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On the representation of Bergman-Vekua- operators

E. Laxckavu ) , o R

. Die I_nte_gr:ilo;ieratoren von S. BErGMax und I. N. VEKUa transformieren holomorphe Funk-

tionen einer komplexen Variablen in Lésungen linearer partieller, Differcntialgleichungen
elliptischen Typs in der Ebene. Durch Verallgemeinerung dieser Methoden findet man Inte-

. graltransformationen fir die Losung partieller Differentialgleichungen verschiedenen Typs

(z. B. parabolischen elliptischen, pseudoparabolischen Typs) mit drei unabhéingigen Ver-
anderlichen. Die Transformationen verkniipfen holomorphe Funktionen von zwei Variablen
und die erwihnten Losungen miteinander. Fir ein Beispiel geben wir eine explizite Dar-
stellung des Kerns dieser Transformationen' (durch eine Summe eines Duhamelprodukts und
von’Cauchyintegralen); dies verallgemeinert neuere Resultate von D. L. CoLroxN und R P.
GILBERT - -

: . \
-Hurerpaasuue onepatrops C. Beprmana u U. H. Bexkya npeobpasyor roomopdise

¢$yHKUMH OIHOrO mnepeMeHHOro B peweHduA AUPPepeHUMATLHHX YPABHEHUN € UYACTHBIMH
MPOUBBOJIHAIMU 3JUIMNITUYECKOr0 TUMA B MiuockocTi. OGofuwiaA OTOT METOX: MOKHO HafiTu
sATerpasiblible npeobpa3oBaHUA A pelweHun TUPPePeHIMATBHEX - YPABHEHHIT ¢ YACTHBIMI
NpON3BOAHKMHU PA3HOro  (Hamp. mapaboiuyecKkoro, OJNIHOTHYECKOro, 'mceByonapabonu-
YeCcKOro) THMA B TPeXMEPHOM cilyyae. ITH npco6pa30r;amm CBA3BIBAIOT TOJOMOP(HKE
QYHKIUM ABYX MEPEMEHHKX C BHINC HA3BAHHLIMU peilicHnAMH. JAA npusepa AaeTcA ABHOE
npeacraBienne AApa aTHX npeobpasopaHuit (kak cymma npouasenenns JIyxamens M UHTe-

lpanoa Rommt): 9tium 06o6wens Hobue pesyapratm [. JI. Kosprona w P. IT. I'misGepra.

‘The intcgral operators of S. BLRGMA\ and I. N. VeErua transform holomorphic functions of

. a complex’ variable into solutions of linear partial differential equations of elliptic type in the

plane. Generalizing these methods we find integral transforms for the solution of partial

‘differential equations of various type (e.g. parabolic, elliptic, pseudoparabolic) with three .

independent. variables. The transforms associate holémorphic functions of two variables and
the .mentioned solution. We give (for an example) an explicit representation of the kernel of
these transforms (by a sum of a Duhamel product and Cauchy integrals) which generalizes
recent results of D. L. CoLrox and R. P. GILBERT. , .

1. Introduction _ ‘ .

Many efforts have been made in the étlrdy of linear partial differentia;l equations
with complex methods. The integral operators due to S. BEreMan[1]and I. N. VEkua

. [9] allow to construct explicitly the solutions to these equations in the plane, asso-

uatmg them with holomorphic functions of a complex. variable. In this way an
extensive study of the furiction theoretic propertles of the solutions to partial differ-
ential equations is possible. .

Following some ideas of S. BERGMAN [1] recently D. L CoLroxN (se€ [2]) and
R. P. GiLBERT. (3ec-[4]) enlarged considerably the investigations of generahzatrons

‘of this method to higher dimensions: We also give a contribution to the construction
“of solutrons to partial differential equatlons with three independent variables by

1 Analysis Bd. 2, Heft 1 (1983) . ) . . ,



-2 E.‘LANCI_(AU .

integral transforms Especially we attack the problem to fmd a suitable represen-
tation of this'transforms, generalizing the statements of CoLToN and GILBERT.

Let us consider a lincar partial differential equation with the mdependent variables, .
Z, ¥, - As usually-in complex methods we perform bhe analytic continuation of its
coefficients to complex values of z, Y3 (in general ‘in the small”’) and introduce

. new independent variables z =2 + 1y, § = 2 — zy (3 = 3)- This, we study the dif-

_ ferentlal equation everywhere in this complex. version; mention especially 499z &
= 62/691:2 92/0y?. If the coefficicnts of the equation are real for real values of
z, Y, 37 We get & real solution from a complex one by putbmg & = Z (the conjugate -

- complex vanable) and taking the real part , . .

!

2. Clonstruction of integral operators

Our eoncept to- solve lmear partial differential equations is as follows (see [7];
give the method only for a special case): :

) T Tet u= u(z ¢ 3) with z € D, & € .D¥, 3€G (D D*, G bounded and s1mply con-
nected 0¢D,0¢ D*) be a solumon of
L i A 0. ' \ | ’ 1
U = m u + Au = V. ‘ ‘., . R A ‘ ) g )

) Here Aisa linear operator, and let (1) be self ad301nt w1t,h respect to z, &.

We defmc a set F of functlons/ /(z, 3 and a transform R[/] of these fuhctlons

. Definition 1: f(-,.-) € F if and only 1f
(@) f =f(z, -)is ‘holomorphic with respect to z in D and contmuous inD.
(b) Constants « > 0,C > 0,p=0 (mteger) exist w1th

IA"'/(z, 3l § «C™(m + p)!? for m g mg ‘ . (2)

~forallz€ D, 3€ Gy = G.* ‘ ‘ ' \
'A furiction f € F may be called an associated /mwtwn of equatwn (1).

!

Definition 2:°A Riemann transform R{f] = R[/(¢, 3) ]( E,t 7, 3) of equatwn (1)
is a transform with the properties: For'z € Dy =D, & € Dy* = D* ¢t E Dy, © E Dy*
(0 € DO: € DO*): € GO s

) 3Wﬂﬂﬂt6]3mﬂﬂﬂtwhayﬁaﬂﬂ/twLARU05]eM%

- (i) R[f(¢, 3)] is mtegra,b]c with respccb to ¢ in I)o, :

!

G LRULHI=0, IR e
o[otR[f(t, )] =0 for t=2, . o - O
2/0zRIf(t, 5)] = O for T=§, N ()
R/, é)]—)(z‘a) for. t =2, =t L o (6)

) Remark ‘In the theory of I. N. VExva [9] the Riemann transform is the multi- -

' phcamon with the complex Ricmann function:

R[] = Rz, & ¢, 7) /().

.7



» ‘ Representation of Bergman-Vekua-operators 3
(- ’ . .
Theorem 1: For all associated functions f € ¥
\ . .

e ) = fR[/ta)]dt N

]

(R the Rzemann transform) s a, solutzon of (l) wn DyX Do >< G,. -
Proof by\lnserbxon of (7) into (1) usmg (3), (4 )
o ,’]‘heorem_ U: Lot @ = Gz, &, 3) E 1_7' /or all £ € Do’?‘).-' S oL

i

: z & . , ) -
z 53 ffR[G(t T, 5)]dtdr e 7y -
00 T - . .

s a solutwn o/

Lul—G<,5,a) : I ¢ 4
m DOXDO XGO (Rthe Riemann transform). ‘ ' -

Ptoof by msertlon of (7') into (1) using (3), (4), (5), ( ‘) ’

There are two problems in this concept the existence of the Rnemann t,ransform -
. and its suitable representation. We give an answer only for a very special case.

..Theorem 2: Let A-be an operator not depending on z, & (this zs,‘z/ h = h(z,) s a -
. /unctwn of 3 alone, then b = Ah is'also a function of 3 alone). The Rzemunn transform
o o/ equatum (1) n Dy X Go, w/wre Dy 7s a closed polydzsc m o e

D, X De* xD,xD *n{(z & 7) ]vl < 1/C} w1th-vv_= =) —&)
- 1S glven by ! :

oo

R/, 3] = ; L TU% ) R
for all as;ociqted /unctions_/ ¢F. . o : ' . ' N ‘

/ Proof (and e’Xz‘mjp'le_s) see [7].. ..

'3. Representation of the Riemann tranéi‘onﬁ‘
~Resultihg from the general nature of the opcratc‘)r‘ A the ‘above method is a vei'y
versatile one. But one ‘of the main problems in the application of the method is to.
.. find a suitable representation of the transform R[f]. Following R. P. GILBERT. 4]
(it is possnble to express the transform R for elliptic a,nd parabohc equatlons ()by

a Ca.u(,hy mtegral ) o
RU/G 9] = gSH 580 0.9

Y

PR ' N (9)

.. ‘here K-is a urcle in- Gy surroundmg s =3 For pseudoparabohc equations (l) (of
. composed t,ype) D.'L. CoLToN [2] has. given a representatlon of R[f] bhrough a,
‘Dukamei product . \

~ . FREEN

R[/t 3, fH 2, §,t 7, s—g)/(t s) ds. '! ' .__(10) 

,1*-
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. where. «, _ﬁ y._are constants, D is the dlfferentlatlon with respect to 3 D = 9/93,
S is thc integration : :

4 - E.La xcmu;

For these cases both it is possnble to construct the kernel I with the aid of differential .

_equations found from (1). For explicit examples see [6, 8].

But for more .general.equations these representations of the transform R[/] do
not hold. We show by an example of an equation of composed type that the trans-
forni R[f] is to be represented by a sum of Cauchy mtegrals and a Duhamel product.
The representations of R, P GiuBerT and D. L. COLTO\ are specnal cases of it. Let
therefore . .

RN

A = aDP + I + y8P, : ‘

N

S—f ds,

I is the 1dcntlty, and let p = 1 or p — 2. Thus we consider the equatlon

o . va2p 0 . . ‘ : 1
‘Lcmma 1: For n = 0.one has’
' : "_2- ) \ N . -
AT = A — oy X ATEzR(H] T (12)
. . m=0 .
with S -
' n! . [D?i, =0
In] —_— """T"’" h Li = ? = 13)°
) A [/] k¢l+zrr‘l —n k'l‘m‘ ﬂ where {S—m" 7<0’ ( )
and with ' ' ‘

m= 5t

kgl I g kﬁ')"’ (Dote-0) — S”D”(" o) [/]

Remark: We give some explanations of these e\{pressmns We have DS =1,
S]) = I — N with Nf(t, 3) = f(t, 0). From this we find :

T ND* - for p=1,

k __ k+p
P S { ND# - SND™* for p=2.

, Thus Zm i & constant with respect to 3 (for p = 1) or linearly dependmg on 3 (for
p= 2) :

= Apo + Amla’

and the coefficients Ani(7=0,1,m=0,1,2,...) are lmearly dependmg on f(¢, 0)
and 'the derlvatlves of f(¢, 3) wmh respect tozin 3 = 0:

A= X " (m 4 1) ophrati S
! k+kl-2+-: mE T g kﬁ'){"w/( s )20 (14)

fory-—O 1 1fp-2 forj=0if p =1, and
A, =0 for p=1.

Thus (12) reduces the problem to find A"[f] for an arblbrary / to the problem to
fmd it for a linear /. Furtherly: The definition (1‘3) is made in such a way that we

would have A= A if SD ="D§ = 1.

-
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N

* Proof of Lemma 1 by mductlon Obvnously (12) 1is t,rue for n=0and n =1,
From bhe validity for n follows for n 4+ 1 D o

. A'*"m*=AA,["l[/]—&yZA"-I-m[z D) | )

" Consider A[”"‘U[/] AA,("I[j] There is a contribution to this dlfferen(,c only from :
the (left,) multlpllcatlon of the sum (13) by ¥S?, and this contribution is

nt

[n+1][/] —A ‘\1["‘[/] = “,?"+ 2 m
A

k lﬂl mJ k- m_ &}’Zn 1

\
Inserting bhis into (15) we have (12) holding for = + Il.instead of n l
~ Now we give a set of associated functlons for the equation (1 1)

Lem ma 2:-f € Fof / = f(-,3)1s holomorpkw with respect to 3 in G and continuous
in @, Gy = G s given by

'|s—5[>6>‘0 : (6<1)
for all s E 9G, 3 € G,. Property (a) of Defimition 1 may be fulfilled.

Proof: We prove the validity of condition (2) by the use of (12) in Lemma 1
All constants, not depending on n, we denote by ¢, ¢, .. . without the description of‘ '
their relations. A constzmt depending on 6 we denote by c,‘(é) Let @ = max-{|«l; lﬂl,-

-~

\|y] 1). Usmg =< 3" we have from (13)

lL! u = . :
AT S Ba S (L) T
With- |/(z,“5')| <M inDXG we have for 0 <k —m < n fi-onl Cauchy’s inequality.

L)) = (D < b 2

o’ 7
) On the other hand, for 0 < m — k < % we have from '

b

L 1 f o
'SP’[/] = Tl f‘/(---»_s) {3 —s)mi"1ds: o
. o 0 o .

BT = [SH P S F Mgt S M.

_ ( 7) - ,

" Here 3* = max (1, diam G).-Thus for all k, m C
C|ZEf) S M- om(d) - (pm)!.

The sum (13) has (n 4 1)2 < 4" terms, therefore we have

]Allnj[f]] g M .‘cz"(‘é) . (pn)' o = o ' . A (16)

‘Now we est,lmate the polynomial Z' A" M z.(f)]. Each summand A" "'[z,,,] consists
of terms . m=0 .

S*DH[z,,] = ApoS*DH{1] + A S*De[3] - (6, p S —m < n),

'



E. Laxckavu

‘ie. of powers of 3 with the highest degree pn,or pn + 1; Lhus
) [S*D¥[z]| = 5*7"”1 [A ol + [Amll

A"™ has 3"~™ < 3% such bcrmS, multiplied by a*f'y9 w1th k+1 + gEn —m s n,
therefore

[An- '"[Zm(f I < e 3* 2 max |4
~and : . =0

Al =

(n + 1) ¢s"3* 2 max !A,,,,l

j=01 -
. m=0,1,..., n

From (14) we find, again using Cé.uchy’s inequality, as above

J

; o1 R N \.
| . o + 2)' 3elan Mo for p=1,
.t "max- IAmll = {(271, + 3)! 30+1gnpf5-2m-1  for p=2. S
From this we have } : i

~ (1 + 3)1 () - 2M*  for
An-—m m
EL [zmﬂ (@n +Mcﬂ&2M%-brﬁi&‘
and together wnth (12) and (16) we have (using (2n)' < 4" n'2)
(2M3* - ¢7(8) - (1 + 1)!
. -
2M =

o f 6. 12‘ : '>"..(17.)
5o (6)-16(n.+ 2). A.for P?2- » ‘ .

p=1,

E for p=1,
ww< o

.,Thxs is (2) |

Remark: For p=1 we have an essentlal fact. From the convergence of the
series ), dm/m! we have d < (n + 1)! for every d and suffncnently large n > no(d):
Thus.

wWW§W4w»(HW

t
[

for arbltrary d>0,ifn> 'no'(d) This means, (2) holds for all C > 0.

-
Now we may.construct the Rlemann transform. From: +(8) and (12) we have

K R{f] = R1[/] — ay- R/l
© with

R,

{\f

n') " An, R,[f} = Z

!

n

1l
o

", n—2 l
aB Z AT -
Fzrstly we conszder R,[/] By sumple calculatlons we find from (13) the symmetric

expression -
’ ' % ¥ 1 o nln kom+m+k [ n-k ) ’

,,,éo ké; n'm'k'(n—{—m+l\)' ﬂ,yv‘ : ' )
N v ) .
— =) I.;{2VvB) L** . ‘

0‘);_,‘0 oy ( ‘/D (7 ‘/;) +k( V—ﬁ) )

'.n
!

MS J',Ms".

l

n

~
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with the modlfled Besselfunction I,.;. From this we have 3

’

bo. 1 o\ [ /v |
B o P
~ with the Kronecker symbol 8. Representmg the. dlfferentlatlons Drn bv Cauchy
mtegrals, the mtegratnons S?P7 by Duhamel produ(,ts .

."l\'Ja

-SP."[((..'., 6)]='(m)!55" f (5—'8)””/'(--:5 nas
we fmd - . o ‘- o
R = gS H/t o2 H_, -1t s ds = Hy(0) - f(t)3)
with - ‘ ‘ - ' '
" ’.H.f=‘,H1(a<s\—a>-v), "= ;.lwa—sv),. |

_and e o ‘ ‘ ‘ : .
DR N . LI LA (VA QU o .
- =20 £0 (n + k) k! (_ﬁ_) (V?) : I"+2k(2m)x . | (18) i

By a s1mple way we prove bhe convergence of this series. Firstly we use

o2 VIR < 0Bt —+‘—2,; (VD).

_and from this immediately follows - R L o -

Y o
|Ha| = Io(2 WT‘}]) W losyv?| - Z(Zl,) -val"'.’

- The gencra.llzed hypergeomet,rlc series -
Tl .
0 - 2()
‘ kz:) (2k)' (lb‘ Iayv | 0F3(1 1 1/2 4 I(xyv |

* converges-everywhere, the series -

’ ( elv=! - for p=10=1,
. ' o | oFao(1, 1; |vz]) for p=1,6=—1 "~
. L (generalized hypergeometric series
):‘f”,’) oale =4 e L
1 - for p=2,6=1,
Y1 = 4 |z S
. LoFs(1,1, 1/2, 4 [oa])  for p=2,8=—
converges for p = 1 and. for p=2 6 _-A—l everywhere, for p= 2, 6 =1.for

loz| < 1/4. (We ‘remark, that these: assertions coincide with the remarks on the
chome of Cin (2), made in the proof of Lémma 2.)

Secondly we consider the tmns/orm Rz[/] We wnte it symmebrlcally o

s N

pntmt2 - . Coe

Rif)=5 3 [zmm]

n=0 m=0 n+m+2)')2
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Z(f) dcpends lmcarly on f(t, 0) and the derivatives of f(t, 3) at the point 3 = 0 up to.
the order p(m + 1) — 1, .see-(14). We exprcss all these denvat,lves by Cauchy in-
teg,rals, thus we have . ’

zm[/(t’ 5)] =‘ 27?/ ¢ Zm [8—‘1*—6] /(t: 8) idf,,
X L

o

K, a circle in Gy, Surrounding' s = 0. Fina]ly we have

- Rq[f] =‘—¢H0 56)—

“e

with the series

. , (s ] (o8] ) ,bnom+2 \ 1 - .
Hy, = Hy(z, S,t T 5, =n=20 m§ m A [Z,,, (E)J (19)

We omit here the dctalled proof of the convergence of this series. It is based on the

1 : .
fact that z, [9—] = Ao + Ams, where the coefficients A,z are’ found explic-

itly by (14): ' _ S ’

i (m -+ l)'(pl —pg + ) o \k
Amj=s ’;HZFm TES NN v ﬂ'(‘/_-s’f)".
k2q

T

By these considerations we have found: v - . ' R

Theorem 3: The Riemann tmnsjorm of equationA(ll) 28 givcn'/or f€Fby -

o
R.[/(za)]=2im[(ﬁ11 1t 8) < —ocy¢H0 zs)—s‘f]_

K3
+2 f” it 5) ds — H,(0) /),

kere K3 is a circle in Go su-rrouﬂdmg 8 = 3, the kernels H :t;» Hyare giben by (18), (19).

Rem ark In the equation (11) are some interesting special cases. (Noticing that .

H (0) _1(0).) For x = 0 we have a pseudoparabollc equatlon ‘
o2+p : ' : -
0z OF 93P +ﬂ u+yu__0 V . , (11’

the Riemann transform is a smgle Duhame]product (without Cauchy mtegra]), and
a solution of equation (11’) is

5&)—[ fH,/tsdsdz /_

Using expressions of this type (for p = 1) D L. CoLTox [2] studied the proper ties:
- of thc solutions of pseudoparabollc equatlons In our special case we have
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. .
N 1

" For « _Zlﬂ, = 0 this kernel is a generalized hypergeometric funpﬁion
. H _ oFo1, 1,93 —9)v) - for p=1,
! oFs(1,1,1/2;4y(3 — 8)v) for p=2.
For y=0,p=1 we have a parabollc equation
o° ) T e

s +oc u—{—ﬁuzO v . . (11)
. the transform R[f] is a smgle Cauchy integral (wmhout Duhamel product), and a
solution of equat,lon (11") s+ -
'

/ 271
N 0 K3 . ’
Here we have ) : ,
'M=%Omi%mﬁ
— this is a hypergeometric furiction of two varlablcs [‘3] — for ,8 =y = 0'we have
simply . . P - N
U . L]
CHy = exp Pt :

T he latter result is due to C.. D HiLL [o] )
For y =0, p = 2 we have an clhptlc equation » _ ‘

,62

K ‘
328§ +oc u—{—ﬂu—O

agam the transform R[/] is a smg]c Cauchy integral, and the-solution u is glven by
(20). Using the equivalent Bergman operators together with Cauchy mtcgra]s D. L.
Cortox. [2] and R. P. GrLBERT [4] constructed in this way the solutions ‘of “three-
dimensional” elliptic equations and of parabolic equations with two space varlables
. Here the kernel is

. - 4w
Hi= &, (1/2, 1, 1; ar )2, ﬂv)
"+ — again a hypergeomctrlc functlon of two variables ['ﬂ —, for ﬂ =y = 0 we have ‘

snnply (6]
Hlx = . = 6

V(s —3)? — dov

Finally, /or o« =y = 0 we have a two-dimensional equation; "the Riemann. trans-
-form is the multxpllcatlon with the Riemann functlon (due to I.N. VEKUA) '

RM<MWM9—MW@Na
(Fora=8=9p=0 the Riemann transform is the identity, R.[/] =f)

’
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