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Theorems on polynomials in right invertible operators

D. PRZEWORSEA-ROLEWICZ

Sei D ein rechtsinvertierbarer- Operator in einem linearen Raum X und @(D) ein Polynom
von D mit Operatorkoeffizienten. Es wird gezeigt, daB unter gewissen Bedingungen auf X
fiir die Rechtsinverse R und die Koeffizienten des Polynoms Q(D) genau dann @(D) = 0 gilt,
fills@Q(D) R*2 = 0 (k = 0, 1, 2, ...) fiir alle z aus ker D.

HNpennonoxnam, uro D — npaBo o6paTHMHIA omeparop, HeficTBYIOIUM B JIMHEHHOM TPOCT-
paucree X u @(D) — MHOrouied ¢ oneparopuumit koehpuunenramn. B aTom cayuae @(D) = 0
TOrfa ¥ TOALKO TOTAA, Korfa @(D) R*z = 0 gnA Bcex z€ ker D (k= 0, 1, 2,...) eciu BuOOJ-
HEHEl HEKOTOpHE YCJIOBUA Ha X, npaBhitf o6paThuit R u Koed)(buuaemu mHOrouaena Q(D).

Supposc that Q(D) is a polynomial in a right invertible operator acting in a linear space X,
in general, with operator coefficients. Then Q(D) = 0 if and only if @(D) R*z = 0 for sall
z€ ker D (k= 0,1, 2,...) under appropriate assumptions on X, the right inverse R of D and
coefficients of Q(D).

Let Py(D), P,(D) be polynomial differential operators, i.e. finite sums of monomials
of the form

Ayz) DA,(z) ... A, y(z) DA,(x) where D = d

dt
and Ay(x) are given differentiable functions. Using the identity
DAy(x) = 4y(z) D + 4/ (z)

we can rewrite these polynomials in the form:
m
P(D)= 3 P{Nz) D!  (i=1,2). (1)
j=1

The following theorem holds for polynomial differential operators.

Theorem 1 (cf. CarLITZ [1, 2], INCE [3]): Suppose that P\(D) and P,(D) are two
polynomial differential operators. Then

Py(D) = Py(D)

tf and only if
Py(D)z* = Py(D)z* for k=0,1,2,... (2)
In particular, suppo;s‘e that P(D) is a polynomial differential operator. Then .
PD)y=0
if and only if

PDYz*=0 (k=0,1,2,..). ' (3)
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In order to prove (2) it is enough to prove (3).

This result can be generalized for arbitrary right invertible operators, in particular,
for difference operators (cf. [2]). Namely, suppose that X is a linear space over a
field # of scalars, D is a right invertible operator and dim ker D > 0. If R isan arbi-
trarily fixed right inverse of D then elements of the form R*z,, where 2, € ker D and

k=0,1,2, ... play a role of monomials for D and are linearly independent (cf. [4]).
The set

PRy =Ilin{R*%2:2cketD (k=0,1,2,...)}

is independent of the choice of a right inverse R.
Now, consider 3 different cases:

Theorem 2: Let

~

= 2 gD (4)
i=o
be an arbitrary polynomial with scalar coefficients. Then q(D) = O if and only if
g(D) Rz = 0 for all z¢€ ker D (k=0,1,2,..) (5)
where R is an arbitrarily fized right inverse of D.

Proof: Necessity is obvious. In order to prove that the condition (4) implies
g(D) = 0 observe that Rz € ker D¥*' (k =0, 1,2, ...) for all z € ker D (cf. also [4]).
Then for all z €¢ ker D (k= 0, 1, 2, ...) we find

0= /(D) Rtz = 2" ¢; DRk

k
= DaRte+ gD = 3R

ji=o0 i= k+l

since, by definition, DR = I and Dz = 0. This, and the linear independence of
elements z, Rz, R%, ... together imply that ¢o, ..., =0 for £k =0,1,2, ..., n, ie.
gD)y=08

Observe that in Theorem 2 it is sufficient to admit only a finite number of con-
ditions of the form (5). Namely, we obtain the same result if ¥ =0,1,2,...,m
where m = n - dim ker D 4 1.

Theorem 3: Suppose that X is a D-algebra, i.e. a commutative linear ring (with a
non-trivial multiplication) such that

if z,y € dom D then zy € dom D. (6)
Suppose, moreover, that ker D is not an annikilator in X, i.e. if x ker D = {0} for an
z € X then x = 0. Let

n
D)y = 3 q,.D¥, where qo, ..., ¢, € X. (N
k=0
Then q(D) = O ¢f and only if

qD)Rz=0 forallze ker D (k=0,1,2,..)) (8)

where R is an arbitrarily fixed right inverse of D.

Proof: Necessity is obvious. Sufficiency will be proved by induction. Assume that
the condition (8) holds. In a similar way, was in the proof of Theorem (8) we shall
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rewrite (8) in the form
k
2 qiR* 1z = 0 for all zker D (k=0,1,2,..). 9)
j=0 ’

Let k = 0. Then we have ¢,R*z = 0 and R*z = 0 for z = 0 (because if Ru = 0 then
u = DRu = 0). The arbitrariness of z € ker D and our assumptions together imply
that g, = 0. Suppose that ¢, = --- = ¢,, = 0 for an arbitrarily fixed m = 0. Then

m+1 )
0=} gR™1 7z = qp,y2.
1=0

The arbitrariness of z ker D implies ¢,,,; = 0, which finishes the proof 1

Theorem 4: Suppose that X is a complete linear metric space, B is an arbitrarily
fized right tnverse of D and

QD) =‘_§9ka : 10y

where @,:dom D" — X are arbitrary linear operators. Suppose, moreover, that the

operator Q(D) s closed, P(R)— ker Q(D) and P(R) = X. Then Q(D) = 0 if and
only f
QD)R2 =0 forall z€ ker D (k=0,1,2,..). (11)

Proof: Necessity is obvious. Sufficiency follows from the fact that by our assump-
tions we have

X = P(R) < ker Q(D) = ker Q(D).
This implies Q(D) =0 1§
Note that from proofs of Theorems 2 and 3 follows that
P(R) < ker Q(D)

which is assumed in Theorem 4.
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