). The reason why there is a simple bijection in Theorem 4 is that all
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semi-infinite scattering zipper operators are in the Weyl limit point case, namely the
Weyl surfaces shrink to one point in the large N limit. This is in strong contrast with
Jacobi matrices where there are limit discs which lead to all the issues related to the
moment problem (see e.g. the beautiful paper by Simon [13]), nevertheless there are
close connections between probability measures on the real line and Jacobi matrices.
Finally, oscillation theory of Jacobi matrices with matrix entries was developed in [10]
and [12], but again the scalar case is well-known.

Now let us present our personal and without doubt very restricted view on con-
nections of this work to the literature. First of all, the scattering zipper itself is a
generalization of three well-known models: both the Blatter—-Browne model [2], and
the Chalker—Coddington network model [5] of the solid state physics community, as
well as the CMV matrices [4] of the mathematical literature. The Blatter—Browne
modelis scalar, namely L. = 1. Inthe Chalker—Coddington model, the aim is to model
a higher dimensional lattice of scattering events. In terms of the scattering zipper this
means that there is supplementary structure in each of the scattering matrices S, and
that they are infinite-dimensional and very sparsely filled. Motivated by applications
to the quantum Hall transitions, the main focus in the Chalker—Coddington model
has been on random scattering events. First rigorous works on the analysis of the
Blatter—Brown model and the Chalker—Coddington model on a strip have appeared
in [3] and [1]. On the other hand, the CMV matrices in its matricial version [7] only
consider scattering blocks of the type

el
s, — ( oy (l—anan)z)’ o

1
1 —aja,)2 —a

where the o, verify oo, < 1 which is equivalent to ||a, || < 1 (here and below we
always use the operator norm). These «;, are called the Verblunsky coefficients [7].
There is a huge literature on CMV matrices (see [14] and [7] for a long list of
references). They form a subclass of the scattering zipper models considered here. Of
course, the transfer matrix techniques also apply and have very efficiently been used
in most works on the subject. However, the Weyl discs at finite N as presented below
seem to have been studied only in the scalar case [8]. Nevertheless, it was possible to
prove in [6] and [7] that every sequence of Verblunsky coefficients corresponds to a
unique matrix-valued measure on the unit circle (Verblunsky’s theorem). Theorem 4
extends this theorem in that it exhibits a bijection between all probability measures on
the unit circle and the semi-infinite scattering zippers with fixed boundary condition U.
Finally, it seems that oscillation theory for CMV matrices was only developed in the
scalar case L = 1 [14], Theorem 8.3.3.

Acknowledgements. H. Schulz-Baldes wants to thank Mihai Stoiciu for introducing
him to the world of CMV matrices and for a number of discussions about oscillation
theory at a very early stage of this work. He also let us know about the reference [2].
We also acknowledge financial support of the DFG.
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2. Preliminaries on scattering matrices and transfer matrices

As explained in the introduction, the following subset of the even-dimensional unitary
group will play a role:

UQL),, =1{S = (“£) € UQL) | B isan invertible L x L matrix|.  (2)
Proposition 1. In (2), equivalent to the condition that 3 is invertible is either the

invertibility of y or the condition a*a < 1 or the condition §*§ < 1. Furthermore,
one has the representation

UQRL),, = {S(a,U,V) e UQRL) | a*a <1and U,V € U(L)}, 3)
where
o (1 —aa*)%U
S, U, V) = . : 4)
VA —a*a)2 —Va*U

Proof. The equations S*S =1 = SS* give
a*a+y*y =1 §§+p*B=1, §y+p*a=0, 3)
ac* +BB* =1, 88" +yy* =1, ya*+88" =0. (6)

From three of these identities the first claims can be deduced immediately. For (3),
let us first of all note that f8* = 1 — aa™ implies that B* has a unique polar

decomposition * = U*(1 —aa*)% with some unitary U. Similarly, y*y = 1—a*«a
shows that y = V(1 — aa*)% for some unitary V. But then § = —ya*(8*)~! =
—V(l—a*a)%a*(l—aa*)_%U = —Va*U. O

Recall that the Lorentz group U(L, L) of signature (L, L) is defined to be the set
of 2L x 2L matrices conserving the form

:C—IO 7
=y 1) ™)

The following well-known result on the passage from scattering matrices to transfer
matrices is illustrated in Figure 2.

Proposition 2. The formula

a B) y—88"ta 887!
\ros) 7\ —pta
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defines a bijection from U(2L),, onto U(L, L). For any vectors ¢,¢', ¥, ¥' € CE,
one has the equivalence

S(:ﬂp) B (:;’) = ")(S)(Z) = (f;) ®)

Moreover, if €, & € CL form an inhomogeneity, then

(0)-(01) = w)- () )6

Proof. Firstof all, note that ¢ is well-defined because f is invertible. Next one readily
checks that ¢(S)*L¢(S) = £ by using (5) and (6). Moreover, the inverse of ¢ is

given by
(A B\ _ -D7IC D!
¥ \c¢ o)~ \a-Bp-1c BD)
Next let us check (9), which generalizes (8). The upper equation on the left hand side
is ¥ + By’ = ¢ + & which can be rewritten as

—B ey + Bl =y —BE.

This is already the lower equation of the right hand side. Solving it for ¥’ and
replacing in the lower equation of the left hand side gives the upper equation on the

right hand side. U
@ + +<p’
v o @ ¢’
— — ®(S)
Scatterer S
] ——
@ v’ v v’
o] T

(@) (i) (iii)

Figure 2. Illustration of the scattering event described in Proposition 2. (i) is the usual
graphical representation of a scattering event with incoming amplitudes ¥ and ¥’ and outgoing
amplitudes ¢ and ¢’. (ii) and (iii), corresponding to the left and right hand side of eq. (8), show
different representations of the same event as they are used as building blocks in Figure 1 and
Figure 3 respectively.
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Let us conclude this section with a few comments. First of all, one readily checks

S . U V) = V 0 (l—a*a)_% (l—a*a)_%a*
#(S@ V) = 0 U* a(l—a*a)_% (l—aa*)_% .

Comparing with (1), one way to characterize CMV matrices is therefore to say that
their individual scattering events give rise to self-adjoint transfer matrices. Of course,
this does not imply that products of such transfer matrices have the same property.
This means that CMV matrices are not specified by some symmetry given by a
combination of time-reversal, particle-hole, or sublattice symmetry, and it is not clear
to us whether there is a deeper reason to consider scattering events of the type [4]. On
the other hand, it is possible to implement all the above symmetries also in scattering
zippers, just as for Jacobi matrices with matrix entries (see [10] where only even and
odd time-reversal symmetry is dealt with). Finally, let us briefly discuss degenerate
scattering events which don’t mix all incoming and outgoing amplitudes. There are
many possibilities to do this, but only two are relevant for the boundary conditions in
the next section. In one ¢ only depends on ¥ (left and right in Figure 2(i) decoupled),
in the other only on ¥’ (top and bottom in Figure 2(i) decoupled). Let us focus on
the latter. Then there are two unitaries U and V such that ¢ = Uy and ¢’ = V.
In this case, S and ¢(S) are given by

o_(ov L VO
“\v o) M =L, pe)

3. Solutions and transfer matrices

In this section, the formal solutions ¢ = (¢} ), for the eigenvalue equation Up? =
zg? at z € C will be constructed. Here all the ¢/ are L x L matrices and the index n
runs to infinity and it is formal in the sense that ¢ is typically not square integrable.
The construction of ¢ is done such that the left boundary condition (at site 1) is
satisfied. For finite &, the solution ¢ in general does not satisfy the right boundary
condition, namely (Uy¢?)n # z¢F;.

The following result is graphically illustrated in Figure 3.

Proposition 3. Let 7 = 1. Then the following assertions are equivalent:
@) (Up®)n = zg, and (W¢?)n = Y, forn = 1;

(i) (W) = Y7 and (V9#), = 29} forn = 1;

(iii) forany k > 1,

z z z z
() <72 (5) o (%50) i (55)
2k Pok—1 Pok+1 2k
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where the transfer matrices and the initial conditions are

Dok = 9(z 2), okt1 = ©(S2k41), an o7 ={4)
1

%o 72 21 gz |2 7z V3 7z ¥4 7z Vs

Yo ®1 1) ®3 21 ®s

Figure 3. The scattering zipper of Figure 1 after having transformed each scattering event by ¢
into a transfer matrix multiplication as done in Proposition 3.

Remark. The application ¢ is used here even if z is not on the unit circle so that
2718, is not unitary. Of course, 755 is in the group U(L, L) only if z is on the unit

circle. Also let us point out that 77 41 is actually independent of z. Moreover, one

could also use the initial condition

()=()

and add in (iii) one more equation, namely

z z 0 1
("’;):zz(“"g), TP = (S, and S = .
Y1 Vo U 0

This results from the discussion at the end of Section 2.

Proof of Proposition 3. The equivalence of (i) and (ii) results immediately from U =
VY W. The equivalence of (ii) and (iii) can be checked by applying (8) iteratively in
Proposition 2. More precisely, the two equations of (ii) mean that for any k > 1

Vi Par @3 V3
Szk( %-1) = (P21} and Sy 226 ) = V).
Yok Pk Pok+1 Yokt

Applying the transformation ¢ from Proposition 2 to both of these equations than
shows the equivalence with (iii). O



Scattering zippers and their spectral theory 55

As usual, the transfer matrices can be nicely iterated. For n > k let us set
z — z z
T, k) =7, ...Tk+1,

and in order to nicely write the solutions, let us also introduce the notations

Yokt Dok
§k+1 = ( z and @5, = i (10)
Pok+1 Yok

Then the solutions are simply given by

1
O =770, =T°(n,0)®; and Of = (1) (In

4. Resolvents

As a preparation for the Weyl theory, this section calculates the entries of the resolvents
of Uy (V) corresponding to the site 1 in terms of the entries of the transfer matrix

fromOto N:
A% B%
TZ(N,0)=( IZV IZV)
CN DN
The first object of study is the Green matrix

G4 (V) =nf(Uy(V) —2) "y,

where 7, : CL — €2({1,..., N}, CL) is the partial isometry onto the nth site and z
is in the open unit disc D. For self-adjoint matrices, the Green matrix has a Herglotz
property, which it is lacking in the present situation. Actually, for the unitary operator
Uy (V) it is more natural to consider

Fi(V) =1 (Un(V) = 2) " (Un (V) + 2)m1.

One readily checks that this analytic function z € D — Fg (V) € Mat(L, C) has
a positive imaginary part 1(F(z)* — F(z)) > 0. It also satisfies F(0) = 11 and
is thus a so-called Caratheodory function (up to the factor 7). If one also takes the
Cayley transform of the domain D to the upper half-plane H, one has again a Herglotz
function. A little more information on this is resembled in Appendix B.

Theorem 1. The matrix C§, — VA%, is invertible and
E (V) = (C§ — VAR (VB — D3)).

lies in the Siegel disc Dy, = {Z € Mat(L,C) | Z*Z < 1}. Moreover, the resolvent
matrix F (V) is given by

FR(V) = (B3 (1) + D (B0 =1, 12)
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and the Green matrix by
1 _
Gy(V) = ;Ezzv(V)(l —E5(v)~h (13)

Let us note that the formulas for E3, (V') and F (V') can also be written using the
(inverse) matrix Mobius transformation (see Appendix A):

EL(V)=V*:T5(N.0) and Fi(V)="€*-EL(V). (14)

where the Cayley transformation is the 2L x 2L unitary matrix defined by

“6—11_[1
S 2\1 1)

Based on (14) and the results of Appendix A, one obtains further identities, e.g.
EZ(V)=T*(N,0)""-V* and F{(V)=(C*T*(N.0)7")-V* (15

For the proof of Theorem 1, one needs a number of lemmata which will also be useful
later on for other purposes.

Lemma 1. Let 77 = ¢(z71S) for some S € U,,(2L) and z € D, and set

z'4 B Iz =DAa*4 (&) -2)A*"B
T = and P* = .
C :zD (z7'=Z)B*A (1 —|z]*>)(B*B + 1)

Then P* > # and
(TH*LT? =&+ P2 (16)

Moreover, for any Z € Dy, the Mobius transformation (T7)~' - Z is well-defined
and lies in Dy. Furthermore, only for z € D,

(T '.ZeDy.

Proof. With the notations of the lemma, the matrix 7 = ¢(S) satisfies the defining
equation T*£T = &£ of the group U(L, L) so that

<A B)* (A B)
£ — . (17)
C D C D

Thus a direct computation using the identities contained in (17) leads to (16). Note
that alternatively J?? can be expressed in terms of C and D only. It remains to show
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the positivity of PZ. Let (f;) € C2?F be with, say, ||| > [l¢|l. Then

P\ oz (¢
(w)J (w)
= (2|72 = De* A" g + ((2)' — 2)p* A* By
+ (T =Y B A + (1 — 2P B* By + (1 - zP)y*y
> (|22 = D)g*A* Ap = 2|(2) 7" — z|(¢* A* A)2 (Y * B* By)?
+ (1= 2Py *B*BY + (1 |zP)y*y

> (12172 = )2 (p* A*Ag)? — (1 — |27 (W* B*BY)2)* + (1 — |zP)y*y

an(G)(0)

where in the last inequality the bound |[/|| > ||¢]|| was used. The case ||V < ||¢]|
is dealt in the same manner.

As to the last claims, let us begin by noting

zA* —-C*
(rj—Z)—l — ;ﬁ(TZ—l)*i = . 1 D* . (18)
V4

Thus we need to check the invertibility of —B*Z + %D* for Z € D, and z € D.
For that purpose let us use again (17) so that, in particular, D*D — B*B = 1. Thus

D*D > 0and D is invertible. Also (BD™)*BD™! =1—(D"1)*D™! < 1 from
which follows || BD~!|| < 1. Therefore

1 1
—B*Z + -D* = -D*(1—-z(BD™H)*2),
Z Z
is indeed invertible. Thus
(T 1. Z = (zA*Z —C*(-B*Z +z7'D*)™!

is well-defined and

(72)“6) B ((TZ);I 'Z)(—B*z +271D%). (19)
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But using (16)

Z* Fz\—1\* qz\—1 Z
(1)(“ Yy (T (1)

Z*rvz—*rvz* -z r)erz—Z
= (7) @ yiarer - e (5)

Z\'(Z
< £ =Z7Z*7Z-1<0,
1 1

which together with (19) shows the last claim. O

Corollary 1. With the positive matrix 83, defined in terms of entries of T as in
Lemma 1,

N/2
TN O LT*(N.0) =L+ Y (T9)* .. (T ) P5i Ty - - T7
k=1

Proof. This follows by iterating Lemma 1 and using (77 =£. O

* lad
-1 L T

2k—1

Lemma 2. Let a,b be L x L matrices and set & = (Z) If O*£D < 0, then b is
invertible. On the other hand, if ®*£® > 0, then a is invertible.

Proof. ®*£® < 0 implies that a*a — b*b < 0. If there is a vector v such that
bv = 0, then v*a*av < 0 which is impossible and therefore b is invertible. If
a*a — b*b > 0, the same argument implies invertibility of a. O

Lemma 3. Let ¥ and ® be two 2L x L matrices of maximal rank satisfying
VLW =0

and either
P*LD >0 or LD <.

Then V* X ® is invertible.

Proof. The claimed invertibility does not depend on normalization so that we may
assume that U*W = 1 and ®*® = 1. Now the fact that W is £-Lagrangian implies

YU+ LUPRE =1.
Applying W* and & to the left and right of this equation shows

QLYY LD =1—O" U U* .
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Thus let us argue that ®*WW* ® < 1 because this then shows that ®* LW W* £ O and
thus also W* £ is invertible. Now ®*WW*d is given by the squares of the scalar
products of the vectors in the planes spanned by ® and W and its eigenvalues are
thus the squares of the cosines of the principal angles between these planes. There
is an eigenvalue 1 if and only if one angle vanishes and therefore if and only if ®
and W have a direction in common. This would mean that there are non-vanishing
vectors v, w € CL such that Wv = dw, which is incompatible with W*£W = 0 and
O*LD > 0 (or P*LD < 0). O

Lemma 4. Suppose |z| < 1. Given § = (§)k=1,..N with & € Mat(L,C), the
solution ¢ of the equation (Uy — z)p = £ is, for even n, given by

()

2 _ _ _
_ (Tz T (l)cpl 4 i 7z gz <_Z 182’082k1 z7! 1) (gzk—l))
- n - J1 n o Y2k+1 _ ’
1 k=1 _/32161 O ng
(20)

where Bop and 8y are the entries of Sy and @1 has to be chosen in the unique
manner such that ¥ given by (20) satisfies

VN

_ VY Tz -z 1
_(0) N l(l)wl 1)

+N/2,~.Z 7z —z 6y 27 (ézk—l)
N ok By 0 g )

Proof. As above, the equation (Uy — z)p = £ is solved using an auxiliary vector
satisfying Yy = z¢ + & and W¢ = . This is equivalent that, fork =1, ...,
N

19

and respectively k =1, ..., 5 =

Szk(‘ﬁzk—l) _ Z(@zk—l) n (Ezk—l) and Szk+1( P2k ) _ ( Yok )
Yok P2k €2k P2k+1 Vok+1

(22)
together with the condition ¥; = Ug; and the constraint that ¥y = Vgp stemming

from the other boundary condition. Each of the two equations in (22) (the first one
divided by z) is transformed using Proposition 2:

N[
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(fﬂzk) _ gz (1/’2k—1) —z By 2711 (Ezk—l)
= Yok + _
Yok ¥2k—1 —B5; 0 Eak

(W2k+1) gz (fﬂzk)
P2k+1 2k+1 Yok '

Iterating and replacing Y = Ug; gives, for even n,

/2 -1 -1 -1
("’") - 72...712(1)¢1 + nX:TZ...Ti R I (52"‘1)
Y " 1 PR WY 0 b2k

(23)
while for odd n the entries on the left hand side are simply exchanged (cf. the def-
inition (10) of 7). Now one, moreover, has to satisfy the constraint Voy = y¥n.
For that purpose, one takes the last equation for » = N and extracts ¥y which is
then set equal to Vou. This leads to equation (21) which can indeed be solved for

@1 because the matrix
1Y 1
TR ... T
(0) Mo (1)
TZ

is invertible by Lemma 2. Indeed, Corollary 1 shows that ® = 7¢ ... 7; (i) satisfies

®* L3P > 0 which is the hypothesis in Lemma 2. O

and

Proof of Theorem 1. By the last claim of Lemma 1,
(715—1)_1 : ((715)_1 : V*) = (715 715—1)_1 -V
is well-defined and lies in the Siegel disc Dy, . Iterating this shows that
(T T (TR TH_)™ V) =T (N0 -V =V*: T(N,0),

exists and lies in Dz . This shows the first claim. Let us note that the invertibility
V*CF — AL = V*(CF — VAY) also follows from the identity

VY 1
Ci-vai, =—( . )eri. 7))
it () e (o)

because ® = 772 ... T (}) satisfies *£LP > 0 as shows Corollary 1, so that Lem-
ma 3 applies.
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The Green matrix G5 (V') is the component ¢; of the solution of

(Un(V)—2)p =§

with inhomogeneity & = §; 1. Hence by Lemma 4

1y 1 —z 1685 271 11
<pN=(0)Tﬁ...ﬂZ{(l)va(V)+(7;Tf>—1( D )(0)}

and

) N (V4 R N R A W
Von = (1) T - T {(1)GN(V) + ()™ ( _ﬁz_lz . ) (0)}'

Now as (7,7) "' = £(T7 - )*&£, one checks that using the identities in U(2L),,

S —z7 18850 2711\ N1 0
) 1( —/32‘12 0 )(O) - (2‘11)'

Therefore the above two equations become

on = (Ay + BR)GR (V) + 27 B,
and
Von = (Cf + DR)G{ (V) + 27! D,
Now these two equations have to be solved for G5, (V). For that purpose, the invert-

ibility of

VY 1
(D% — VBY) + (Ciy — VA =_( : )xm...ﬂ‘f(l),

is needed. It follows from Lemma 3 because (Vl*) is £-Lagrangian and because

O =75...77 (i) satisfies ®*£® > 0 as already argued in the proof of Lemma 4.
Therefore

1
Gy (V)= _((Dy — VBy) + (Cy — VAj)) (VB — D).

Now the formula for G, (V') follows.
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Finally let us calculate F'5 (V). We start from
LFE(V) = (77 (Uy — 2) 'mans Somy + mi(Uy — 2) " 'mymy Sa m)U
+zm(Uy —2)"'m (24)
= (11 (Uy —2)"'mays + Gn(V)a)U + 2G5 (V).

Let us denote

G2 =7y (Uy —2) 'ma,

thus we can calculate G » using the same procedure than with Gy (V). Notably, G »
is the equal to the component ¢; of the matrix-valued solution of (Uy —z)p = &
with inhomogeneity & = &, x 1. Hence

1 *(‘-'Z TGz 1 GZGTZN— _2_182ﬂ;1 Z_l 1 O
@N:(O)JN...JI{(I)G1,2+(Jz T) 1( ;! 0 (1)

and

_ 0 *rVZ -z 1 FzZaz\—1 _2_182ﬁ2_1 Z_l 1 0
VQDN—(I) T - Tq {(1)G1,2+(Jz T _p5! 0 /[

Using again (7,7)~! = £(T;7 - )*&£ and the identities in U(2L),,,, one checks that

oS —z7186, 2711 (0)_ —U*y;!
2ot —B5! 0 1 —z Yyt

Therefore the above two equations become

on = (Ay + B{)G12 — AZU yy ' =27 B anysy!
and
Von = (CF + D3)G12— CRU*y; ' —z7' Dy an v .
Solving yields
Gi2 = (D} — VBR) + (C — VAR
(DY = VB (=" a2y, ) = (Cy = VAU ™y, '],

Replacing this and Gy (V') in the form (13) into (24) leads to the desired formula
for F5 (V). O
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5. Weyl theory

For z € D, let us set
(ad lad * lad lad
=Ty ... 7)) LTy ... 77

We consider @% as quadratic form on C2L and are particularly interested in its
maximally isotropic subspaces, also called Lagrangian subspaces. It will shortly be
shown that the signature of @7%; is (L, L) so that the dimension of these Lagrangian
subspaces is L. By definition the Weyl surface is then the image of (the inverse Cayley
transform of) these subspaces under an adequate chart on the Grassmannian called
the stereographic projection. Recall that the Grassmannian Gy, of all L-dimensional
subspaces of €2 can be introduced as set of equivalent classes of 21, x L matrices
of maximal rank with respect to the equivalence relation ® ~ ¥ < & = W¢ for
some ¢ € GI(L, C). The elements of G, will be denoted by [®]~. Let us consider
the subset G C G, of subspaces represented by some ® = (%) with an invertible
L x L matrix b. This set is the domain of the stereographic projection

7: G — Mat(L, C)
defined by

2([®]) =ab™!, &= (Z) (25)

Definition 1. The Weyl surface is defined by
W3 = n({[€*P]. € G | P isotropic for Q% }),
and the closed Weyl disc by
¥ =n{[€*P]. € G | D*Q{ D < 0}).

Of course, we have to check below that this is well-defined, namely that [€* ®]..
is in the domain of 7 for all Lagrangian subspaces of @%;. Then the next aim will be
to show that the Weyl surface is the surface of a matrix ball and this will ultimately
allow to prove estimates on the dependence of G3, (V') and Fy (V') on the boundary
condition V' € U(L).

Proposition 4. The quadratic form QF has the following properties.

. qZ\k * @Dz ("‘Z Z
() Qg = Q3 and Q3 = Q5 +7)" - (T )" P Ty - - Fur-
thermore
N/2
_ GZN\* * VAN o A Gz
_I-i-Z(Jl) o (D) P Ty -+ T4
k=1

where P, _is positive matrix given in term of entries of 7.} defined in Lemma 1.
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.. _ >—1
(i) (QF)'=20% £
(i) @3, > @3, _,.
(iv) signature(Q%) = (L, L).

Proof. (i) is just a reformulation of Lemma 1 and Corollary 1. (ii) results from (18).
(iii) is a consequence of (i) and JPZZk > 0. Finally, from the definition of @%;, one
deduces that

signature(Q7%) = signature(£) = (L, L),

which is (iv). O

Proposition 5. Let E3; (V') be given as in Theorem 1. If ® is Lagrangian for Q%,
then there is a unique unitary V and an invertible matrix b with

o= (Y,

Moreover, [€* D] is in the domain of 7.

Proof. Let ® = (Z) satisfy ®*@3% ® = 0. This implies that ®*£P < 0 by Propo-
sition 4(i) and thus by Lemma 2 that b is invertible. As (Z) is isotropic if and only if
(“bl_ 1)b is isotropic, we may assume that » = 1. Now ®*@% & = 0 is equivalent to

(Aya + B3)*(A%a + BY) = (Cja + D3)*(Cfa + D).

Using polar decomposition, it thus follows that there exists a unique unitary V' such
that
(VAY —Cx)a = Dy — VB%,.

As VA%, — Cf is invertible by Theorem 1, it follows indeed that a = E3 (V).
Furthermore,
EZ(V)+1
o= " b. (26)
H(ER (V) —1)

By Theorem 1, E3; (V) is in the Siegel disc so that E% (V) — 1 is invertible and
therefore [€*®] .. is in the domain of 7. O

Theorem 2. One has
Wy ={Fy(V)|VeUL)}=41+2zG5(V)) |V e UL)}.

Proof. The first equality follows immediately from (26) and (12) in Theorem 1. The
second one then follows by combining (12) and (13). O
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The next aim is to analyze the geometry of the Weyl surface. This can be done in
complete analogy with [11] if one works with the Cayley transform of the quadratic
form:

N/2
N=CTQR e =1g+ ) € T2k - 1,00 5 TF2k —1,00€,  (27)
k=1

1 0 -1
5(:—‘6*&‘62( )
1 1 0

Definition 2. The radial and central operators are defined by

[ O] - )

Proposition 6. Let z € D. Then R3; is well-defined, positive and decreasing in N.

where

Also R]EV_1 is well-defined, but negative. Moreover:
Z \* z~1 0y 0z 0 1 z=
(Sy)" =8y and 1 Qy 1 = (S)*(RY)™ Sy + Ry
Proof. All claims on R follow by taking the matrix element of (27) because
1 (1
=0
(6)5()

and the map r € (0, 00) = —r ™" is operator monotone. For the second claim, one

has to adapt Lemma 1 and Corollary 1 to the case |z| > 1, but then the proof is
identical. Next let us note that the Cayley transform of Proposition 4(ii) reads

1

g =@ 9a3.
Using § = ((1)) ((1))* — ((1)) ((1))*, this yields

(O (1IN ~,  ~so1 (1) [OY ~
1-a5 (1) (o) @ -8 (o) ;) -

The upper left and upper right entries of this equation give

0=—(Ry )7'SE (RE) ™ + (Ry )N (S *(Ri) ™.

—1= (R )7'SL T (RE)TISE — (Rfv“)—l((l))*éfv((l)).

These two equations lead to the remaining two claims. O
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Theorem 3. The Weyl discs are strictly nested matrix discs, namely one has 203, C
W3, _, and 020%,_; N QH?VH =0, as well as

0%, = {SE + (R W(—R5 )3 | W e U(L)}.

Proof. The first claim is an immediate corollary of Proposition 4(iii). Let &g = (lf )
be a @3, —Lagrangian plane. This is equivalent to

E+1Y~, ( E+1
0= (z(E —1)) @N(z(E —1))
=(E+D*RY)™E+D+1(E-D*SH*(RF) HE+1)
—1(E+1D*(R})'SH(E—-1)
+ (E = D*((S5)* (R5) 'S5 + Ry )(E - 1),

where in the second equality Definition 2 and Proposition 6 were used. Rewriting
gives

(E+1D)—1 S§(E-1)*(Ri) " (E+1)+1 SF(E-1) = ~(E-D)*Ry (E—1)
By Proposition 5 and Theorem 1, £ € Dy, so that E — 1 is invertible. Hence
(—1(E +D(E =D = S{)" (R}~ (—1(E+ D(E - D" = 87) = =Ry, -

Therefore there exists a unique unitary W such that
1 —
~(E+DE-D" =55+ (R5)2W(—Ry 3.

As the left hand side is precisely 7 ([€*®g]~.), this concludes the proof. O

The following is now an immediate consequence.

Corollary 2. Forany boundary condition V and z € D, there is a unitary W € U(L)
such that
1 s—1_1
Fy(V) = S§ + (RY)ZW(=Ry ).
and 1
GR(V) = - =1 8§ —1 (R{DW(RR )2,
z

By now the beautiful theory of Weyl discs is complete. Let us finally come to
its main analytical application, namely the control of the dependence of the Green
matrix G (V') and the resolvent F; (V') (both matrix elements of the resolvent at the
boundary site 1) on the boundary condition V' on the (other) boundary site N. Let us
start by noting the following.
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Corollary 3. Forany V,V' € U(L),

5—1
IFZ (V) = FR(V)I? < IRR I IR |

and

IGR (V) = GR(V)I* < IR INIRE Il

T4 | 2
This becomes useful in combination with the following result.

Proposition 7. One has

1 8

=—1
max{[|Ry . IRy [} < A—]2P2N’

Proof. Using (27) and the bound from Lemma 1,

N/2

1*""’2 1 2z 2z *oz Tz Tz 1
0 Ay o) = Z (Jl) Tk kJok—1---J1 1
-l P&
z Z(q’kl) Dop_y-

Now (®7)*®7 =21 and for k > 2

(CD) CI>k>(CD) iiq)k
(1
= (1) % (1)
1\ 1
. (1) (T P T (1)

> (1-|z)1.

(This is rough, but sufficient for our purposes.) Therefore

1\ =, (1 N e
(O)@N(O)_g(l 2121,

from which the upper bound on R%,; follows. Using a version of Lemma 1 for z ¢ D,
the bound on Rlz\,_1 is shown similarly. O
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6. Spectral measures of semi-infinite scattering zippers

Let now U be a semi-infinite scattering zipper operator associated to a sequence
(Sn)n>2 of scattering matrices S, € U(2L),, and a boundary condition U € U(L).
Then it follows from Proposition 7 combined with Corollary 3 that the limit

Fr = m F{0)

exists and is independent of the choice of V. In the terminology of Weyl theory, a
semi-infinite scattering zipper operator is always in the limit point case. Moreover,
the convergence is uniform in z on compact subsets of D. Therefore, z € D > F?
is analytic. As Im(F%(V)) > 0and Fy (V) =1 1it follows that also Im(F?) > 0
and F® = 11. Therefore the Riesz—Herglotz representation theorem recalled in
Appendix B can be applied to show that there is a unique matrix-valued probability
measure 4 on $! such that

E+z
E—z

This measure is called the spectral measure of U. It dominates all other spectral
measure (because the range of 7y is a cyclic subspace for U). Resuming, there is a
map ¥ that associates to every semi-infinite scattering zipper operator a matrix-valued
probability measure ;1 = #(U) on $'. There is still some gauge freedom though
allowing several operators U to have the same spectral measure, as already pointed
out in [2] and [3]. This is dealt with in the following result.

FZ=z/$l (d8)

Theorem 4. Let M(U) denote the set of all semi-infinite scattering zipper operators
with left boundary condition U € U(L) and scattering matrices (Sp)n>2 given by
Sy = S(an, Uy, Vi) where ||oy|| < 1 and Uy, V,, € SU(L). Then the map ¥
establishes a bijection between M(U) and the matrix-valued probability measures
on Sl

For the proof, it remains to construct an inverse to ¢/, namely to construct a
scattering zipper with boundary condition U from a given matrix-valued probability
measure 4 on $!, such that u is again its spectral measure. Adapting the approach
in [7], this will be done by a Gram—Schmidt procedure associated an adequate scalar
product (., .) (with values in the L x L matrices) and an adequate basis for the
functions on $! (this will be given by Laurent polynomials in an adequate order as
suggested by [4]). Let us define

(f0) = [ g@uian s ) e8)

where f and g are matrix-valued functions. At first sight, there seems to be some-
thing wrong with this definition. Indeed, one can define another scalar product by
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exchanging f and g on the right hand side. When the Gram—Schmidt procedure be-
low is done with respect to this other scalar product, one obtains different orthonormal
polynomials, and only their so-called Szeg6 transformation [7] will lead to the poly-
nomials ¢? and 7 used in Section 3. Somewhat anticipating, already the notations
¢® and * will be chosen already now. Using (28) allows to avoid using the Szeg6
transformation and also simplifies the calculations below. The product (28) is left
matrix-linear in the second argument and anti-linear in the first, namely it satisfies
for matrix valued functions f, g and 2 on $! as well as a matrix o that

(frg+ah)=(fg)+al(fh) and (f +agh)=(fh)+ (g h)e".

Now two sequences ¢° = (¢Z)p>1 and ¥? = (Y7)n>1 of orthonormal fami-
lies of matrix-valued Laurent polynomials in z will be constructed by the Gram—
Schmidt algorithm with respect to (28). For ¢, one orthonormalizes the sequence
{1,z7'1,2'1,2721,2%1,...}. Then ¢f = 1 and the n-th element of the result-
ing orthonormal sequence is ¢;. Similarly, ¥* is obtained by orthonormalizing
{U,z1,z711,2%1,z721,...}. Hence Yi = U. The orthonormality relations read:

(Om-9p) = 8mn 1 and (Y. V) = mn 1.

Let us note that the ¢ satisfy

Qin =kanZ "+ p(z) and @3,y = kont1 2" +4q(2), (29)
where the leading coefficient «, are invertible matrices, p is a matrix polynomial
in the span of z"~1,...,z7"*! and ¢ a polynomial in the span of z"~1, ..., z7".
Similarly,

I:022;1 =Ko 2" + p(z) and %Znﬂ = E2n+lz_n +4(2), (30)

Lz~ and

with invertible &, and polynomials p and § in the span of z"~!, ...
z", ..., z7"*1 respectively. Now let us also define

Pn = ’Zn—l(Kn)_1 and p, = Kn—l(/zn)_l-
Lemma 5. The orthonormal polynomials ¢ and \? have the following properties.

(i) There exist L x L matrices o}, 1,03, 11,05, 5, Uy 5, SUch that

Vin — P2n+193, 11 = %1950 an

z ~ z 2 z
O3n = P2n+1¥3, 41 = 05y Vs,

and
—1..z z _ 3 z
2T Y1 — P20 93 = 5 V3, s
(32)
z ~ z _ 4 z
ZP3n—1 — P2n V3, = 5 U3y
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(i1) One has
1 2 3 4
Uopy1 = (a2n+1)* and a5, = (a,,)".

In the following, we will simply denote aén 11 by aany1 and agn by ozy.
(iii) There are unique unitaries Uy, and V,, with unit determinant such that
pn =0 —ana)2U, and pp=(1—aran)2 V> . (33)
(iv) One has oo, < 1.

Proof. All four relations in (31) and (32) are dealt in the same manner, so let us focus
on the first one. By (29) and (30), ¥/5,, — p2n+1¢3,, 4, is in the span of 271, ... 27"
Moreover, this polynomial is orthonormal to z"~'1,...,z7"*'1 as 3, and ¢3, , ,
are by construction. This implies that V3, — p2,+1¢3,; is a left multiple of ¢3, .

For item (ii), let us first calculate as follows:

1 1 1
Uopt+1 = “2n+1<€0§nv€0§n) = (‘an’“znﬂ%”;n)

= (@3> Vin = P2nt1P3p41) = (930 V3n)-
On the other hand,
2 2 z z _ z 2 z
Uonp1 = 0oy 1 (V20 Van) = (Y30, 050 1 1¥3n)
= <W22n’ wgn - /32n+11/’§n+1> = <W22n’ wgn)
Thus a%n 1 = (a;n +1)". The other equality is checked in a similar manner.

Next let us check the first identity of (33) for odd index:
1= (y3,.¥3,)
= (P2n+105, 41 + 20105, P2n+1Psnt1 T D2n+1P5,)
= (0204195041 P2n+1955 1) + (201103, C2n1105,)
= P2n+1{@2n41> Pont1)Pont1 T Q2n+1(03,. 93,)05, 41
= P2nt1Pont1 + C2n 410,41

Thus, there exists a unique unitary of unit determinant denoted U, 1 such that

1
1
Pan+1 = (1 —2n+105,,1)2 Uzpy1.

The other cases are dealt with in the same way. As each p, and p, is invertible, the
identities (33) also imply (iv). O
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Proof of Theorem 4. From the density of Laurent polynomials, it follows that (¢Z ) ,>1
and (¥7),>1 are orthonormal basis of the square integrable matrix-valued functions
on §! with respect to (- | |-). Thus any L x L matrix valued function f can be
expanded as follows:

F=Y (feD)ei =Y (fyi) VL. (34)
n=1

n=1

Now let us define the matrix entries of semi-infinite matrix-valued operators by

Unm = <€DanvZ(PZ)’ Vom = (Z%prrfz)v and Wy, = (wfn,wrf)
Then it follows from (34) that

oo

o0 o0
Unim = (@3 Y Ne@z VEWE) = S (207 WiNa VE) = Y Yok Wiean.
k=1 k=1 k=1
It remains to show that ¥V and W defined above have the same structure as their
homonyms from Section 3. For n > 1 it follows from (31) that

z z z
V3n = Q2n+195, + P2n+1Popa1
and
z _ (= * Z * z
Vant1 = (P2n+1)" 03, — Van+105, 41 U2n+195, 415

where the identity (ﬁ2n+1)_1a2n+1p2n+1 = V2n+la;n+1U2n+l was used. Recall-
ing the notation (4), it follows that

V4 V4
( ‘fzn ) = S(Olzn+1,U2n+1,V2n+1)( (52" )

1A”Zn—l—l 2n+1
Together with Wy ;1 = (¢7.¥7) = U, one obtains

W =U®& @ S(o2k+1, Uskt1, Vak1)-
k>1

Similarly, (32) implies

Z_lw2zn—1 = a2n§0§n—1 + pZn(pén
and

Z_1w2zn = (/32n)*(p§n—l - V2na;nU2n§0§n'

. z
(wZn—l) = zS(a2n, Uzn, V2n)(g02r;_l)’
%

z
wzn 2n

Thus, forn > 1,

and one obtains

V=D S(ear,Usk. Var).
k>1

In conclusion, U is a semi-infinite scattering zipper operator. O
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7. Intersection theory and oscillation theorem

The transfer matrices allow to calculate formal solutions of Uy ¢® = zg® by (11).
As already pointed out in Section 3, the p-component of ®* does not yet lead to a
matrix-valued solution of Uy ¢? = z¢? because there is a supplementary constraint
on the two components of dev. Indeed, because N is even, the last equation of
Wy = ¢? is Vi, = 5. For each vector v € CL satisfying WyZv = ¢7v one
finds an eigenvector of Uy . Let us reformulate this in terms of the dimension of an
intersection of two L-dimensional subspaces of C2L:

multiplicity of z as eigenvalue of Uy = dim(®% C* N Wy CL), (35)
where
v =7)
v=—= -
A\

Now the intersection of the planes CIDi,(EL and Wy CL can be conveniently calculated
using the fact that both planes are £-Lagrangian for z € $!, namely they both satisfy
®*£P = 0. In fact, the initial condition ®f as well as Wy are £-Lagrangian as
shows a direct calculation. As the transfer matrices 7,7 for z € $! all conserve the
form &£, also &7 is £-Lagrangian for all n. Before analyzing the intersection of two
£-Lagrangian planes, let us study the set L; C Gz, of Lagrangian planes, namely
those [®]~ € Gy satisfying ®*LP = 0.

Proposition 8. Ly C G} and n: Ly — U(L) is a bijection. Every [®]. € L has
a representation of the form ® = ((1]) with U € U(L).

Proof. Let® = (Z) be £-Lagrangian. Thenker(a)Nker(b) = {0} because otherwise
® would not be of rank L. Moreover, a*a = b*b so that both a and b are invertible.
AlsoU =ab™ ! e U(L) and ® = ([1]) b. From this all claims follow. O

Now follows a general result about the intersection of two &£-Lagrangian planes.
Proposition 9. Let ® and ¥V be £-Lagrangian frames and set
W = n([®])* 7 ([V]~).
Then
dim(®CH N W C*) = dim(Ker(®*L W) )
= multiplicity of 1 as eigenvalue of W.

Proof. Let us begin with the inequality < of the first equality. Suppose there are two
2L x p matrices v, w of rank p such that ®v = Yw. Then @*LPw = ®*LDv =0
so that the kernel of ®* £ W is at least of dimension p. Inversely, given a 2L x p matrix
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w of rank p such that ®* £Ww = 0, one deduces that (£P)*Ww = 0. As the column
vectors of ® and £® are orthogonal and span CZ, it follows that the column vectors
of Ww lie in the span of @, that is, there exists an 2L x p matrix v of rank p such that
Ww = Pv. This shows the other inequality and hence proves the first equality of the
lemma. For the second, let us first note that the dimension of the kernel of ®*£W¥
does not depend on the choice of the representatives. Choosing the representatives
o= (" ([T]“)) and ¥ = (¥ ([qu]”)) then shows the second equality. O

Forz € !, letus define W§ € U(L) to be the unitary associated by Proposition 9
to ® = &%, and ¥ = Wy . Taking into account the explicit form of Wy as well as (10),
one finds
Wy =vy(en) V. (36)
These unitaries are the analogs of matrix-valued Priifer phases and can conveniently
be calculated by iterated Mobius transformations with the transfer matrices. Now the
main facts of oscillation theory can be stated.

Theorem 5. Let N > 2 be even. For z € St, one has

multiplicity of 1 as eigenvalue of Wy, = multiplicity of z as eigenvalue of Uy .

(37

Furthermore, setting z = e'?,

1
— (W) 0g W5 > 0, (38)
1
so that all eigenvalues of Wy, rotate in the positive sense as a function of 0 € st
Proof. The equality (37) follows immediately from (35), the definition of W and

Proposition 9. Further, let us note that Wi = % (%) ™'V = ((Y5)*) " (93)*V.
Thus one calculates

1 1
~(Wy) 0 Wy IV*((fﬂzzv)_l)*[(llfzzv)*aelﬁzzv — (3 e 1(03) 'V

V¥ ((03) )" (@) (1 L) (9 @) (i)' V.

It is therefore sufficient to check the positivity of (®%,)*(1&£)dg®P%,. By (11) and
(T,7)*£T,} = &£, one now finds

(@) (1£)95 Dy
N
= (@) (Y (T T (T )T (T, ... TF)) @5,
n=2

For odd 7, the summands vanish because 7,7 is independent of z and thus also 8. We
shall now show that for every even n there is a strictly positive definite contribution.
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For that purpose, let us drop the index n on 7,7 and S,. Now 7% = ¢(ZS) is given

by
7z _ ZA B
C zD)’
where A, B, C, and D are the coefficients of 7! = ¢(S) € U(L, L). Then one
verifies

A*A  zC*D
(T)*1£ 05T = .

zB*A D*D

It remains to check that this matrix is positive. On first sight, it is not even hermitian,
but actually the defining relations of U(L, L) are

A*A—-C*C =1, D*D—B*B=1, and A*B=C"D.

The last one shows that the above matrix is indeed hermitian. Now let (f;) € C2L pe
with, say, |||l > |l¢||. Then

o\ [ A*A zC*D 10
(1/’) zB*A D*D (W)
=@ *A*AQ + z9*A*BY + ZYy*B*Ap + Y *B*BY + ¥y
> ((p* A" Ag)? — (Y B*BY)3)? + y*y
(00
“2\y) \y

where in the second step we used the Cauchy—Schwarz inequality. This completes
the proof. O

Remark. As Uy has exactly N L eigenvalues, the rotation number of z € $! Wg
isequal to NL. This can also be shown independently by calculating the Maslov index
asin [10].

8. Oscillation theory for finite periodic scattering zipper

It is possible to associate to a sequence (S,)n=1,.. 5 of scattering matrices S, €
U(2L),, with N still even, a periodic scattering zipper operator Uy, = YWy by
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setting
S2 81 71
Sy S5
Yy = and Wy = ,
SN-1
SN B1 aq
where

ar B
S = .
! ()’1 51)

The aim of this section is to calculate the spectrum of Uly. This parallels the calcu-
lations in [12] and is useful for the calculation of the spectrum of infinite periodic
scattering zippers, as explained in Section 9. The solutions ¢ € ¢>({1,..., N})®Ct
of the eigenvalue equation Uy, = z¢? can again be constructed with the trans-
fer matrices. Indeed, every eigenvector of 7 Z(N,0) to the eigenvalue 1 allows to
construct a periodic eigenvector so that

multiplicity of z as eigenvalue of Ul
= multiplicity of 1 as eigenvalue of 77 (N, 0).

Hence one needs to find those z € $' for which 1 is eigenvalue of 77(N,0). By
considering the fact that the graph of 7% (N, 0) is also Lagrangian with respect to an
adequate quadratic form, this can be done by means of intersection theory in a similar
manner as in the previous section.

Several notations need to be introduced. Let us associate to 7 the 4L x 4L matrix
T = 1,7 @7 where the & denotes the checker board sum given by

A 0 B 0
A B\.[(A B 0 4 0 B

<c D)@(C/ D/): c o D o] 39)
0o c 0 D

This allows to define the quadratic form £ =%&L. Forz e S the matrices ‘J:nz
conserve the quadratic form £. Therefore also f—Lagrangian planes are mapped
onto f—Lagrangian planes. By Proposition 8, the stereographic projection maps
the set L,z of f—Lagrangian planes diffeomophically to U(2L). Let us denote the
stereographic projection by

T Ly, — U(2L)
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Proposition 10. 7o a given T € U(L, L), let us associate the unitary

W = 7([T Bolo)* 7 ([Wo]~) € UQL). (40)
where the f—Lagrangian plane is given by the 4L x 2L matrix

Uy = 41)

1
0
0
1

O = = O

Then

geometric multiplicity of 1 as eigenvalue of 7~
= multiplicity of 1 as eigenvalue of w.
Proof. First of all, it can readily be checked that @gf @0 = 0. Now let us suppose

that this frame and the Lagrangian frame T Wy have a non-trivial intersection. This

. A {"‘\’ ~ ’
means that there exist vectors v, w, v/, w’ € CL such that such W (5}) =T Y (5)/)
The first and third line of this vector equality imply w = w’ and v = v/, the other
two that 7() = (). This shows

geometric multiplicity of 1 as eigenvalue of T = dim(“f'\flo C?L Ny, c?t ).

But now Proposition 9 can be applied to calculate the right hand side and completes
the proof. O

It is now natural to introduce the following cfl’i\-Lalgralngian frames:
\’I\Ji = @Z\’I\J;_l and \/I\J(Z) = \/I\J(), n > 1, (42)
with \TJO as in (41). Associated are then the unitaries

Wi = 7 ([95]-)* 7 ([To)-).

Theorem 6. The multiplicity of z= e'? € S' as eigenvalues of Ul is equal to the
multiplicity of 1 as eigenvalue of Wy. Moreover,

1 ~ ~
—(W]\Z,)* dg WAZ, > 0,
1

so that the eigenvalues of I//I\/]@ rotate around the unit circle in the positive sense and
with non-vanishing speed as function of 6.
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Proof. The first claim follows directly from Proposition 10. For the proof of the
second one, let us denote the upper and lower entries of W%, by %7 and ¥Z. These

are 2L x 2L matrices such that 7 ([¥Z].) = 2 (yZ)~" = ((y7))*(¥Z)*. Then
(W) 0o Wy
= 7 (W) (W) )W) 0e¥5 — WD) Dy Z (W) ™ 7 ([Wol-).
Thus it is sufficient to check positive definiteness of
H(W2)*0pyZ — (P5)*0evi] = 1(W3)" L0 V5.

From the product rule follows that

N N
0= 3 (11 7)asin(T1 79
This implies that

N n—1
(B3 2005 = S @) (T] 77) G 1£0e7H([] 77) 9.
n=1 I=1 I=1
As
T (D) BeT7) = 0& (T7)* (1 L) 9gT7),
and the matrices rff do not mix first and third columns and lines with the rest, it

follows from evaluation in the state \TJO that

n—1 n—1

N
()" ziaewsz(l‘[ ) (@ 0080751 7).

1

N
Il

But positivity of (7,7)*(1£)dg 7,7 was already checked in the proof of Theorem 5.
This completes the proof. O

9. Spectrum of infinite periodic scattering zippers

In this section, we consider a two-sided infinite scattering zipper U™ defined on
(?(Z, CL) which are N -periodic where again N is even. It is specified by a sequence
of scattering matrices S, € U(2L),, satisfying S, = S, 4y for alln € Z. One can
partially diagonalize such periodic operators by the Bloch—Floquet transform defined
next.
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Definition 3. The Bloch—Floquet transform

F:022Z)eCt — L>(Ty) o CN @ Ct
is defined by

1
Z Onamne TNk e 0 N =1,k € Ty,

\4 |TN| meZ

where Ty = (—4. #] and [Ty | = 27” Its inverse

(F (k) =

F L2(Ty)CV @t — ?(z) @ CF
is given by

1
(F ')y = —— dk@naan(K)e k" nez.

v|—[|—N| Ty

Proposition 11. One has the following properties.
() F7' = F* namely ¥ is unitary.

(ii) Let T be the shift on {*(Z) ® CL defined by T¢p = @n+1 and let T, be the
cyclic shift on CN. Then

(FTF*)uk) = e (Top)n(k), neZkeTy.

Proof. This follows from direct computations. O

Forany k € Ty and S; = S(«;,U;, V;) € U(2L),, let us set

5,00 o ek (l—ozja;-‘)%Uj
j p—y
ek V(1 —afay)? —V;r U

Now Vi (k) and Wy (k) are defined as Section 8 using S; (k) instead of S; and then
Uy (k) = Vy (k) Wy (k) is a finite periodic scattering zipper, the spectrum of which
can be calculated by the technique of Section 8. By the following result this allows
to calculate the spectrum of U™,

Theorem 7. The operators V™, W™ and U™ are fibered after Bloch—Floquet trans-
Sformation, precisely

D

F Vgt = dk W}’f,’(k),
TN
S7]

F W E* = dk WX;'(k),

TN
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and

3]
F Ureg™* :/ dk Uy (k) .
Ty

Therefore,
(U = |J o(Uyk)).

keTy

Proof. By definition, for ¢ € L?(Ty) @ CV ® CL:

(:’f; Wperj_,f"’*gp)n (k) — Z (Wperfr‘*go)n+mNel(n+mN)k.

1
\4 |TN| meZ

In case n = 2j — 1, one obtains from the structure of V™

(F V= F @)aj-1(k)

1
Z (02 (F*@)2j-14mn

vV |-|]—N| meZ

1 | —
+ (1= 02703;) 2 Unj (F*¢)ajrmu)e' @/ 1Mk

1 _
=ajp2j1 + (1 —azje3,) Unje Ky,
By the same calculation forn = 27,
. 1
(F V=5 *0); (k) = Vaj(1—a;02)2 €M1 — Vo053, Unj 02

Together this shows

@ 52
F Vgt = dkSy(k) @ Sa(k)®--- B Sn(k) = dkVy (k).
TN TN
The second equality is proved using Proposition 11(ii) and previous computation:
FWeF* =(FTFNF TIWTF*NF TLF*
@
- / KT, (S1(K) @ -+ & Sy (k) T!
Tn
52

= dk WX;’(k).
TN

As the product of fibered operators is fibered, this also implies the formula for U™. [
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Appendix A. Mobius transformations

This appendix resembles some basic properties of the Mobius transformation as they
are used in the main text. A lot of references to the literature can be found in [7].
The Mobius transformation (also called canonical transformation or fractional trans-
formation) is defined by

T.Z=(AZ+ B)(CZ+ D)™', ZeMat(Lx L,C),

A B 43)
T = € GI(2L,0),

C D

whenever the appearing inverse exists. If 7 is $-unitary and Z € Hy, then 7 - Z
exists and is in Hz (see Appendix B for the definition of the upper half-plane Hyz ).
For T as in (43) and as long as the appearing inverse exists, the inverse Mobius
transformation is defined by

W:T =(WC—-A)"'(B-WD), WeMat(LxL,C). (44)

The Mébius transformation is a left action, namely (7T7")-Z = 7 - (7' Z) as long
as all objects are well-defined. The inverse M&bius transformation is a right action
in the sense of the following proposition, the algebraic proof of which is left to the
reader.

Proposition 12. Under the condition that all the Mobius and inverse Mobius trans-
SJormations as well as matrix inverses below exist, one has the following properties:

WW=7T-Z < W:T =2
) W (TT)=W:T):T';

Gii) W T =7"1.-w.

Appendix B. Riesz—Herglotz representation theorem

Let Hz denote the upper half plane of matrices Z € Mat(L, C) such that Im(Z) =
1(Z*—Z) > 0. Itis well-known (e.g. Section 4.5 of [14]) that the Cayley transform
maps Hz via Mobius transformation to the Siegel disc Dy, namely € - Hy = Dp.
An analytic function z € H; +— G(z) € Hy, is called a Herglotz function. Then
F(z) = G(€*-z)is ananalytic function on the unit disc D; having positive imaginary
part. If, moreover, F'(0) = 1 1, then such a function is called a Caratheodory function.
The scalar version of the following classical theorem can be found in text books such
as [9]. The matrix version is an immediate corollary of it.
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Theorem 8 (Riesz—Herglotz representation theorem). Let F : D — Mat(L x L, C)
be analytic satisfying ISm(F(z)) > 0 and F(0) = 1 1. Then there exists a unique
matrix-valued probability measure it on S such that

(1]

(2]

(3]

(9]

(10]

(1]

(12]

[13]

[14]

§+2
§-z°

F2) =1 /$ ads)
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