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• Gegenstand der Arbeit sind partielle Differenial.UngleiChUflgefl ersterO 'rdnung de;Form


	

• (i)	z1(t, x)	t(t, x, z(t, z), z((t, x), fl(t, x)), z1(t, 

wobei x•= (x 1,..'., x), z(t, x),= (z(t, x), ..., z(t, x)) und 

z(c(t, x), (t, x))	(z(x i(t, x), 1 (t, z)).... . z(cem(t, x), m( t , x))) 

ist. Es wird vorausgesetzt, dI3 (i) eine Voltrra-UngIeichung ist. Sei 

E={(t,x):	Ota,	x_I;5b1 M1t (i=1.....91)), 

...E0=((t,x):	—ttO, Ixi	Iij	bi	 n)}, 

und mögen u, y E C(EO u E, B) bezuglich (t, x) in E die LipschitzBediflgUflg und fast uberall 

in E die DifferentiaIUngIeiChUflgen, 

• u(t, x)	j(t, x, u(t, x), u (o(t, x), (t, x)), u(t, x)), 

•	 vj(t, x) ^ j(t, z, v(t, x), v ((t, z),	, x)), v(t, z))	. 

• erfullen. Unter gewissen Voraussetzungefl an die Funktionen I, oc und fi wird gezeigt, daB aus 
der Gultigkeit der Ungleichung u(t, x) ^5 v(t, x) in E0 die Gultigkeit dieser.UngleichUflgin E 

•	folgt.	 -	.. 

B paöoTe pacCMaTPMBaIOTCR	4,epeHuuaJlhHbIe IlepaBeHeTBa B; qac'FRLlX flpOH3BOHblX 

BaAa 

	

(i)	z,(t, x)	j(t, x, z(t, x), z((t, x), (t, x)), z(t, x)),
 

re 
• .	.	.	x = (x 1 ,..., xe),	z(t, x)	(z(t, x),..., z(t, x)),	

•, 

	

-	
z((t, x), fl(t, x)) = z( 1 (t,'x), fl 1(t, x)),..., z(m( t , x), m( t , x)). 

	

11peLnoJiaraeTCR, qTo (i) HBjlHeTccl HepaBeHCTBOM Tuna Bomi'eppa. flycTb	. 

E=((t,x): Ota, lx1_1I^5b—Mt	(i=1.....n)), 

E0	x) 	— rtO, Ixi	fi l f-- b i	 n)}, 

• 'it fl37CTb It, V E C(E0 u E;R) ygoBJIeTBOpHIOT yciionto J1uuiwuita no nepeMeHilbiM (t, x) B E 

if ygOBueTBOPuU0T noru Bclogy a E gun4epeHLHaJIbHhIM HepaBeHCTBaM 

ug(t, x)	j(t,x, u(t, x), u(o(t, x), fl(t, x)). u(t , x))  

v(t, x). ^ t(t, x, v(t, x), v((t, x), (t, x)), v(t , z)).	.	S	
• 

flpa HeHoTophix npegflOJlO9+{eHIIRX omocHTeIb}co 4yHH1Wfl /, a H # goIa3hIBaeTC, qi'o ecjia 

iiepaBellCTBO u(t, x)	v(t, x) cnpaaegJlulno B E0, TO OHO cnpaBegJluBo TaKHe B E.
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This paper deals with first order partial differential inequalities of he form 
0)	zg(z, x)	At, x, z(t, x), z(a(t, x), fl(t, x)), z(t, x)) 
where x = (x1 ,..., x e), z(t, x) = (z,(t, x).....z(t, x)) and  

z(a(t, x), /3(1, x))	(z( i (t, x), /3(t, x)),. . ., Z (m(t, x), flm( t, x))) 

We assume that (i) is of the Volterra type. Let 
E= 1(t, X): Ot:^-,z, I xi . — 1 I ;5b1 =M1 g	 n)) 

and • and	 - 
- Eo{(t,x):	xt;^O, 1 x i - 1Ib	 (i=1..... n)}. 

Assume that u, v E C(EO u E, R) satisfy on E the Lipschitz condition with respect to (1, z). Suppose that u and v satisfy almost everywhere on E the differential inequalities 
u(t, x) ;S;. i(t, x, u(t, x), u(a(1, x), /3(1, x)), u(t, x)), 

V, (t, x)	1(1, x, v(t, x), v(a(t, z), /3(1, x)), v(1, x)) 

and the initial inequality u(t, x) ^ v(t, z) on E0 . In the paper we prove that under certain assumptions concerning the functions j, , /3, the inequality u(t, x) 5 v(t, x) is satisfied on E. 

This paper deals with first order partial differential inequalities of the form 
z(t, x) ^ f(t, x, z(t, x), z((t, x), /3(t, x)), z(t, x))	 (1) 

where x = (x1 , . . .,x), z(t, x) = (z,(t, x), . .., z, (t, x))and z((t, x) /3(1, x)) = (z(1(t,' x),/31 (t, x)), ..., Z(m(t, x), /9,.(t, x))). We consider the above inequality almost every-where in a pyramid	S -	 - 

E=((t,x): 0ta, 1 x1_-,I^ b1_ M 1t (i=l,...,n)} 
where a, b, M1 > 0 and aM 1 ^ b 1 (i = 1, ..., n).For T > 0 let 

E0	x) 	—rt O,jx1_ I^5b	(i=l,...,n)}.'	 - 
be an initial set and E = E — Jo where	- 

1 = {(1, x): I = 0, x	J ;5 b1 (i = 1,..., n)}. 
We assume that (1) is of the Volterra type i.e. if (I, x) E F then ((t, x), fl(t, x)) E F1, • where E; . = {(s, y) E E0 u F s I}; For 6 E (0, a) denote by H6 a pyramid 

	

H{(t,x): âia,Ix 1 — b_M1g (il,...,n)}.	- 

Denote by C(X', Y) the set of continuous fqnctionefined in X taking values in Y. We denote by li the norm in R". 
Differential inequalities find numerous applications in the classical and generalized 

theory of first order partial, differential equations. Such problems as: the estimation of 
solutions of partial differential equations, the estimation bf.the domain of the solution, 
the estimation of the difference between two solutions, criteria of uniqueness, Chaply-
gin's methods of approximation of a solution, and criteria of stability, are anongst the 
classical examples of the application of differential inequalities (cf. 14-8]). 

•	First order partial differential inequalities were treated in the monograph [8] (see 
also [1, 5]). Some results concerning partial differential-functidnal equations and in- 

•	equalities of the Volterra; type can be found in [2, 31. Our result is a generalization of 
the differential inequalities theorem of [4].
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We introduce the following Assumption Ii: 
10 The function / of the variables (t, x, u, q), u = (u0 , u1 , ..., urn), q = (q1 , ..., q), is - of class C2 for t E [0, a], x E R', u E R" + , q € R'. 
2° The quadraticffl1 

	x, u, q)	' is positive for (t, x) E B, u E R°+', 
q E It i.e. for arbitrary = (, ..., 4) E R' we have 

fq,q,(t, x, u, q)	0.	 -	(2) 

3° For (t, x, u, q) E B xRm+1+n we have	 - 

f,(t, x, u, q) 2^ 0	(i = 1 ..., ?n),	 S	 (3) 

•	
fqg(t, x, u, q)J :5	(i = 1,..., n).	-	 (4) 

40 a,	..., fl) (i = 1, ..., m) are of dasC"on E and(a 1 (t, x), th(t , x)) € E 
•	if (t, x) € B (i = l ..., n). 

We prove the following theorem.	 S 

Theorem: Suppose that 
10 Assumption H is satisfied, 
20 u, v E C(E0 u B, R), u and v satisfy on B the Lipschitz condition with respect to (t, x), 30 there exists a function ) E C((O, a], R), R = [0, + o°), such that the estimations 

u(t,x+l)— 2u(t,x) + u(t,x - 1)5<2 
U1112 

v(t,x± 1)— 2v(t, x) + v(t,'x —1)
).0 

are satisfied for (t, x), (t, x + 1 ),,( t , x - l)E E, 1	0, 
4° there exists a constant K> 0 such that 

•	 Iiu(t, x)!I,	JJv(t, x)J	K	 (5) 
•

	

	almost everywhere on E, 
5° for (t, x) CE0 we have 

S	 -	 u(t, x) ;5 v(t, x),	 (6)	- 
6° the differential-functional inequalities-	 - 

•	-.	u(t, x) ^5 f(t, x, u(t, x), u(c.(t, x), fi(t, x)), u(t, x))	S 

Mt, x) ^ /(t, x, v(t,x), v(cc, (t, x),fi(t, x)), v(t, x))	-	- 

are satisfied almost everywhere on E.	 S 

Under these assumptions	 S	

S 

•	

S	
u(t,'x)	 v(t, x) for (t, x) 6 B.	

•	 (8)	- 

Proof: The proof of the theorem isdivided intoparts I—V. In I—IV we prove that 
'for each e > 0 there exists a 6 6 (0, a) such that for an arbitrary funct ion

-
 0 E C([0, a] x W', 114, R_ = (—cx>, 0], which satisfies (t, x) = 0 for (t, x) .E ([0, a]  R)\ B,
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there exists a function t'defined on (0, a) X it", with W(t, x)	0 on Rand Y'(t,x) = 0 
for (t, x) E ((0, a] x R") \R such that	 0 

f (u(t, x) - .v(t, x)] (t, x) dt dx 

+ f	f /,(P(t, x s)) ds [+,(t x) (t x)) 
Höi = 1O	 S 

- v( (t, x), fi(t, x))J (t, x)dt dx	—e	 -	(9) 
where

P(t, x, s) = (t, x, v(t, x) -4- 3(u(t, x) - v(t, x)), v(c(t, x), fl(t, x)) 

•-f- s(u(a(t, 'r), (t x)) - v(x(t x), (t, e)) v(t,x) + s(u(t x) - v(t, x))) (10) 

In V we shall prove that (9) implies (8). 
I. An approximation of the functions u and v by means of the functions of class C°°. 
It follows from assumption 2° of the theorem that for some positive , constant M we 

have Iu(t, x)I	M and v(t, x)j	M for (t, x) E E0 u E. Let ü,i be continuous func-
tions on [—T, a] x R"; such that I f (t , x)I ^5 M, I(t, x)I ^5 M and 6 1 E.6 E = U, 

- V I,uB = V(IE.UE is a restriction of the ftmction z to the set E0 u E). We choose sequen-


	

• ces of funàtions {u"} and {v("} such that	 - 
a) for k = 1, 2, ... we have	 - 

U(k) and v(k) are of class C on [—r, a] x it", 

u(k)(t,x)I, v(k) (t, x)I ;53[ on	r,- a] >< it" and	 0 

!u(k)(t, x)II; -• iIv (t ,5x )II	K on [0, a] >< R", 

b) urn u(k) =fi , urn v" = uniformly on E and urn grad U(k) = grad ü, lim grad v' 
- k—>oo	 k—+W 

= grad in L2(E) norm, where grad z = (z 1 , z, ..., 
C) for an arbitrary 1 = (li , ..., l) == 0, 1€ R", we have 

e2u(k)(t,	
(t);	

k)(t, x)	
A(t)	 (ii) 

UP12	 012 

for (t, x) E E (k = 1 ? .% ) where 
a2z(t, x) is the second directional derivative of 

the function z at the point (t, x). The sequences {uW}.and {v(k)} can be defined in the 
following way (see [4]). Let co E C°°(R, R) be such a function that 

(i)	co(t) = 0 for ItI	1 and w(—t) = w(t) for t E it, 

()	f (IHIo) dij	1 where. 77 = (, ...,	and	Io 

is the norin , in R l + l .	 S 

• If z E C([—r, a] x R", It), then we define for e> 0 

S	 ' z,(t, x) =	f z(s, y) w (h1Y	o) d dy,:	•.	 - 

(—T.o1XR 

here y' = (s, ), x' = (t, x). It is easy to prove that u(t, x) = u1,k(t, x), v(k)(t, x) = 
vi!k(t, x) (k = 1, 2, . ..) . satisfy a)—c). 

(	
S•	 0
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II. We shall now prove a basic	 c 

	

sic integral inequality for the futions	and v. 
If z is a continuous function on EO u E and satisfies the Lipschitz condition with 

respect to (t, on E then we define	 . 

F() (t, x) = /(t, x, z(t, z),z((t, x), (t, x)), z(t, x)). 
V	 S 

We now define function's 0,(k) , (k), and v1 as follows: 

a )(t x) = F(v( k)) (1 x) - F(u( k)) (t x) + F(u) (t x) - F(v) (t x) 

4 ?it ( t, .) - v (k) (t, x) - u(t, x) -+- V, (t x), 

S	

u )(t, x) = u()(-(t, x, (t, x)), .vW(t, x) = ?)(k)(ai(t, x), fi(t,  

= 1, ...,
 

M.	 .	
5	

5	

5 

• Lei 0 be. a continuous function on [0, a]'x R' such that cP(t, x)	0 for (t, x) E 
•

	

	[0, a] x R" and (t, x) = 0 on ([0, a] x R') \ E. Now, we prove the fundamental 
inequality 

f [u ) (t x) - v"(t x)J (t, x) dl dx 

•	+ f	5 tU (Pk(t x s)) ds [u,)(t x) — v,( )(1 x)] 0(k)() (t x) dl dx 
• H6 i=i 0	 •	 - 

5 xW(t, i) G(k)() (t, x) dt dx — 5. [u(k)(ô , x)	v(k)(ô, x)J G( k)(ø) (ô, x) dx 

	

• Jo	
S

(12) 
where :	 V	 •	 V 

(i) 10 = {x	Ix, — x :!g b, — M,ô ( = I	n)}	0 < ô <a, 

(ii) G(k)(b) is solution of the initial problem	
V	

•	 V V 

V	 1	 V	 V 

V	 g(t,x) ± 5 IU.(P(t, x, s)) ds g(t, x)	
•5 -	 V	 V 

(f
' i i (pt e x s)) d g(t, x)) = (t x),	(t x) E (0 a] X R5, 

i=1 xi

V	g(a, x) = 0 for x E R", .	 -	:	• 
(iii) Pfr(t, a, s) = (t, x,,v(k)V (t, x) + s[u(t; x)	v(k)(t, x)J	•	 V	 V 

v< (ei(t, x), (t, x)) ± s[u(x(t, x), (t, x))	.	 V	

•	

V 
V 

•	 •	
- Vc )((t, x), ifit, x))], v!(t, x) + s [ i ( t , ) + + V My, x)])	 • • V	•	 • 

V If 0 satisfies the above. conditions then G(ic)(b) is defined on (0, a] .R", G(k)(1-l) (1, x) 
0 on 2 anc4 G(k)() (t, x) = 0 on ((0, a] x R) \ E.	 V	V 

If follows from (7) that	 •	V •
	V	V 

k) (t, x) •_	x) ;5 F(u(k)) (t, x) — F(v( k)) (t, x) + (k)(g, x)	
V V
	(13)-
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almost everywhere on E. -Ineqaulity G( k)() (t, x)	0 onE, togetherwith (13) yields 


f [u)(t, x) -i-- Vt") (t,X)] G ( ") () (t,'x) dt dx 

^ f (k)(t, 
x), 

G(k)() (t, x) dl dx '4- f [F(u(k)) (t, x) - F(v(k)) (t, 'x)] 
H5	 H, 

X G)() (t, x) t,it dx.	 -	 (14) 

- ,We integrate (14) by parts and, taking into account Hadainard's rneen value theo-
rem, we get	 - 

•	 T v(
k)(t , x)} O t (k) (Ii) (t, x) dtdx 

H 

	' 

- f [u")(6, x) - v(k)(6, 
x)] 

G( k)() (6, x) dx 

-.	f f /.(P(t,x, s)) ds Q(k)() (t, x) [U(k)(t, x) - v( k)(t , x)] dt dx	•. 

J1O 

+ f E f /(P(t, x, s)) dsG(k)() (t, x) [u ) (t, x) - v(k)(t, x)] dl dx 

	

•	 H 1=1 0 

1"(1'L-(t, x, s)) ds G(k)() (t, -X) 

S	 > NO) (t, x)	v(")(t, x)] dl dx,.-- f 0(k)(g, x) G(k)() (t, x) dt dx,	 - 
-	 H	 -	S 

which implies (12).	 .	 •	 - 

III. Now we prove that to every e > 0 there corresponds a 6 E (0, a) and an N such - 
that for k ^ N we have	•	 -	 • 

f[u(") (t, x) - V(k)(t, x)] (t, x) dt dx	- 

± f	f/u(P(t, x,$)) ds [u)(t, x)	v(k)(t, 
x)] 

G( k)() (t, x) dt dx - - 
J1 i:=1 0 

	

- 
f (k)(g, x) G(k)() (t, x) dt dx.	 (15) - 

Sinôe	 - 

I /	Pk (t, x,'s)) I	,	(t, x) E E,, -	s E [0, 11,	k = 1, 2, . . .	•	 • 

j

f(t,x)dx	 t  [0,a]
 

for some constants u?, ., the function-h(t) =f G(k)() t(, x) dx satisfies the differen-

tial inequality V(t)	—Mh(t) - 1, t E [0, a]. This estimation and the condition 
h(a) =O imply that	-	 •	 - 

•	h(t) ^S -- (e'(0 ) - 1),	tE [0, a],	-
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'and, consequently, it fdllows that	 V 

f G(k)() (1, x) dx	 t E [0, a],	 /	(13)

R. 

for M0 = ,lM_ 1 (e M0 - 1).	'	 V	 V 

Since u(O, xy v(0, x) for (0, x) E 10, it follows that to.every e> 0 there corresponds 
aô,O <6 < a, and an N such that for  t 6 and lx - b— Mt(i =1 1 ..., 
n) we have 

V	
u(k)(t x) - v( k)(t, x) 	k	N.	,	V	

V 

	

- V	 -	

max (1, M0)	 V 

V Let e> 0 be fixed and 6 be a sufficiently small constant that the above condition' is	
V 

satisfied. Then, because of the relations (12) and (16), we have (15). VV	
V 

IV. We shall show that the junctions G()(0) are equibounded on H. 
The function G"(0) is a solution of the equation	

V	

V 

	

V	 V 

V	

V 

g(t, x) + A(k)(t , x) g(t, x) +	B 1(k)(t , x) g(t, x) = (t, x)	
V 

where	 -	
V	 V	

V 

A(k)(t , x ) = f IU,(Pk(t, x, s))d _'f 1Q1 (Pk (t1 x, s)) ds	,	 •' 

-	I /qu,(P(t, x,$)) [v(t, x) + (u(t, x) - v(t, x))] ds	 - 
i=10	 V	 V	

V 

am	 a	 V 

- f 1qu,(P(1, x, s)) i— [v(k)(t , x) + s((k)(t , x) - V1(k)(t, x))] dV9 
xj 

±	fIqqj(Pk(t, x, s)) ds [v,(t, x) ± s(u,(t, x) - v;(t,$))] ds,	
V 

i.j=1O  

	

V	

,	 V	 1	 V 

V	 B.(k)(t, x) = -f fq (Pk(t, x, s)) ds,	i = 1, ..., n.	
-	 V 

First we prove that there e'xists a function a continuous on (0, a] such that 

IA(t, th)I	a(t), 
V	

(t, x )	,	k'= 1,2, ...	
V	

') 

Assume that 2, ..., 1, is .a system of eigenvalués of the matrix	
V 

Iqq(Pk (t, x) s)) = [Iqq,(Pk(t,x, s))}1i a	 V 

and ii ,. .;i,, is a corresponding system of eigenvectors of norm 1. It follows from con-


	

-'	ditions 1° and 2° of Assumption H that 0 < A, <M (i = 1 ..., n) for some constant 
Mand  

V - '	 fqqj(P(t, x, s)) [vt,x) + s(u(t, x) - v,(t, x))]	-	 V VXtzi
-	V	 -	V	 V 

a A _a2v(k)(e, x)	0¼()(t, x)	32v(k)(g, x)	 - - 

	

V	 V al,2	+ S	at12	 a12 

Now, we obtain estimation (17) by condition 1° of Assumption H and (11). 

V	 V
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Since G(k)() (a, x) = 0 for x E R", using comparison theorems for first order 
partial equations (see [8: Chapter VII] and [5: Chaptcr . IX]) we obtain: 

G() (t;x)	'c(a - t) exp(f a(s) ),
	

k = 1, 2, ...	 (18)


where c = max ø(t, x ) l . It is readily seen that there exists a constant C such that - S	
-	 (i.z)EE 

f [G((P)(t, x)]2 dtdx :!^ C,	k . = 1,2 ...	 (19) 
Ito 

•	Now we - prove (9).-It follows from (19) that there exists a sequence {Ic} such that 
{G(k")(0)} is convergent in the L2 (1J 5 ) norm. Let !P = lin G(k,)() in L2 (H5 ). As a 
resultof'(15) and (18).we get (9).	

5 

V. We prove that (9) implies (8). 
Suppose that the inequality (8) is false. Then there exists a point (1*, x*) ER such 

that u(t*, x*) - v(t*, x*) > 0. Let ô > O be a sufficiently small constant that 
•	-(t*, x*) E H0. By the continuity of uand v on "EO u E it follows that there exists a 

neighbourhood Q of (t*, x*) such that	 • 

u(t,x)— v(t,x)> 0 for (t,x)EQnHa.	 (20) 
Now, there are two cases to be distinguished.'	S	 - 

10 Suppose that there exists a domain Q Qn H5 such that for i = 1, . .-., rn we 
have 

• S	 u(x1(t, x),	x)) - i(o(t, ),fi(t, x)) ^S 0,	(t,. X) E Q .	 (21) 

Let P be a continuous function on [0, a] X W', li(t, x) < 0 for V, x) E c and k(t, x) = 0 
for (t, x) E ([0, a] X R") \ Q . Then W(t, x) > 0 for (t, x) - .E Q and P(t,x) = 0 for 

• (t,x) € H5 - Q . From (9) it follows that	- 

10 (U, v) = f[t(t, x) - v(t, x)]'(t, x) de dx  
q 

-	± f E f I,(Pe, x, s)) ds [(t, x),	x)) - v(e(t, x), fi 1 (t, x))] 
•	 i=1O	

S 

-	 S	

X P(t,) dl dx ^ —e.	 •	 - 

Since s> 0 is -arbitrary, we have I& (u, v)Z^ 0,whi'ch contradicts (20) and (21). 
2° Suppose that thereexitsa,domain Q Q n Ho such that for (t, x)E Q we have' 

u(a(t, x), j9 1 (t, .x)) - v(c 1 (t,-x) fl(t, x)) ^ 0, - •. i	1,..., ,	 (22) 
and	 :	 -	•	

• 

u(c. u(t, x), 9 . (t,x)) - + 1 (t, x), fl(t, x))	0, '	i = k -f-'1, . .., m,	(23) 

- where 1	.< m.-It follows from (15) that	 •• S 

f [u( '4) (t, x) — v(k )(t, x)] 0(t, x) dl dx -	•	 S 

115	-•	 •	 • 

•	 S	

]/,(P,(t, x, s)) ds[u 1(k)(t, x)	v(kr)(t, )} G(kr)() (I, x) dl dx 
H6 1=10 •	 • 

- ^ —	f.(k;(t, x) G(kr)(Z) (t, x) dl dx,	• k,	N.	•	 •	 (24) 
-	Ji	 S	 •
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We choose a function I' continuous on [0'a] X R' such thatW(t, x) <0 for (t,'x)€ 
and W(t, x) = 0 for (t,x) € ([0, a]X R') \ . Let us consider for each k,	the


equation  

(t;x) +	fIU(Pk,(t, x, s)) ds[u 1(kr)(t, x) - v')(t, x)] 
£=k+1O	.	 . 

	

x [u(k ) (t, x) - v(k)(t, x)] 1 G(k )() (t, x) =	(t x)	 (25) 

(We choose the sequences {u(kr)}, {v(kr)} sich . that u(k)(t, x)— V( kr)(t, x) > 0 for 

(t, x) Q). Le t (k,) bea solution of. (25). It is eay to see that	x) <0.for 

(t, x) E Q and	')(t, x) = 0 for (t, x) ' ([0, a] xR) \ Q . Now, we have from (24) 

f [u ')(t, x). - v'(t, x)] (kr)(e, x) 4t dx 

	

-	S	 . 

f fu(Pi. (t x s)) 6[u 1(" )(t, x) - v,( k )(t , x)] G" )((k )) (t, x) dt d'c 

H6 j=k+1O	 . 

S	 + f L' f ju1(PAt, x, s)) Ss[u(t, x) - V'(t, x)] G'(') (t,x).dt dx' 
"a i=1 0	 S	

S 

. _f y(k ) (t x) G( k	)(t, x) dt dx	k ^ N	 (26) 

It is readily seen that there exists asequepee {k,j such that {G(.)(k)V")} is con- 

vergent in L2 (H6 ) norm to a function W0 such that W0(t, x) ^ 0 in Q and W0 (t, x)'= 0 
11. \ ()	s A s. rpsiiltof (2—(26 ' we '.- (making - et (making kr. tend to co in (24)) "--o	'.,----------------'- ' '  

I(u v) = 
f [u(t, x) - v(t, x)] P(t x) dt dx 

S...,

+ f	f 1 1(P(t, x s)) ds[u(,(t, x), (t, x)) - + 1 (t, ), (t, x))j 

	

i=10	 S	 S	 •S 

	

'x !t'(t, x) dt dx	- e-	-	 S 

Since > 0 is arbitrary, we have I & (u, v) ,^ 0 which contradiçts (20) and (22). This 
completes the proof I	 . 

The above Theorem implies the follosing remarks.	.. 

Remark 1: (Uniqateness of a solution of the Cauphy problem.)	:-

Suppose that  
1 0 Assumption H is satisfied, 
20 u, v E C(E0 u E, R), u and v satisfy on E the Lipschitz condition with respect to 

(t,x), 
 

3° u and v satisfy almosteverywhere on E the differential equation with a retarded 
argument  

z' (t x) = j(t, x, z(t, x), z((t, x), (t, x)), z(t, x)) 

	

and u(t, x) = v(t, x) for (t, x) E E0 ,-	 .	.	..	.'	. 
•	.40 conditions 30 and 40 of Theorem are satisfied. 

Under these assumptions u(t, x) = v(t, x) on E.
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Remark 2: The above results can be extended to the system of first -order partial differential inequalities of the form 
u1 (i)0, x)	/(i)(t, x, u(t, x), u(c(t, x), j9(t, x)), u-,( ' ) (t, x)),	i = 1, ..., 

where u(t, x) = (u( ' ) (t, x), ..., U(k)(t, x)). 

One could formulate and prdve analogous results for the overdeterrnjned system of 
partial differential inequalities ' considered in [5, 8]. 
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