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Abstract. We adapt the work of Jabin and Wang (2018) to show the first result of uniform in time
propagation of chaos for a class of singular interaction kernels. In particular, our models contain the
Biot—Savart kernel on the torus and thus the 2D vortex model.
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1. Introduction

1.1. Framework

Our main subject is the convergence of the law of a stochastic particle system with mean
field singular interactions towards its non-linear limit. More precisely, we will establish
the first quantitative bounds on the distance in the number of particles uniformly in time.
Let K : T4 — R? be an interaction kernel on the d-dimensional (d > 2) I-periodic
torus T¢ (represented as [—1/2, 1/2]%), on which we will specify some assumptions
later. In this paper, we consider the non-linear stochastic differential equation of McKean—
Vlasov type

{dx, = V2dB, + K * p,(X,)dt, 0

pr = density of Law(X;),

where X; € T4, (By)r>o0 is a d-dimensional Brownian motion and

free = [ fe=eerdy
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stands for the convolution operation on the torus. The density p; satisfies
Aepr ==V - (pr (K * pr)) + Aps. (1.2)

In other words, the non-linear equation (1.2) has the following natural probabilistic inter-
pretation: the solution p; is the density of the law at time ¢ of the T?-valued process
(Xt)t>0 evolving according to (1.1). As we understand (1.1) to be the motion of a particle
interacting with its own law, (1.2) thus describes the dynamic of a cloud of charged par-
ticles (where (X;);>o would be one particle). In particular, it is of importance in plasma
physics [31]. We also consider the associated system of particles, describing the motion
of N particles interacting with one another through the interaction kernel K:

N
dX! = V2dB! + % Z K(XP— X])dr, (1.3)

j=1
where X! € T is the position at time ¢ of the i-th particle, and (B}, 1 <i < N) are
independent Brownian motions in T9. We assume that (X(i,),-zl ,,,,, N are exchangeable,
i.e. have a law which is invariant under permutation of the particles, so that this property
is true for all times. We denote by px the density of the law of the system of particles,

formally satisfying

N
atpN=—va,.-(( ZK(x,—x, )pN) ZAxle (1.4)

i=1

We define Plfv to be the density of the law of the first k marginals of the N -particle system,

3
ot X1, .., xk) = / oN({t, X1, ..., XN)dXpr1...dxN,
T(N—k)d

which is also, thanks to the exchangeability of particles, the density of the law of any k&
marginals. More precisely, in this work, we focus on equation (1.4) and we will not
address the question of well-posedness of the stochastic equation (1.3).

Here, although we will consider general assumptions on K, the main example moti-
vating our work is the singular interaction kernel known as the Biot—Savart kernel, defined

in R? by
1 XJ‘ 1 X2 X1
Ko)= — 2 — (=22 X)) 15
)= 2 kP zn( NE |x|2) (1>

Consider the 2D incompressible Navier—Stokes system on R?,

d;u =—u-Vu—Vp+ Au,
V.u=0,

where p is the local pressure. Taking the curl of the equation above, we find that w(¢, x) =
V x u(t, x) satisfies (1.2) with K given by (1.5) (see for instance [24, Chapter 1]).
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One can see equation (1.3) as an approximation of equation (1.1), where the law p;
is replaced by the empirical measure ﬁ ZIN=1 8yi. It is well known, at least in a setting
where the interaction kernel K is Lipschitz continuous [25, 30], that, under some mild
conditions on K, for all fixed k € N and all > 0, p’]‘\, (t,-) converges toward pg (¢,-) = ,6;@]‘
as N — oo, where p; is the density of the law of X; solving (1.1). Thus, provided the
particles start independent, they will stay (more or less) independent, as the law of any k-
uplet of particles converges toward a tensorized law. The expression propagation of chaos
to describe this behavior was coined by Kac [20]), and we refer to Sznitman [30] for a
landmark study of the phenomenon. Of course there is a huge literature on propagation of
chaos, but limited to uniform in time results, and always when the interaction potential is
regular; see Malrieu [23] for an example treated by a coupling approach under convexity
conditions and the recent work of Durmus et al. [12] via reflection coupling allowing non-
convexity but where the interaction is considered small and acts mainly as a perturbation.
For more recent results we refer to [21] (and its uniform in time extension in [22]) for
a nice new approach to propagation of chaos furnishing better speed but under strong
assumptions on the interactions (regularity, integrability), including a nice survey of the
existing results, and [11] using Lions derivatives for uniform in time results on the torus
but also under regularity assumptions on the interaction kernel.

Hence, neither these classical nor the recent results apply to the Biot—Savart kernel,
which is singular at 0. For convergence without rate, and specific to the vortex 2D equa-
tion, a first striking result appeared in [15], relying on proving that close encounters of
particles are rare and that the possible limits of the particle system are made up of solu-
tions of the non-linear SDE. As a second step, in the recent work [18], Jabin and Wang
have proven that propagation of chaos still holds in this case with a quantitative rate. The
goal of the present paper is to extend their works and show a quantitative propagation of
chaos uniform in time. We refer to [6-8, 15, 18] for detailed discussions on the literature
concerning propagation of chaos with singular kernels, which is still at its beginnings as
regards quantitative rates. Shortly after this work was submitted, an alternative approach
to global in time estimates was developed in [28]; see also the very recent preprint [10].

Obtaining uniform in time estimates for propagation of chaos is an important chal-
lenge. One of its applications concerns the use of the particle system, which can easily
be simulated numerically, to approximate the solution of a non-linear physics motivated
problem, such as here the vorticity equation arising from fluid mechanics. Likewise, it
provides a framework for studying noisy gradient descent used in machine learning (see
the recent [9]) and thus attracts some attention.

The approach of Jabin and Wang [18] is to compute the time evolution of the rela-
tive entropy of py with respect to py and then to use integration by parts to deal with
the singularity of K thanks to the regularity of the probability density p;. In order to
improve this argument to get uniform in time propagation of chaos, our main contribution
is the proof of time-uniform bounds for p;, in Lemma 2.2, from which a time-uniform
logarithmic Sobolev inequality is deduced. From the latter, in the spirit of the work of
Malrieu [23] in the smooth convex case, the Fisher information appearing in the entropy
dissipation yields control on the relative entropy itself, inducing time uniformity. How-
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ever, a major difficulty is that these quantities are expressed in terms of the solution of a
non-linear equation. We then have to prove a logarithmic Sobolev inequality, uniformly
in time, for p;, and sufficient decay of the derivatives of p;. This requires new estimates
on regularity and a priori bounds of the solutions of a non-linear 2D vortex equation.
Indeed, we prove that the bounds on the derivative of p, decay sufficiently fast (see again
Lemma 2.2) to ensure uniform in time convergence without smallness assumption on the
interaction. Finally, the remaining error term in the entropy evolution due to the difference
between (1.2) and (1.4) is tackled thanks to a law of large numbers already used in [18].
Compared to [15] we thus obtain a quantitative and uniform in time result.

The organization of the article is as follows. In the remainder of this section, we state
the main theorem as well as the various assumptions on both the initial condition and the
interaction kernel K. In Section 2 we gather various tools that will be useful later on: we
state the regularity of the solutions, the existence of uniform in time bounds on the density
and its derivatives, and we prove a logarithmic Sobolev inequality. Finally, in Section 3,
we prove the uniform in time propagation of chaos following the method of [18].

1.2. Main results

First, let us describe the assumptions on the initial condition. Unless otherwise specified,
L? and HP respectively refer to the spaces L?(T?) and H?(T%). Given A > 1, we
denote by €2°(X) the set of functions f in €>°(X) such that0 < 1/A < f < A < o0,
and €2 (X) = ;-1 €°(X), which is simply the set of positive smooth functions when
X is compact. We make the following assumptions on pg:

Assumption 1.1. e There is A > 1 such that py € €° (T9).

e Foralln > 1,C2 := ||[V" || Leo < oo0.

Remark 1.2. Let us discuss the smoothness assumption on the initial condition. Via The-
orem 2.1 below, which follows from the result of [3], this will ensure the smoothness
of p;. This fact (and the fact that we consider, as we will see later, a smooth solution py
of (1.4)) allows us to justify all calculations in a comfortable way. This could however be
improved. First, as in [18], the calculations should hold for any entropy solution of (1.4).
Second, it is also shown in [3], in the case of the vorticity equation, that an initial con-
dition in L! yields existence and uniqueness of a solution of (1.2) which is smooth for
positive times. One could thus think of using the non-uniform in time result of [18] on a
small time interval [0, €], and then complete the proof on [e, co[ with our result. We would
then require some bounds on p, and its derivatives of a sufficient order (depending on the
Sobolev embedding — see the proof of Lemma 2.2 below) that we could propagate in time.

For the sake of clarity and conciseness, however, we choose not to go in this direction.

Let us describe the assumptions on the interaction kernel K. Below, V- stands for the
divergence operator. We make the following assumptions on K:

Assumption 1.3. o || K|[;1 < oo.

e In the sense of distributions, V- K = 0.
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e There is a matrix field V € L* such that K = V-V, ie. K, = Z§=1 0g Ve, p for
l<a<d.

The problem of finding a matrix field V € L°°(T %) such that K = V - V for a given K
is a complex mathematical question. We refer to [5,27] and the references therein for a
more detailed discussion of the literature. As noted in [18, Proposition 2], such a matrix V'
exists for any kernel K € L? (by the results of [5]), and for any kernel K such that

IM >0, Vx e T?, |K(x)| < M/|x]|
(in view of the results of [27]).

Remark 1.4. If a function a satisfies V - a = 0, then for v : T4 — R we have

V(ay) = (@-V)y.

Suppose K is an interaction kernel in R¢ (such as the Biot-Savart kernel). One can
periodize K on the torus as follows. For a function f on the torus (identified with a 1-
periodic function on R¥), writing f * g(x) = /. x f(x —y)g(y)dy for the convolution
on a space X, we have

R f0)= [ Ra-nfmray=Y [ Re-y+ifo-ka

kezd

= [ (X Re=y+0)s0dy.

kezd

and thus K *ga f(x) = K *pa f(x), where K(x) = 3 ;cza K(x + k). In particular,

the periodized Biot—Savart kernel obtained by taking K from (1.5) reads

1 xt 1 (x —k)*
Z RS

21 lx — k2

K(x)= — ——
(x) 27 |x|?2  2m

=: K(x) + Ko(x). (1.6)

keZ?,k#0

It has been shown that the sum defining Ky converges (in the sense that
€

Ko(x) = limy o0 Z|k|25N,k;éo %) in €% (see for instance [29]). It is straightfor-

ward to check that K is periodic, bounded in L!, and divergence free. Finally, Proposi-

tion 2 of [18] yields the existence of V' € L such that K = V - V. As a consequence,
Assumption 1.3 holds for the periodized Biot—Savart kernel.

Remark 1.5. Notice that, for the Biot—Savart kernel on the whole space R2,
1

~ 1 x
K(X)Zgw,

a matrix field V such that K = V - V can be chosen explicitly:

_ 1 [ —arctan(x;/x2) 0
Vix) = g( 0 arctan(xZ/xl)).
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One could also consider collision-like interactions, as mentioned in [18]. Let ¢ € L!
be a function on the torus, M be a smooth antisymmetric matrix field and consider the
kernel K = V - (M 14(x)<0)- By construction, K is the divergence of an L°° matrix field,
and since M is antisymmetric, K is divergence free.

Example 1.6. Consider in dimension 2 the function ¢ : x > |x|?> — (2R)? for a given
radius R > 0 and the matrix
0 -1
M =
(v o)

K(x) = 2x184(0=0-

which yield

This interaction kernel models particles, seen as balls of radius R, interacting via some
form of collision.

The well-posedness of equations (1.2) and (1.4) under Assumptions 1.1 and 1.3 will
be discussed respectively in Sections 2.1 and 3.5. In particular, we will see in Theorem 2.1
that p; is in €°(R* x T).

The comparison between the law of the system of N interacting particles and the law
of N independent particles satisfying the non-linear equation (1.1) is stated in terms of
relative entropy.

Definition 1.7. Let 4 and v be two probability densities on TN . We consider the
rescaled relative entropy

NEu(plog %) ifv < p,

) (1.7)
400 otherwise.

%N(v’:u') = {

For brevity, for all k € N and ¢ > 0, we denote py(¢) : TN 5 x > pn (t,x) and
pn () : TN 3 x> ,6,®N (x). The main result is the following.

Theorem 1.8. Under Assumptions 1.1 and 1.3, there are constants C1, C and C3 such
that for all N € N and every exchangeable density probability py (0) € €ZH(T 4Ny there
exists a weak solution py of (1.4) such that for allt > 0,

Hn(pn (1), pn () < Cre 2" Hn (N (0), oy (0)) + C3/N. (1.8)

In particular, if px (0) = pn (0), the first term of the right-hand side vanishes, and this
property has been called entropic propagation of chaos; see for example [17].

1.3. Strong propagation of chaos

We show that Theorem 1.8 yields strong propagation of chaos, uniform in time. For p and
v two probability measures on T 4% denote by T1(14, v) the set of couplings of i and v, i.e.
the set of probability measures I on T 2% x T ¥ with I'(A x T4k) = u(A) and T'(T %% x
A) = v(A) for all Borel subsets 4 of T4¥. Let us define the usual L2-Wasserstein distance
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by

1/2
W2(,u,v):( inf dek(x,y)ZF(dxdy)) ,
Tell(w,v) JTdk

where drpax is the usual distance on the torus. For X = (x;)ie[1,N] € TN, we write
w(x) = % Z,N=1 8x, for the associated empirical measure.

Corollary 1.9. Under Assumptions 1.1 and 1.3, assuming moreover that py (0) = py (0),
there is a constant C such that for allk < N in N and all t > 0,

1% (©) = ()|t + Waloly (1), (1)) < C(IN/k))™?
and
Epn ) (Wa(m(X), 1)) < Ca(N),
where a(N) = N~Y2log(1 + N) ifd =2and a(N) = N~V¢ jfd > 2.

As shown in [4], the last result yields a confidence interval in uniform norm when
estimating p; with n(XﬁV ) convoluted with a smooth kernel.

We postpone the proof as it will rely on results shown later. It will, however, be
a direct corollary of Theorem 1.8 and of the logarithmic Sobolev inequality proven in
Corollary 2.6, which is a crucial ingredient in the proof of Theorem 1.8.

2. Preliminary work

2.1. First results on the non-linear PDE
We have the following result concerning the solution of (1.2).

Theorem 2.1. Under Assumption 1.3, let g € ‘65"(71“‘1). Then the system

2.1)

9:pr = =V - (K * p)pe) + Apr  inRT x T4,
Po = [o,

has a unique bounded solution p(t, x) € €° (RT x T9).

Proof. The existence, uniqueness and smoothness can be proven by following closely the
proof of Ben-Artzi [3]. For the sake of completeness, this is detailed in Appendix A. Note
that a similar result has also been recently proven in [32], where the €% regularity of p;
for any given k and ¢ is shown. The proof relies heavily on the fact that the kernel K is
divergence free, that the convolution operation tends to keep the regularity of the most
regular term, and that the Fokker—Planck equation has a smoothing effect.

Let us now prove the time-uniform bounds on p;. Assume that g € ‘C’)‘L’O(Td ), which
by definition implies 1/A < o < A, and consider the unique solution p; of (2.1). We start
by proving that K * p; is in €°°. By definition

K= [ Ke=namdy == [ Koty dy.
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Then
Ko == [ Vvoi=ndy == [ VTt -ydy,

Since V € L®(T%) and p € €®°(R* x T?), we easily deduce that K * f, and all its
derivatives, are Lipschitz continuous on [0, T] x T for all T > 0. Hence K * j is €°.
Moreover, using V - K = 0 (in the sense of distributions), we immediately get V - (K * p;)
=0forallt > 0.

Fort > 0and x € Td, let Z; be the strong solution of the following stochastic differ-
ential equation for s € [0, ¢]:

dZs = N2dBs — K * py—s(Zs)ds, Zo = x,
which exists, is unique and non-explosive since K * p;_g is smooth and bounded. Then
p(t.x) = Ex(po(Z1)),

and the bounds on p; follow. ]

2.2. Higher order estimates

We have already established that p; is bounded uniformly in time. In this section, we
extend this result to all derivatives.

Lemma 2.2. Foralln > 1 and ay,...,a, € [1,d], there exist C},C° > 0 such that
forallt >0,

t
Ve Bl < C¥ and / 100, P2 ds < CE°.
0

Proof. Thanks to Morrey’s inequality and Sobolev embeddings, it is sufficient to prove
such bounds in the Sobolev space H™ for all m, in other words it is sufficient to prove
similar bounds for ||y, ,....a;, Os ||i2 for all multi-indices «. The proof is by induction on the
order of the derivatives; we only detail the first iterations. We write f = V - ((K * p;)p;)
= (K *pr) - Vpy.

Integrated bound for ||V py ||i2 We have

1d _ . . _
oy |,0t|2 = [ Ptatpt = [ Pt APy —[ Ptf~
2 dt Td Td Td Td

On the one hand,
/ ptApr = —/ |V/6,|2.
Td Td

/Tdf_’tf:/Tdﬁtv'((K*ﬁt)ﬁt)=—/TdV,5t-(K*,5,)[;t:_/;rd[)tfzo.

On the other hand,
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Hence,
1d

2.dt
By integrating the equality above, we get

O | N LA A
[ rvaag, = R < 2 e
0

1Bell7> + VA7 = 0.

Integrated bound for (|04, a, P1 ||i2 and uniform bound for |V p; ||z2 Similarly, we cal-
culate

1d _
5= | 10a, 52l
d

1 - fT P (010

_ / s P10y (At — f)
Td

= _Z/ |aa1,a2,5t|2 +/ aal,alﬁtf-
o /T T4

Bounding

A

[, i < 1o fl21 L

IA

1 _ 1

5 2 M0 afilZz + 1172
%)

and

2
< IK * pellZec 1V 117

d
171 = | DACERE

< IKIZ 15120 1V 5e 117 2.
where we have used Young’s convolution inequality, we get

1 d _ 1 _ 1 - —
5 gl pelle + 5 3 10 afilz2 < SIKIZ P I V517

o2

By integrating the equality above and using Theorem 2.1, we get

N A _ i o
; 5/ 3 Voo sl ds = 51K I | 1z as

IA

1
SIKIZA%CPe.

This provides both the existence of C;° such that forall 1 > 0, f(f 100 0 Ps ||z2 ds < Cz°,
and the existence of C} such that for all 7 > 0, |3, p¢[|7, < CY}'.
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Integrated bound bound for |0« ay,a301 ||1242 and uniform bound for |04, a, Pt ||z2 We
have

O0uf = Z (0a Ky * pr)dypr + Z (Ky * pt)Ba.y Pr.
¥ %
and

0y s i = [ 0Ky = dy == [ 9Ky ()= ) dy

- [, Ko 0)up = )y = 2> |, Vst = y)dy

= > Vyp * aphi-

B
Hence

> @Ky #0005 = (D Vyp * s ) By

y Yy B
= (V 8.V V.
and thus
|22 @aky 500,50, = IV 5 0a Vel V2
Y
< VIl 19 Vel 1Vl 2.

Therefore

192 f1172 < 20V 7o 18a Vo171 V172 + 20 K71 15211700 100 Ve 17 2
Similarly to the previous computations,

1d _ . i
E E T4 |8(x1,azpt|2 - /Td aalyazptaal,az(Apz _ f)

= _Z/ |aa1,a2,a3[_)t|2 +/ aal,az,azﬁtaalf
a3 Td Td

—- 2 -
<= N0ay.arashill}z + 19y a.anfillz19a, £ 22
a3
= 12 1 =~ 12
<=2 Nararaspillfe + 5 D Nar ar,asiilz2
a3 o3

F IV IZeollda, VAl IVANZ 2 + I1KIZ 1 15e 17 00 190, Vi l7 2

1 _ _ _
=-3 Y 10ayar.asells + 1V 700 IV 5172190, VArII7 -

a3

+ 1K1 15e 1700 19, VeI7 2
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and thus
1d - 2 1 - 12 2 =12 = 12
5 gl anil 22 + 5 2 10 arasfilfz < IV oo s Vit 122 1V 50112
o3

HIKNZ 1161z 00 100y VA7

Integrating over time and using Theorem 2.1 gives

ey P e P _
— 2 — +§Z/ ”a“lﬂz,%[’s”izds
0
a3z

t t
< |V|ZedC} /0 1y V7122 ds + [ K2, 22 /0 190, V712 ds
<dd|V]i=Cl + |KI|I7,2%)C5°.

This provides both the existence of C5° such that for all ¢ > 0,

t
/ 1 cns 22 ds < C5°.
0

and the existence of C;' such that for all # > 0, || ,a, P¢ ||i2 < Cj.
The proof is then by induction on the order of the derivative, iterating the same
method. .

2.3. Logarithmic Sobolev inequality

We now establish a logarithmic Sobolev inequality (LSI) for p; solving (1.2). To this end,
we use the fact that the uniform distribution u on T satisfies a LSI and that j; is bounded
(below and above) uniformly in time. Recall the following Holley—Stroock perturbation
lemma, from [2, Propostion 5.1.6].

Lemma 2.3. Assume that v is a probability measure on T satisfying a logarithmic
Sobolev inequality with constant CL3, i.e. for all f € €2 (T9),

Ent, (/) := /;rdflogfdv—/wfdvlog(/wfdv) gchSde _W]{'Z dv.

Let | be a probability measure with density h with respect to v such that 1/A < h < A

for some constant A > 0. Then p satisfies a logarithmic Sobolev inequality with constant
CLS =22CLS, e forall f € €%(TY),

VS
——du.
7 M

We also know that the uniform distribution u (i.e. the Lebesgue measure) on T¢
satisfies a LSI. See for instance [2, Proposition 5.7.5], or [16] for a proof in dimension 1,
the results in higher dimension being a consequence of tensorization properties.

Ent, (f) < A*CLS /
Td
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Lemma 2.4. Let u be the uniform distribution on T%. Then u satisfies a logarithmic
Sobolev inequality: for all f € € (']Td)

VSP
- 87‘[2 Td f
A direct consequence of Lemmas 2.3 and 2.4 and the bounds on p; given in Theo-
rem 2.1 is the following theorem, as well as its corollary. It establishes a uniform in time
logarithmic Sobolev inequality for p;, crucial for the uniform control of the Fisher infor-
mation appearing in the study of the dissipation of the entropy between the law of the
particle system and the non-linear particles.

Enty(f) < 2.2)

Theorem 2.5. Under Assumptions 1.1 and 1.3, forallt > 0 and all f € € T4),
VS |2
Entz, (f) = W /

Corollary 2.6. Under Assumptions 1.1 and 1.3, for all N € N andt > 0 and all proba-
bility densities Ly € CZ) T4N),

dpr.

2

o P 0)) = g NZ/ x|V

lo
x; 108 = ( )
Proof. By tensorization of the logarithmic Sobolev inequality (see for instance [2, Propo-
2
sition 5.2.7]), since p satisfies a LSI with constant ,1 3.7 80 does py. Using Theorem 2.5
for f = “ 2 we thus get

J(’N(MN,ﬁN(t))ziEnt— o <X A2 Tg ol |72 0! ’
N oN PN (l) 7.[2 N PN ,5N_(t) LN

which yields the result. u

3. Proofs of the main results

From now on and up to Section 3.5 (excluded), in addition to Assumptions 1.1 and 1.3,
we suppose that there exists a solution py € €9 (R* x T4NY) of (1.4). This justifies
the validity of the various calculations conducted in this part of the proof. The question
of lifting this assumption (by taking a limit in a regularized problem) is addressed in
Section 3.5.

3.1. Time evolution of the relative entropy
We write

pn (1) [*
(D) dx.

as shorthands for the relative entropy and relative Fisher information. We start by calcu-
lating the time evolution of the relative entropy.

Vy, log =

Jen(6) = Hn (on (00, 5y (©), () = ~ Z Lo
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Lemma 3.1. Forallt > 0,

d 1 1
—Hn() < An(t —Bn(t)— =dn(t 3.1
27N O = AN@) + 5By () — SIn(©) 3.1
with
1 _ V3, PN
AN() = 45 ;/WN on (V(xi —x;) =V * p(x1)) o dx,

1 Vs, v |? ] 1 _
By(t) i= — —_— = Vixi —x;)=V ; dx.
(1) NIZAM PN 7 N; (xi —x5) *Pt(xz)f X

Here, | - |j% denotes the sum of the squares of the coefficients of the matrix.

Proof. 1t has been shown in [18] that
) == In =57 [ o (KGi—x) = K i x) - i log v d
— — - — Xi —xj)— K % ps(x;)) - Vi, lo X
dr N = N N2 . ']I*deN i j Pt (X x; 108 PN

with

1 _ —
53 2 [ oK =) = K i) Vi Tog
i,J

Vi bN
PN

dx

1 -
= N2 ;/w PN (V(xi = xj) =V * py (xi)) :
1 - - N
+ N2 ;/TM(V(M —xj) =V xpr(xi)) : Vi, oN ® VX,ZTN dx.
Let us consider the last term:

—1 E Vix; — —Vxp = PN
[ j ) : Vi, v, =224
N2 i /Td/v( (i = x;) * Pr(Xi)) © Vi, pN @ Vi, PN ¥

1 1 _
= legfqr«m (N;V(xi —xj) =V *p,(x,))a

(Vxl- ﬁN)oz (Vx,- pTN) dx.
PN /g

5

Let

j PN PoN ; _ . /PN
’:=V.T)—, 2= (Ve o) 2N
s (XIPN ﬂ\/p_N o (xlp ) N

. 1 _
Xy p = (NZV(Xi —xj)—V*p(xi)) ,
J o,

Then, using xy < x2/2 + y2/2forall x,y € R, we get

gzt = b (ko pz) < 2 302 4 5 (ke )
o,B B [ 2 B 2 B a
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and thus, by the Cauchy—Schwarz inequality,
Sxlprioh = 5 L 0p7 45 (X Gl ?) ()
a,p B B o4 a
=53 2 0p 5 () (T )
B 4 a,B

Hence

1 ) - PN
JR— Vix; —x;)=V . V.. v. PN 4
N2 %:/TM( (xi —xj) * pr(Xi)) 1 Vi, pn ® Vy, e X
1 7,
NZ/PN

v -
Z/ | x,PN| ‘_ZV(xi—xj)_V*pt(xi)

= —JN(t)—i——Z/WN IVx pN| ‘_ZV(X‘_XJ) V*,o,(x,)f

2

dx.

This yields the desired result. u

3.2. Change of reference measure and Law of Large Numbers

We now state three general results which will be useful in order to control the error terms
Apn and By defined in Lemma 3.1. The first one will be used to perform a change of
measure from py to py.

Lemma 3.2. Let N € N. For two probability densities i and v on TN and any
® e L®(TNY) and n > 0,

E*® < ndy(u,v) + %logE”eNq)/".

Proof. Define
f— Nd)/"v 9:/ Ny dx.
TdN

Notice that f is a probability density. By convexity of entropy,

1 1
— 1 dx < — 1 dx.
N[[pdNMng X_NAdNMOgM X

On the other hand,

1 1 1 log 6
— 1 dx = — dd — 1 dx — ——.
N[erzvﬂogf X n/;I*dNM X+N/q;~dNﬂogv X N

The next two statements are crucial theorems of [18].
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Theorem 3.3 ([18, Theorem 3]). Consider any probability measure i on T? and a
scalar function € L®(T¢ x T?) with |y||L~ < == and such that for all z € T?,

Jpa ¥(z,x) u(dx) = 0. Then 26

10
Adzv exp( ,1%: 1W(XI7XJI)W(XI’XJ2)) ®N dx=C= 2(1 * (1—21{)3 +%)7
(3.2)

where
a=(ellylle) <1, B=(2e|yllLe)* <1.

The second one is a nice improvement of the usual level 2 large deviations bound for
i.i.d. random variables.

Theorem 3.4 ([18, Theorem 4]). Consider any probability measure i on T¢ and ¢ €
L®(T? x T4) with

. 2
|sup,, |¢([;Z)|”L”(M)) <1. (3.3)

y i= (1600% + 36¢e*) (sup
p=1

Assume that ¢ satisfies the following cancellations:
vz eT?, / ¢ (x,z) u(dx) =0 =/ ¢(z.x) n(dx).
Td Td
Then, forall N € N,

/ ( Z o (xi,x; ) ON dx < & < o0. (3.4)

i,j=1

3.3. Bounding the error terms

Lemma 3.5. The terms An and By introduced in Lemma 3.1 satisfy

AN + 3By < C(J(’N(f) + %)

with
C = CiAd||V?pe Lo ||V oo + CoA2d2 | V|2 ooV e 1200

where Cy, Cy are universal constants.

Proof. Recall from Theorem 2.1 that p, € €3° (T9) for all t > 0. We first bound By . For
(X?); given in (1.3), we have

Vz
Z_Z/ | ’O ZV(x,—xj)—V*Pt(Xz)f
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)

Vi

—ZE(

Z V(X! = X]) =V % g (X])

) N2
= %Z ; E( V (]1, ZVM(Xj — X)) —Vaup *,5,()(;)) )
1 o,f=1 Jj
2
AZHVPt“LooZ Z (( ZVaﬂ(Xl X])_ ﬂ*,Oz(X )) )
i a,B=1

We apply Lemma 3.2 to each
1 2
Pop = (ﬁ Z Vap(xi —xj) — Vo p * ﬁt(xi))
J

to get, for all Cp > 0,

2
(( ZVM(X’ X7y - aﬁ*pt(X)))

2
<CBJ€N(Z)+%log]E(exp( ! (\/_ZV BXI—X]) = Vo * pr(X )) ))

This way,
CaA2(| Vil oo
NS —————
N2
1 2
leog/pNexp( (fzvaﬂ(x,—x,)— aﬂ*pt(xl)))

i,a,B
+ Cpd® 22|V i ||7 00 Hn (1)

In the following we choose Cp = 64¢?(|V||? . Applying Theorem 3.3 to

1 _
Yz, x) = W(V(Z —x) =V *ps(2)),

which satisfies ||| p < ﬁ and is such that

/ V(2. )i (x) dx
']I‘d

1 1
= Vz—x"xdx——/ V % ps(2)ps(x)dx =0,
e /T = DR ds = o [ V5@

we get

A _ C
By < Cal[VII7A?d?|IVp |10 (%N (1) + WB) (3.5)

where Cp and Cp are universal constants.
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We now proceed with the bound on Ay . Applying Lemma 3.2 to

Vx, pN

Nz Z(V(xl X)) =V * pi(xi)) :

we obtain, for all C4 > 0,

Cya _ 1 Vi oN
Ay < 24 — S —y d
N="N ngqrdzv pNeXp(CAN ij( (i =) Fp) PN ) ¥

4+ CqHn(2).

In the following we choose

Ca = 4V/1600% + 36¢* ||V l|roc |V [|Loo Ad =: Card V2 [lzoe ||V | zoo.

Then, we apply Theorem 3.4 to
*pe )
z bl
t

Pz.x) = 1((V(z—x) Vo pi(2))

which satisfies, thanks to Assumption 1.3,

/ (. )p() dz = - / ((V<z )=V (o) (z))pt(z) i

= — (diVK(z —x) —divK = ,5,(2)),5,(2) dz =0,
Cyq Jpa
and, thanks to [ (V(z — x) =V % p;(2))ps (x) dx = 0,
|, #0050 dx =0
Td
Through our choice of Cy, (3.3) is satisfied, because

24|V || | V25 Lo A2 1
[V ILeoIVZ 1l ) _1_

y < (1600% + 36e4)(

C4
Hence B
N B Cy
A = GVl Vloead (e () + G2 ). (.6)
where C’A and CA are universal constants. The conclusion easily follows. [

3.4. Proof of Theorem 1.8 in the smooth case

It only remains to gather the previous results. Inequalities (3.1), (3.5) and (3.6) yield

CgllV ||zooA2||Vﬁt||iood2) #a )

d N
J— < A,d Vz_ %S} V [e%s)
dtﬂN(f)_(CA IV=pellLoo |V |ILoo + 3
C, 1
~ —3in
+ N(1),
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and using Corollary 2.6 and

A o2 = 12”21)‘2&2—2 2 9242
Ca|lV ptllLooIIVHLooAde — ) +t5l =) CillVopelpeeVILeoA™d”,

A 2\ 2n
we get
d
—Hn (2
7 N (1)
27\? A _ CalIVI2 A2V P, |12 0 d?
<((5) - cunaivatumvizs - L= TP 0,
+ C/N
<_1 2_” 2_621_4612 V25,12 1VI2 e — CallVIZIV5, 120 02d2 V3¢
=< A7 24NV pellzeo IV Izoe — CoIV Iz IV Ptz o0 N ()
2 A 4
+ Cy/N.

In a more concise way, using Lemma 2.2, this means there are constants C;, C;°, C3 > 0
and a function ¢ — C,(¢) > 0 with f(f Cy(s)ds < Cz° forall t > 0 such that for all £ > 0,

%%N(r) < —(C1 — Co(t) Fn (1) + C/N.

Multiplying by exp(C1t — f(f C>(s) ds) and integrating in time we get

t
JgN(l) < e—C1t+f(§ CZ(S)dS%N(O) + %/ eC](S—t)-i-fSt Cr(u)du ds
0

oo C oo
< C2 —C1tJ€ 0 3 C2
<e N ( )+—C1N€ ,

which concludes the proof.

3.5. Dealing with the regularity of pN

As mentioned at the beginning of Section 3, up to now we have proven the result under
the additional assumption that there exists a smooth solution py to (1.4). Let us now
remove this assumption. Let ({;).>0 be a sequence of mollifiers such that || {¢||;1 = 1 with
support strictly contained in [—1/2,1/2]%. Set K¢ = K % ¢,. We have K® € €°(T?) and
div(K?®) = 0.

Let p%; be the unique smooth solution (see Lemma 8 below) of the parabolic equation
with smooth coefficients

N N
1
depy + N Z K*(xi = xj) - Vi ply = ZAxl‘pi’ 3.7)

ij=1 i=1

with initial condition p%; (0, ) = pn (0, ).
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Lemma 3.6. Lety > 1 be such that py (0) € (T AN Then, forallt > 0 and all ¢ > 0,
we have pS (1) € €°(TN).

Proof. Letx € T4N . Consider the particle system
1Y ‘
dXE(r) = -5 Y KE(XE(t) — XE()dt + V2dB],
j=1

with initial condition X§ = x, where we denote X7 = (X{(¢)...., X} (¢)). We have strong
existence and uniqueness for this SDE. Then

py (t.x) = E(pjy (0.X7)).
and the bounds on p§; follow. |

Using Lemma 3.6, we see that (p% )¢ is a sequence of smooth functions uniformly
bounded in L (Rt x TN9). This yields two results.

First, we can extract a weakly-* converging subsequence in L®(R* x TN9), j.e.
there exists py € L2 (Rt x TN9) such that for all f € L'(R* x TN9) we have

Lot —= [ ont

e—0t TNd

We finally check that py is indeed a weak solution of (1.4). For all T > 0 and all smooth
test functions f on [0, T] x TN the following hold:

e Since 9; f is smooth and therefore in L' ([0, 7] x T¥?), we have

/ P?vatfﬁv/ pnO; f.
TNd TNd

o Likewise, since Ay; f is smooth and therefore in L'([0, T] x TN?), we have

/ prAxlf%[ pNAxif
TNd TNd
e Finally,
/ Py KE(xi = xj) - Vi, f —/ PNK(xi —xj) -V, f
TNd TNd
= [ PR =) = K =) Vi £+ [ (= o) K= 37)- Vs, f
TNd TNd

= o llzee I Va; fllze 1K = KllL1 + /TW(va —pN)K(xi —xj) -V, f

-0

since ||[K® — K||z1 — 0 and K(x; — x;) - Vy, f € L([0,T] x TN?).

We have thus proven that py is a weak solution of (1.4).
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Likewise, we may consider (p°),, which weakly-* converges to a solution which, by
uniqueness, is p.

Second, pf; satisfies the assumption made at the beginning of Section 3, i.e. p}; €
o (RT x T4). Since by considering V' = V % ¢, we have K¢ = div(V?), we find that
K¥ satisfies Assumption 1.3 and the calculations in Section 3 are valid for this specific
kernel, i.e.

g ,Co°¢

W (i (0. 55 ) = e (on 0). ()61 1 BE L 3y
1

Notice that, in the proof of Lemma 2.2, the constants bounding the various derivatives
of p only depend on the initial conditions, on || K |1 and on ||V ||Loe. Since (¢¢)es0 is a
sequence of mollifiers, we have | K?|;1 — |K||z1 as e = 0, and ||[VE||pee < ||V | Loo-
The right-hand side of (3.8) can thus be chosen independent of ¢.

We now use the fact that for v > 0 and v € R we have uv < ulogu — u + e” to obtain

the variational formulation of the entropy,
NJn (py (1), Py (1)) = sup{E g (1) () —Ezg () (€¥) +1: g € L}, (3.9)
the equality being attained for g = log(p% /p%)- Thus, for g € L™,

C3€COO 1
1+Ci N’

1 - —_ (o]
¥ Box 0(8) = B i (€5) +1) < Hny (o (0), pn (0))e™ e +

By definition of weak-* convergence in L (since both g and e€ are in L), we have
Eps, (&) = Epy(8) and  Ege (n(e®) = Epyy(ef)
as ¢ — 0. Therefore, for all g € L°,

C3€Coo 1
1+C; N’

] = — o0
 Eoy(®) — Eay)(€) + 1) = I (o (0), i (0))e™VeC™ +

which yields Theorem 1.8, using (3.9) for #x (on (2), pn (2)).

3.6. Proof of Corollary 1.9

Let Kk € N and N > k. The subadditivity of entropy (see for instance [1, Theorem
10.2.3]) implies that the (rescaled) relative entropy of the marginals is bounded by the
total (rescaled) relative entropy,

N _ _
| F | 0 o0 = Nt o0,
The logarithmic Sobolev inequality established in Corollary 2.6 implies a Talagrand trans-
portation inequality (see [26]), so that the L?-Wasserstein distance is bounded by the
relative entropy. Classically, this is also the case of the total variation thanks to Pinsker’s
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inequality, and thus

1% (1) = BllL1 + Walol§ (1), (1)) < € \Jk I (Pl (1), (1)

< C\/%JC’N(PN(”&N(U)

With the additional assumption that #x (on (0), o (0)) = 0, we thus get the result using
Theorem 1.8. To obtain the result on the empirical measure, we recall for completeness
the arguments of [19, Proposition 8]. Given x, y € T4" a coupling of 7 (x) and ()
is obtained by considering (x s, ys) where J is uniformly distributed over [1, N]. From
this we get W ((x), m(y)) < |x — y|/~/N. Letting (X, Y) be an optimal coupling of
(pwn(2), pn (t)), we bound
E(W2(7(X. pr)) < E(W2(7(X), 7(Y))) + E(W2((Y). 1))
1 _ _
< ﬁWZ(PN(l),PN(l)) + E(W2(7(Y), p1)).

The last term is tackled with the result for i.i.d. variables established in [14].

Appendix A. Proof of Theorem 2.1

The proof is based on an iterative procedure, and relies heavily on work of Ben-Artzi [3].
Let 5V := 0, and then for k € N solve

3,p% = —u* V. v)5® 4+ Ap®  inRT x T, (A1)
u® = K« p®, (A2)
A% (0.) = po. (A3)

Let us recall the following lemma concerning the regularity of a second order parabolic
equation. We refer to [13, Chapter 7] for a proof on a bounded domain, which can be
extended to the torus.

Lemma A.1. Let a(t, x) be a € function on RT x T and Yy € €°(T?). Then the
problem

3y =—a-Vy+ Ay inRY xT?,

v (0.-) = ¥o.
has a unique solution, which is €.
Lemma A.2. Suppose jig € €®(T?). Then the system (A.1)—(A.3) defines successively
a sequence of € solutions {p®,u ) cn. Furthermore, forallt > 0 and all k € N,

(k) (1,

5% @ )lLoe < llpollee and  [u® ) |zoe < K|t ollzos.

Finally, given a final time T > 0, p®) (resp. u®)) and all their derivatives, both in time
and in space, are bounded on [0, T] x T4 uniformly in k.
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Proof. We use induction on k. The assertion is clear for 5©) from the explicit solution
to the heat equation. Suppose {p/), u/ =1} j=o,... .k have been shown to be € solutions
bounded uniformly in time.

Regularity. By definition
u(k)(t,x) =K % ,E(k)(t,x)
— [ K -»i9andy == [ K@#0x-y)a.
T T
Then

(1, x) = / div(V()p® (1 x — y) dy = — / VOV, 5 (1. x — y) dy.
Td Td

Since we are in the compact set T4, and V € L®(T%) and p®) € €*(R* x T4) by
induction hypothesis, we can easily show that u®), as well as all its derivatives, are Lip-
schitz continuous. Hence u®) is €. Applying Lemma A.1 to (A.1) with k replaced by
k + 1 yields the desired result for pk+1).

Boundedness of p*tV and u®. Let us show that for all 7 > 0, p**1 and u® are both
bounded on [0, T'] x T, with a bound independent of 7. Using Young’s convolution
inequality and the induction hypothesis, we have

[u® (. Yoo < 1K 1R, )lse < K]l 110l Lo
Now p*+1 is the unique solution of

9, pk+D = _(u® .y gk A pl+D
A0, x) = po(x).

Fort > 0, let Z S(kﬂ) be the strong solution of the following stochastic differential equa-
tion for s € [0, ¢]:
dZ*) = V2dBy —u® (1 — s, Z) ds,

which exists, is unique and non-explosive since u*) is smooth, bounded and Lipschitz
continuous. Then

_ k+1

PED(E, %) = Ex(po(Z{ 1)),

We thus get
~(k+1
16 lzoe < ollLee.
Notice that this is simply a probabilistic way of presenting the use of the maximum prin-

ciple.

Boundedness of the derivatives of p*+V and u®. The boundedness of the derivatives
of u® is a direct consequence of the boundedness of the derivatives of 5) thanks to
Young’s convolution inequality. The proof for 5§+ is similar to the proof of Lemma 2.2,
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using the boundedness of the derivatives of u*). To show that the bounds are in fact
independent of k, we follow the proof of Lemma 2.2, i.e. we argue by induction on the
order of the derivative, and in each induction step we prove that both the integrated and
uniform bounds are independent of k. This comes from the fact that the proof initially
only relies on the bounds on || ﬁng) | Loo
only depend on ||tg||zeo — and then, for each induction step, on the initial condition and
on the bounds constructed at the previous step (therefore independent of k). The bounds
concerning the derivatives involving time are then obtained thanks to the bounds on the
space derivatives using (A.1). |

and ||u§k)|| Lo — which, as we have shown,

Proof of Theorem 2.1. 1Tt is sufficient to prove existence and uniqueness of the solution
in [0, T] x T for all T > 0, since then the solutions on [0, 71] x T and [0, T5] x T4,
with T} < T3, must coincide in [0, T7] x Td, leading to the existence and uniqueness of
the global solution in Rt x T%. Let T > 0.

Existence in [0, T] x T¢ for T small enough. Let us show the existence of the limit
solution. We consider here 7' to be small enough (an explicit bound will be given later).

Let | k|2
1 X+
Gt.x)= ) (41)d/2 eXp(_ 41 )

kezd

be the heat kernel on the d-dimensional torus. We have

PO = 600 o) — [ [ G —sx =D, 9,506, 3) dy ds.

Set Nic(1) = supg<s<; I5* TV (s, ) — p® (s, )| oo Using Vy - u® = 0, we have
PV x) — (. x)

t
= —/(; [ﬂ*d V,G(t —s,x — y)(ﬁ‘k“)(s,y) _ ﬁ(k)(S,y))u(k)(S,y) dy ds

t
[ [, 960 =53 = 056,05, ) a5, 3)) v s
0 JTd

Observe that (using the first moment of the chi distribution), for some constant 8 > 0 we
have

/ V.G (t, x)|dx < Bt~1/2.
Td
We thus get

1P P, = p® (. ) l|Leo

t
< BIIKIlL1 Il 2ol Lo / (t — )72 p* TV (s, — pB (s, )| oo ds
0

t
+ BllpollLee /O (t — )72 u® (s, ) —u® (s, )| Lo ds
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and
[u® (s, ) —u® D (s, ) oo < 1K1 155 (s,) — 5%V (5. )| Lo

Therefore
Ni(@) = BlIK| 1l wollee /Ot(t — )" Ny (s) ds
+ BIK L1 lliollzee /Ot(t — )72 Ni_1 () ds.
Denoting C = B|K||1 [l 1t0llLee we get

t
Ne(t) < € /0 (t — )" V2(Ni(s) + Ne1(s)) ds. (A4)

Since Ny is continuous, there exists R > 0 such that for all # € [0, T'] we have N (¢) < R.
We thus have, using this bound in (A.4) and assuming 2C ST <1/2,

t t
Ni(t) < RC/ (t—s)_l/zds—i-C/ (t — ) V2 Ni_1(s) ds
0 0

R t
=S+ C[ (t — ) Y2 N1 (s) ds.
0

We use this bound in (A.4) to get
R t t
Ne(t) < 5 € / (t—s5)""2ds+C / (t =) V2N 1(s) ds
0 0

t s
+C2/ / (t — ) Y2 (s —u) V2 Ni_1 (u) du ds.
0 0

We deal with the last term:
t K
02/ / (t =) V2 (s —u) V2 Ne_1(u) du ds
o Jo

t t t
= cz/ Nk_l(u)/ (t =) V(s —u)y V2 dsdu = c%z/ Ni—1(u) du.
0 u 0

Let = +/T 7 C and choose T such that & < 1/2 (which in turn also yields the previous
condition 2C /T < 1 /2). We have

t ¢
oeC/ (t —s)_l/sz_l(s) ds—Czn/ Ni—1(s)du
0 0

t
:c/ Ne—1(s)(a(t — )72 —2C) ds,
0
and since « = /T nC >Jt—saCforO<s <t <T,weget

t t
aC/ (t =) V2 Np_1(s)ds > Czn/ Ni_1(s) du,
0 0
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and thus
R t
Ni(t) < i C(1 + a)/ (t — ) V2 Ni_1(s) ds.
0

Iterating this method we obtain, for alln € N,

t
Ne(t) <2"R+C(A+a+---+ oz"_l)/ (t — ) Y2 Ny_1(s) ds,
0
and thus

Ne(t) <2C /t(z — ) V2 N1 (s) ds.
0

We now show that this implies that

k -1
N (1) < NO(T)(ZCF(%)) zk/zr(k—;rz) , (A.5)

where I'(z) = fooo t?~le~ dt. Indeed, for k = 0, (A.5) is satisfied and, by induction, we
have

t 1 r(Hr k_2)
/ (t _S)—l/zsk/z ds = t(k+1)/2[ (1— u)—l/zuk/Z du = t(k+1)/2%.
0 0 r(%3)

Using the fact that I'(k + 1) = k! and I'(k + %) = k!F(%), we find that Y72 o Ni (1)
converges uniformly for ¢ € [0, T'] and the limits
p(t,x) = lim ﬁ(k)(t, x) and wu(t,x) = lim u(k)(t, X)
k—o0 k—o0

exist in €([0, T]x T¢). Now, since forall /,neN and all ay,. . ., &y, [|0: gy ... e, p& || Lo
and ||81t Oay,..., ay U " || oo are bounded uniformly in k, using the Arzela—Ascoli theorem
we have uniform convergence of the derivatives, up to extracting a subsequence. Hence
the validity of the limits in €% ([0, T] x T%), i.e. there is convergence of the functions

along with their derivatives of all orders in [0, T'] x T4. This implies that the limit p
satisfies (2.1).

Uniqueness in [0, T] x T%. Suppose p' and p2 are two bounded solutions of (2.1) on
[0, 7] x T<. Then

015 = ) — A" = ) = —(K % p') - V(3" = ) = V- (K % p' — K % p)p?),

so that
p (1, x) — p°(t, x)

- _/0 [Td VyG(t —s5.x = )+ (K %y p'(5.9)) (5 (5. y) — p2(5. ) dy ds

t
_/(; [Ed V,G(x —y,t —s).(K %) /t_)l(s,y)—K*y ﬁz(S,y))ﬁz(S,y)dyds,
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Let N(1) := supg<,<; 15" (s,-) — p(s.-) || Lo Recall

IK 5" (s.) = K % p* (s, )lzoe < K L1l1p (5.) = 57 (s, )lzoe,

which implies, as previously, the existence of a constant C such that

t
N@t)<C / (t —s)"Y2N(s) ds.
0

We choose L > 0 such that C fOT s712¢7Ls g < 1/2, and let O(t) = e L N(r). Then
for all ¢,

o =cC /0 (=912 0()e 1) ds,

Let R > 0 be such that Q(¢) < R. Then

t
R
0@) < RC/ (1 —5) V2™ LU= g5 < >
0

By induction, we get N(¢) = 0 for ¢ € [0, T']. This concludes the proof of uniqueness.

Existence in Rt x T4, For T small enough, there exists a solution in [0, 7] x T¢. Notice
that 7 only depends on constants independent of time (it depends on the L bound of the
initial condition, which we have shown propagates). It is therefore possible to construct
the (unique) smooth solution on all intervals [fg, T + fo] x T?. Uniqueness allows us to
iteratively construct the (unique) smooth solution on R* x T¢ . This concludes the proof.

Acknowledgments. The authors sincerely thank Didier Bresch, Laurent Chupin and Nicolas
Fournier for many discussions around this topic.

Funding. This work has been (partially) supported by the Project EFI ANR-17-CE40-0030 of the
French National Research Agency.

References

(1]

(2]

(3]

(4]

(5]

Ané, C., Blachere, S., Chafai, D., Fougeres, P., Gentil, ., Malrieu, F., Roberto, C., Schefter, G.:
Sur les inégalités de Sobolev logarithmiques. Panoramas et Syntheses 10, Société Mathéma-
tique de France, Paris (2000) Zbl 0982.46026 MR 1845806

Bakry, D., Gentil, 1., Ledoux, M.: Analysis and geometry of Markov diffusion operators.
Grundlehren der mathematischen Wissenschaften 348, Springer, Cham (2014)
Zbl 1376.60002 MR 3155209

Ben-Artzi, M.: Global solutions of two-dimensional Navier—Stokes and Euler equations. Arch.
Ration. Mech. Anal. 128, 329-358 (1994) Zbl 0837.35110 MR 1308857

Bolley, F., Guillin, A., Villani, C.: Quantitative concentration inequalities for empirical mea-
sures on non-compact spaces. Probab. Theory Related Fields 137, 541-593 (2007)
Zbl 1113.60093 MR 2280433

Bourgain, J., Brezis, H.: On the equation divY = f and application to control of phases.
J. Amer. Math. Soc. 16, 393-426 (2003) Zbl 1075.35006 MR 1949165


https://zbmath.org/?q=an:0982.46026
https://mathscinet.ams.org/mathscinet-getitem?mr=1845806
https://doi.org/10.1007/978-3-319-00227-9
https://zbmath.org/?q=an:1376.60002
https://mathscinet.ams.org/mathscinet-getitem?mr=3155209
https://doi.org/10.1007/BF00387712
https://zbmath.org/?q=an:0837.35110
https://mathscinet.ams.org/mathscinet-getitem?mr=1308857
https://doi.org/10.1007/s00440-006-0004-7
https://doi.org/10.1007/s00440-006-0004-7
https://zbmath.org/?q=an:1113.60093
https://mathscinet.ams.org/mathscinet-getitem?mr=2280433
https://doi.org/10.1090/S0894-0347-02-00411-3
https://zbmath.org/?q=an:1075.35006
https://mathscinet.ams.org/mathscinet-getitem?mr=1949165

Uniform in time propagation of chaos for the 2D vortex model 27

(6]

(7]

(8]
(9]
(10]
(1]

[12]

[13]

[14]

[15]
(16]
(17]
(18]

(19]

[20]

(21]
(22]
(23]

[24]

[25]

Bresch, D., Jabin, P.-E., Wang, Z.: On mean-field limits and quantitative estimates with a large
class of singular kernels: application to the Patlak—Keller—Segel model. C. R. Math. Acad. Sci.
Paris 357, 708-720 (2019) Zbl 1428.35617 MR 4018082

Bresch, D., Jabin, P.-E., Wang, Z.: Modulated free energy and mean field limit. In: Sémi-
naire Laurent Schwartz—équations aux dérivées partielles et applications. Année 2019-2020,
Institut de Hautes Etudes Scientifiques, Bures-sur-Yvette, exp. II, 22 pp. (2019-2020)

Zbl 1506.35247 MR 4632269

Bresch, D., Jabin, P.-E., Wang, Z.: Mean field limit and quantitative estimates with singular
attractive kernels. Duke Math. J. 172, 2591-2641 (2023) Zbl 07783725 MR 4658923

Chen, F., Ren, Z., Wang, S.: Uniform-in-time propagation of chaos for mean field Langevin
dynamics. arXiv:2212.03050 (2022)

Chodron de Courcel, A., Rosenzweig, M., Serfaty, S.: Sharp uniform-in-time mean-field con-
vergence for singular periodic Riesz flows. arXiv:2304.05315 (2023)

Delarue, F., Tse, A.: Uniform in time weak propagation of chaos on the torus.
arXiv:2104.14973 (2021)

Durmus, A., Eberle, A., Guillin, A., Zimmer, R.: An elementary approach to uniform in time
propagation of chaos. Proc. Amer. Math. Soc. 148, 5387-5398 (2020) Zbl 1471.60123
MR 4163850

Evans, L. C.: Partial differential equations. 2nd ed., Graduate Studies in Mathematics 19,
American Mathematical Society, Providence, RI (2010) Zbl 1194.35001 MR 2597943

Fournier, N., Guillin, A.: On the rate of convergence in Wasserstein distance of the empirical
measure. Probab. Theory Related Fields 162, 707-738 (2015) Zbl 1325.60042
MR 3383341

Fournier, N., Hauray, M., Mischler, S.: Propagation of chaos for the 2D viscous vortex model.
J. Eur. Math. Soc. 16, 1423-1466 (2014) Zbl 1299.76040 MR 3254330

Gentil, L.: Inégalités de Sobolev logarithmique et de Poincaré pour la loi uniforme. Unpub-
lished note, http://math.univ-lyonl.fr/homes-www/gentil/logsob-segment.pdf (2004)

Hauray, M., Mischler, S.: On Kac’s chaos and related problems. J. Funct. Anal. 266, 6055—
6157 (2014) Zbl 1396.60102 MR 3188710

Jabin, P.-E., Wang, Z.: Quantitative estimates of propagation of chaos for stochastic systems
with W1 kernels. Invent. Math. 214, 523-591 (2018) Zbl 1402.35208 MR 3858403

Journel, L., Monmarché, P.: Convergence of a particle approximation for the quasi-stationary
distribution of a diffusion process: uniform estimates in a compact soft case. ESAIM Probab.
Statist. 26, 1-25 (2022) Zbl 1492.65031 MR 4363453

Kac, M.: Foundations of kinetic theory. In: Proceedings of the Third Berkeley Symposium on
Mathematical Statistics and Probability, 1954-1955, Vol. III, University of California Press,
Berkeley, CA, 171-197 (1956) Zbl 0072.42802 MR 84985

Lacker, D.: Hierarchies, entropy, and quantitative propagation of chaos for mean field diffu-
sions. Probab. Math. Phys. 4, 377-432 (2023) Zbl 1515.82109 MR 4595391

Lacker, D., Le Flem, L.: Sharp uniform-in-time propagation of chaos. Probab. Theory Related
Fields 187, 443-480 (2023) Zbl 07735855 MR 4634344

Malrieu, F.: Logarithmic Sobolev inequalities for some nonlinear PDE’s. Stochastic Process.
Appl. 95, 109-132 (2001) Zbl 1059.60084 MR 1847094

Marchioro, C., Pulvirenti, M.: Mathematical theory of incompressible nonviscous fluids.
Applied Mathematical Sciences 96, Springer, New York (1994) Zbl 0789.76002
MR 1245492

Meéléard, S.: Asymptotic behaviour of some interacting particle systems; McKean—Vlasov and
Boltzmann models. In: Probabilistic models for nonlinear partial differential equations (Mon-
tecatini Terme, 1995), Lecture Notes in Mathematics 1627, Springer, Berlin, 42-95 (1996)
Zbl 0864.60077 MR 1431299


https://doi.org/10.1016/j.crma.2019.09.007
https://doi.org/10.1016/j.crma.2019.09.007
https://zbmath.org/?q=an:1428.35617
https://mathscinet.ams.org/mathscinet-getitem?mr=4018082
https://doi.org/10.5802/slsedp.135
https://zbmath.org/?q=an:1506.35247
https://mathscinet.ams.org/mathscinet-getitem?mr=4632269
https://doi.org/10.1215/00127094-2022-0088
https://doi.org/10.1215/00127094-2022-0088
https://zbmath.org/?q=an:07783725
https://mathscinet.ams.org/mathscinet-getitem?mr=4658923
https://arxiv.org/abs/2212.03050
https://arxiv.org/abs/2304.05315
https://arxiv.org/abs/2104.14973
https://doi.org/10.1090/proc/14612
https://doi.org/10.1090/proc/14612
https://zbmath.org/?q=an:1471.60123
https://mathscinet.ams.org/mathscinet-getitem?mr=4163850
https://doi.org/10.1090/gsm/019
https://zbmath.org/?q=an:1194.35001
https://mathscinet.ams.org/mathscinet-getitem?mr=2597943
https://doi.org/10.1007/s00440-014-0583-7
https://doi.org/10.1007/s00440-014-0583-7
https://zbmath.org/?q=an:1325.60042
https://mathscinet.ams.org/mathscinet-getitem?mr=3383341
https://doi.org/10.4171/JEMS/465
https://zbmath.org/?q=an:1299.76040
https://mathscinet.ams.org/mathscinet-getitem?mr=3254330
http://math.univ-lyon1.fr/homes-www/gentil/logsob-segment.pdf
https://doi.org/10.1016/j.jfa.2014.02.030
https://zbmath.org/?q=an:1396.60102
https://mathscinet.ams.org/mathscinet-getitem?mr=3188710
https://doi.org/10.1007/s00222-018-0808-y
https://doi.org/10.1007/s00222-018-0808-y
https://zbmath.org/?q=an:1402.35208
https://mathscinet.ams.org/mathscinet-getitem?mr=3858403
https://doi.org/10.1051/ps/2021017
https://doi.org/10.1051/ps/2021017
https://zbmath.org/?q=an:1492.65031
https://mathscinet.ams.org/mathscinet-getitem?mr=4363453
https://zbmath.org/?q=an:0072.42802
https://mathscinet.ams.org/mathscinet-getitem?mr=84985
https://doi.org/10.2140/pmp.2023.4.377
https://doi.org/10.2140/pmp.2023.4.377
https://zbmath.org/?q=an:1515.82109
https://mathscinet.ams.org/mathscinet-getitem?mr=4595391
https://doi.org/10.1007/s00440-023-01192-x
https://zbmath.org/?q=an:07735855
https://mathscinet.ams.org/mathscinet-getitem?mr=4634344
https://doi.org/10.1016/S0304-4149(01)00095-3
https://zbmath.org/?q=an:1059.60084
https://mathscinet.ams.org/mathscinet-getitem?mr=1847094
https://doi.org/10.1007/978-1-4612-4284-0
https://zbmath.org/?q=an:0789.76002
https://mathscinet.ams.org/mathscinet-getitem?mr=1245492
https://doi.org/10.1007/BFb0093177
https://doi.org/10.1007/BFb0093177
https://zbmath.org/?q=an:0864.60077
https://mathscinet.ams.org/mathscinet-getitem?mr=1431299

A. Guillin, P. Le Bris, P. Monmarché 28

[26]

[27]

(28]
[29]

(30]

(31]

(32]

Otto, F., Villani, C.: Generalization of an inequality by Talagrand and links with the logarith-
mic Sobolev inequality. J. Funct. Anal. 173, 361-400 (2000) Zbl 0985.58019 MR 1760620

Phuc, N. C., Torres, M.: Characterizations of the existence and removable singularities of
divergence-measure vector fields. Indiana Univ. Math. J. §7, 1573-1597 (2008)
Zbl 1169.35009 MR 2440874

Rosenzweig, M., Serfaty, S.: Global-in-time mean-field convergence for singular Riesz-type
diffusive flows. Ann. Appl. Probab. 33, 754-798 (2023) Zbl 1516.35414 MR 4564418

Schochet, S.: The point-vortex method for periodic weak solutions of the 2-D Euler equations.
Comm. Pure Appl. Math. 49, 911-965 (1996) Zbl 0862.35092 MR 1399201

Sznitman, A.-S.: Topics in propagation of chaos. In: Ecole d’Eté de Probabilités de Saint-Flour
XIX-1989, Lecture Notes in Mathematics 1464, Springer, Berlin, 165-251 (1991)
Zb10732.60114 MR 1108185

Vlasov, A. A.: The vibrational properties of an electron gas. Soviet Physics Uspekhi 10, 721—
733 (1968)

Wynter, D.: Quantitative propagation of chaos for the mixed-sign viscous vortex model on the
torus. Kinet. Relat. Models 16, 294-310 (2023) Zbl 1514.35328 MR 4520384


https://doi.org/10.1006/jfan.1999.3557
https://doi.org/10.1006/jfan.1999.3557
https://zbmath.org/?q=an:0985.58019
https://mathscinet.ams.org/mathscinet-getitem?mr=1760620
https://doi.org/10.1512/iumj.2008.57.3312
https://doi.org/10.1512/iumj.2008.57.3312
https://zbmath.org/?q=an:1169.35009
https://mathscinet.ams.org/mathscinet-getitem?mr=2440874
https://doi.org/10.1214/22-aap1833
https://doi.org/10.1214/22-aap1833
https://zbmath.org/?q=an:1516.35414
https://mathscinet.ams.org/mathscinet-getitem?mr=4564418
https://doi.org/10.1002/(SICI)1097-0312(199609)49:9<911::AID-CPA2>3.0.CO;2-A
https://zbmath.org/?q=an:0862.35092
https://mathscinet.ams.org/mathscinet-getitem?mr=1399201
https://doi.org/10.1007/BFb0085169
https://zbmath.org/?q=an:0732.60114
https://mathscinet.ams.org/mathscinet-getitem?mr=1108185
https://doi.org/10.1070/pu1968v010n06abeh003709
https://doi.org/10.3934/krm.2022030
https://doi.org/10.3934/krm.2022030
https://zbmath.org/?q=an:1514.35328
https://mathscinet.ams.org/mathscinet-getitem?mr=4520384

	1. Introduction
	1.1. Framework
	1.2. Main results
	1.3. Strong propagation of chaos

	2. Preliminary work
	2.1. First results on the non-linear PDE
	2.2. Higher order estimates
	2.3. Logarithmic Sobolev inequality

	3. Proofs of the main results
	3.1. Time evolution of the relative entropy
	3.2. Change of reference measure and Law of Large Numbers
	3.3. Bounding the error terms
	3.4. Proof of Theorem 1.8 in the smooth case
	3.5. Dealing with the regularity of ρ_N
	3.6. Proof of Corollary 1.9 

	A. Proof of Theorem 2.1
	References

