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On the growth of Fourier multipliers

Bat-Od Battseren

Abstract. We define a sequence of functions, namely, tame cuts, in the Fourier algebra A.G/ of a
locally compact group G, which satisfies certain convergence and growth conditions. This new con-
sideration allows us to give a group admitting a Fourier multiplier that is not completely bounded.
Furthermore, we show that the induction mapMA.�/!MA.G/ is not always continuous. We also
show how Liao’s property .TSchur; G;K/ opposes tame cuts. Some examples are provided.

1. Introduction
Approximate identity in the Fourier algebra A.G/ of a locally compact group G is a very
useful tool for answering analytical, algebraic, or geometrical questions on the locally
compact groupG. The most well-known applications are from amenability, a-T-menability
(also known as Haagerup’s property), and weak amenability. It is common that these prop-
erties consider approximate identities consisting of Fourier multipliers that are bounded
in a related topology. For example, a locally compact group G is said to be weakly
amenable if there is a net .'i / in A.G/ such that 'i ! 1 uniformly on compact subsets
and sup k'ikM0A.G/ <1, where M0A.G/ is the algebra of completely bounded Fourier
multipliers [5,6,11]. In the present paper, we consider a sequence of compactly supported
Fourier multipliers that are generally unbounded in the Fourier multiplier algebraMA.G/
but grow at polynomial rate.

Definition 1.1. Let G be a locally compact group and ` a proper length function on G.
Given n 2N, the ball of radius n is the subset Bn D ¹x 2 G j `.x/ � nº. A sequence .'n/
of compactly supported continuous functions is called tame cuts for .G; `/ if there exist
constants C; a � 0 such that

'njBn � 1 and k'nkMA � Cn
a for all n 2 N:

If in addition we have k'nkM0A � Cn
a for all n 2 N, we say that the sequence .'n/ is

completely bounded tame cuts.

The main goal is to provide some applications of tame cuts, to show how tame cuts
relate to other group properties, and to provide groups with (completely bounded) tame
cuts. Our first result is the following theorem in which we provide a group admitting a
Fourier multiplier that is not completely bounded.
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Theorem A. Let � be a uniform lattice in G D SL.3;R/. Then, M0A.�/ is a proper
subalgebra of MA.�/.

We recall that a discrete subgroup � of a locally compact group G is called a lattice
in G if there is a finite measure Borel fundamental domain � � G for the right �-action
on G. If� can be chosen to be relatively compact, we say that � is a uniform lattice in G.

Theorem A provides many supporting examples for the following conjecture.

Conjecture 1.2. A discrete countable group � is amenable if and only if all Fourier mul-
tipliers of � are completely bounded; i.e., M0A.�/ DMA.�/.

The “only if” part is already known even for locally compact groups [18, 23]. On the
other hand, in [12, Proposition 4.8], Haagerup–Steenstrup–Szwarc constructed an explicit
Fourier multiplier of the free groupF2 of two generators, which is not completely bounded.
Also, in [1, Theorem 2], lacunary sets were used to prove the same result. This result
implies Theorem A. Indeed, by Tits alternative, any lattice � of SL.3;R/ contains a copy
of F2, and any non-completely bounded Fourier multiplier extends to a non-completely
bounded Fourier multiplier of � . We note, however, that our proof does not rely on the
fact that lattices in SL.3;R/ contain a copy of F2. In fact, our proof relies on the existence
of tame cuts for uniform lattices in SL.3;R/.

Our next result is about the induction map

ˆ W `1.�/! Cb.G/; ' 7! y' D 1� � .'��/ � z1�:

Amenability, a-T-menability, weak amenability, approximation property, and property (T)
are known to be inherited by lattices thanks to various continuity results of this induction
map. For example, by considering the restriction of ˆ, one gets norm decreasing maps
ˆ W A.�/ ! A.G/ and ˆ W M0A.�/ ! M0A.G/, and it is used to show that (weak)
amenability is inherited by lattices [11, Theorem 2.3]. When G is amenable, the map
ˆ W MA.�/! MA.G/ is also well defined and norm decreasing. One might wonder if
this is true for non-amenable groups. The following theorem answers negatively.

Theorem B. Let � be a uniform lattice in G D SL.3;R/, and let � � G be a relatively
compact Borel fundamental domain for the right �-action on G. Then, the restriction of
the map

ˆ W `1.�/! Cb.G/; ' 7! y' D 1� � .'��/ � z1�

does not define a bounded map MA.�/!MA.G/.

The proof of Theorems A and B relies on two results. The first one is that uniform
lattices in SL.3;R/ have rapid decay property [15], and the second one is the rigidity
inequality of Fourier multiplier norm on SL.3;R/ [16, Lemma 5.2]. It is worth mentioning
that the latter rigidity inequality implies that SL.3;R/ does not have tame cuts. If the
induction map ˆ WMA.�/!MA.G/ in Theorem B were continuous, we could say that
� does not admit tame cuts. In fact, we do not have any example of finitely generated
group without tame cuts with respect to the word length function.
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Property .TSchur; G;K/ was introduced in [17] to illustrate that all known methods so
far to prove the Baum–Connes conjecture for a particular group do not work for a lattice
of G D Sp.4;Fq..�/// because of property .TSchur; G;K/. For our interest, we will show
that property .TSchur; G;K/ opposes the existence of tame cuts.

Theorem C. Let H be an unbounded closed subgroup of a locally compact group G.
Suppose thatH satisfies property .TSchur;G;K;`/ for a compact subgroupK and a proper
length function ` of G. Then, .H; `jH / does not admit K-bi-invariant tame cuts.

For discrete groups, we also consider characteristic functions as tame cuts in relation
to rapid decay property.

Definition 1.3. Let � be a discrete group and ` a proper length function on � . If .'n/ is a
sequence of characteristic functions that gives (completely bounded) tame cuts for .�; `/,
then we call .'n/ (completely bounded) characteristic tame cuts for .�; `/.

The behaviors of the operator norm of reduced group C �-algebra C �
�
.�/ are notori-

ously difficult to understand. For instance, Valette’s conjecture on rapid decay property for
uniform lattices in higher rank Lie groups is still open. Different approaches to understand
the operator norm are studied for some cases: when G is amenable, we have k�.f /k D
kf k1 for all non-negative functions f 2 Cc.G/, and when G is a connected simple Lie
group, the Harish-Chandra spherical function �0 satisfies k�.f /k D

R
G
�0.x/f .x/dx for

non-negative f 2 Cc.G/. On the other hand, the existence of (completely bounded) char-
acteristic tame cuts .'n/ provides asymptotic information about how the operator norm
of a function f 2 C �

�
.�/ is changed after truncating (or cutting off) f to supp.'n/. In

many spaces, truncation process defines a norm decreasing operator, for instance, `p.�/
for 1 � p � 1 and more generally the space Cc.�/ endowed with an unconditional
norm N ; that is, N.f / � N.g/ whenever jf j � jgj. However, the situation is very dif-
ferent in C �

�
.�/. The simplest illustration can be seen in the case � D Z. We identify

C �
�
.Z/ and C.T / via the Gelfand transform. Then, the truncation operator associated

with the characteristic function 'n D 1Œ�n;n�\Z corresponds to Dirichlet’s kernelDn.t/DPn
jD�n e

i2�jt 2 L1.T /, and it is well known that

M'n W C
�
� .Z/! C �� .Z/

 D kDnk1 D 4

�
lognCO.1/:

This shows that the operator norm of C �
�
.Z/ is not unconditional. In [21, Theorem 2],

it is shown that this logarithmic rate is asymptotically the best while the support of the
truncation operator grows at least linearly. This is why we expect the truncation operators
on C �

�
.�/ to have bigger norms as their supports grow, and we study characteristic tame

cuts to understand their norm growth rate. In the following theorem, we provide some
examples with (completely bounded) characteristic tame cuts.

Theorem D. The following groups have completely bounded characteristic tame cuts.

(i) Zd ÌA Z for any d 2 N and A 2 SL.d;Z/.
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(ii) ZŒ 1
pq
� Ì p

q
Z for any coprime p; q 2 N.

(iii) Lamplighter groups Zp o Z for any p 2 N.

(iv) Baumslag–Solitar groups BS.p; q/ D ha; t j tapt�1 D aqi for any p; q 2 N.

The paper is organized as follows. In Section 2, we list out preliminary definitions and
results. In Section 3, we discuss how the tame cuts are connected to weak amenability and
rapid decay property and provide the first examples. In Section 4, we prove Theorems A
and B. In Section 5, we prove Theorem C. In Section 6, we prove Theorem D.

2. Preliminaries

2.1. Group algebras

LetG be a locally compact group. We fix a Haar measure dx onG. The leftG-translations
on itself induces the (left) regular representation � W G ! U.L2.G//. This gives rise to
the �-representation

� W L1.G/! B
�
L2.G/

�
; �.f /� D f � �:

The (left) reduced C �-algebra C �
�
.G/ of G is the completion of �.L1.G// in B.L2.G//

with respect to the operator norm. The group von Neumann algebra L.G/ is the comple-
tion of �.L1.G// in B.L2.G// with respect to the weak*-topology. Another important
algebra is the Fourier algebra,

A.G/ D
°
' D

X
i

�i � �i j �i ; �i 2 L
2.G/;

X
i

k�ik2k�ik2 <1
±
:

This is a commutative Banach algebra endowed with pointwise multiplication and the
norm k'kA D inf

P
i k�ik2k�ik2, where �i ’s and �i ’s run in L2.G/ under the condition

' D
P
i �i � �i . It turns out that the unique Banach predual of L.G/ is the Fourier algebra

A.G/. The duality is given by h�.f /; 'i D
R
G
f .x/'.x/dx for all f 2 L1.G/ and ' 2

A.G/. We refer readers to [8] for further properties of these algebras.
Let ' be a function on G, and F any set of functions on G. We say that ' multi-

plies F if 'F � F . A function ' 2 Cb.G/ is called a Fourier multiplier if it multiplies
the Fourier algebra A.G/. By the closed graph theorem, the multiplication operator m' W
A.G/! A.G/ corresponding to a Fourier multiplier ' is continuous, and the operator
norm k'kMA D sup¹k' kA j  2 A.G/; k kA D 1º is well defined. It turns out that
the space MA.G/ of all Fourier multipliers is a Banach algebra with pointwise multi-
plication. The duality and restriction arguments show that the following are equivalent
[6, Proposition 1.2]:

(i) ' 2MA.G/.

(ii) m' extends to a weak*-continuous map m�' W L.G/! L.G/.

(iii) m' extends to a norm-continuous map m0' W C
�
�
.G/! C �

�
.G/.
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A Fourier multiplier ' 2MA.G/ is said to be completely bounded if m�' (or equivalently
m0') is completely bounded; that is, the quantity

k'kM0A D sup
n2N

m�' ˝ In W L.G/˝Mn.C/! L.G/˝Mn.C/


is finite. Denote by M0A.G/ all completely bounded Fourier multipliers. Again, it is a
Banach algebra with pointwise multiplication. Compared to the usual Fourier multipli-
ers, the characterizations of completely bounded Fourier multipliers are much more rich.
Below, we list out some important results that we will use.

Theorem 2.1 ([2, 6]). Let ' be a Fourier multiplier of G. Put K D SU.2/. Then, the
following conditions are equivalent:

(i) ' 2M0A.G/ with k'kM0A.G/ � C .

(ii) ' ˝ 1K 2MA.G �K/ with k' ˝ 1KkMA.G�K/ � C .

(iii) For every locally compact group H , we have ' ˝ 1H 2MA.G �H/ with
k' ˝ 1HkMA.G�H/ � C .

(iv) There exist bounded continuous maps P;Q from G to a Hilbert space H with
'.y�1x/ D hP.x/;Q.y/i for all x; y 2 G and supx;y2G kP.x/kkQ.y/k � C .

Theorem 2.2 ([18,22]). WhenG is amenable, the Banach algebrasM0A.G/ andMA.G/
coincide, and the inclusion A.G/!MA.G/ is isometric.

2.2. Weak amenability

Definition 2.3. A locally compact group G is weakly amenable if there is a net .'i / of
compactly supported functions such that

(i) 'i ! 1 uniformly on all compact subsets of G,

(ii) there is a constant C > 0 such that k'ikM0A � C .

The best upper bound ƒG is called the Cowling–Haagerup constant.

Locally compact amenable groups are trivially weakly amenable. The following are
some more weakly amenable groups: the free group F2, more generally Gromov’s hyper-
bolic groups, groups acting properly on finite-dimensional CAT.0/ cubical complexes,
and rank one simple Lie groups. The main importance of weak amenability is that the
Cowling–Haagerup constant is stable under Measure equivalence and W�-equivalence.
We refer to [5, 6, 11] for more information on weak amenability.

In the following, we mention two results that we will use.

Lemma 2.4 ([5, Proposition 1.6]). Suppose that K is a compact subgroup of a locally
compact group G. Let ' 2 M0A.G/ (resp. ' 2 MA.G/), and P' denotes the function
obtained by averaging ' over the double cosets KxK .x 2 G/; that is,

P'.x/ D

Z
K

Z
K

'.k1xk2/dk1dk2 for all x 2 G;
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where dk1 and dk2 are normalized Haar measures onK. Then, P'2M0A.G/ and k P'kM0A

� k'kM0A (resp. P' 2MA.G/ and k P'kMA � k'kMA). Furthermore, if G admits a closed
amenable subgroup P such that G D PK, then

k P'kM0A.G/ D k P'kMA.G/ D k P'jP kMA.P/:

Theorem 2.5 ([16, Lemma 5.2, case p D1 and "D 1=3]). Let G D SL.3;R/, andK D
SO.3;R/. There is a constant C > 0 such that for anyK-bi-invariant function ' 2 C0.G/
and any t > 0, we have

Cet=3

ˇ̌̌̌
ˇ̌'
0@et 0 0

0 1 0

0 0 e�t

1Aˇ̌̌̌ˇ̌ � k'kMA: (2.1)

In the original version [16, Lemma 5.2], the right-hand side of the above inequality is
given by the multiplier norm k'kMSp.L2.G// on p-Schatten class. In the case of p D 1,
the latter norm coincides with the completely bounded Fourier multiplier norm k'kM0A

as shown in [16, Theorem 1.7]. Recall that the group P of upper triangle matrices of
G D SL.3;R/ is amenable, and set theoretically, we have G D PK. Moreover, since we
assume that ' is K-bi-invariant, we have P' D ' and k'kM0A D k'kMA by Lemma 2.4.
Therefore, MA-norm is valid in (2.1).

The same result was proven for Sp.2;R/ in [7, Proposition 3.2]. Combined together,
these two inequalities show that all higher rank simple Lie groups with finite center are
not weakly amenable.

2.3. Rapid Decay property (RD)

First observed by Uffe Haagerup in [10] for free groups, and later developed by Paul Jolis-
saint in [13], Rapid Decay property (RD) took significant attention of mathematicians for
being a part of tools to establish important examples of groups satisfying Baum–Connes
conjecture. The class of groups with RD is quite large and includes Gromov’s hyperbolic
groups, co-compact cubical CAT.0/ groups, Coxeter groups, Mapping class groups, Braid
groups, large type Artin groups, 3-manifold groups not containing Sol , Wise non-Hopfian
group, some small cancelation groups, and uniform lattices of SL.3;R/. We refer the read-
ers to [4] for a comprehensive survey.

Recall that a length function ` WG!RC on a locally compact groupG is a measurable
function such that `.e/ D 0, `.x/ D `.x�1/, and `.xy/ � `.x/C `.y/ for all x; y 2 G,
where e 2 G is the neutral element. The ball of radius n � 0 with respect to ` is the set
Bn D ¹x 2 G j `.x/ � nº. We say that a length function `1 dominates another length
function `2 if there is a constant c > 0 such that `2.x/ � c`1.x/C c for all x 2 G. If G
is generated by a compact subset K � G, then the word length function

`K.x/ D min
®
n 2 ZC j x 2 .K [K

�1/n
¯

dominates any other length functions. If two length functions dominate each other, we
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say that they are equivalent. Let us provide an interesting example of equivalent length
function. Consider the group G D SL.3;R/. Take any word length function `C associated
with a compact generating subset C � G. Another length function onG can be defined as
L.x/D logkxkC logkx�1k, where kxk is the operator norm of x acting on `2.¹1; 2; 3º/.
It turns out that `C and L are equivalent. Let � be any uniform lattice in G. Since � sat-
isfies Kazhdan’s property (T), there is a finite generating set S � � . The length functions
`S , `C jS , and LjS on � are all equivalent on � [19, 20].

Definition 2.6. A locally compact group G has RD with respect to a length function ` if
there exist non-negative constants C and a such that for all n � 0 and f 2 Cc.G/ with
supp.f / � Bn, we have

k�.f /k � C.1C n/akf k2:

We highlight one of Lafforgue’s results, which was the last step to prove that uniform
lattices in SL.3;R/ satisfy Baum–Connes’ conjecture.

Theorem 2.7 ([15]). Uniform lattices in SL.3;R/ have RD.

This theorem is the main ingredient to prove Theorem A.

2.4. Property .TSchur; G; K/

Property .TSchur; G; K/ was introduced in [17] as an analogue of Lafforgue’s property
.TSchur/. Suppose that G is a reductive group over a local field, K is its maximal compact
subgroup, and � is a lattice of G satisfying property .TSchur; G; K/. Then, Liao showed
that all known methods to prove the Baum–Connes conjecture fail for � .

Definition 2.8. Let G be a locally compact group, K a compact subgroup, H a closed
subgroup of G, and ` a proper length function of G. For n 2 N and f 2 C.G/, define the
quantity

kf kMA.H;G;`;n/ D sup
®�H .f jH'/ j ' 2 Cc.H/; supp.'/ � Bn;

�H .'/ � 1¯:
When G and ` are already fixed, we also write kf kMA.H;G;`;n/ D kf kMA.H;n/. We say
thatH has property .TSchur;G;K; `/ if there exist a positive constant s > 0 and a function
� 2 C0.G/ vanishing at infinity such that for any D > 0 and K-bi-invariant function
' 2 C.G/ with

k'kMA.H;n/ � De
sn for all n 2 N;

there exists a limit '1 2 C to which ' tends uniformly rapidlyˇ̌
'.x/ � '1

ˇ̌
� D�.x/ for all x 2 G:

The only known example given in [17] is as follows. Let Fq be a finite field of charac-
teristic different from 2 with cardinality q. Let G be the symplectic group Sp.4;Fq..�///
over the local field Fq..�// andK D Sp.4;FqŒŒ���/ the maximal compact subgroup ofG.
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Let � be the non-uniform lattice Sp.4;FqŒ��1�/ in G. Let H < � be the subgroup con-
sisting of the elements of the form0BB@

1 � � �

1 � �

1 �

1

1CCA 2 �:
For i; j 2 N0, denoteD.i; j /D diag.��i ; ��j ; �j ; � i /. By Cartan’s decomposition the-
orem, every element x 2 G can be written as x D kD.i; j /k0 for some k; k0 2 K and a
unique .i; j / 2 N2

0 with i � j . Moreover, the length function ` W kD.i; j /k0 7! i C j

is equivalent to the word length function of G, and even its restriction to the lattice � is
equivalent to the word length function of � . Then,H and � have property .TSchur;G;K;`/.

It seems that Kazhdan’s property (T) has less to do with property .TSchur; G; K; `/.
For example, compact groups obviously satisfy property (T), while it is not the case for
property .TSchur; G;K; `/ as the following lemma shows.

Lemma 2.9. LetG be an unbounded locally compact group endowed with a proper length
function `. Suppose that K and H are compact subgroups of G. Then, H does not have
property .TSchur; G;K; `/.

Proof. Assume, by contradiction, that H has property .TSchur; G; K; `/. Let s > 0 and
� 2 C0.G/ be as in Definition 2.8. Define

L1.x/ D

´
0; if `.x/ D 0;

b`.x/c C 1; otherwise;

L2.x/ D

Z
K

L1.kxk
�1/dk;

L3.x/ D min
®
L2.k1xk2/ j k1; k2 2 K

¯
;

L4.x/ D

´
0; if x 2 K;

1; otherwise;

for all x 2 G. This construction is from [13, Lemma 2.1.3]. Note that L3 CL4 is a length
function equivalent to `. If necessary, replacing ` by L3 C L4, we can assume that `
takes 0 on K so that the balls are K-bi-invariant. Choose a large enough r 2 N such that
Br has a non-empty interior and contains H . For each m � r , construct a non-negative
function fm 2 A.G/ such that fm takes 1 on Bm and 0 outside B02m using Eymard’s trick
[8, Lemma 3.2]. Then, m D f4m � fm is a non-negative compactly supported function in
A.G/ such that  mjH D 0 and  m.x/¤ 0 for some x 2G with `.x/�m. We useK �K
double averaging and normalization on  m in order to have a K-bi-invariant function
'm 2 Cc.G/ such that 'mjH D 0 and 'm.x/ D 1 for some x 2 G with `.x/ � m. Now,
we have k'mkMA.H;n/ D 0 � esn for all n 2N andm � r . It follows that j'm.x/j � �.x/
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for all x 2 G and m � r . Taking limx!1 supm�r on the left- and right-hand side of the
inequality, we get a desired contradiction.

In [17, Proposition 2.3], it was proven that if a discrete subgroup � of G has property
.TSchur; G;K; `/, then .�; `/ does not have RD. As its analogue, we have Theorem C.

3. Groups with tame cuts

In this section, we will give the first examples of groups with tame cuts by investigating
its connection to weak amenability and RD. If there exists a proper length function ` for
which .G; `/ has (completely bounded) [characteristic] tame cuts, we simply say that G
has (completely bounded) [characteristic] tame cuts. It is also worth noting that when G
is amenable, G has (characteristic) tame cuts if and only if G has completely bounded
(characteristic) tame cuts since the Banach algebras M0A.G/ and MA.G/ coincide in
that case. Here are the first examples.

Proposition 3.1. The infinite cyclic group � DZ has characteristic tame cuts with respect
to the logarithmic length function log.1 C j � j/ but does not with respect to the double
logarithmic length function log.1C log.1C j � j//.

Proof. We use the Fourier transform and bounds for L1.T /-norm of trigonometric poly-
nomials.

(i) [14, p. 71, Exercise 1.1] For n 2 N, we have

k1Z\Œ�n;n�kM0A D k1Z\Œ�n;n�kA D
F .1Z\Œ�n;n�/


L1.T/

D

 nX
kD�n

ei2�kt

L1.T/

D
4

�
log.n/CO.1/: (3.1)

This shows that the sequence .13n/n2N forms characteristic tame cuts for
.Z; log.1C j � j//.

(ii) [21, Theorem 2] There is a constant C > 0 such that for any finite subsetB �Z,
we have

k1BkM0A D

X
k2B

ei2�kt

L1.T/

� C log jBj: (3.2)

If 'n is a characteristic function on Z such that its support is finite and contains
the ball Bn of radius n, then the set supp.'n/ would contain at least ee

n
�

jBnj elements. Inequality (3.2) shows that k'nkM0A � Ce
n. Thus, there are no

characteristic tame cuts for .Z; log.1C log.1C j � j///.

Remark 3.2. The sequence .1Z\Œ�n;n�/ gives characteristic tame cuts for .Z; log.1Cj�j//,
and the multiplier norms grow linearly. Inequality (3.2) shows that this linear rate is actu-
ally the best.
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Proposition 3.3. Let G be a locally compact group, and let ` be a proper length function
on it. Then, .�; `/ has completely bounded tame cuts with a D 0 (cf. Definition 1.1) if and
only if G is weakly amenable.

Proof. See [5, Proposition 1.1].

Remark 3.4. Similar results can be attained for other approximation properties such as
multiplier approximation property and n-positive approximation property.

Remark 3.5. By Propositions 3.1 and 3.3, the group .Z; log.1C log.1C j � j/// has tame
cuts but no characteristic tame cuts.

Proposition 3.6. Let � be a discrete group satisfying RD with respect to a proper length
function `. Then, .�; `/ has characteristic tame cuts.

Proof. For any non-zero function f 2 Cc.�/, we have�.f / � h�.f /ıejf i
kf k2

D kf k2:

Put 'n D 1Bn . Then, we have�.'nf / � C.1C n/ak'nf k2 � C.1C n/akf k2 � C.1C n/a�.f /
for all f 2 Cc.�/. It follows that k'nkMA � C.1C n/a, completing the proof.

4. Proof of Theorems A and B

As a motivation to investigate tame cuts, we provide two applications. The first one is
about the continuity of the induction map. The following lemma shows the importance of
induction map and is used to prove that amenability, a-T-menability, weak-amenability,
and Kazhdan’s property (T) are inherited by lattices.

Lemma 4.1 ([11, Lemma 2.1]). Let � be a lattice in a locally compact group G. Let
� W G=� ! G be a Borel cross-section, and� � G its image. Denote by �� the counting
measure on G corresponding to � . Then,

ˆ W `1.�/! Cb.G/; ' 7! y' D 1� � .'��/ � z1�

is well defined. Moreover, the restrictions of this map give norm decreasing linear maps

ˆ W A.�/! A.G/ and ˆ WM0A.�/!M0A.G/:

Moreover, if ' is a positive definite function on � , so is y' on G.

As we have a disjoint union
G D

G
y2�

�y;



On the growth of Fourier multipliers 11

the map  W G ! � such that x 2 �.x/ is well defined, and we have

y'.x/ D

Z
�

'
�
.x!/

�
d! for all x 2 G;

where d! is the normalized Haar measure on G such that
R
�
d! D 1.

Proof of Theorem B. Recall that the length functions `S , `C j� , and Lj� are all equivalent
on � (cf. Section 2.3). We choose L as the main length function on both � and G.

By contradiction, suppose that the map ˆ W MA.�/! MA.G/ is well defined and
bounded. By Theorem 2.7, � has RD and a fortiori characteristic tame cuts, so there exist
finitely supported characteristic functions 'n such that

k'nkMA.�/ � Cn
a and 'njBn D 1 for all n 2 N:

By continuity of ˆ, there is a constant C 0 > 0 such that

ky'nkMA.G/ � C
0na for all n 2 N:

By Lemma 2.4, the K-K-averaging Py'n of y'n is a K-bi-invariant Fourier multiplier of G
with

k Py'nkMA.G/ � ky'nkMA.G/ � C
0na for all n 2 N:

Applying the rigidity inequality (2.1) on Py'n, we get

C 00et=3

ˇ̌̌̌
ˇ̌ Py'n

0@et 0 0

0 1 0

0 0 e�t

1Aˇ̌̌̌ˇ̌ � k Py'nkMA � C 0na for all n 2 N; t 2 RC: (4.1)

Put c D max¹L.!/ j ! 2 �º and choose t D n=4 � c so that

L
�

diag.et ; 1; e�t /
�
D 2t < n � 2c:

Recall that we have

Py'n.x/ D

Z
K

Z
K

Z
�

'n
�
.k1xk2!/

�
d!dk1dk2:

By construction, note that

L
�
.k1xk2!/

�
D L.!0k1xk2!/ � L.k1xk2/C L.!

0/C L.!/ � 2c C L.x/

for some !0 2 ��1. Thus, if L.x/ � n� 2c, we have Py'n.x/D 1. Therefore, the left-hand
side of (4.1) grows exponentially while the right-hand side is polynomial, which gives the
desired contradiction.

Remark 4.2. We do not know if the map ˆ WMA.�/!MA.G/ is well defined in gen-
eral.
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Proof of Theorem A. Suppose M0A.�/ DMA.�/. Since the inclusion

M0A.�/!MA.�/

is a contraction between two Banach spaces, two norms k � kMA and k � kM0A are equiva-
lent by the closed graph theorem applied on the inverse map.

Let us use the functions 'n, y'n, and Py'n from Theorem B. Since two norms are equiv-
alent and .'n/ forms tame cuts, this sequence is also completely bounded tame cuts. It
follows that there are constants C; a � 0 such that

k'nkM0A � Cn
a for all n 2 N:

By Lemma 4.1, we have k Py'nkM0A � ky'nkM0A � Cn
a. Again, the rigidity inequality on

Py'n gives a desired contradiction for the same choice of t as in Theorem B.

5. Proof of Theorem C

Definition 5.1. Let G be a locally compact group, H a closed subgroup of G, and K a
compact subgroup of G. A function ' 2 C.H/ is said to be K-bi-invariant if there is a
K-bi-invariant continuous function on G whose restriction on H is exactly '.

Proof of Theorem C. We prove by contradiction. Assume that there exist K-bi-invariant
tame cuts .'m/m2N for .H; `jH /. There are constants C; a � 0 such that

k'mkMA.H/ � Cm
a; (5.1)

'mjBm � 1 (5.2)

for all m 2 N. Take any function f 2 Cc.H/ with supp.f / � Bn. If m � n, the Fourier
multiplier 'm acts trivially on f , so k�H .'mf /k D k�H .f /k. If m < n, then we have�H .'mf / � Cma�H .f / � Cna�H .f /
by (5.1). Unifying these two cases, if we denote by '0m 2 C.G/ aK-bi-invariant extension
of 'm, we get the inequality k'0mkMA.H;n/ � Cn

a for all n; m 2 N. Let s > 0 and � 2
C0.G/ be from property .TSchur; G;K; `/. Put D D supn2N Cn

ae�sn so that we get

k'0mkMA.H;n/ � De
sn for all m; n 2 N:

By property .TSchur; G;K; `/, we getˇ̌
'm.x/

ˇ̌
D
ˇ̌
'0m.x/

ˇ̌
� D�.x/ for all x 2 H; m 2 N: (5.3)

Now, if we take the sequential limits limx!1 limm!1 on (5.3), the left-hand side goes
to 1 whereas the right-hand side goes to 0. This gives a desired contradiction.
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Corollary 5.2. If G is unbounded and has property .TSchur;G;K; `/, then .G; `/ does not
have tame cuts.

Proof. By Lemma 2.4, the K-bi-averaging process does not increase the multiplier norm.
Thus, we can assume that tame cuts, if they exist, areK-bi-invariant. Now, the rest follows
from the theorem by choosing H D G.

Suppose that G is a finitely generated infinite group and H is a finitely generated
subgroup of G. Recall that H is polynomially distorted in G if there exists k � 0 such
that `H .x/ � k`G.x/k C k for all x 2H , where `G and `H are the word length functions
of G and H , respectively.

Corollary 5.3. Suppose that G is a finitely generated infinite group and H is a finitely
generated subgroup of G that is at most polynomially distorted in G. If H has property
.TSchur; G; ¹eº; `G/, then .H; `H / does not have tame cuts.

Even though these two corollaries suggest ways of constructing an example of a
finitely generated group without tame cuts with respect to the word length function, we do
not have any example fitting to the corollaries above.

6. Proof of Theorem D

In this section, we prove Theorem D case by case. We need the following three lemmas.

Lemma 6.1. Restrictions of (completely bounded) [characteristic] tame cuts on a closed
subgroup are again (completely bounded) [characteristic] tame cuts with respect to the
restricted length function.

Proof. It directly follows from [6, Proposition 1.12] which states that if G is a locally
compact group and H is its closed subgroup, then the restriction maps

MA.G/!MA.H/ and M0A.G/!M0A.H/

are norm decreasing.

Lemma 6.2. Let G be a locally compact group and H an open subgroup. The extensions
by identity on H and zero on G nH

A.H/! A.G/; MA.H/!MA.G/; and M0A.H/!M0A.G/

are isometric.

Proof. The case A.H/! A.G/ is proven in [8, Lemma 3.21]. Denote by � WMA.H/!
MA.G/ the trivial extension. The calculation�.'/

MA.G/
D sup

®�.'/ 
A.G/

j  2 A.G/; k kA.G/ � 1
¯
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D sup
®
k' jHkA.H/ j  2 A.G/; k kA.G/ � 1

¯
D sup

®
k' 0kA.H/ j  

0
2 A.H/; k 0kA.H/ � 1

¯
D k'kMA.H/

shows that � is isometric. The caseM0A.H/!M0A.G/ is done similarly by considering
H � SU.2/ and G � SU.2/.

Lemma 6.3. Let � be a discrete group, ` W � ! ZC a proper length function, and H a
subgroup of � . Assume that .H;`jH / has (completely bounded) [characteristic] tame cuts
and thatH has polynomial co-growth. Then, � has (completely bounded) [characteristic]
tame cuts.

Here, we say thatH has polynomial co-growth with respect to ` if there exist constants
C 0; b � 0 such that

#
®
xH j x 2 �; `.x/ � nº � C 0nb for all n 2 N:

When H is normal in G, it is equivalent to say that the quotient group G=H has polyno-
mial growth with respect to the length function given by `H .xH/D min¹`.xh/ j h 2H º.

Proof of Lemma 6.3. By hypothesis, there exist constants C; a � 0 and a sequence of
finitely supported functions . n/ on H with

 njBn\H � 1 and k nkMA.H/ � Cn
a for all n 2 N: (6.1)

We identify  n with the function on � extending  n by 0 on G nH . By Lemma 6.2,

k nkMA.H/ D k nkMA.�/:

Choose the cross-section � W �=H ! � defined by `.�.xH// D minh2H `.xh/. We can
choose such � since the length function ` takes value in ZC. Then, by polynomial co-
growth, the sets

Sn D
®
y 2 �.�=H/ j `.y/ � n

¯
grow at polynomial rate, say C 0nb . Also, note that

Bn � Sn.B2n \H/ for all n 2 N: (6.2)

To see that, take any x2Bn. By the choice of the cross-section, we have �.xH/2Sn�Bn,
and since x and �.xH/ represent the same class, we have �.xH/�1x 2 B2n \H . Now,
x 2 �.xH/.B2n \H/ � Sn.B2n \H/.

For every n 2 N, define a finitely supported function by 'n D
P
y2Sn

ıy �  2n on � .
The conditions (6.2) and (6.1) show that 'njBn � 1. Since � acts onMA.�/ by isometries,
we have

k'nkMA.�/ �
X
y2Sn

kıy �  2nkMA.�/ � C
00nbk 2nkMA.�/ � CC

002anaCb :

This completes the proof for tame cuts. The same proof works for the other cases.
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Proposition 6.4. Let F be a finite group, and let P be a finitely generated group with
polynomial growth. Then, the wreath product F o P has characteristic tame cuts. In par-
ticular, the Lamplighter group � D Z2 o Z has characteristic tame cuts.

Proof. Recall that F o P is the semidirect product group .˚n2PF / Ì� P where � acts
by shifts. We choose a word length function ` on � associated with any finite generating
set. By Lemma 6.3, it is enough to show that .H; `jH / has characteristic tame cuts, where
H D ˚n2PF .

For n 2 N, define Hn, the subgroup of H generated by Bn \H . Since H is locally
finite, Hn is a finite group. Define 'n D 1Hn . By Lemma 6.2, we have k'nkM0A.H/ D

k'nkM0A.Hn/ D 1 because the multiplier 'n D 1Hn acts on A.Hn/ trivially. The support
of 'n is clearly finite and contains the relative ball ¹x 2 H j `.x/ � nº of radius n.

Proposition 6.5. For any coprime p; q 2 N, the group � D ZŒ 1
pq
� Ì p

q
Z has character-

istic tame cuts.

Proof. Recall that the group � D ZŒ 1
pq
� Ì p

q
Z is isomorphic to the subgroup

� Š

´ �
p
q

�k
P

0 1

!
j k 2 Z; P 2 Z

�
1

pq

�µ
of GL2.R/ generated by

S D

´
s D

 
p
q

0

0 1

!
; t D

�
1 1

0 1

�µ
:

Let ` be the associated word length function on � . We only need to prove that the subgroup

H Š

²�
1 P

0 1

�
j P 2 Z

�
1

pq

�³
Š Z

�
1

pq

�
has characteristic tame cuts with respect to the restricted length function `jH .

Suppose that x D
�
1 P
0 1

�
2 H and `.x/ � n. Then, there is a decomposition

x D s1; : : : ; sn

with

si D

 �
p
q

�"i
ıi

0 1

!
2 S˙1;

"i ; ıi 2 ¹�1; 0; 1º, 1 � i � n and
P
"i D 0. Moreover, we have

P D ı1 C ı2

�
p

q

�"1
C ı3

�
p

q

�"1C"2
C � � � C ın

�
p

q

�"1C���C"n�1
D

Pn
iD1 ıip

nC
Pi�1
jD1 "j qn�

Pi�1
jD1 "j

qnpn
:
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Evidently, the cyclic subgroup Hn generated by

xn D

 
1 1

qnpn

0 1

!
2 H

contains the relative ball Bn \ H D ¹x 2 H j `.x/ � nº. Moreover, for any element
x 2 Bn \H , its power in Hn D hxni has an upper bound

jxj D

ˇ̌̌̌ nX
iD1

ıip
nC

Pi�1
jD1 "j qn�

Pi�1
jD1 "j

ˇ̌̌̌
� nq2np2n:

Denote by An the subset of Hn containing all elements with absolute power less than
nq2np2n. Note that An is a finite set containing Bn \H . Considering thatH is amenable
and by Lemma 6.2 and (3.1), we get

k1AnkM0A.H/ D k1AnkA.H/ D k1AnkA.Hn/ D
F .1An/


L1.T/

D
4

�
log.nq2np2n/CO.1/: (6.3)

This completes the proof since (6.3) is at most polynomial.

Proposition 6.6. For any A 2 SL.d;Z/, the group Zd ÌA Z has characteristic tame cuts.

Proof. The proof is essentially similar to Proposition 6.5. Recall that the group

� D Zd ÌA Z

can be identified as a subgroup of SL.d C 1;Z/ generated by the finite subset

S D

²
e1 D IdC1 CE1;dC1; : : : ; ed D IdC1 CEd;dC1; t D

�
A 0

0 1

�³
;

where E1;dC1 2 MdC1.R/ is the matrix with 1 on the cell .i; d C 1/ and 0 elsewhere,
and IdC1 2 MdC1.R/ is the identity matrix. It is practical to use the following unique
canonical form for every element x 2 �:

x D .v; k/; v 2 Zd ; k 2 Z:

In this form, the group law is given by

.v; k/.w; l/ D .v C Akw; k C l/:

We endow � with the length function ` associated with S . Denote by H the subgroup of
� generated by ¹e1; : : : ; ed º. Since � DH ÌA Z, by Lemma 6.3, it is enough to show that
.H; `jH / has characteristic tame cuts. Suppose that .v; 0/ 2 H and `.v; 0/ � n. Then, we
can write .v; 0/ D x1; : : : ; xn for some xi D ."i ; ıi / 2 S˙1, 1 � i � n, with

P
ıi D 0
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and v D "1 C Aı1"2 C � � � C Aı1C���Cın�1"n. Notice that

kvk1 � kvk2 � 1C kA
ı1k C � � � C kAı1C���Cın�1k � nmax

�
kAk; kA�1k

�n
� nC n:

Thus, the set An D ¹.v; 0/ 2H j v 2 Zd ; kvk1 � nC nº is finite and contains the relative
ball H \ Bn of radius n. Moreover, by (3.1), we have

k1AnkM0A.G/ D
F .1An/


L1.Td /

D kDnCn ˝ � � � ˝DnCnkL1.Td /

D kDnCnk
d
L1.T/ D

�
4

�
log.nC n/CO.1/

�d
; (6.4)

whereDN .t/D
PN
kD�N e

i2�kt is the Dirichlet kernel. Since (6.4) is at most polynomial,
we conclude.

Proposition 6.7. For any p; q 2 N, the Baumslag–Solitar group

BS.p; q/ D ha; t j tapt�1 D aqi

has completely bounded characteristic tame cuts.

The proof idea is essentially the same as [9] where it is proven that Baumslag–Solitar
groups are weakly amenable and a-T-menable using the following theorem.

Theorem 6.8 ([9, a particular case of Theorem 1]). Let p; q 2 N, p0 D p=gcd.p; q/, and
q0 D q= gcd.p; q/. Let T be the Bass–Serre tree of HNN-extension

BS.p; q/ D HNN.Z; pZ � qZ/:

Denote by j1 W BS.p; q/! Aut.T / the obvious group morphism. Denote j2 W BS.p; q/!
ZŒ 1

p0q0
� Ì p0

q0
Z the group morphism defined by

a 7!

�
1 1

0 1

�
; t 7!

 
q0

p0
0

0 1

!
:

Then, the diagonal morphism

j D .j1; j2/ W BS.p; q/! Aut.T / �
�

Z

�
1

p0q0

�
Ì p0

q0
Z

�
is a closed embedding. Here, Aut.T / is endowed with the compact-open topology.

We also need the following lemma.

Lemma 6.9 ([3, Proposition 2.1]). Suppose that a discrete group � acts on a tree T D
.V; E/ by isometries. Then, for any base point v0 2 V and n 2 N, the characteristic
function �n of the setBnD ¹x 2� j d.v0;xv0/� nº defines a completely bounded Fourier
multiplier on � with k�nkM0A � 2nC 1.



B. Battseren 18

Proof of Proposition 6.7. Theorem 6.8 allows us to identify BS.p; q/ as a discrete sub-
group of the locally compact group

Aut.T / �
�

Z

�
1

p0q0

�
Ì p0

q0
Z

�
:

For all n 2 N, take �n 2 M0A.Aut.T /d/ as in Lemma 6.9 for Aut.T /d-action on the
tree T , where Aut.T /d is the discrete realization of Aut.T /. Let . n/n2N be tame cuts
of ZŒ 1

p0q0
� Ì p0

q0
Z. For n 2 N, define a function 'n as 'n.x; y/ D �n.x/ n.y/ for all

x 2 Aut.T / and y 2 ZŒ 1
p0q0

� Ì p0

q0
Z. Then, by Lemma 6.1 and [5, Lemma 1.4], we have

k'nkM0A.BS.p;q// � k�nkM0A.Aut.T /d/k nkM0A.ZŒ
1
p0q0

�Ì p0

q0

Z/:

Note that the right-hand side grows polynomially. Also note that 'n is a characteristic
function since so are �n and  n. It is left to prove that the support of 'n is finite and
contains the relative ball of radius n. For that, first we explain which length function
we want to choose. As BS.p; q/ is finitely generated, we can choose any proper length
function on it to prove the statement. On Aut.T /d, we choose the length function defined
by `1.x/ D d.v0; xv0/. Since the tree T is locally finite, the Aut.T /-action is proper,
implying that the length function `1 is proper (when Aut.T / is endowed with the compact-
open topology). Thus, the support of �n is compact. On ZŒ 1

p0q0
� Ì p0

q0
Z, we chose any

word length function `2 associated with a finite generating set. One can easily check that
the function `.x; y/ D max.`1.x/; `2.y// on the direct product is also a proper length
function. Now, it is easily seen that the support

supp.'n/ D
�

supp.�n/ � supp. n/
�
\ BS.p; q/

is finite and contains the relative ball ¹z 2 BS.p; q/ j `.z/ � nº.

Remark 6.10. Among all the examples in this section, only the following ones satisfy
RD:

(i) Some Zd ÌA Z with sp.A/ � S1.

(ii) ZŒ1
1
� Ì 1

1
Z Š Z2.

(iii) BS.p; p/ for p 2 N.

Concerning non-examples, the rigidity inequality of Theorem 2.5 shows that higher rank
simple Lie groups with finite center do not have tame cuts. It follows that uniform lattices
in a higher rank simple Lie group with finite center do not have completely bounded tame
cuts. We do not have an example of a finitely generated group without (characteristic)
tame cuts with respect to the word length function. Our best guess is the group given by
the presentation

G D ha; b; c j aba�1 D b2; cac�1 D a2i

because this group has a cyclic subgroup that is doubly exponentially distorted. The lat-
tices SL.3; Z/ and Z2 Ì SL.2; Z/ are also good candidates. We also conjecture that
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cocompact lattices in higher rank semisimple Lie groups have characteristic tame cuts,
which follows from Valette’s conjecture [24, Conjecture 7].
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