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On partial differential inequalities of the first order with a retarded argument

2z K}’AMO'N'{‘ a,nd S. 4ZACHAREK -

N

. Gegehstlxa.x;d der Arbeit sind partielle Diffe'ren’tial-Ungleichungen erster-Ordnung dej:,Form
O atm) S M6 2, 26 20 86 D), 26 2, o S
~ wobei z.= (2 ..’.,Ix',,), 2,(t, ¥) = (z‘,,(t, x), voo 22,(t 7)) und *| ‘ o
z(lt, z), Blt, 7)) = (z(al(t; z), Bults 2))s --- 2(Gmlts 2), Balls 2)))
ist.,. Es wirgi vorausgeset;zt, daB (i) éine Voltérra-Ungleichung ist. Sei °
é.: {t,z): 0<t<a, |z —2|Sb— M (i\= 1, ..., )},
CBy={ha): —TStS0, lm—21Sb =1, ..an),

. und mogen «u, v-€ G(E, u E, R) beziglich (¢, 2) in E die Lipschitz-Bedingung und fast iiberall

_in E die Differential-Ungleichungen,
S e, ) S f(t,‘:c, uft, ), u (2, 2), Bit, 2))s uslts _x)),

otz b st e, fE ) D)

N P

-erfitllen. Unter gewissen Voraussetzungen an die Funktionen f, o« und g wird gezeigt, daB aus
der Giltigkeit der Ungleichung u{t, z) < ot, z) in E, die Giltigkeit dieser Ungleichung.in E
folgt. : - ) . . o

B padore’ paccma'rpnsalomﬂ.nﬁ@ibepénuuasbuge ugpa‘nenc'rnéi B,*qac'mux' npouanon.uux'
BHIA ' o . ‘. J
W)zl ) < f{t, =, 2(t, 2), 2(alt, @), Bt 2)), 20t 2)), '
rae ) . :
x = {(Zps - Tp), 2,0t T) = (2z,(t, )~ - s z,;‘(t; z)), .
2(alt, 2), Bit, 7)) = 2(0(t,'2), Bults 7)), vy 2(cmlts 7), Bl 7)) .
Ipennosaraerca, uro (i) ABNAETCA HépaBeucn;om THNIA Boanebpa. ﬂych
B (tz): 0StSa lm—&lSb— Mt G=1..n}
Ep=1{t,z): —tSt=0, | - :t,:l <b; Go=1,..,0),

1 nyctb u, v € C(Eq u E, R) YLOBJIETROPAKT YCJIOBUIO JInnuinua no nepememmmv(t, z)B E
1l YNOBJIETBOPAIOT MOUTH BCIOAY B E nuddepeHUHATbHEIM HEPABEHCTBAM:

wy(t, ) < /(l,‘x, u(t, z), u(a(t, :;:), B¢, x)) ut, z)) , ) ) . .

ot 2.2 (b, 2, v(t, 2), vt 2), Blt, 2)), V(L 2)). N

[Tpn HEKOTOPHIX TPENNONOHEHNAX OTHOCHTEIBHO QYHKItUR f, & H f AOKA3LIBAETCA, YTO €CIH
.. Hepasencrso u(f, ) < o(t, &) cnpaBegnuBo B E,, TO OHO cnpasennuso Takme B E.

\

A : . . -
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Th}s paper deals with first order partial differential inequalities of the form "

) 2z, 2) < f(t, 2, 2(t, 2), 2((t, @), B¢, 2)), z(t, z))

where T = (g, 24), 2,408 2) = (2,(8, 2), ..., 2z, (t, x)) and . _
2lt, ), Bt 2) = (e(oults 2), Bty 2)), oy tmlts 2), Brlty z)))-
We assume that (i) is o'fAthe’ Volterra type. Let

E={tz): 0<t<a, |z, — 2] < b, = Mt G=1,...n)

T Ey={ta): —r =150, |- <0, : G=1,... 7).

Assume that'u, v € C(Ey v E, R) satisfy on E the Lipschitz condition with respect to (¢, x).
Suppose that % and v satisfy almost everywhere on E the differential inequalities - .

u,(i, ) < /(t, z, u(t, x}, u(x(t, :;c), B(t, 2)), ut, 1:)), . ’ ’ .
oL, ) = /(t’ z, v(t, z), v(a(t, z), B(¢, z)), vz(tf x))

and the. initial inequality wu(t, z) < w(¢, z) on E,. In the paper we prove that under certain
assumptions concerning the functions 1, &, B, the inequality u(t, z) < v(t, z) is satisfied on E.

This paper deals with first order partial differential inequalities of the form
ezt 2) St x, 20, @), 2alt, 2), B, 2)), zt, x)) (1)

where z = (2, ..., 2,), 2;(¢, z) = (22,8, 2), ..., 2. (¢, x))_/‘and 2(a(t, 2); BLE, z)) = (2(ay (e, I
z),. 518, 2)), ..., 2 anlt, x), Balt, x))) We consider the above\: inequality almost every--.

- where in a pyramid s : -

E={t2): 0St<alo—#l<b— Mg (i=1,... n)

) where @, b;, M; > 0 and aM; < b, t=1,..., n').'For > 0let

. \

Ey={(t,2): —1<t<0,jo;— | <b, (= L..,n)}
be an initial set and £ = E — I, where v '
L={ta): t=0la;—&|<b (G=1,..0).

We aséllllle that (1) is of the Volterra typei.e. if {t, z) € E then (a,-‘(t, x), Bilt, x)) € F,
where B} = {(s,y) € Eo UE : s < t}. For d € (0, @) denote by H, a pyramid v

Hil(he): dStSaln— 8l Sbi— My (i=1,..,n).

4 Denote by C(X, Y) the set of continuous functions defined in X takir{g values in Y,
- We denote by || - || the norm in R®, - : ' '

Differential inequalities find numerous applications in the classical and generalized
theory of first order partial.differential equations. Such problems as: the estimation of -
solutions of partial differential equations, the estimation of. the domain of the solution,
the estimation of the difference between two solutions, criteria of uniqueness, Chaply-

gin’s methods of approximation of a solution, and criteria of stability, are anongst the

classical examples of the application of diffcrential inequalities (cf. [4—8]). _

First order partial differential inequalities were treated in the monograph [8] (see
also [1, 5]). Some results concerning partial differential-functional equations and in-
equalities of the Volterra type can be found in [2, 3]. Our result is a generalization of
the differential inequalities theorem of (4]. - . : "
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\

Wg introduce the following Assumption H: . a

1° The function f of the variables (¢, z, «, Q) % = (%, Uy, ey Uin)y, § = (1, -+ @), IS
of class C*for ¢ € [0,a), z € R", u € R™+1, g ¢ Rn.

2° The quac\iratic'form Zfem([: z, u, q) £ is positive for ¢, x) € E, ue R+,
E ©aj=1 .. s ) ) . -
g € R i.e. for arbitrary & = (¢,, ..., &,) € R® we have

"él/m;‘(‘» X, u,q) £ = 0. ‘ o . R ' - | )
?;o For (t,z,u,q) € E X~R;"*‘+” we have | |

fult, z, u,9) 2 0 (=1, ...A, my, . o . - (3)

I{q,(t’ vu, ) S M, (i=1,...,n). - R . (4)

4° ay, Bi = (B - Bin) (i =1,...,m) are of class.C' on E and(x;(t, z), ﬂi(t,:x.))-e E,
ift,z)e £ (G=1,...,n). C .
‘We prove the following theorem. A . , N

\ .- . ) <

"Theorem: Suppose that

1° Assumption H is satisfied, . : o
2° u,v€ C(E, uE, R),uand v satisfy on E the Lipschitz condition with respect to (t, z),
3° there exists a function 2 € C((0, a], R.), R, = [0, +o00), such that the estimations

ult, z +1) — 2ult, ) + ult, x — 1)

‘<A,
WP =10
o(t,x + 1) — 2w(t, ) + otz — 1) . .
- by}
e =40 \

!

are salisfied for (t, z), (t,x + 1), (t,x — )€ B, 140, . -

4° there exists a constant K > 0 such that . ,
st )1, oot 2l S K ‘ )

almost everywhere o;z E,
5° for (t, 2) € E, we have

u(t, x) < v(¢, z), . “ | ": o (6).

6° the di’fferentidl-/unctional inequalities- .

w(t, @) < (b, 7, ult, 2), u(alh, 2), B, x)), u.(t, )

" ) . B 7
v(t, ) 2 f(t; , v(t, ), ¥(x, (¢, 2),.8(, z)), v,(¢, z) 7 M
are satisfied .al/most everywhere on E. o
Under these assumptions - A
u(t, r) < v(t, z) for (t,z) € E. . . o (8)

Proof: The proof of the theorem isdivided into parts IV, In I—IV we prove that
* for each & > 0 there exists a 6 € (0, @) such that for an arbitrary function @ ¢ C([0,
a] X R% R_), R_ = (— oo, 0], which satisfies &, z) = 0 for (¢, z) € ([0,e] X R\ E,
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:

there exnsts a function Y’defmed on (0, a] X R" with W(t z) = 00n E and ¥(t, :z:) =0
for (¢, ) € ((0, a] X R") \ E such that

f[ut x) —.v(t, )] P(t, x) dt dx

Hs .. .

+ f)j f/u‘(P(t x, s)) ds [u(oc,(t x), ﬁ (¢, a:))

Hs i=1 0 ) .
— vfat, 2), ﬁ(t )] yl(c x)dtds = —e S 9)

where , . ) .
t - P, x, 8) ='(t z, v(t, x) + s(ult, ) — v(t, x)) v(a(t, ), B, x))

+ s(u(au z), B(t, 2)) — o(alt, 2, Blt; %)), :(t,2). +s(u,(t z) = ve(t, 2)))--(10)

In Y we shall prove that (9) 1mplles (8) K

. L. An approzimation of the. functions u and v by means o/ the fum:hons of class C°° :

" ft follows from assumption 2° of the theorem that for some positive-constant M we

have |u(t, z)] < M and |v(t, 2)] = M for (¢, x) € E, u E. Let %,5 be continuous func- .

tions' on [—7,a] X R" such that |&(, z)| = M, |5t x) <M and Glgoe = U,

.. Blgug = v (2| guE is a restriction of the function 2 to the set E, u E). We choose sequen-
- ces of funétions {u(")} and {1} such that "

‘a) fork =1,2,... we have

#'® and v“‘) are of class C on [—7,a] X R®,

' |u(")(t )|, lé;""(t z)| £, M on [—z, a] X R® 'ahd

Ot )5 Hvz“"(t )| = K on [0,a}XR",
b) lim #® =4, lim v(") =7 umformly on E and lim grad ¥ = grad %, lim grad +(®
k—>o0' - koo k—>00 k—>00
.=grad ¥ in 'L,(E) norm, , where gra.d z2 = (24, 25y +++1 22,)»
¢) for.an arbitrary l =, ..., l) =0, L€ R", we ha.ve
2ule, :c) ARt x) - .
_— L(t), _— , : 1
TS A S A0 L Soan
o%(t, ) . S N
is the second dlrecuonal derivative of

for(tx)eE(Ic__12 )wh

or
" the function z at the point (t x). The sequences (u(¥}.and {v'¥} can be defmed in the
fo]lowmg way (see [4]) Let w € C°(R; R,) be such a function that - :

Gy - a)(t)-—O for =1 and w(—t)_w(t for tc R, _ A
- (i) ‘fce(llrzllo)dn-l Where 7= (5, --» Tan). a0d o |
Rn&l \

is the norm in R#+1,
Ifz € C([—m, a] x'R?, R), then we defme for e > 0

‘z,(t, x) = —8—"—1+—l f 2(s, y) w (”y—s—l—) ds Jy,,‘

T (~rtalxR®

N

‘where y! = (s, y), x = (t, ). It is easy to prove that u®(¢, x) = aylt, 9«), WO, z) =
Bty ) (k =1, 2, ...) satisfy a)—c).
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.

1L We shall .mow prove a basic inlegral znequalzty for the /unctwns u® and o,

If z is a continuous function on E, u F and 'satisfies the Llpsclutz condition with
respect to (¢, z) on E then,we defme

\

FG) () = f{t 2, 20 2), (ol x),ﬂ(t 2), z,ax) I

3

We now defme functnons al®, u; “‘) and v,(® as follows:

. oc(")(t z) = F(v“) {t, z) — F(u(")) ¢, z) + Flu) (t x) — F(v) (¢, x’)"

+ “r(k)(‘ 3') - "’t(k)(t x) - u,(t x + 'Ut(t z),
”(t x) = u®(a i x) ﬂ(t x)), 2, 2)
T=1,.,m. :

= dk?(ai ¢ x), ﬂi(t: x)); o -

- Let @ be.a continuous function on [0, al'x Re subh that <D(t‘ z) =0 for ¢ 2)€

[0, 2] X R" .and ot, x) =0 on ([0 al X R") \ E Now we ‘prove the fundamenta,l -
mequallty . . .

f[u“"(t x)—— (")(t x)]di(t x) dtdx - . L
N , .

+ f 2 f {,“(P,‘(t -z, s))ds[u.(’"(t x) - v(")(t x) ]G(*>(<1>) (, x)dtdx '

Honlo

Hg

= fa“‘)t ) G(“)(d)) (¢, x) dt dx — f [u(“)(é x) — o, x)]G""((D) (6, ) dx

. [‘,
: : ’ o - - (12)
* where | S T . , ,
(l) \ I" ={.’U ]xi_'iii'g bi— ﬁ['é (i“: 1:_'::': ?&)}r _ 0<6<ay
(i) G® (D) is solution of the initial problem ‘
. ‘ . l. . .. , ‘ , ] ..
T gt(t’.'m) + f luo(l‘)k(t: X, 8)) dS g(t’ x) e
T —~Z ffq‘P,,(t z, s )dag(t z). ._d>(t x), . (tx 6(0 a]xR"
" g(a, x) =0 for z¢€ R"',

(il Pt %, 8) = (b 2,00 (¢, @) + s[uR(E; z) — WO, 2)],

(@), B @) -+ suB(alt, 2), B, @) o
- r
— ¥ (a(t, @), ﬂ(t )], v,“)(z z) + s[u,“’(t z) +. BECI x)])

If & satisfies the above. coniditions then G() is defined on (0 a] X. R G’“’((D) (t z)
> 0on & and GO@®) (1, 2) = 0 on ((0, a] X R*) "\ E
If follows from (7) that

1 . .

~
’ .

FeW) () + a®(t,2) - (13)

w B, x)— WL, 2) £ Flu®) (¢, 2) —
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°

o a]most everywhere on E. Ineqaullty GN(D) (¢, x) 2 Oon E, together w1th (13) yields
[ w0, x) = v 0, 2)] GV(D) (1, x) dt dz

Hs . ) . \

< j a8t z), GH(D) (¢, x)dtdx + [ [F( u(")) ¢, ) — F('®) (¢, 2)]

» _ iy S |
X G""(tb) (¢, z) dt d. ' . ' o (14)

. We mtegrate (14) by pa,rts and, taking into a(,count Hadamard s meen value theo- '
rem, we get s

— [ [u®y, 3:) — v(")(t z)] G (D) (t, z) dt dz .
Hg .o
L= f [ut®)é, z) — v(")(é, z)] G(")(d)) (6, x) dx

< f j f,,,(P,,(t z, ) ds G(’"((D) t, 2:) [u®e, x) — v(")(t x) ]dt de
Hg0

f 5 f (Pk(t z, s)) dsG’"‘)(tb (t, x) [0, x) — v(")t x)] dt dx
Hs i=1 '

‘

: .[551 f&@ﬂ@w»@mW@UM)"

5 [utb, z) = v, x)] dt dz+ [ «®(, z) GU‘)(cb) 1, z) dt de, '
. . H
~ which 1mp]1es (12). -

1. Now we prove that to every &€ >0 there correspondo adc (O a) and an N such
_ that for k = N we have

f[u(") t, :z:) — v(")(t z)] D¢, x) dt dx

Hg ! -
+f 2 f .,,(Pkt x, s)) ds [uP(t, z) — v, 0, 2)] GOD) (¢, z) dt dx
Ho i=10. ) N
e (")(t,x GUND) (¢, o) sz, . ‘ 5y
‘ . Hg . B .

Since v :
o el Pt zy5))) < M, L)€ B, sel01], k=12, -
' I < N te[0,a] '

for so@e constantsM N the funct:on h(ty = fG"")( ) ¢, x) dz satisfies the dlfferen-

tial- mequallty R(t) = — Mh(t) — N te [O a] This estlmatlon and the. condmon :
k(a) = 0 imply that -~

hmggywﬁ;n,fem@'
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‘and, consequently, it follows that

J GO@) (t, z)dz < M,,  t€[0,al, S, by

for My = NM-1(efls — 1),

- Since u(0, z)' < v(0, z) for (0, x) € I, it follows that toevery e > 0 there corresponds
26,0 < é < a,and an N such that forO =t Sdandlz; — & =b, — Mit(i=1,.
n) we have .

W, 2) — o0 <— % - k=N.-
w2 — 0 @) = T =

Let e > O be fixed and 6 be a sufficiently small constant tha\t the above .condition'is -
satisfied. Then, because of the relations (12) and (16), we have (15).

IV. We shall show that the functions G*)(®) are equibounded on H‘,
. The functlon G*) () is a solution of the equation
AN
ge(t, ) + A(")(t z) g(¢, ) +ZB(")(¢ %) Gz, (‘ x) (¢, %)

]

where

) ) T on 1 C .
A(")t x) = ffuo(Pk(t x, 5)) ds — X f faa | Pe(t; x, 5)) ds
) i=1 0 t

_ 2 qu‘,,a(Pk(t z, s)) [v(")(t z) + s(u®(t, 2) — o0, 2)|ds

1 .
—_ Z”‘ Zm‘ f f“,‘W(Pk'(t,Ax, s)) -ai— [q;i(k)(t, z) + s(ui(k)(t, z) — v,.(k)(t, x))] ds
B ° N . ' \ ) B ' :

+ E f jq,q,(Pk(t z, s)) ds [”(zlf;,(‘ x) + s(ui’f;,t x) — v‘z";,(t 5))] ds,
£,j=10 N

N

- BW®(¢, x) = _‘f fq‘(Pk(t, x{s)) ds, 1= ‘1, e M.
5 -

First we prove that there exists a function & continuous on (0, a] such that
ColAwg s <al, G EE, k=12, . Lo
Assume that ).'l, ..oy Ay 1S & system of'eigenvalués of the matrix -

Iqq(Pk(t z, 8)\ = [fWQI(P"(t .x’ 8))]‘i L.

and [, ... I, is a corresponding system of engenvectors of norm’ 1. It follows from con-
ditions 1° 'and 2° of Assumption H that 0 < 4, < M (z =1,...,n)for some constant
M and , : . :
Z/M,(P;,(t z, s)) [vi"‘;,(t x) + s(uf,"‘;,t x) i’f;,(t ))]

4,j=1

a a%(k)(t, x) . 2, ) (’)%“"(l, x)
='=2:: lg [ " 8li2 + s ( _6l52 — 352 ) .

. Now, we obtain éstimation (17) by condition 1° of Assumption H and (11).
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.y -

- Since GW(P) (a,z) = 0 for z € RA, «using comparison theorems for first order
g partlal equatxons (see [8: Chapter VII] and [5: Chapter. IX}) we obtain:.

GO(P) (t-,,x) < tla — t) exp (f a(s) ds)‘, E=1,2,... ° E (18)
where ¢ = . max ]d)(t z)|. It is readnly seen that there exnsts a constant C such tha.t
oo (tz)EE . .
f[G("’(tb) (t, x] dtd:cSC k=1,2... = (19) .
Hs . L

Now we prove (9 It follows from 19) that there exists a sequence {k,) such that !
_ G’("')(d))} is convergent .in the Ly(H,) norm. Let Y= llm G, (D) in Lz(H,;) As a
result of’ ’(15) and (18) we get (9). o
V. We prove that (9) vmplies (8). )
Suppose that the inequality (8) is false. Then there exists a point (t* a:*) €-E such
" that wu(t*, z*) — v(t*, z*) > 0. Let 6> 0'be a suffxcnently small constant that
- -(t*¥, z*) € Hy. By the continuity of » and v on E, u E] it follows that there exists a
. nelghbourhood Q of (t*, z*) such that o

ult, z) —olt,z) > 0 for x)eQnHa S ' ,(20)’

Now, there are two cases to be dlstmgmshed v Ce ! -
1° Suppose that there exists a domain gc Q n H, such that for t=1,..,mwe
have ° . )

ql(w(z x), Bilt, x)— v(a~(t z), Bilt, )) < 0, t.xye Q. 21

' Letfbbea,contmuous functlon on [0, a]x R", @(t, ) < Ofor (¢, %) € Qand P, z) =0
for (¢, z) € ([0, a]xR") N\'@. Then ¥(t, z) =0 for (t x) € Q and Y(t, x) =0 for
C(txye Hy — Q. From ()it follows that

v

Ig(u, v) = f[ut x) — (¢, x)] ‘o(t, x) dcdx . : /..

\

+! Z f/u.(P('t: x, 8)) dé’ [u(o‘i(t, 37), ﬂi(ts x)) - v(o‘t(t’ x)» .Bi(t’ x))]
. . i=1 0 ‘ . . . ! .
."' . '.><'1/(t ) dtds = —e. ‘

Since ¢ > 0 18 arbltrary, we have Ig(x, v) = 0 ‘which contradlcts (20) a.nd (21).
2° Suppose that there. exnstsadomam Q < Q n Hj; such that for (¢, x) € Q we ha,ve‘
u(a t, x),ﬁ(t x)— vfocilts x) Bilt, x)) < 0 i=1,...,k, (22
and . . . :

u(a t, x), (t x)—v(a (t, @), Bilt, x)) 20, i=k+t,..,m, . (23)
. where 1 < k.< m..It follows from (15) that - S 1
f [u("')t T) — v(‘r)(t x)] (D(t z)dtdz

Ho -
+ f 2 f /,,‘(P,"(z z, s)) ds[u ("')(t x) — v k(8 ) }GU»)(qD) (t ‘r) dt dx -
I{os 10 -
= —e = [a, z) G("r>(¢) (t z) dtdx, T N, L (24)
. e T . .
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( .. ’ | T : . <
. We clloosé a function ¥ conti_nuohs on [0; a] X R® such that (¢, x) < Ofor (¢, 7)€ @-
~ and P(t, z) = O for (t,;2) € ([0, a] X R*) \ Q. Let 'us consider for each k, =N the '
_equation - . o o N i '

N m T g l . : : BN
o)+ X [ fulPlt 2, 9) dslul(, 2) — v, 2)]
g t=k+10 . . » . S N
’ X [uk(t, 2) — v, 7)) Gu(®) (t,2) = P z). . . (25) -
(We choose the' sequences {ulka}, (v} such. that u®)(¢, 2) — oI(t, ) > 0 for - .
St )€ Q). Let @) be a solution of (25). It is easy to see that @&, ) < 0.for .

(t,z) € @ and Pt, x) = 0 for (¢, ) € ([0, a] x R")\ §. Now, we have from (24) .
S [ e )= v, ) PR, ) dedar A ~

Co CHs ’ |
mo 1o o ) . . ' o ’ R .
; + [ X [ 1dPit 2, ) dslu(t, 2) — vk (t, )] G (D) (¢, z) di die
. : Hs i=k+10 o - - o '
+ [ X fulPilt, 7, 9)) ds[utk(t, ) — v, 2)] Gk (Pt (¢, ) dt d’
. Hsi=r 0o , B o g
[z e [ atka(l, z) QU@ 2) dede, R 2 N, (28
" o 0 LN

It is readily seen that there exists Ia,"s’equepceb {k;,} such thaf {G(_i")(d>)(k'-))} is con-

-vergent in Ly(H;) norm to a function ¥, such that ¥y(t, x) = 0in ) and ¥(¢, z) ‘=0
in Hy \ Q. As a result of (24)—(26) we get (making k., tend to oo in (24)) :

) IQ (u, v) Q—-Jj [uft, :é) — o(t, )] P(t, x) dt dz

\ .Q N
o+ [ [ P, o) dsfulatts @), Bilt ) — vleilt, @), it 2N} -
Q i=1 0 : .. '._' Lo ] . ‘A -
ix_?’;j(t,x)dtdx g’—;e. - oL SR

Since ¢ > 0 is arbitrary, we have 15(u, v) =0 which ‘confradifcts ‘(20) and (22). This
completes the proof 1 . o L :

t

The above Theorem implieé the following remarks.

Remark 1: (Uniqueness of a solution of the Cauchy problem.) -~ -
Suppose that S N P :
" 1° Assumption H is satisfied, : ,
+.'2° u,ve C(B, uE, R), uwand vsatisfy on E the Lipschitz condition with respect to °

(¢, x), 4 s : .
- 3° wand vsatisfy almost everywhere on E the differential equation with a retarded
~ argument’ ; ' o

2i(t, @) = f{t 7, 2(t, 2), 2o, @), Bl 7)), 226 2)

and u(l, x) = v(t, x) for (¢, x) € E,,
.4° conditions 3° and 4° of Theorem are satisfied.
Under these assumptions u(t, ) = v(t, z) on E.

! \
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Remark 2: The above results can be extended to the system of first order partial -
differential inequalities of the form R :

u O, x)‘é'[“)(l, z, u(t, ), u(x(t, x), f(t, ), u (e, .”l:)), 7 = 1, ...k, -

- "where u(t, x) = (uDt, ), ..., wO, ) L - A
~ One could formulate and prove analogous results for the overdetermined system of

partial differential inequalities considered in [5, 8],
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