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A Spectral Mappmg Theorem for Representations of Compact Groups

)

w: ARENDT and C. DfA,\'TONI‘) : . : C x :

Sei' U eine stark stetige beschrinkte Darstellung einer lokal kompakten Gruppe G auf.einem
Bandachraum E. Ist u ein beschrinktes regulires BorelmaB, so bezeichnen wir mit U(u).den
- Operator U(n) = f U(t) dp(t). Wenn G abelsch ist, so ist bekannt, daB

a(U(w)) = p(sp (U))~ . . _ :
wenn der smgularc stctlg(, Antell von g Null ist (wobel o(U(p)) das Spektrum des Operators
U(u), sp (U) das Arveson-Spektrum von U und 2 d1e Fourier-Stieltjes Transformierte von u
bezeichnet). -
Im vorliegenden Artikel wird ein ent,sprcchondor spcktralcr Abblldungssat/ fur kompakte
(nicht-abelsche) Gruppen und absolut stetige Mafle bewiesen. Ferner wird gezeigt, daB — im
Gegensatz zum abelschen Fall — der spektra.]e Abbl]dungssatz fiir atomare MaBe nicht gilt.

Tlycre, U ciilbHO HenpepuiBHOE OrpaHMuenHoe TNpeiCcTaBleHHe JOKANbHO KOMIMAKTHOIL
rpynnel G Ha OaHaxoBoe npompancmo Ecau u orpannuennas peryisipnan GopeJiepckan
mepa, nycte U(p) ouoana\laeT onepatop U(u) _f Uit) d,u(t) Fc:m Gaoe.nenaﬂ TO M3-
BECTHO, 4TO

o(U(u) = A(sp (U)~

ecan cuurmepnan uenpepumlan UacTb u paBHa Hy1io (rvle a(U(,u)) 00031a4aeT CNEKTp
" omeparopa U(,u), sp (U)- apBecouchuﬁ cnewrp U U ji-pypbe-cTUIbTbECOBOE NpeobGpasoBa-
HHUE ).

B anHOil cTaThe A0KA3aHA NOXOGHAA CNEeKTpajbHaA Teopema 00 orobparkeHIH JJIA KOM-
NaKTHHX. (He abeseBIX) TpYNN 1 a0Co0THO HENpepHBHEX Mep. Kpome Toro goxasano, 4ro
B NPOTHBOIOI0KHOCTL afeneBoMy cayyaio JUIA YUCTO NPEPRIBHBIX MEP CMEKTPaIbHAA Teope\la
06 oTo6paskeHIH lie BepHa. .

" Let U be a strongly continuous bounded representation of a Ioc:"»lly compact group G ona
Banach space E. For a bounded regular Borel measure x on G, we denote by U(p) the operator
Up) = fU(t) du(t). If G is abelian, it is known that

o(U(w)) = Alsp V)~ ,
" holds if the continuous singular part of u is zero (where o(U(u)) denotes the spectrum of the
operator U(s), sp(U) the Arveson-spectrum of U and ji the Fourier-Stieltjes transformation of u.)

In the present article a corresponding spectral mapping theorem is proved for compagt (non-
abelian) groups and absolutely continuous measures. Moreover, it is shown that — in contrary-
to the abelian case — the spectral mapping theorem fails for purely discontinuous measures.

1) Supported in part by the Italian C.N.R
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1. Introduction ‘ ) ~ I - .;

_Givena suitably continuous homomorphism U of a. locally compact group G into the
group of all isometries on a Banach space E, it is possible to define the representation

. of JlI(G), the Banach algebra of all bounded regular Borel measures on G, b)

i

- f U, d.“(t) . .
IfGQis s abelian (resp. compact) in the theory of spectral subspaces the spectrum sp (U)

- of U is defined-as a certain subset of the dual group of. G [2] (rcsp the dual object of -

@ [6))
In the abehan case a. spectral mapping theorem is proved in [5] (see also [9]),'

) statmg

V) = A0y -

for every measure u € M(G) whose continuous part bclongs to L‘(G) The purpose of o

" this paper-is to prove the analogue of-this/theorem for compact groups. - v

’

It is interesting that the corresponding theorem does not hold in this generality for
the non-abelian case: In fact, a countérexample given in this paper shows that it may
fall to hold for purely discontinuous measures.

2, The msi.in t-heoremv

" Let B be a Banach space, G a compact group and U &-homomorphism of @ into the
group of invertible operators on K. That means: '

U,G.Y’(E’) U,—— v,u, U ._Ifors tEG whereeEGrs the umt of ¢
and I the identity operator on K. N :

Suppose U is contmuous in the sense of [2: assumptlon 1 1]. In partlcular, U may be
strongly continuous. Then for u € M(G) the opera.tor U(u) can be defined by

Utw) = [ U du(l

(see [2]). Ulu) is a bounded operator on E, |U(x)|| < ¢yl for a positive constant ¢
and all u € M(G)..For u,v € M(G) we have U(u*v) = U(g) U(»), and U, = U(9,) for
the Dirac measure d, at the point t € G. Thus U e\:tends to a representation of M(G)‘
on E.

Denote by G the dual ob]ect of G, i.e. (' is the set of all equlvalencc classes of con-
tinuous unitary irreducible representations of G For « € G chose u, € x. u, is a homo-
morphism of G into the group of all unitary n, X n,-matrices. Denote by u,;(t) the
matrix entries of u,(t), and by u,;; the coordinate function ¢ — %aij(t) on G (1 = 4,
j = n,). Forue M(G) let f, = f u(t71) du(t) for & € G (i.e. p, is the n, X M -matrix
(f Uqii(E71) d,u(t)),,) We 1dent1fy LY(G) with a subspace of M(G) in the canonical way.
Thus we sctf = (fm); (v € G) and U(f) == U(fm) for f € L@), where m denotcs the
Haar measure on G N

2.1 Definition: sp.(U) ={a € G |fo =0 for all fe I}, where Iis the closed

ideal of L'(G) defined by I = {f € I G) l U(f) ='0}.

This definition is equivalent to the one given in [6]and comcndes with Arveson § -
definition in the abelian case. We can now formulate the main theorem.
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2.2 Theorem: 1. For p € M(G), PO'(U(/I.)— U o).
2 For fe LYG), e
(U a(f)u{} if sp(U) is infinite
o(U(h) = 1 "< Lo
U a(f.) if sp (U) zsjzmte.
a€sp(U)

"Note: o(T) denotes the spectrum and Po(T) the point spectrum of a bounded
opcrator T on E. For uc M(G o E @ let o(p, ) denote the set of all elgenvalues of

the matrix /20
For the proof of the theorem we need some lemmas.
' "T.h.e ct)ordinate functions are-continqous and satisfy o .
. Ui * Upyy = 'l/n Oap0itUait L

(5 ﬂ€01317<n 1=k 1S ng) | (see[8: 27.20)). N
. . . . I
Let Vaij := Unau,;) (x € 0-, 1<14,5=m,).
"The operators V,;; satisfy the composition rules

VaiiVﬂklz-Q if ‘x:#:ﬂ _dr j#:k: } (C) '
Vat; Vayl = VYait. .
In particular V and P, := Z V.i; are projections (x € C’, 1 S4< n) ‘

i=1

v

2.3 Lemma:For,uEM(G),zxéG', \

)PU( ) (#)P = 2 p'aiiVaij (1=<14,7=n),- . ‘
. A= . X .- ,

b) Val;P - P Val) — Vnt; (1 §1)7 é nu), ' _/_ .
c) PaPﬂ——PgP,,,——O for « = B. v - :
Proof: By [8: 27.20]., o . o .

nF Uy = 2 f u,,,,(s ) Ap(s) waji = Z.amum

and

Uaji ¥ U = Z f uan(s d,u Uqij 2 ﬂapuall

P“U(Iu) =U (nd‘E Ugii * /") ) ( 24 ﬂanuau) 24 p’an aU

ij=1 ij=1
fig / N .
= U(ﬂ*mguaﬁ)=U(y)P;. , ,
= .
b)'and c) are obvious from C) &

‘There is an alternative description’of sp (U).
’

. 9 Analysis Bd. 2 Heft 2, (1983)
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2.4 Lemma:sp (U) = {& € | P, =+ 0} .’
Proof: Let § = {x € G| P, & 0}. , . L
a) Let « € sp (U). Since (#aij)ai; = 1/ma (see [8: 27.19)), 4;; § I by the definition

of sp (U). From the definition of follows that V,;; + 0(1 = 1 < n,) and consequent-

ly, P. % 0 (use-2.3b)). Hence « € S. - . C a
b) Let « € S. Then V.30 (1 = i, j = n,). From 2.3a) and (C) folows that

VoiPaU(f) Vagj = fojiVai- Hence, f € I implies fo = 0; L.e. o € sp (U) L

© 2.5 Lemma: If U(f)z = 0 for all f € L\(®), then z = 0.

Proof: For every ¢ € Ey.(a separating subs'pa:ce of the dual spa;ce of E according

to the assumption in‘[1] (if U is strongly continuous. B, is just the dual space.of £)),

[(Ug, ) f(t) dt = Oforevery f € 'L}(G) by hypothesis. Since the functiont — (U, ¢)
is continuous, it is identically zero, hence .{z, ¢) = 0. This implies x = 0, E4 being
. separating 8- ‘ o .

. ! oA

2.6 Lemma: If P,x = 0 for every « € sp (U), thén\x =0.

~

" Proof: The .hypothesi‘s implies that P =0 f‘bf every, « EG Co'nsequéntly,l

- U(uaiy) = O for every a € G, i, 7€, ..., na},'Ihencé U(p) «z = O for every trigono-

metric polynomial p'on G, which implies U(f) x = O for every f € LY(G), the trigono-

metric polynomials being dense in L(@). It follows from 2.5 that z = o1 :
9.7 Lemma : If p, = O for every a € sp'(U), then Up) =0. '
Proof: If po, = 0 for every « € sp (U), then P,U(u) = O for every « € sp (U) by
2.3; consequently Up)=0by26 8-~ o o o

‘ “Proof of the theorem: - . ,
1. Let u € M(G). For « € sp (U) let F = P,E. F is not reduced to 0 and invariant
‘under U(u) by 2.3. Denote by U, the restriction of U(u) to F. V,;; is a projection which

Yeaves F invariant by 2.3 Set F,:= Vi F (LSt Sn,n = n). We have F = F, -

'+ ...+ F,and F;n F; = 0fori = j. From. the composition rules (C)it can be seen - '

that the restriction of V,;.to F;is an isomorphism of F; onto F;, which we denote by
V ;. Moreover, V; = I, (the identity operator on F), A

V) i=Vi USijsn). .

“For z = Zy + o+ X € F, + --- + F, = F we have.by 2.3 and (C)

n

U= U@ Pa= % buyVuix =

i,j=1 -

i,7=1 .

.Set H := X F, (n-times the Cartesian product of F, with any norm inducing the

- m=1 . . i e
- product topology on-H) and define V : F —>H by (¢, + +-+ + ) = (Vs Vista, -0y

V,z2,). V is an isomorphism with inverse ‘
o V-1:H > F, (Wis +++5 Yn) = (Vuy + V21y2_.+ w4 Vala)e ‘
Letl U. = VU:V“. From‘ (1) it can be seen thaf-U,, has the matrix répresentation-
- paly  PaaiTy oo famly -
\ Paredy  Pazaly - Panaly

o -

. p'alnI] ‘;202’!11‘:». .aamxll
v ‘ .

i ﬂaiiV.;ii;- o o (1).(‘
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) From thlS it is easy to see that o(U,) = (0, ) = a(ﬂ,) and a(U y= Po(U ). Thus’.
U o) = Po(U(u). |
a€spl . f
To.show the inverse inclusion, et A € PaU((,u)) Then there exists « € E such that
- 2% 0and U(u)x = Jx. By 2.6 there is an « € sp (U) such that y —-Px=i= 0. It
follows from 2.3 that U(u) y = dy. Hence 2 € o(U,) = o(f.).

Let/ € Ll(G) a) If sp(U) isinfinite, 0 €. U o(f )s because ||f II).,Ea, tends to0 -
. -a€sp(U) .

. atoo(in ‘the discrete topology on &). Hence 0 € a(U(/)) by 1 :
Weshow that o(U(f)) \ {0} = U a(f )-Letid¢ U o(f.) u {0}. It has to beshown that
U)

a€sp(U) - :
24 a(U(/)) Since If DNact tends to zero at oo, the set N {x € e |4 € a(] )} is

finite. There exists a trlgonometrlc polynomial g on @ such that §, = f, foralla ¢ N
. and §, ='0for« § NV (use (vaij)spt = (Uaij * Ugr) (€) = 1/nq 80p0udy; by [8: 27.20 (iii)]).
. Leth=f— g.Thenh € LNG), h, = f,fora ¢ Nand b, = Oforx € N. In particular,
id U a(ﬁ )y _\Vhlch implies- by [1: 4.3] that 2 ¢ a,,n((;)(h), Le. there exists k € L'(G)

- suchE that (18, — k) * (1/)6 — k)= (l/lée — k) * (16, — k) = &,. Herice
l (1 — U(h))(l/,l — U(Ic)) = (1//1 — U(k)) (a— U(h)) =.1 o ) (2j

From our assumptlon on 4; N nsp (U) = 0, hence h, = f, for all & E sp (U) This
1mphes that U(k) = U(f) by 2 7. Consequently (2 — U(f)) is mvertxble in ¥(E) by (2),
e A4 o(U(f;)

b) Let sp (U) be finite and suppose 0¢ U o(f.). In order to show that 0 ¢ o(U(N),
take a trlgonometnc polynomial g sa,tls'.fé;llllg 9, (f y? for all « € sp (U). Then
(g g = Gufa =1 = (6e) = (f % 9)a for every « € sp (U). 1t follows from (2.7) that

U Ulg) = U(g) U(fy = I, hence of 0 ¢ G(U(f)) "

t

N
L

* 3. Discrete measures

It has been shown in [o] that for abelian groups the theorem correspondmg to the
" second part of 2.2 remains true if f is replaced by a measure on'G whose singular
- ‘part is completely discontinuous. This is no longer. true for compact non-abelian
groups. In fact, while we can prove that theorem 2.2 part 2 holds for point measures,
we show that there exists a completely dlscontmuous measure x4 on a compact group ¢
such that , ‘ .

o(Uw) + U olh), 1" -

aesp(

where U is a suitable representatnon of Gona Banach space E.

BN

3 1 Pl‘OpOSltlon For every t € G,

a(Uy) =( U ofu(t* 1))) .

a€sp(U)

Proof (cf. [4: 6 3] for the abelian case) One 1nclusxon follows from 2.2 part_1. "For

the. reverse 1nclusnon suppose AgM: = ( a(U,(t™) ))‘ and'let W an open set in~
agsptl)

I'= {z 6 C| |z] = 1} contammgM but 2 Q W. We can flnd a o2 functlonfon thlch

\

. 9%
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*coincides w1th z—> (A —2)"' on W. Then the Fourier expansion is absolutely con-
. vergent and we have f(z) = 2 a,,z” with ):' |a,] < co. Let § = ):' a,U. In order to

n€Z
show S — U) —Ilet,u—— Za 6,,, *(A—(S,) By 27 1t is enough to show that
Pa =1, ie. (Za,,ua(t ")()—u(t )_I foreveryaésp(U)

. Let « € sp (U). If we consider the representation V of Z given by V(n) —~ua(t "),
and its lifting to I/(Z) glven by V(b 2 bau,(¢~")y for b € IY(Z) then by [4. 6.4] sp (V

[o( UN (i )] ! (being aware that the co Founer transformation is. consndered in'[4]).
By definition of W, sp (V)= W-L, Consequently, G2) (A - ()=f) (A —z2zY -
= 1forall: z2€ W~ Thisimplies V(@) V(A — &) = I by [4:3.3 vi), that is (Za walt™ "))

() — u (¢! ) = 1. (A— U,) S =T can be shown in the same way. Hence, 2 & a(U,) N

For the counterexample we need.some additional notation. Let @ be a locally com-
pact group. For B M(G) we define Bt = {u € M(G)|inf{ly], |»|} = 0 for all
v € A}. Asubsct Bof M(G) is called a band if B = B 1. If Bisa band in M(G), M(G)
is the dircct sum of Band B+. By M (G) we denote thespace of all continuous méasures
" in M(G). Md(G) M(G)* is the space of all completely discontinuous measures in
.. M(@) and is isomorphic to I(Gy). M4(@) is a subalgebra and M(G) an algebraic ideal
- 'of M(@) (see [8]). Recall, a suba]gebra A, of an algebra A is called full if for every
x € A, Wthh is mvertlble in 4, 7' € Ay.- .

3.2 Lemma: Md @) is a full subalgebra of M(G’)

Proof: Assume /z € M4(G)is invertiblé in M(G). We have to show that u~ 1¢ Md(G')
' There are uniquely determined measures », € My(G), v, € My(G)t = M (G)such that
pl=w + V. Hence 8, = u *+ v, + pu * v,. Since M (G) is an algebraic ideal, u * v, -
= 6 —us v, EM (G) n My(Gy = {0}. Thus u* v, = 0, which implies v2 = O, ie.
e My(G) B ~ | -~

. Let Hbea subgroup of Gy (G with the discrete topology). ! (H) can be ldentlfled
. with the band in M(G) consnstmg of the measures in M4(@), which are concentrated on
H. . J

3.3 Lemma: ll( yisa full subalgebm of I{(G).

" Proof:a)l’(H) is a subalgebra of I'(¢). This is obvious. b) ll(H) * Y (H)L < l‘(II)J-
Let u € I'(H)*. It is enough to show that 8, * u € IN(H)* forall t € H. Let t€ H.pcan
be written u _Za o, where t, € G\ Ha.ndz la,] < oo. Thusé, *u= a0

nEN nEN
€ IYH)!L, because tt €EG\H H bemg a subgroup of G. :
‘c) IY(H) is full in l‘(G Assume p € I'(H) is invertivle in MG). Then =t = v, + »,
for uniquely determined measures », € I}(H), v, € I}(H)L. Hence 8, = pu * v, ++ u * v,,

cand pxvy =0 — p v € N(H) N l‘(H L = {0} by a) and b), which implies », = 0,

i.e. /z'lel‘(H) L) . .

3.4 Corollary: ll(H) can be tdentified with.a full subalgebra of M(G)..

To construct the counterexample let G =S0(3,R), E = LYQ). Define U':
G — L(E) by (Uif) (a = f(t"s) (s€ G).for all t€ G, f¢€ L‘(G Then U(u) f = p + f
for p€ M(G), fe LY@), according to. the definition in sectlon 2. For ,u € M(G

owoW=o(0G) @
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as is well known (see also [1]). The free group on two generators H is a subgroupof G4
(see [7]). In IN(H) there exists a hermitian measure p such that i € apimy(u) ([3]).
It follows from 3.4 and (3) that ¢ € a(U(/,L)); But since x4 is hermitian, the matrices
fq are selfadjoint, which implies Uca(/),,) —R. -

af .

REFERENCES

[1] ArexDT, W.: On the 0-spectrum of regular operators and the spectrum of measurés. Math.
Z. 178 (1981), 271 —-287. ' -
[2] ArvEsox, W.: On groups of automorphxsms of opcrator algebras J. Funct. Ana] 15 (1947),
217 —243.
[3] BONIC, R A.: Symmetry in'group algebras of discrete groups Pac. J. Math. 11 (1961), 73—— ’
94. 7
{4) ComBeEs, F.,and-C. DELAROCHES: Representatlons des groupes loca.lemcnt compacts et appli-
) cations aux algébres d’operateurs. Asterisque 65 (1978).
(5] D’A~Tont, C., Loxco, R., and L. Zsipo: A spectral mapping theorem for locally comp'v.ct
groups of operators. Paclf:c J. Math. 103 (1982), 17—24.
(6] Evaxs, D. E., and T. SUND: Spectral subspaces for compact actions. Preprmt, :
[7] GREENLEAF, F :P.: Invariant means on topological groups and their apphca.t,lons \Iew York:
Van Nostrand 1969.
(8] HEwrrrt, E., and K. A. Ross: Abstract Harmonic Analysis. Berlin— Heldelberg \Tew York:
Springer 1963. '
" [9] STeRMER, E.: Regular abelian Banach algebras of linear maps- of operator a.lgcbras J.
' Functlona] Anal. 37 (1980), 331—-373.

.

- Md’nuskripteingang: 4. 01. 1982 ) f

VERFASSER:

Dr. WOLFGANG ARENDT
Mathematisches Institut der Dmversmat T
D-7400 Titbingen, Auf der Morgenstelle 10 -
Dr. CLaupio D’AxNTOXNI

Istituto Matematico Universitd dell’ Aquila
L’Aquila, Italy



