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On a Boundary Value Problem for a Special Class 
of First Order Semilinear Elliptic Sys , tems in the Plane 

L. V.WOLFERSD0RF  

Mit Hilfe bekannter Resultate von BRZIS und BROWDER über Hammersteinsche Integral-
gleichungen werden Existenzsitze für elne Klasse von Riemann-Hilbert.Problemer bei Vekua-
schen Differentialgleichungssystemen mit potenzartiger Nichtlinearität hergeleitet. 
C HOMOLUbIO II3BOCTHMX pe3yJ1bTaToB Bpe3IlCa H Bpayepa oG uiierpainux YBHCHHHX 
Tuna raMMepcTenhla jkoHa3b1Ba1OTCR 'reopeMbi cyuecTBoBaHuR gan xiiacca aaja q PuMaHa-
rwlib6epTa y CHCTCM ypal EleHuhi C q aCTHhlMH npoH3BoHbIMI1 Tuna 14. 1-1. BeRya Co CTene111I0 
HeiluueflHocmIo.	. . 

By means of known results of BREZIS and BROWDER on integral equations of Hammerstein 
type existence theorems for a class of Riemann-Hilbert problems for Vekua's differential 
equation systems with power-like nonlinearity are proven. 

Introduction  

In. the recent papers of the writer [6, 7] methods of rnontone oerator theory are 
applied to some classes of boundary value problems for first ordersemilinear elliptic 
systems in the plane. Transforming the boundary value problems to Hammerstein 
integral equations on the domain or the boundary of the domain, we obtained existen-
ce assertions for superlinear nonlinearities of a special kind up to growth order three. - 
In this note we deal with linear boundary value problems for a typical special class of 
such nonlinearities.' Utilizing results of H. BREzIs and F. .E. BROWDER [1-4] on 
integral equations of Hammerstein type, we show on the one hand that for this special 
class of problems for nonlinearities up to growth order three the usual nionotonicity 
and coercivity assumptions on the nonlinearity can be omittedand on the other hand 
that under these assumptions also nonlineari ties with growth order greatr than three 
can be handled. 

Statement of problem  

Let G be the unit disk in the complex z plane with boundary F = {t = e: —n s€
n}. The problem is to find a solutionw(z) = u + iv to the differential equation 

- a(z) 5 = H(z, w) + F(z) in G,	 (1) 

the boundary condition 

u(s) - ti(s) v(s) = i(s) on I',	 S	 (2) 
and the additional condition 

v(0) - vu(0) = c in z = 0;	 .	 .	(3)
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The data in (1)—(3) fulfil the following assumptions (i)-.--(v): 

a(z) E L(G),	p > 2, with	 S	 (i) 

'Re	 ^O a.e.inG.	 S	 (4) 

•	 H(z,w) = zh(lwl, z);	 (ii) 

where the non-negative real-valued function h(, z), 0	< 00 is continuous with

respect to in 0 < < oo for almost all i E G, measurable with respect to z in G for 
all 0	oc, and the function g(, z) .=	±) satisfies the inequality 

•.	g(, z), < E(z) .+ D+,	2	r < 00,	 (5) 

With a real-valued function E(z) E L3(G),s the exponent conjugate to r, and a positive 
constant. D; and the condition g(0, z) , ='O for almost all z in G. 

E(z) E L3(G) with --- F(z) E L1().  

z(s) E H(P),	0 < 	1, is a real }Iölder continuous function and v is a 
real constant, where	 .	 (iv) 

(s )I . :E^ 1,	—m	s :9 m,	and	I vi !E^: 1,	.	 .	(6) 

and in addition to inequality (4)'either this inequality holds in strict form in asubset 
•	of 0 'With positive measure drv 1u(s)	1, i.e., the casesu(s)	l,v =.1andu(s) .	---1, 

v = . —I. are excluded, and for v/i(s)	—I the additional inequalities 

	

and Im^0 ae i n 0	 (7) 

in the cases)	1, v = —1 and u(s) =. —1,,v = 1, respeetiely, are fulfilled.


/(s) E La(r) with r/2 ^ Ô < . 00 if , r> 2-
•

	

	 •	 .	•	.	 (v)

and 1<6<oo if r=2 

is a`- real  summablefunction and c is a real const.nt. 
We ask f9r generalized solutions w(z) E Lr(G) of (1)—(3) which possess generalized 

derivatives in Sobolev sense (cf. [5]) bw/ E L8(G) and boundary values w(t) C L(P) 

with y = mm [ô, s/(2—s)] and which are continuous for z' — 0.	 - 

• Existence theorems	•	
5	 S 

Under the above assumptions.the boundary value problem '(t)—(3) is equivalent to 
the 'following Hammerstein equation (cf. 6])	- .	 S	 ' • 

w . = MNw = 92. in Lr(G),	 . . '	 (8) 

where € 4(0) is a knOwn function determined by thedata, N: 4(19) —> 4(0) is the 
Nemytski operator.  

-	-	(Nw) (z) = 4-'ll(z; w),	 -	-	 S	 ()



• ,	
First 8rder semilinear elliptic systems in the plane	39 

and ill is a linear integral operator of the form 

(Mp) (z) = ff [M 1(z ) VW + M2(z 4) '5] d d	 (10) 

with kernels M7 (z, 4) i = 1 2 continuous for	z and satisf3 ing the estimates 

M,(z )j	C1	
+ C2 < C0	 (Ii) 

1 z	I	Lz_I	-.	'•:	- 

with certainpositive constants Ck, k = 0, 1, 2. Moreover, the bperatorM fulfils the 
inequality' * * '.	 S 

Reffip(z)i?dxdy 0	 (12) 

for any ip E L5 (C), Lo ^ 4/3.	'	 5-	 ,	 - 

Firstly, let be 2 ^ r < 4. Then the opèrator'M: L3 (G) -> L3(G) is compact and 
monotone. Further, there holds the relation 

•

	

	 Re W 1 H(z )] = 1w1 2 h(Iwi, z) =- wi	H(, w) .	•'	 (13)


Therefore,, from Theorem 4 of [2] (cf. 'also [71). we obtain 

Theorem 1: Under the above assumptions (i)—(v) the problem (l)—(3 has 'a 
generalized solution w(z) E L(G) if 2	r < 4 

Remark: It suffices to assume the function h(, z) as real-valued and rinnegative-
for '> R with some R > 0, only. (The inequality (5) has to hold for .the absolute 

•	value.of g(, z) then.)  

In thecase r = 4 the operator M: L3 (G') '--- L(G) is merely boundedand monotone. 
We additionally suppose that the function 'g(, z) is non-decreasing in for almost all z 
in G. Then H(z w) = z[a/w] 'with the continuous conex fuhctionin w for almost 
all zinG  

Iwl'
 

cli(z w)=fh(1/,z)d	 (14) 

Therefore, the Nemytski operator N: L(0) -- L3 (G) is cyclically trimonotone and 
•	Theorems 1-3 of [fl(cf. also-[7]) yield 

'Theorem 2: Under the above assumptions (i)—(v) the problem (1)---(3) has aunique€

	

•	

, "generalized solution w(z)' E-'L(G) if 2	r	4 and additionally the function g(, z) 
= h( , z) is non-decreasing in ,for almost all z in G. Moreover, this -solution 'depends - 

	

•	 -	 :,

 

continuously upon the data q € Lr(G).	 "	S	 S	
5 , 

	

•	•

 

If r > 4 the operator M from L3 (G) into' Lr(0) is not defined on the whole space -' 
L3 (G) and the Hammerstein equation (8) is singular in the sense . of Browder. We rely. -' 
on the results of BR1zIs and BROWDER [3, 

41 for the singular case. At first, the opera-
tôr M/is 'a bounded linear map of L 1 (G) into L 1 (G) satisfying the relation (12) for all 
in L,0(G). Further, we again make the additional assuniptioñ that the function g(, z) 
is non-decreasing in for almost all z in G. Thus, the continuous Nemytski operator N:' 

• L,(G) -> L8(G) is cyclically trimonotone. Finally, we require the coercivity conditipn 

g($, z)	 G(z),	'	S	 •	

•	 . 5	 (15)
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with a positive constant C and a real-valued function 00(z) E 4(0). Then the

Nemytski operator N maps 4(G) onto 4(0) because for any g E 4(0) there exists a


• wE 4(G) of the form w =k(I, z)- where l ( e z) = ek(e, z) is an inverse mapping

to g(; z) with respect to for almost all z in G. By Theorem 3 of [3] or [4] there follows 

Theorem 3: In the case r> 4 the problem (1)—(3) has a generalized solution w(z) 
E Lr(G) if the assumptions (i)—(v) and the coercivity condition (15) are fulfilled and the 

• function g(, z) is non-decreasing in for almost all z in G. 

Remark: The solution w(z) E 4(0) of (1)—(3) is uniquely determined if g(, z) 
- is strictly increasing in for almost all z in G. . . 
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