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A regularization method in the Cauchy problem for holomorphic functions 

E. WAGNEW and L. V. WOLFERSDORF	 • 

In der Arbeit wird emRegularisierungsverfahren beim Cauchy-Problem fur holomorphe 
Funktionen im Einheitskreis vorgeschlagen, welches auf der Einbettung des Problems in eine 
Schar von Crlemanschen Kopplungsproblemen beruht.	S 

B pa6oTe npeJ1oHeH MeToperyJjRpH3aIHH y 3a;xa q H Homit jirn roJloMopHNx yimIAHA. 
0 euHuqHoM Hpyre, KOTOpa1Y ocHonhIBaeTcH Ha BJIo?HeHuH aaaqii B ceMeücTno paeux 
aaAaq KapJleMaHa. 

In the paper a regularization methodin the Cauchy problem for holomorphic functions in the. 
unit disk is proposed, which relies on the embedding of this problem into a family of Carleman 
conjugacy problems. -- _	--

Introduction  

The Cauchy problem for analytic functions or euivalently for harmonic funcLibns 
in the plane is one of the most important incorrectly posed problems of mathe- 
matical physics. It possesses applications in geophysics, hydrodynamics, plasma 
physics, electron optics, and medicine. Furthermore, its solution is basic for the 
solution-of the Cauchy problem for more general elliptic equations and systems (cf. 
[4a,4b, 6, 7, 27, 28]).  

• Fundamental results on the continuous dependence of the solution to the Caüchy 
problem for the Laplace equation upon the data, the estimation of the solution and 
the approximative solution of the problem are given in a classical paper of T. CARLE-
MAN [2] (cf. also [141), in the pioneering papers of F JOHN [tO, 11], M. M. LAvREN-
TIEV [13, 14] (cf. also the monographs [15, 15a,- 16]),-and' C. Puccr [21, 22], by 
L.E. PAYNE [20], V. K. IvANov [8, 9], and R. LATTES and J.-L. LioNs [12]. Also 
werefer.to the recent-review paper by C. TALENTI [23]. New constructive solution 
methods are developed by J. R. CANNON and. P. Du CHATEAU [1] (cf. also H. B. 
MITTELMANN [18a, b]), P. C0LLI FRANZONE, L. GUERRI, B. TACCARDI, and C.-VroA-
NOTTI [3], P. N. ,VABICEVIà J25], P. N. VABIàEVI6, V. B. GLASRO, and JA. 
KBIKSIN [26]; and M. V. UREV [24].  

In this note a further approximation method in the Cauchy problem foranalytic 
functions will be proposed. The Cauchy problem is dealt with in the normal form, 
in which a holomorphic function in theunit disk is to bedetermined from its bound- 
ary values on the upper semi-circle. Cauchy problems for general simply connected 
domains may be reduced to this normal form by conformal mapping. The Cauchy 
problem'is embedded into a family of simple Carleman conjugacy problems for the 

•	unit disk (cf. [171), which can -he solved in explicit manner by transforming them to 
well-known Hubert cnjugacy problems for a slit on the real axis. Assuming the 
• existence of a solution to the Cuchyproblem being Holder continuous on-the closed 

3*	•	•	•	•	•.	•	 •	 -
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unit 'disk, we obtain the uniform convergence of the approximate solutions to the 
exact solution in the interior of the unit disk and on the circle, respectively. No 
numerical results are given in this paper.

I 
1. Statement of problem and regularizàtion method	 S 

Let 'G be the unit, disk 0: I z I. < I with boundary I': l zi, = 1' and F1 : I ZI = 1, 
O. argz v, and F2 : j zj = 1, —'v argz 0, the upper and lowef' semi-circle, 
respectively. We deals with the following Cauchy problem: 

To find a holomorphic function F(z) in. 0 being HOlder continuous in G, which 
takes on prescribed Holder continuous' boundary values /(t) on F1 : I 

F (1) = /(t),	£ E F1..  

We make the basic assumption that there exists a (uniquely determined) solution 
F(z) of the problem, i.e., the given Holder continuous function /(t) on T is, boundary 
function of a holomorphie function F(z) in 0 with Holder continuous boundary 
values F+ (t) on P.  

> Remark: There are simple sufficient conditions for this basic assumption, eg. 
the developnient of the real part of /(t) in a sufficiently, rapidly converge'nt cosinus 
(resp., sinus) series in [0, n} and of the imaginary part of /(t) in the sinus' (resp., 
eosin'us) serie's with the same (resp., the same with opposite sign) coefficients. But 
this basic assumption may . be generally regarded as fulfilled from the physical 
viewpoint;* without such an* existence assumption the problen'i, of regularization 
has obviously, no sense.	

.'	S 

A it is well known, the Cauchy problem is incorrectly posed. To construct an 
approximate solution of it for only approximately given data / we embed it into the 
following family of Carleman conjgacy problems (cf. [17:. § 13]): 

To find' a holomorphic function F(z) in G being Holder continuous in G, 'hich 
'satisfies the conjacy condition	 .	.	S 

F(t) + cF(l/t) = /(t),	' t E F1 .	"	 . .	(2)

Here e is a positive parameter, the Cauchy problem corresponds to the limit e -* 0. 

The con jugacy problem (2) can be so1ed in explicit manner (cf. [17: pp. 159-161]). 

- The Joucovsky mapping  

(O(Z)= z +	 .	.	.	(3) 

maps the unit disk 0 in the z plane onto the e plane cut along the slit L = [-2, 2] 
on the real axis, where the upper(lower) semi-circle F1 (P2 ) corresponds to the lower 
(upper) boundary L-(L') of the slit, respectively. The inverse mapping

,
 to (3) is 

z(w)=-(w_1/w2_4),	 '	'	(4)
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where arg w2 - 4 = 0 for real co > 2, with the boundary values	 .•' 

=	(r	ij/4 - r2)= -f-- E "2 for rE L,	 (5a) 

•	=	(r + i I' •	= t E P	for v EL- ,	-	 (5b) 

where V4 — t2 > 0 for in <2. Therefore, putting	-

I,(w) = F, (z) = F, (I [Oj	j/2 — 4])	
•	

(6) 

and	..-	 S. 

= /(t) = 
/ (.- [ 

+ I V4 - 2])	 (7)

the Carleman conjugacy condition (2) goes over into the Hubert con j'ugacy condition 

O. TO +	= -- (t),	n E L,	.	(8)

for the sectionally holoniorphic function 0,(w) in the co plane regular at infinity and 

	

----bounded-at the-endpoints-of the-cut L.	-	•___	 ------- . _____- --

The Hubert problem (8) has the uniquely determined solution (cf. [19: Chap. 4, 
§80])	••	 •	-	• -	 •	 S (w) 

= — /w2 —4 (w_—_2\i	
____	

(2— T\d (9) 27	\w + 2/ -	J 1/4_ 2 (t — (0) \2 + tJ 

•,

	

	with arg ((o - 2) = arg (w + 2) = 0 for real o> 2 and arg (2 --- r) = arg (2 + r)
= 0 on L. The boundary values of ,(w) pn L are 

2' 
• -	 • q(r)	• X(r) I'	q ) d	 •	 . 
. (t)	--	

X() (4 — )'	-	
•. -	 - ••	(lOa) 

•  2 

[̂ 2 
I	(r)	X(T) r	() d	 -(n)__+___J X(4)(—r)' -

	- •	

•	 (lOb) 

where ô=(l/2,i)ln[I/eI>Oand .	 •	•	 • 

X(T) =V4_t2 (2 
T)—"

•	
-	(11) 

Hence the solut'ion to the Gurleman problem (2) is given by

In 
= 1Z2(	:) ef	

_2 (1± z2 - rz) ( dr,	(12). 

where arg (1 + z) = arg (I — z) = 0 for real z E 0. Analogous expressions hold for 
the boundary values F,+ (t) = ,ir), I E f', and F,(11t) =	(r), (l/t) E I'2. In
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particular, one has'.	 S 

	

-	 F,(+1) = f( .±i )/( 1 + )	 S	
(13) 

and  
e6' 1'-	'v	2 - 

•	 F(0) = - I 	/ ' 1	 dr.	'.	 (14)	•' 
-	 2v 1/4 - 2 2 +  

In terms of the given function / = /(s) on I' the formula (12) for Fe(Z) writes 

F(z) = 1 - z2 (1 +z \2o 

e5	
f(s)	(1 — cosS.d 

\1 —z/	J 2 cos s•z.— 1 —z2 \1 +coss/ 
-	 0	 - 

Remark 1: Taking (t) = F(t), t E F2 , as unknown function, from the Cauchy 
• formula

F(z) = +	 z E 0	 (15) 

and the .Plemelj-Sochozki formulae (cf. [19: Chap. I, § 16) for the boundary values 
of F(z) on F, and P2 we obtain the following integral equations each of them equivalent 
to the Cauchy problem (1)  

I f V( r) 4-r -I( t )	1 r /(r) dT =	
-

E TI, (16) 

(t)	1'rv(t)dr	1 ('/(r)ch S	I 	tEl'2 .	 ( 17) 
2	 r—t	 t—.t 

(Cf. '[ 15: 'Chap. II, § 1], where the equation (16)'is used in suitably modified form.) 
Introducing the Carleman problem (2), the equations (16), (17) are embedded in the 
family of integral equations for ',(t) =	(t), ,t El'2 : . 

	

V,(T) d

f +
 [-	-	r1 

,(1/t 
dr] 

27ri	T — t

•	 - f(t)	1 f f(x) dT	T,  ,	tEi1,	 •
2 r--t	-	 S - 

,(t)	 -r	dr	E	r w,( h /t) dr	 S 

	

•	2	27tiJ - r'— t	2iiJ	r—t	• • 

f(r) dt	
t  F2 ,	 (17) 

respectively, where in the Cauchy formula for F,(z) the conjugacy condition (2) has 
been used in the form  

F(t) = /(t)	s,(11t),	t € -F1 ..'	•	 •	 , (2') 

- As is easily seen by mean's of the identity theorem for analytic functions and the 
uniqueness property of the Cauchy problem, the solution to each of the equations 
(16)—(17) is uniquely determined.
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. , 'Remark  2: Obviously, the function .(w) in (9) may be regarded as an approx-
imation to the solution I(w) of the corresponding Cauchy problem for a sectionally 
holomorphic function in the w plane ith the slit L = [-2,2] and given boundary 
values Ir(r) on one side of it. In the same way this Cauchy problem for an arbitrary 
simple smooth arc 5L can be regularized (cf. again [19: Chap. 4]). 

2. Asymptoticbehaviour of the solution to the Carleman. problem 

Under the above basic assumption of the existence of the solution F(z) to the Cauchy 
problem (1) the solution F,(z).and its boundary values F(t) on T' and 1 '2 converge 
to F(z) 

in U and /(t)on I's, F-(t) on r2 , respectivel
y

, as e goes to z,ero. More precisely, 
the following theorem holds. 

Theorem 1: As ->O	 S 

F, (z) = F(z) +	 z EU, -	 (18)
where

	

1	1	1+z	•. (19) 

With. (112)	.(z) < 1/or Tin z.^O, 0 <2(z) ^5(1/2)/orlmz	OT  

F,+ (t) * fit) - F(iIt) e +	) = /(t) + O(),	LE f1 , '	(20a)' 

F(t) = F(t) ±.(1),.	t  P2 .	 -	 (20 b) 

Proof: We work with the function 0, (ç) in (9). Applying the residue theorem to 
the integral in (9) foi a domain bounded by the slit L and a circle with sufficiently 
large radius R going to infinity, we first obtain the relation 

(w) = (w) T'w —4 (w_—_2 _6i	f	(r)	(2 _T\d. 
2'v	\ w ± 2 /'	J 1/4_r2(r_w)\2+.rJ 

S	 •	 .	 (21) 
where in accordance with (6)	 • 

O (w) . Fi(z) = F(-[d_I/w24])	 • (6) 

and (r) F( l/t), (1/1) E- -r2. Performing the substitution e = (2 -- r)/(2 + ) 
in the iitegral term in (21) and, applying the Riemann-Lehesgue lemma, one sees 
that this term tends tozero as ô -± oo. Besides 

	

1w__2\	I	'w_—_2	/	1 ± z 
•	+ 2) = ex 	arg ± 2) = exp	arg 1 -	•	 - 

Together with the relation e 2 = e this yields the assertion (18). 
To proof (20a, b) we first show that	

S 

I+()	•	 •	 S.	

•	 (22) 
2,-ri J X() ( - r)	2	•	 .	 .	 S -2	 5
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for T  (-2,2) as 6 - o, where X(r) is given by (11). The 'Hubert problem (8) 
with the right-hand side q' , 1 has the (uniquely determined), solution W((0) 

1/(1 + e). Therefore,  

If X(C) ( - ) = -	= - +	 (2) 

and the expression on the left-hand side of (22)' 'is equal to 

	

2	 'S 

1 4'(	, X(r) r	- (t(r) 
•	•,	L . 2	1'	j	

t) +	
X() (. - 

In the right-hand integral we again perform the substitutions e = (2 - )/(2 +,C) 
and' et = (2 -' r)/(2 + 'r) and apply the, Riemann-Lebesgue 'lemma taking , into 
account,the assumed Holder continuity of ø''(r). This proves (22). Now we apply the 

• 'residue theorem to the integral in (lOa, b) in a domain, bounded by the slit I with 
sufficiently small semicircles encircling the point x E (-2, 2) 'and a circle with suffi-
ciently large radius. After taking the limits, we obtain' 

(T)

 

	

0, (T) +	 '(24) "(24) 

On account of (22) this implies  

	

= q(r) - e[)(r) + c.(l)],	,	 (25) 

which is equivalent to the asymptotic relation (20a) for interior points of T'. More-
over, according to the ponjugacy condition (8) 

=	[(t)—	(r)] =	(r) + (l),  

i.e., also the relation (20b) holds for interior points of J'2. Finally, because of (13) 
'the validity of (20a, b) in the endpoints of T' and r2 is trivial I 

3. Estimation of the approximate solution to the Cauchy problem 

Now let /(t), 't E f's, be a known approximation of the unknown exact Cauchy data 
/(t), where	• 

max 1(1) - /( t)I < y.	' 	(27) 
iET	'  

Like /(t) the given function /(t) shall. satisfy a HOlder condition on r1 . As approximate 
solution F(z) of the Cauchy problem (1) the solution of the Carleman problem'

.
 (2) 

with right-hand side /(t) will be taken:,
-	 ' -	•	'	1 - z2 / 1 + z\26 '	 •	y(t) '	'(2 - 

F(z)	F(z) = 2	 e	
J/4._ t2 (I +z2 - rz) \2 + r/

61 

(28)
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where in accordance with (7) 

q(r) =.f(t) = / (- [ +	 (7') 

and the ufficient1y small positive -parameter e has to be chosen in dependence on y. 
We estimate the difference between F(z) and F(z). Because of (27) one has 

	

•	 IlI	/	l+z 

	

•	 IF(z) - F(z)I < ' 2	
e ' exp —2ô arg 1 

- Z) 

•X f ____	

y (z) (z)	f dr 

	

•	 J 1/4 - 2 + 2 - rzj	e	2nj j/4 - t2 

i.e.,

P(z) - F(z)I <	(z)	e2(Z),	
S	 (29) 

where 2(z) is -defined in (19) and	 S 

1—z2 
-fl(z) =	,	a(z) = min ji + Z2 - rzj. -	 (30) 

a(z)	 —22 

L em ni a: The function a(z) fulfils the inequality 

	

-	 a(z)J^ (1 - z I),	z E G;	 (31)

more precisely,

II - Z12	 if Re [z + (1/z)]	2 
(z) = Ii + Z12	 if Re [z +(l/z)] ^5 —2	'S	 (32) 

	

• :	 IzI I fin [z.+ (1/z)1I if —2 :!E^: Re[z + (l/z)]	2. 
Proof: In the first two cases of (32) the minimum of 1 + z2 - rzl is attained for 

T = +2- and —2, respectively. In the third case this minimum is attained for 
Re [z + (I /z)] and	 S 

0 2(z)	r2 (r - 
4.)2 

[i —4 r.+  
_)

2] 
=(1 - r)2' (1 +.r)2 - 4- 

r	
r + 

ly
 

^ (1 _r)2 [(l +r)2_ 4r] = (1	r)4	(1 - zj),	 S. 

•  
2 

because of (1 + r) 2	r ( + -) where r = zI 1	 -S • 

From (29) and the lemma we obtain the desired estim2ttion 
11	Z21 y 

•	 -	 (z) - F(z)I <2(1_z)2 -
	,	Z € G.	 -	(33). 

In particular, the first part of Theorem 1 and the estimation (33) imply the following 
result. 

Theorem 2: If the /unction /(t) is Holder continuous on f' and satisfies the in-
equality- (27) with y = -(e), the approximate solution fl(z) fulfils the asymptotic relation 

•	F(z) = F(z) + (e),	z € 0,	 •.	-	• (34)
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as s 0. Whereas /or the choice r y in (2) 
• F(s) = F(s) + (/)),	zE 0,	 (35) 

as	O.	 0 

Remark: Generally, the approximate solution F(z) converges to F(s) as •y -- 0 
jf y(Z) with 0 <(z)< 1/[1 - (z)]. Moreover, if we estimate the integral 
term in (21) in analogOus way as the difference between F(s) sand Fe(Z) (cp. (21) 
with (9)), we obtain	.	 .	 . 

11	Z21
•	F(z) -, F(z)l

I zI ) 
< -	2 

Me), ill	max F+(t)f,  
• .	 .	 2 (1— .•	 . 

and together with (33) this implies the estimation	 .•	 S 

11	Z21 
- F(z) <k (1 _z)2 [M + 

A(z), z 6 G	-	(36) 

From (36) the dependence of the 0 term, in (35) upon the variable z E 0 may be seen 
in more concrete manner.	 •	 ,0 

Further, we will estimate the difference Of the boundary values of P(z) and F() 
on F, and P2,.respectively For this end ve assume additionally the inequality 

[1( t1) - 1(t 1 )] -, 02 ) - /Y (t2)1I 5 Ayf 11	t2 on 1"	 . (37) 

for the Holder continuous functions /(t), /(t) with T-Older exponent a, 0 < a	1,
say. Working with the boundary values of the corresponding functiois J((o) and 

(w) on the slit L = [-2, 21 of the a plane, the assumption (37) will be used in the 
• -

	 form	• .	 ' 

'g(r 1 ) - g() :!:—:^ Ay jr, _ . 12 l 012	on L	 .	 (38) 

for the function g(r) = q(r) - ç(n) . with 99, 99, given by'(7), (7'). The relation .(38) 
follows from (37) by means of the elementary inequality a1/2 - b1/2 1 .	a - b11'2 
(a, b. 0). Now by (lOa) and (lob) one has •	 .	 ;	 •	 -	

0 

.I&() -(r)= g(r) - g(n)K(r)	L(n), 

'I(n )	+(	= (r) +'g(r) K(r) * L(r),	• 

with	 0,	

•	 0	
0	 • 

•	,x(r)r	d 
 

	

' K(n) = 2iJ X(C)(C —r) =	2+1 + s -	,	'' .	
0 

-  

-2 

by (23) and 
	

2	

-	 '	-	

0	 0	

0 '	 '	 0 

•	
'	 X(n) rrui —g(r)Id.  

0•	

•	
X() (	n)	'	

•	 I,	'	
5	

0 

•	On account of (27) and (38) this yields the inequalities	
0	

-	 0

+ Ay 4 t2 1(n)  

-.	 (n)—p(n)I^ ;+AT/4_n2I(n),'	
0' 

•	 '	

.'0	
•	 -•



A regularization method in the Cauchy problejn	43 

with the integral  
2 

• 1' r_o/2—i 
I(r)==— I	 d.	 . 2nj }/4_2

 

This integral can be expressed as a linear combinatkn of two Gauss hypergeometric 
functions (äf. [5: Chap. II]) and estimated by an expression of the form 

B;(4 - t2)oI2f2 + B2(2 - r)12'_I/2 + B3(2 + r)°1212 --Z^ B(4 - t2)'.'I2 

with constants Bk Bk(a), k = 0, ..., 3. Hence there follow the estimations 

F(t)j	•+ AB0y,	t E P,	 (39a) 

F(t) - F(t)I 5	+ AB-0 Z,	t E I'2 .	.	(39b) 
-	 l+ 

Together with the second part of Theorem I . this implies the-following theorem. 

Theorem 3: 1/ 'the function f(t) is Holder continuous; on I' and satisfies the in-
'equalities (27) and (37) with y = oE), the boundary values o/ the approximate solution 

- - F(z) fulfil the asymptotic relations.	 .	.5 '•	 . 

P(t)=f(t)—F(l/t)s+(e)	tEl'1 - -- -- -- - -- (40a) -- - - 

.FI (t)	F1 (t) + (1),	t € r,	. .	(40b) 

as e -±O. For  = 0(E) in (27) and (37)-

P'(t) = /(t) + 0(e),	t E .1',	 (41) 

Furthermore, (40b) holds also for the choice e—' ',' in (2), if, A = A(y)= (l) in (37) 
ay-*0..	.	 .	 . . 
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