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- On a Boundary Value Problem for a Special Class
of First Order Semilinear Elliptic"Sys‘tems in the Plane

L. v.WOLFERSDORF

Mit Hilfe bekannter Resultate' von BrEzis und BROWDER iiber Hammersteinsche Integra’l-
gleichungen werden Existenzsitze fir eine Klasse von Riemann-Hilbert-Problemen bei Vekua-
_schen Differentialgleichungssystemen mit potenzartiger Nichtlinearitit hergeleitet.

C noMowbio H3BECTHHX peayiabTaToB Bpesuca u Bpaynepa 06 uHTerpajbHHX ypaBHEHUAX
Tuna I'amMepcreitna JOKA3BKIBAIOTCA TeOpeMH CyLieCTBOBAHMA A kjacca 3agay PumaHa-
I'unsbepra y cicrem -y paBHeHHIT C YACTHRIMA npoussoguniMu Tuna U. H. Bekya co crenenuofi
-HEeJIHHEHHOCThI0. ) . o ‘

\

By mecans of known results of BrEzis and BROWDER on'inbegral equations of Hammerstein .
type existence theorems for a class of Riemann-Hilbert problems for Vekua’s differential’
. equation systems with power-like nonlinearity are proved. : ’

’

Introduction .

" In the recent papers of the writer {6, 7] methods of monotone operator theory are
applied to some classes of boundary value problems for first order.semilinear elliptic _
systems in the plane. Transforming the boundary value problems to Hammerstein
integral equations on the domain or the boundary of the domain, we obtained existen-

ce assertions for superlinear nonlinearities of a special kind up to growth order three. -

. In this note we deal with linear boundary value problems for a typical special class of
such nonlinearities. Utilizing results of H. BrEzis and F.E. BRowDER [1—4] on
integral equations of Hammerstein type, we show on the one hand that for this special
class of problems for nonlinearities up to growth order three the usual monotonicity
and coercivity assumptions on the nonlinearity can be omitted and on the other hand
_that under these assumptions also nonlinearities with growth order greatér than three
‘can be handled. C ’ "

4 .

Stat_einent of problem
Let G be the unit disk in the complex z f)lane with boundary‘ I'={t=e% —n g_’s )
= a}. The problem is to find a solution w(z) = u 4- v to the differential equation
' ow/0Z — a(z) W = H(z, w) 4+ F(z) in G, - : Y

the boundary condition A o ‘ ' ’ '
uls) — @) ols) = fis) on I, (2)
and the additional condition ) '
2(0) —(0) = ¢ in z=0: ‘ SR ¢ )}



38 Lv. WOLFERSDORF

The data in (1)—(‘2) fulfl] the followmg assumptzons (i ) (v):

Ca@EeL(6), p>2,with - )y
,Re@ %b‘ ae. inG.. ., . . h . ‘ N (Y]
H(z, w) = zwh(lw], 2), s - - )

‘whefe the non-negative real-valued function h(E, 2), 0 £ &< o0 is continuous with
respect to £ in 0 < & << oo for almost all z € G, measurable with respect to z in G for
all 0 g &< o0, afnd'the function g(&, z) = Eh(&, 2) satisfies the ineE;ua_lity

g(§, 2) <E(z)+DI'1 2<r< oo, S o (5).‘;'

w1th a real-valued function E(2) € L,(Q@), s the exponent con]ugate to r, and a posmve ‘
constant D; and the condltlon g(O zy ='0 for almost all z in G

F(z) € (&) with — F(z) ¢ Ll(G) A 4 (iii)
N ul(s) € H(I'), _0 <o = i, is a real Holder contmuous functlon andvisa
real constant, where" : : . : (lV) :
el 1, —a<s=a, ahd'|v|‘g1 S (8
and in addition to mequa]lty (4) either this inequality holds in strict form in a- subset
of G with positive measure or vu(s) == 1, i.e., the cases u(s) = 1,» = 1 and ,u(s) = —1
y = —1 are excluded, and for vy(s =—-1 Lhe addltlonal mequalltles
JIm. (z) = 0 and Im =22 ( ) a.e. in G ) - (7).
in the case ,u'(s) = 1, v = -l' and u(s) = —1,» = 1, respectively, are fulfilled.” .
fs) € L) with 12 <6 <oo if r>2 - 4

- (¥)

and 1<d<oo if r=2"

is a* real summable/funcblon and c is a real constant . : ’

‘We ask for generalized solutions w(z) € L{G) of (1)—(3) which possess generahzed
derivatives in Sobolev sense (cf. [5]) 8w/6z € Ly(G) and boundary values w(t) € L,(I')
with y = min [6 s/(2 —s)] and which are contmuous for 7= 0 -

‘ .
. v/

- Existence theorems

Under the above assumptions.the boundary value problem (1)—(3) is equlvalent to
the following Hammerstem equation (cf [6]

_ w__MNw—q;'mL(a), , S, o (8)
where @ E L,(G)isa known functlon dctermmed by the data, N L (G) - Ls(G )is the -

' . Nemytski operator :

.

H(z;'w), ‘ " e (9)

mle{

(Nw)( z) =
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and M is a lmear 1ntcgral opcrator of ‘the form

(Mw)(Z) ff (M2, ) 90 '+ Moz, O) 9D dEdn - (10)

with kernels Myz, ), =1, 2., -continuous for ¢ =+ z and sétisfying .tfle estirnate‘s‘

ol G |
Mz, C = Cos——— : S 11) .
’ l,( )I gt oS R )
"with certam posmlve constants C’,,, k= 0, 1 2 \’[oreover t,he operator M fulflls the o
mequahty ' : x :
Refftpz)MtpdxdyZO S (12)_,

- for any y € L,(G), g = 4/3. - ) e
Firstly, let be 2 < r < 4. Then bhe operator” M L (G) L,(G) is compact and
monotone Further, there holds the relation oo

Re [w H(z,w)] |w[2k([w|, 2) = |w| le,w)‘ R (13) o

Therefore, from Theorem 4 of [2] (cf also [7]) we obtain . - *

Theorem 1: Under the above assumpnons (I)—( ) t}ze problem (1)—1(3)' has ‘a
genemlzzed solution w(z) 6 L, G) zf 2=r<4. o .

Remark It suffices to assume the function. h(rS, as rea,l valned and ronnegative. - . '

for &> R with some R > 0, only (The’ inequality (5) has to hold for. the absolute
value of g(£, z) then. ) ¢ . _ - :

In the' case 7 = 4 the operator M : L (G’) = L (G) is merely bounded and monotone
We addltlona]ly suppose that the function g(&, z) is non- decrea,smg in £ for almost all z
in G. Then H(z, w) = z[atb/aw] ‘with the contmuous convex functlon dn-w for almost
. al]sz oo , L .
' le‘ ) - . . . L B
Dz, w) = fh(V" o). e P ')

_ Therefore, the Nemytski operator N: L,(G) — L(G) is eyclically trimonotone and

Theorems 1—3 of [1} (cf. also-[7]) yield ' : . :

. Lt N . 1 N -
“.Theorem 2: Under the above assumptions (i)—(v) the problem (1)—(3) has a unique
"generalized solution' w(z) € L,(G df 2= r £ 4 and additionally the function g(&, z)
= &h(&, 2) is non-decreasing in & for almost all z in G. Moreover, thzs solutwn depends
N contmuously upon the data @ € L,(G). R

If r > 4 the operator M from L,(G) into L (G’) is not defmcd on the’ whole space !
L4(G) and the Hammerstein equation (8) is singular in the sense of Browder. We rely.

" on the results of BrEz1s and BrowbDER (3, 4] for the singular case. At first, the opera-
tor M’is a bounded linear map of L,(@) into Ly(G) satisfying the relation (12) for all ¢ -
in Lo(G). Further, we again make the additional assumption that the function g(¢, 2)
is non-decreasmg in & for almost all z in G. Thus, the continuous Nemytski operator N :-

L (G) = Li(G) i is cyclically | trlmonotone F mally, we requu‘e the coercwuy condmon

g(f,z)ZCE'.l—Go(z),, .' o ' o - (19)
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. with a positive constant C and a real-valued function Gy(z) € L,(G). Then the
Nemytski operator N maps L,(G) onto L,(G) because forany ¢ € L,(G) there exists a
w € L,(G) of the form w ='(k(|{|, z) where (g, z) = pk(p, z) is an inverse mapping

" tog(&z) with respect to & for almost all z in G. By Theorem 3 of [3] or [4] there follows

Theo rem 3: In the case r > 4 the problem (1)—(3) has a generalized solution w(z)
€ L/(G) if the assumptwns (l)—(v) and the coercivity condztwn (15) are fulfilled and the
function g(&, 2) is non- decreasmg in & for almost all z in G.

\

Remark: The solution w(z) € L,(G ) of (1)—(‘3) is umquely det;ermmed 1f g(§, z)
_ ig strictly increasing in £ for almost all zin G. -

N
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