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"In de;'_Arbeit wird ein Regularisiemhésveﬁahren beim Cauchy-Pfoblem fir holemorphe

Funktionen im Einheitskreis vorgeschlagen, welches auf der Einbettung des Problems in eine .
Schar von Carlemanschen Kopplungsproblemen bcruht. : : P

B pa6ote npennomen MeTox PeryIApu3auiyu y sanaqu Kowwu pana ronomopguunx q)y}mulm' ’

B eXMHUYHOM Kpyre, Ko'rophm OCHOBHIBAeTCA HQ BIOWEHUN 334 B ceMeiicTBO KPaeBHX
" gajmau Hapnemaﬂa

»

" In the pa.per a regulanzatxon method'in the Cauchy problem for holomorphic fanctions in the

iinit disk is proposed, which relles on the embedding of this problem mt,o a family of Carlcman
con;ugacy problems . :

Introduction

N

The Cau'chy‘pxloblem for a-nzilytie functions or equivalently for harmonic fuﬁct;i'oxis
" in the plane is one of the most important incorrectly posed problems of mathe-

matical physics. It possessés applications in geophysics, hydrodynamics, plasma
physics, electron optics, and medicine. Furthermore, its solution is basic for the

solution of the Cauchy problem for more general c]llptlc equations and systems (ef. .

[4a, 4b, 6, 7, 27, 28)).

Fundamental results on the contmuous dependence of the solution to the Ca.uchy
problem for the Laplace equation upon the data, the estimation of the solution and -
the approximative solution of the problem are glven in a classical paper of T. CARLE-
'MAN [2] (cf. also [14]), in the pioneering papers of F: JO}{N (10, 11], M. M. LAVREN-
TIEV '[13, 14] (cf. also the monographs [15, 15a,-16]), and’ C. Pucer [21, 22], by
L. 'E. Pay~ne [20], V. K. Ivavov [8, 9], and R. LarTis and J. L. Lioxs {12]. Also
we.refer.to the recent review paper by G. TALENTI [23]. New constructive solution

" methods are developed by J.R. Canyox and. P. Du CHATEAU (1] (cf. also H.D.

MiTTELMANN [18a, b]), P. CoLL1 FrRaNZONE, L. GUERRI, B. TACCARDI and C. Vica-
_worrr [3], P.N.Vapid¢evi¢ -[25], P. N. VaBi§¢evi¢, V. B. Grasko, and JA.°
Kriksiv [26]; and M. V. UREv [24].

In this note a further approximation method in the Cauchy prob]cm for’ analyblc
functions will be proposed. The Cauchy problem is déalt with in the normal form,
in which a holomorphic function in the unit disk is to be’determined from its bound-
ary values on the upper semi-circle. Cauchy problenis for general simply connected
domains may be reduced to this normal form by conformal mapping. The Cauchy

' problemis embedded’ into a family of simple Carleman conjugacy problems for the.

unit disk (cf. [17}), which can be solved in explicit manner by transformmg them to

well-known Hilbert conjugacy problems for a slit on the real axis. Assuming the

existence of a solution to the Cauchy’ pro.blem.bemg Hoélder continuous on.the closed.
L - . N N - N S .
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unit disk, we obtain the uniform convergence of the approximate solutions to the
exact solution in the interior of the unit disk and on the circle, respectlvely No
' numerlcal results are given in this pa.per

1. Statement of problem and regularization method
- Let "G be the unit. disk G: |z| < 1 with boundary I':|zl,= 1 and IY: ]lz] = 1. .
.0 =Zargz<m, and Iyt jz2l =1, —x < argz2 =< 0, the upper and lower semi- cm,le,

T respectlvely We deal with the followmg Cauchy problem:

, To find a ‘holomorphic function F(z) in. G bemg Holder contlnuous in G, whxch _

takes on prescrlbed Holder continuous boundary values /(t) on I:t= e"'
0 < sE m: :

. : N N '
T Fw=fn, el I e

We make the basic assumpnon that there exists a (uniquely determined) solution
_-F(z) of the problem, i.e.; the given Holder continuous function f(t) on I is boundary
“function of a holomorpln(, function F(z) in G -with Holdér continuous boundary
values F*(t) on I S . . .

Remark: There are snnple suffxclent condlt,lons for this basic assumptlon e.g.
the development of the real part of f(¢) in a sufficiently rapidly cdonvergent cosinus
(resp., smus) series in [0, n] and of the imaginary part of f(t) in the sinus’ (resp.,
cosinus) series with the same (resp., the same with opposite sign) cocfficients. But
this basic assumpt,lon may_be generally regarded as fulfilled from the physical
viewpoint ;' without such an ‘existence assumptlon the problem . of regularuatlon'
has obviously. no sense. .
. As it is well known, the Ca.u(,hy problem is incorrectly posed. To’ construct an

approximate solution of it for only approximately given data f we embed it into ‘the
followmg family of Carleman con]ugacy problems (cf. [17:.§ 1‘3])

To find a- holomorphlc functlon F.(z) in G. bemg Holder contlnuous in G, whlc,h
satisfies the con)ugacy condition : : .

F*(t)+eF'1/t) fv, te . s @)

Here ¢ is a’ posmve parameter, the Cauchy problem corresponds to the limit ¢ = 0.

The conjugacy problem (2) can be solved in explicit manner (cf [17: pp. 109—161]

. The Joucovsky mappmg . .
_ . { . | ’
‘w(z)r= 2+ — - e T : 3)

maps the unit disk G in the z plane onto the & plane cuf along the slit L = [ —2, 2]

on the real axis, where the upperi(lower) semi-circle I'}(I',) corresponds to the lower
(upper) boundary L~(L*) of the sllt respectively. The inverse mapping to (3) is

E  z(w) = %(w —Vw? —4), ' ' (4)



’

where /4 — 72 > 0 for |r| < 2. Theréfore putting

“and
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where arg Jw? — 4 = 0 for real > 2, with the boundary values

'z+(r)=%(r‘_i‘]/4—r2)‘_=%€'l"2 for re L, o  (5a)
l z—(r)'=%(r+i|/4_-,2)=terl' for ¢ L™, - ',: (5b)

D (w) = z)_ (2[w—1/w2 4]) o ' . ‘_(6)*

o(e) - /) = (— R g 12]) : NG
the Carleman conjugacy condition (2) goes over into the Hulbert gonjugaoy condition

- 1" ~ . -
¢>+(r)+i¢t<r)=;(r>, e L, o ®

for the secblonally holomorphlc functlon D (w) in the o planc regular at mfmnty and-

The™ Hilbert problem (8) has the umquely determmed solutlon (cf [19 Chap 4,
80 : .
§s0) - , , .
L w?—4 (0w — 2\~ ;," o(T) 2'—16" .
ow) = — YO (w,+2). [=E ) e o

wnt,h arg (w —2)—arg(w+2)——0 for real w>2 and arg (2 — 1) _arg(2—{—r
= 0 on L. The boundary values of @ (w) on L are

a b = PO _X@ et - : -
e = — f - . o uow

} o oy . ‘
o) = 24 ’)fx(g L e o qow)

C—r) _ T
where 8 = (1/27) In [1/e] > 0 and

X(z>'=1/_4_z2(2_")'“., - oy

2+

Hence the solution to the Curleman problem (2) is given by

F(2) =

L — 22 (1 — \bi )
_z( +z 2« ’) dr,  (12)

)26186”'/‘_ . (pT) (
2n \1 -2 JVA—BA 42— \2 47

'where arg (1 + 2) = arg (l - z) = 0 for real z € Q. Analogous exprcssmns hold for

the boundary values F*(t) =@, (v), t€ I, and F 1]ty = @ (x), (1/t) € T5. In‘
\
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particular, one has’ o } . .
L R(ED = /D)0 +e) e (13)

and

B '2—1'.6‘ o | ; oo
o F(O) fV4_z2(2'+i) de. - . o ,(1‘,1),-

1

In terms of the glven functlon f=K s)on I'y the formula. (12) for F (z) writes -

s

' ) 1 =221\ d '/(s) : 1 —coss SUCPUR
' F'(Z)._ 2n (l—z) ¢ f 2cos s 7 —1—2 1+coss) s (12)
: Cn . ; '

' R'erua_rk 1: Takfng w(t)' = F*(t), t € I3, as unknown function, from the Cauchy
- formula :

1 fHnde 1 (ytyde ,

F(Z)—27zi m+'2nft—z . 2€G, (15)
1 r, . . c

and the P]emelJ Sochozkl formulae (cf. [19: Chap. 1, § 16]) for the boundary values

of F(z) on I' and I"2 we obtain the followmg integral equatwns each of them equivalent

"to the Cauchy problem (1): :

Ty

1 . p(z) dv =~[(_t).__1'_,.-/(t)dr

B R e el e SR VN L
S . . ' . r, ) . .
pt) 1 p(r)dr - 1 /t)dr . oo : ‘
v L 2 2mi Tt 2m) v — t t€ Is. . o 17).
Ty r, . .

(Ct. [15 ‘Chap. 11, § 1], where the equa’mon (16)-is used in sult;a.bly modrfled form )
Introducing the Carleman problem (2), the equations (16), (17) are embedded in the
/amzly of mtegral equatwns for p,(t ) F (), t € 1’2

1 [yplde | 1 1- [ /o)
.2mjfr—-c,+8[2 vll— 55 | T — ’]

Iy rl
‘ /0 1 [ fx)dr , AN :
S T—7—.,2711',/‘1—‘t’ﬁ tE_Tl, . o A (160)
N : ' ) oo Iy ) ' . . ‘
Cwld) L fydndr e p(1/7) dr

2 " 2m) t—t ' 2w T — ¢
: Ty r, - . ~L . .
_ 1 /(r)dr ter; o )

27n T —-t

ll - " '

respe(,blvely, where in the Cauchy formu]a. for F.(z) the con;ugacy condition (2) has
been used in the form .

F‘”(t)—/( —81/):1/! tEFx - o (@)

CAsis easxly seen by means of! the ‘identity theorem for analytic functions and the ‘
uniqueness property of the Cauchy problem the solution to each of the equations
(16)—(17,) is uniquely determmed ' . o -, )

.
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:Remark 2: Obviously, the function.®,(w) in (9) may be regarded as an approx- -
1mat10n to the solution ®(w) of the corresponding Cauchy problem for a sectionally
- holomorphic function in the w plane with the slit L = [—2,2] and given boundary ,
values @~ () on one side of it. In'the same way this Cauchy problem for an arbltrary o
s1mple smooth arc L can be regulanzed (cf. agam [19 Chap 4]. '

2, Asymptotic'behaviom of the solution _tol‘the Carleman.pioblr;m

Under the above basw assumption of the existence of the solutron F(z) to the Cauchy Y
problem (1) the solution F,(z)-and its boundary values F,*(¢) on I'y and I'; converge
" to F(z) in G and f(t)'on I';, F*(t) on 1Y, respectlvely, ase¢ gocs to zero. \/[ore precisely,

: Lhe following theorem holds. . : N . N S
Theorem 1: Ase—>0 ) ‘ . .
. F2) = F(z) + o(®), -2z€G, ' sy
whire o ) B ’ ' ! ' o
. - /'.(z)———_% %arglij}O- X " o S L - (19) ’
';ui_(i}; ;7(;) < '1_/5; Tmz 20,0 < 23 £ (1f2) Jor Imz Zor T — — —
Frty = fit) — F*(11) 2 + ele) = /(&) + O(@), zen, C (208
DB = Fr) 4+ o(1), zel‘a E <P (20D) .

Proof We work with the function ®,(w) in (9). Applying t,he residue theorem to ,
the mtcgral in (9) for a domain bounded by the slit L and a circle w1th sufflclenbly e
large radius R going to mfmrty, we first obtain t,he relation

e ,Vw.~4 o —2\"% 2 =\
IQD,(w)—(DV(a-))—{—.V 2 (w+2) 6_[}/4_,2 r—w)(2+'7) dz, -

(21)

" where in accordarce with (6) 4 . 4 .
l ‘ .\ . _ PR . . ’ '. . . . \-

P(w) = F(z) = F(g [0 —Vor =4 4]) . . (6))

and- @*(v).= F*(1[t), (1/t) €-T,. Performing the substitution e 2 — 1)/(2 + )

_in the integral term in (21) and. applying the Rlemann-chcsgue lemma, one sees
that this term tends to'zero as § — co. Besides -

“ kw—2 6ar 2~-—‘-x 20 a 1+‘2
N\oF2 g w2 THP\TMET )
' Together with the relation e~ = ¢ this vields the assertion (‘1 8).
To proof (20a, b) we first show that

L X@.f ewar 1 B '
| o | XD =9~ zo®@ . . @
2 . . .
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for v € (=2, 2) aé.6 — 00, where X(r) is given by (11). The Hilbert problem (8)

with the right-hand sxde <p = 1 has - the (umque]y dctermmed) solution ¥, (w) ..

‘= 1/(1 + e). Therefore

T R
) N Rth C—I=E—W£(r)=—§+l+a ‘ (2:‘3)

-and the expressipn on the left-hand side of (22)is equal to

’ ' o v PO

i 1 X + +
-5+ 5] o () + 52 f 2O 20 g,

2m X(¢) (C — 1)
. In the nght hand mtegra] we again perform the substltut,xons e = (2 — C)/ + (9
" and ¢ = (2 —17)/(2 + 7) ‘and apply the Riemann-Lebesgue lemma taking. into
account.the assumed Holder cont,multy of @*(z). This proves (22). Now we apply the
' residue theorem to the integral in (10a, b) in a domain. bounded by the slit L, with

sufficiently small semicircles encircling the point 7 € (—2, , 2)'and a circle with suffi- -

mently large radlus After takmg the llmlts we obtain:

2
X(’-’) DH() de
2ny ) X&) (¢ — <

-2

: : 1
G () = o) + ¢ —5 &%) +

- ‘On account of (22) t/hl‘S implics A
D.7(1) = glr) = £[@*(1) + (1), o ~ (25)

which is eqmvalcnt to the asymptotic relation (20a) for interior pomts of I',. More-
-over, according to the conjugacy condltlon (8)

P t(r) = — [(P(l") — (1) = ?H( T) +oh, o '(265

" ie., also the relatlon (20b) holds for interior points of T2 Fmally, because of (13)
» ‘bhe valldlty of (20a, b) in the endpoints of I, and T, is trivial

3. Estimation of the approximate solution to the Cauchy problem

Now let £,(8), t€ F,, be a known approxnmatlon of the unknown exact Cauchy data,
© f(t), where

1

Like f( / t) the given function £,(¢) shall satisfy a Holder condition on I',. As apprommatc»

- solution F(z) of the Cauchy problem (1) the solution of the Carleman problem~(2)
, with right-hand snde /,(t) will be taken:,

- _\. '_1_22 1+.226; ; . 2 _ 4
"mz)zF"’(Z)_Tn.(m) f V4—12 +22——rz) (2+r), ol

(28)

24)

max |/(t)—/,(t)|<y. o N

o
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'whcre in accordance wi't,h (7) ‘ g Lo : o
'qo,(r) =./«,(t>=/,(l[r+z'1/4—r2]). S

) and the sufficiently small positive ‘parameter & has to be chosen in dependence on y.
We estimate the differencé between F(z) and F.(z). Because of (27) onc has

e . 1 — 22 14z
F(z) — 127 %1 6a
|F(z) — F(2)] <y g ¢ exp —26 arg —

l dr . y 1 f dr
X |- =L A(z) — —_,
_ __Zszg—r2|1+z2—zz|, ‘ee A ) Y-
i.e., ' ’ ‘ o
Fe) — Pl < 5 By L e, -' . ©(29)
P _ ,
where ).(z) is-defined in (19) and
_ 2 ~ ' . .
-B(z) = It —=z I, a«(z) = min [1 + 22 — 12|. - c (30)
_ . (X(Z) . -2=ig2 A . ‘,-
Lemma: The function «(z) fulfils the inequality o e
«(2)/= (1 — 212, z€ G N . (31)
more precisely, ) . .
' 11— 2 if Rele+(1/)]=2 :
xz) =11 +22 i Relz+ (1)< —2 G

l2] IIm [z + (1/2)]] if —2 < Rel[z + (1/2)] < 2.

* Proof: In the first two cases of (32) the minimum of |1 + 22 — 12| is attamed for
"t = +2-and —2, respectively. In the thlrd case this minimum is attained for
= Re [z+(1/z)] and - - :

(1 + oy

(r+_%)?’

(z) 2 12 (r _ é) [1 —4 (r. + %)—2] =@ =]z —4

2(1—7)2[(1-{—7 2 — dr] = ( l—r)‘—(l—lzl

2
because of (I 4 7)2 57 (r + 7) ; whe_re r=1l 0

' From (29) and the lemma we obtain the desired estimation

' 11 =2 y '

—F —_— ) R
|F(z) (2)] < = T =2 e e z€G. . (33)
In particular, t,hc first part of Theorem 1 and the estimation (33) 1mply the followmg o
result. o

Theo rem 2: If the function f,(t) ¥s Holder contmuous on I’; and satzs/ws the in-
equuluy (27) with y = c(e), the approximale solution F (2) fulfils the asymptotzc relation.

Fz) = Fz) + (), z2€G, o ' . (34)
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. ‘ .
as ¢ — 0. Whereas for the choice e~y in (2). , S
F@) = Fe) + 002, Fe6, e
as y -0 ) s - ’
Remark: Generally, the approximate solution F(z) converges to F(z) as y => 0
if e~y"(‘) with 0 < u(z) < 1/[1 — A(2)}. Moreover, if we_estimate the integral .

~ term in (21) in analogous way as the difference between F(z) and F (z) (cp (21)
. .-w1th (9)), we obtain N .

e - ; '
Me ‘(’), JlI = max P*t , 18’
PR TR iy x| { 8 I

and, together with (33) thls 1mphes the estzmatum - o R

11’ () = I(2)] <

11— am
Fe) - (z)|<—ﬁ)—2[M+;],e“>, eq oy

From (36) the dependence of the (9 term in (3:)) upon the variable z € G may be seen
in more concrete manner

’ Further, we will estlmate the difference of ‘the bmmdary values of F(z) and F (z)
-on T, and I, respectively. For this end we assume additionally the 1nequa11ty

A/w) = 1)) = Uit) — )] S Ayl b = 8l° on Ty e

. for the Holder continuous functions f(¢), £,(¢) with Holder exponent 0, 0 < @ S 1,
~ say. Working with the boundary values of the corresponding functions P(w) and '
: @,(w) on the slit L = [—2, 2] of the w plane, the- assumptlon (3’7) will be used in the
form

lg(m—gml<Ay|rl—r2|°/2 on L A © (38)

for the function g(t) = @(r) — @,(7). thh <p, <p, glven by N, (7). The relatlon (38)
follows from (37) by means of the elementary 1nequaht,y |¢z,1/2 — b1/2l =la — b|‘/2-
(a, b= 0) Now by (10a) and (lOb) one has - .

16-(x) — @, (7)) = 9(1) — 9(2) K(T) — L(v)|,

i - e = ’ 5 90 + ¢7) K(@) _+ L),
with o "

By (LY iy e
) f c)c—r) ety

) by (2‘3) and )

2‘ . .
_ X [ —g(nd.
M=% | XOC=-n
-2 .

On gecount of (27‘) and (38) this jields the inequalities -

1@ — ) = 1—+— +dy i - Im,

B+(0) — Or (o) = 2 alyiT R,

)



E Wi_t,h constants B, = B,(c); k = 0, ..., 3. Hence there follow the esiimaﬁons '
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. .
A

g : _
with the inbegra,l P L .

_ af’?—l’ . N
1( ) =5 Lﬂ_dg_ : .

V4—c2

Thls integral can be expressed asa lmear combination of two Gaiss hypergeometnc
. functions (¢f. [5: Chap IT]) and estimated by an expression of the form

Bi(4 — at)le=tiz  By(@ — )=t By(2 + w2 < By(4 — o)1

~

‘.

IF —Feol's —+ABoy, ten, : . (39a) .

]Fﬂﬂ—ﬁ”mls———~+A& : LEQ.V.._. : (wm

Together with the second part of Theorem 1 this 1mp11es the followmg theorem

Theorem 3: If the function f,(t) ©vs Hélder continuous, on I') and’ satisfies the m-
eq'ualmes (27) and (37) with y = ofe), the b(mndary values of the approximate solution
F (z /?d/zl the asymptotw relations. .

—_— . = PR

Fro) =10 — e+ o), - tey, T T T T T -r(40'a)—' -

Froy = Fr{) + (1), te r, - " (@ob)
f@g4ame=mam@ﬂmwmyh ; s .

. Fo=f0+0e, ten. SR C)

- Furthermore (40b) holds also for the choice s~~ y ( )-, z/A = A(y).=o(1) in'(37)

© asy—>0.. t Y
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