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Theorems on polynomials in right invertible operators 

D. PitzEwons.&-RoLEwIcz 

Sei D ein rechtsinvertierbarer- Operator in cinem linearen Raum X und Q(D) ein Polynom 
von D mit Operatorkoeffizienten. Es wird gezeigt, daB unter gewissen Bedingungen auf X 
far die Rechtsinvorse R und die Koeffizienten des Polynoms Q(D) genau dnnn Q(D) = 0 gilt, 
fallsQ(D) IV'z = 0 (k = 0, 1, 2,...) fur nile z aus ker D. 

HpejuionoauiM, 4T0 D - npaso o6paTHMbItk oneparop, geiCTByioiIuü B J1HHeBH0M flpoCT-
paacre X ii Q(D) - MHoro'nieu C OflTOHbZMU xoe4sLweHTaMn. B 3TOM csyae Q(D) = 0 
rorja ii TO3ThHO TorJa, xora Q(D) Wz = 0 gsa scex z E ker D (k = 0, 1, 2,...) ecsu Bamoil-
HeMbI aeicoopaie YCJIOBIIFI Ha X, npaBbItl o6paTI!hit R a i. oe44aiaenmi Maoro'{JIeHa Q(D). 
Suppose that Q(D) is a polynomial in a right invertible operator acting in a linear space X, 
in general, with operator coefficients. Then Q(D) = 0 if and only if Q(D) Rkz = 0 for all 
z E ker D (k = 0, 1, 2, ...) under appropriate assumptions on X, the right inverse B of D and 
coefficients of Q(D). 

Let P1(D),'P2(D) be polynomial differential operators, i.e. finite sums of monomials 
of the form 

A0(x) DA 1 (x) ... A_ 1(x) DA(x) where 
D = Tt 

and A5(x) are given differentiable functions. Using the identity 

DA 5(x) = A5(x) D + A5'(x) 

we can rewrite these polynomials in the form: 

P(D) = L'P (0(x) D	(i = 1, 2).	 (1) 

The following theorem holds for polynomial differential operators. 

Theorem 1 (cf. CARUTz [1, 21, IscE [3]): Suppose that P 1 (D) and P2(D) are two 
polynomial differential operators. Then 

P1 (D) = P2(D) 

if and only if 

P1(D) xk = P2(D) x" for k	0, 1, 2, ...	 (2) 

In particular, suppose that P(D) i8 a polynomial differential operator. Then 

P(D)=O 

if and only if 

P(D)xk =0	(k=O,1,2,...).	 (3)
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In order to prove (2) it is enough to prove (3). 
This result can be generalized for arbitrary right invertible operators, in particular, 

for difference operators (cf. [2]). Namely, suppose that X is a linear space over a 
field . of scalars, D is a right invertible operator and dim ker D> 0. If R is an arbi-
trarily fixed right inverse of D then elements of the form R'zk, where Zk E ker D and 
k = 0, 1, 2, ..., play a role of monomials for D and are linearly independent (cf. [41). 
The set

P(R) = un {Rkz: z E kerD	(k = 0, 1, 2, ...)} 
is independent of the choice of a right inverse R. 

Now, consider 3 different eases: 
Theorem 2: Let 

q(D) =qjD'
	

(4) 

be an arbitrary polynomial with scalar coefficients. Then q(D) = 0 if and only if 

g(D)Rkz=0 for all zEkerD	(k=O,1,2,...)	 (5) 

where R is an arbitrarily fixed right inverse of D. 

Proof: Necessity is obvious. In order to prove that the condition (4) implies 
q(D) = 0 observe that Rkz E ker D' (k = 0, 1, 2, ...) for all z E ker D (cf. also [41). 
Then for all z€ kerD(k= 0, 1, 2, ...) we find 

0 = 1(D) Rkz =q1DiRkz 

k	 n	 k 
= ' q,R" 1z + ' q1Di " =	qR'iz 

1 = 0	 j=k+1 
since, by definition, DR = I and Dz = 0. This, and the linear independence of 
elements z, Rz, R2z, ... together imply that q0 , ..., q,, = 0 for k = 0, 1, 2, ..., ii, i.e. 
q(D) = 0 I 

Observe that in Theorem 2 it is sufficient to admit only a finite number of con-
ditions of the form (5). Namely, we obtain the same result if k = 0, 1, 2, ..., m 
where m = n dim ker D ± 1. 

Theorem 3: Suppose that X is a D-algebra, i.e. a commutative linear ring (with a 
non-trivial multiplication) such that 

if x, y E dom D then xy € dom D.	 (6) 

Suppose, moreover, that her D is not an annihilator in X, i.e. if x her D = {0} for an 
x € X then x = 0. Let 

q(D) =qDk, where q0 , ..., qn E X.	 (7) 

Then q(D) = 0 if and only if 

q(D)Wz = 0 for all  € herD	(Ic = 0,1,2,...)	 (8) 

where R is an arbitrarily fixed right inverse of D. 
Proof: Necessity is obvious. Sufficiency will be proved by induction. Assume that 

the condition (8) holds. In a similar way, was in the proof of Theorem (8) we shall
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rewrite (8) in the form 
k
qRiz = 0 for all zkerD	(k = 0,1,2,...).	 (9) 
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Let k = 0. Then we have q0Rkz = 0 and R"z ri= 0 for z = 0 (because if Ru = 0 then 
u = DRu = 0). The arbitrariness of z E ker D and our assumptions together imply 
that q0 = 0. Suppose that q0 = ... = q 	0 for an arbitrarily fixed m 0. Then 

In + I 
0 = ' q1Rm + 1_ iz = q1z. 

j=0 

The arbitrariness of z ker D implies qm+i = 0, which finishes the proof U 
Theorem 4: Suppose that X is a complete linear metric space, B is an arbitrarily 

fixed right inverse of D and 

-	Q(D)=)JQkD"
	

(10)

where Qk : dom D" --> X are arbitrary linear operators. Suppose, moreover, that the 
operator Q(D) is closed, P(R) c ker Q(D) and P(R) = X. Then Q(D) = 0 if and 
only if

Q(D)Rkz==0 for all z€kerD	(k=0,1,2,...).	 (11) 
Proof: Necessity is obvious. Sufficiency follows from the fact that by our assump-

tions we have 

X = P(R) c: ker Q(D) = ker Q(D). 
This implies Q(D) = 0 I 

Note that from proofs of Theorems 2 and 3 follows that 
P(R) ker Q(D) 

which is assumed in Theorem 4. 
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