
Zcltschrift Mir Analysis 
und ihre Anwendungeti 
Bd. 2 (4) 1983, S. 329-334 

CROI1CTBa neorparnieiiix DO BCM1 pemeHilhl ll4y3uOHHhIX ypaBHeHhti 

A. Ii. 1\EIlxAli.rIoB 

(Prof. Dr. F. A. \Villers zu seinenl 100. Geburtstag gevid!net) 

\Vir geben einen t)berblick uber Ergebnisse zu unbeschränkteii .Losungen quasihnearer para-
bolischer Cleichiingen, die in der Arbeitsgruppe von A. A. Samarskij und S. P. Kurdjumóv 
erzielt wurden. Behandelt werden Ahnlichkeitslosungeii iind Verglcichssätze. Es zeigt sich, 
daB die betrachteten Losungen eine Reihe interessanter und (fur lineare Diffusionsgleich tinge it) 
iingewohnlicher , Eigenschaften besitzen. 

4aeTcH o63op ito pe3yJi6TaTaM 0 IieoI'paHhieHhibIx peluellufix HBa3tI.1IIHeiilIhix iiapa6oiu-
'tecKlix ypauueiiiiB, IIoJly4eiiHbiM H0JIJIeHTIIB0M fl OJt EOBOJ1CTBOM A. A. Ca11apcioI'o it 
C. II. lypmoMOBa. PacCMaTpiiHaIoTcH aBToMoeJihiibie peuteitna It TCOBMbi ClI3HCHUH. 
0Ia3iaitaeTcB,'[TO TMine peiueiin liMeloT PFIA uuTepeculix it, gaH Jill Ilefilihix Il44y3llOilIIhIX 
ypaeueiiii ii, IIeooblHHoBeHHbIx CBOftCTB. 

We survey results on unbounded solutions of quasilinear parabolic equations, obtained by the 
team directed by A. A. Samarskij and S. P. Kurdjumov. Considered are similarity solutions 
and comparison theorems. The investigated solutions exhibit .a number of interesting and, for 
linear diffusion equations, unusual properties. 

1. Bneciine 

I1apa6oiiiieciiie (;kwIy3iloHllhIc) BiICHHH Ill)I1MeIIHI0TCH WiH olIHcaHll}l WilpoHO-
I'O HJiacea HBJIeHIIB B MexaHuRe 11 )Fl311te Taiux, IlailpuMep, KH (1iI1bTpawln ra3a 
B ELOpHCT0L1 cpee, .Bll?FeFille E'pyHTOLIhIX HO, .Ii(j)(j)y3llH Beu4ecTea, rrpotecci TOILilO-
1-1 pO It OJ.1 HOCTII it I'0HUH B CIIJIOII1IIb1X cpeax. 

B t'IIlM iii. M. B. Keiu.iuia Al-I CCCP noi pyHoBo.cTBo1 upo()eccopoB A. A. 
Caiapcioi'o it C. 11. K ypmoMoua BbiitoJliIC}( iii i-.ii TOCTl14CCHHX iicciwjonaii H lI 
lleorpaHiI'IelIllblx BO BCMCII II peweiiii ii napa6oJillecHx ypaeenu ii (pemeuiie 
o6patuaeTcn H 6eCFOt1e q t1OCTb B HOHe q HbIii M0MeHT BpeMeIlli) [1-12]. Heorpaiiu-
'lelilible peiueHHn o6JIaaloT pFIJOM liCO6bI q ilbIX cBOI1CTH It 1I03HOJIHIOT uay'laTb Talue 

Kali JtoiaJi iiaautiii iipoiieccon Ju1(Iy31111 B CIIJIOWHbIX cpeIax, o6pa3oBaII tie 
II B3aHMoeiicTBlle r kuccimaTHBHlAX cTpyIryp, ycJloiiliCIiLlC oprauuaaiuiit riepRoHa-
'laJihIlo 0)kHop0HOO cuioiiiuoil cpeabt. B aoijiajj,e iipeJCTaBJleiI hi iteHoTophIe peayt b- 
TaTbI. onuchiBa1ollile CHOI1CTHa IIe0I'paI(u{eHHbiX pelileHitil Ft MT0jhI lix itCCJiOoBaliiift, 
KoTophie MoryT 6LjTb tltl11HCII hi JlJlfl iiccJiejoBauiin )kpyi'iIx 3a)ka'l. 

JJln orlpe;eJteII 11OCT11 MW 6yeai JeMoHCTpu 0HTb l)03YJlbTTb1 Ha iipitiepe aaJkau 
it pacrtpocTpatleHuu Telijia ii ropeHilfi n HejtiiHeiiou cpe;e ajin 0IiOMH0FO nib-
ClOrO cily'IaFl. I]potecc paciipocpatieiiiui Teilila it ropeuitn H TaKoil epee oribichi-
BaeTcn ypatlileHileM 

= (k('i') i1), + WT), t > 0, —co < x < cc,	 (1' 

rje x - NoopJw H a ra , t - upeii, 'i'(z, t) - TeirlepaTvpa, k(T) L>- 0— H0a(Hf)HLUleIiT 
Teriil o npo B oJu t o cTH , Q(T) ^0 - MOIUHOCTb O&henHhiX itCTo'lhilticOB anepruhi. EopeH11e
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HHHLHI1PYTCH C HOMOEqblO Haqajibi-loro BO3MyaeHHa TeMflepaTypbl 

T(x,0) = T0(x)0.	 (2) 

2. ABTotocmn1610 pellidunE 

4eHTHB1IMM MdTJOM I1ccJIejonaHHR pa3BBTOÜ cTanh1 nponecca ropenn HBJIFIeTcH 
uocTpoel-{He aBToM oJ eJIbHbIx pemeHilk 000TBeTCTBYIOUUIX HesII4HefiHbIX ypaBHeHhIi 
maTemaTH qecHoii 4111311}cll. I'Ix HOHCH H II0CTp0CHHO ocHoBano Ha TeopHl-I .HOJW611H 
It pa3MepHocTefi [13]. 06MHo HC1iOJ!b3!OTCR peuleHllH BI1y1a: 

T = T(t)	(2oomepuecioe pezuenue) 

T = T(x)	(cmatuoiapnoe peuenue) 

7' =T(,	=	— x	(6e2yiqai eoiuta) 

T = J3tn/(),	= x/At	(c,neneunaii acmoItoEieIlbnocmb) 

T = B 	x/A mi 
H

'P = B CX /(), -	= A emh/t	(dcnoflenluaJhflaci aomo!ioaeitbnocmb). 

U pit ii e p (S — peøuM): 3ayaa (1)-(2) IIMT lip!! k(T) = K0T, Q = Q0T0+l 
(a, k0, Q0 > 0) aBTOmojeJIbHoe pemeiie B P3JHl0lUl!XCR nepeeitnix [2]: 

[(t — 01-110 [s1n2 a
(TC, —
	lxi 

R(x, t) =	 (4) 
0,	 1XI >-2 

Qo
nw

	

= Q0a(a + 2)/[2(a + 1)],	x = [a2Qo/[4k0 (a ± 1)111'2. 

PemeHile (4) eI!ol1cTpupyeT C.1eiyIoElwe cBohcTHa ilpotwCCa ropeiiiiit B 
BaeMofi cpe;e: 

a) Fopeiiiie HPOHCXOJU4T B pe?mume C o60cTpeHlleM, T. e. ripit t - t1 (t 3aBHCFIT 01' 
aMnJII1TyJbl 1303MyukeHHn B HOMeI-IT I 0) TeMliepaTypa HeorpaHll'euHo 13o3pacTaeT 
BO BCCX To q icax lxi < L12. 3ect, L7. — Talc Ha3hrBaeMaH IfiyuaameHmaAbitas men-
jioea.g O.iutna (. fl.): 

= -- == 2[(a ± 1) 4.0/0,2Qo11I2 

6) Fopeitite JlolcaJllI3oBaHo Ha flJ1HH L 1 (TenJIoBiie r!oToHI1 flPII X = ±Lr12 paiini 
ilyJilo, TeinepaTypa 131w o6JlacTII JolcaJuI3aIHH paitna iiyiio). 

JlJ13t 3aJa4u (1)-(2) npir k = k07Ta, Q = Q0T (a > 0, 	IIOCTP0Hh! [2] auto-



MoeJ1bl-{ue pemm.-Nibi C o60cTpeHI1eM (cTelIeHHaH aBToMoteJlbHocm). 
Hp!! /9 < a + 1 ito JiHa HeorpaHu qeFiHo	 HO BeI1ecTBv iipii I 

T(x, I) —a- o ripit I -* Ij, lxi < 00 ( HS-peiscuAt, 0TCTCTBHd JIol-aJ1lI3awIt-I). 
flpi-i /9 > a ± 1 TeMlTepa'rypa CTPdMIITCI! K 6eCKOHe4HOCTII npia I I,. .TI!IWI, H 'ro'ne 

X = 0. lip!! x> 0 TeMilepaTypa oi'pa}rii1ei-ia AJIR BCCX t <- 11, x == 0 (J1olaJI113aInn 
ropeiin 13 IS-pC!tcUi.te).
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3. Teopeiii cpaireuun 

a) ABT01oej!b1n.ie peiueun JTBJIRtOTrfl He TOJIbKO qacTHbJMII perueHHHMu, e-
M0HCTPHPY10tIHMH Te 11310 I4nbIe cBoicTBa iiy qaeix IIPO1CCOB, HO H TH Ha3bi-
BaeMbrMH ',,upoMeoyToqHbrMn aCHMnTOTI4KaMH". OHO OfIHCh!B!OT pa3BMTYlo cTan10 
npoiecca H B HeaBToMoeJIbiIhIx aa)aqax, i-corja ,,3a6hJBaeTccI" BJ!HJIHBB oeev-
llecTBeFIF1I.1x	KTOpOB [14].	 - 

L1,ji,i ypaBHeuH, or1cHBa1ou,x gHccFlrIaTnBHMe npoecchJ (uapa6oioeciix 
ypaBIleFRIii) PORb qacTHblx pemeHllii ropa3o mope. PemeHoft napa5o.riueei-iix 
ypawieouu 110TBHH1OTCH TCOpemam cpa BIIeHHH: 

IlyCrnb '11(2)(x, t) - peuenue 3aôau (1)(2) C 7bo(2)(x), a 'I'( ' ) (x, 1) - peiuenue 3aaaiu 
(1)—(2) c To' ' ) (x), nput4e.,u T0(2) (x) > To" ) (X) ö.tii ecex -	< x < oo. 

Tora I' 2) (x, 1)	T(1)(x, 1) ô.izji ecex -oo < x < co, t > 0. 

Cop1yJiI-lpoBaHHan reopeMa COBHOHHH (crIpaBenIlBao it jin napa6oJ1necKIIx 
ypaBHeHhlli o6uero BHa) IlMeeT flpOCTOIL ()R31IecKHfl CMhICJI H 1703BOJIHCT cpaBHI4-
BaTh peiueiiiin rlyTem CpaBHeHI'IH cooTlleTeTHyIoIuux IIM ipaeix yciloBoil. Tarnn 
o6pa3oM, BT0M0)JIbHUC peweHiul MO1'yT BbICTHTb iaic rpaHou Me?Hy }JIaecaMII 
peilleitlift, J1HH I4Hnhlasl bilO pa3JII1alotUHMHcH HO CBOIIM (fii19HeCKITM cBocTBaM. 

6) B 60ree 06tuefl (j)0pMYJrI4p0BKe Teopema COBHCH11M flbIFJIHI11T cJIej1yloELHM 
o6p030M: 

Ilycmb T(x, t) - peuLenue 3aDa'!u (1)—(2), a v(2)(x, 1) U v(1) (x, t) - neomopbe yn-
tuu, u3eecnlnhe npu t ^ 0, — 00< x < 00, npu'eAt 

v( ' ) (x; 0)	T(x, 0) ^S v(2)(x, 0),	—oo <x < co. 

To20a, ec.riu 

v (2)	(/.(i.(2)) v (2), + Q(v)2), 

,- v (,' ) ^ (k(v ( ' ) ) v1(1) ) ± Q(v''	—00 < x < co, I. >0 
mo

v(')(x, 1.)	T(x, t) < v 2 (x, t),	—co < x < co,	t > 0. 

(1)lI3H qecKffli cibicJt BTocI Teope mbi UPOCT - Y1IHIU1H v 2) (x, 1) ecTb peiiieiiiie 
caja q u (1)—(2) C HC}OT0PhIM Or10JIHHTeJ1hHh1M 1ICT09HIII0M TenJia B UpaBoli 4acTII 
(cepxnee peutenue), yn FEUH v(1) (x, t) - peLuel-Ille co CTO}cOM TeriJia (nit:cnee peinenue). 
Ficijo, 'vro IlcHoMOe pelileHire T(x, 1) Oi'palIrIeIIO CBCPXY HC11113y (j)yI11IHs1MFr v(2) (x, 1) 
it v( ' ) (x, 1.). 

1.1 pit Mep: a) O qeB1ii0, 4TO u 3aya'e (1)—(2) c /c(T) ii Q(T) 113 npniepa ri. 2 jito6oc 
lia qajibuoc BoiMyiJerioe	 Ta}nM o6pa3oM, '1'o Te1riepa'rypa eTaHeT 
OT.T1114H011 Or ii' fiB npu Ix < L7 /2 B HeHoTophth MoneoT t = t. 13a16eperi B (4) (j)yHH-
titio R('x, t 1 ) Talc, qT0GLJ 01-ia oI'pairn q 1-IBaJIa ii M0MeHT t = t 1 paccMapuaeoe pe-
iireHire C11I13y. i 'ora B CilJIy CBOiCTB peiuei-iun (4) It TOCM CpaBHeHhlfl i'1O1ya0l, 'ITO 
iio6oe peiueiiiie 3aja'IIr (1)—(2) pO3BUHOCTCB B peicite C 060cTpeIIIre1. Bpenn o6-

OCTCF1ifH oieHHBaeTcH cepxy C 11OMOIEbiO roMoTepMu'Iecicoro pewëiion -(no 'reope-
MOM CpaBHCHHH), a cHuI3y c TIOMOLUblO pemeoiin (4). 

6) B [9] 110CT0CHh1 BCXHl4 H HHKF1llC peluetrila ypaenita (1) C k(T) = 
a > 0, 0(T) = Q0 'I', ft > I (ox BuTt ,;uocica3a11" cTeneHublMit anT0MoeJ1b11b1Mu 
peulellhiaMli). 

IloxaBafto, '(TO ilpo 9 < a + 3 B 3aae (1)—(2) oyJeT paaBirBaTbcrI penciIM c 06-
0CTpenoeM ue3aLIIrCllM0 OT I-ia qaJil,llhlx JaHltLix.
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Jlpii 9 > a ± 3 Bb1cJ1en KJiacc Ha'iaJIhHhix Jalll1i,Ix, npI4RoHutiix li pe?fcHMy C 

06ocTpeI1I•Ieo (jocTaToqHo60J1bIiianHa4a.rIhuIan aMlIJii4Ty)Ja) it Hiacc Ha4aJlbHbIx 1103-
Myakenufi, lipli 3a?LaIiHIt H0T0hiX peitiette CTM1ITCH H HJ1I0 nplI I - 00 (iiei 
,,BCrIbiwHii", r11aJIaH Ha4a1bIian a1nJ1i1Ty,7la).	-	 - 

4. i1nBapna.it'1no-rpyIIIIoBh6 petitettiur 

143 npHBeeHHhIX ripll,-%IePOB nCHO, 'ITO POJ1b qacTHblX pemelilni )J1H II3Y4eHIIII pac-
cMaTpuBaeMux 3aa4 o qetii ñetiica. ABT0 l0C.flbiibtC peiJieHila HHJIAIOTCH 'IaCTiih!M 

• ciyaei liIrHapItaHTlio-rpyntionhlx peitictiiiiL I'lx cytuecToBaitite CBB3aHO C HaJiil'IMeM 
v ypaiiieii i-tn (1) I'pyrlli npeo6pa3ol3all ii n nojo6nn, ocTaBJin iotii-ix IIeI13MdHhtbIM Bi-IJ 
ypantieaitii; a HOITC}< ocaoaati tia Teoplilt t'pylluoBhtx MTOjOB l kim ku(J)()epe1IIutaJI1,Hbtx 
y pa H ne H 11 ii.	 -	 - 

•	B [5] HaiieHI,i tice nit apita HTHo-rpynrloBbie pewea tin ypaneiiitn (1) (oI1peeJIeH 
• Bi1j k(T) it Q(T), ioI-IycHaiolIuIx Taicile peluel-ilin it ni-ia ca.-mix petiteiti-ili). HaiieHo 

6o.rihurloe F0JII14eCTB0 qacTabix j)eiiieiiiii, cocTaBJlnIotJulx 6a3y A JIFI aaJihHeüwero 
i'lccjLeoBaIiun. B qacTiiocTu, ipoie penieHnii Btta (3) IiailJelIhi peuieiiita B11,1ta •	
T(x, I) = Bt fl f 	x - t (iot6iniarin 6eayuqeü co..ini,i it crnenennoü ae,noiro-



ae./rbJwctnu). 
S.

	

	 OHaHo nocTpoeHi-re licTpliBiiaJihH hIX liii Bapi •taHTHo-rpyrinoRb!x pellieuhtil 1103-



ioniiu JiHuib B ciyae iOCTTO'IHO rtpocmlx ()ynicLu-1ii k('J'), Q(T) (k('I') = To,eT; 
Q(T) =	eq', 'I' In T).-

5. OkIiiueiinite TOCMbI epaBhletliful 

- B CEIR3H.0 3fl-IM COMJiH0BOIibi OSOStUefI liMe TC0J)eM hi cpa Bit CII ii H , IL03H0J 
nioiitj-ie CpaHH It RaT!, pewet-i tin tiapa6oiIIt4ecHilx ypaBHeIln ii, cooTBeTcTByIohiuIe lie 

TOJIhHO 33IIMM J-cpaeBbiM yCJIOHuHM, 110 It PaMbkit ypaenenuau [6, 7] (il cJIy'Iae 
ypauaeaiin (I) ä3ItbtM (byHIWH}IM k(T), Q(T)) 

I7ijcrni 7 1(2) (x, I) peutenue 3a0a'w. (1)—(2) c T0(2(x), 02) ( 111) , Q(2)(7'), a 7 7 '(x, I) - 
pewenue 3aOa'iu- (1)—(2) c 7'(l)(x), k('(T), Q ( ' ( T). Ecitu ebtnOJinenbt yc.'ioeuii cpaene-

'J'0(2)(x)0(1)(x),	—00 < x < 00 

> k('('I')	(k(2)Ik('))T' > 0, 

I	 Q(2('r)1k(2)('r) > Q('(T)/k' )('J') 

it öono.ijnumejrbnoe ycwoue Kpumu'inocrnu pewenuJi T( 2 )(x, I):	 - 
S	

-	

211(2)/al >O,	 00, < X <00,	1>0,	-	 (5) 

•	 mo cnpaceailueo: 

7 1 ( 2 )(x, I) > 'P(')(z, I),	• —cc <x < co,	1> 0. 

- ' -
	

CopMyJ1HpoBaHHaH TeopeMa TiaCT 1303MO?HHOCTb CPBii1IB3Tb peirteittn ypaRHeHnii 
-	C np0113130ilbltb!Mn k(?'), Q(T) C peulehii-tnMil ypaaHeHiliLc k( 11'), Q(T) npocrot'o nija 

/	•	(i-iaupnreep. cTeneitnhlMii), )J1H HOTOpbIX rlOcTpoenbI It 113y4eHbI iiHBapnah-ITHB1e pe-
- -	ItleHiin,	 -	 -



I-Ieorp-bie no npeieiiti peiueiiiin 1u11ftjy3-b1x yp-tiri	333 

IipHMep: Ljin IlOCTOTW paccMo'rptirsi yJin ypaBeiin (1) c Q(T) = 0 3aAa qy o 
itarpene epeAbi H peicnie C oSocTpeLIFleM (c rpai-iiiibi x = 0), T. e. T(0, 1) -* cso ilpu 

t -* tp x > 0 [1, 8, JI. Bil l,-; k('/') - iIpO1I3BOJlbHhlfi. B[11] c 1IO1OWbi0 060611eH1Ihlx 
TCOPCM cpatineml q Bu,jeiieH ijiacc r'paHhl'IHblx pe?HlIM0B C oSocTpeliIleM, nplIBOJL-
nuitx H imimmatifill ren.na (To 00Th 'i'(x, 1) = 0 iiptt x > x, x, < 00 HO 3aBLICHT 
OT BpeMeHlt), 14 pC?KIIMOH, B IOTOphlX JIOHaJ1II3aIUIH OTCyTCTByeT ('I'(x, t) - o, t tf 
jJin .jrioSoro x < oo). 

6. IipuTIIiIIocTI 

Ycjioniie 114T14HOCTI1 (5), BxoflH[Iee B C(IopMyJlupOBaHHylo BMIIIC TeOpemy (OHO 
iIcIIoJlhuyeTcfl ripa cc JoHa3aTeJIhcTBe) uhiTepecilo Talc-He C (lfll3WleCIcOii T041iH 3peH liii. 
flpn cr0 HhInoJlhieHnu iipoiecc ropeiin H11017a He ,,I1OFCHCT", TeNmepaTypa B illO-
6ofl Toq ie cpejt,iI B TeqeHhle BCi'O iTpoIeCca lie mellbl-Ile iiaqaji,,i,ofl. YcJroBhhe (5) 
o6ecne4lIBaeTcR npit. BHrlojh Hell nhi rlpocroi'o if ienco nponeprieioro iiepaeiica 

(k(T0 (x)) 'I'0(x) + Q(To(x)) > 0,	-00 <X < 00,	t > 0.	(6) 

flpii rIpo1l3HoJIbHhIx k(T) it Q(T)	0 YCJlOB1lC (6) BCera Bb!IIoJIbHfleTcH lipli COOTBT-



CTBYIO[UCM Bblôope i,a qaJIbhior'o 1303MvneHit n T0 (X). 

7. , ,B,,ipoaeiiue" Iiapa6oirnqecKiic ypaBiieh,Jii Ha aCItMIITOTIIqCCKOIi cTaiw 

.Ewe o,riuii MTOj TeopeTIIiecHoro aHaJlHaa ocHoBah-i Ha TOM, 'ITO OIllCHI4H uapa6oiii- 
qecinx ypaBHeHIhii Moi'yT UPH onpeJeJIeHHh!x ycJloBlllixorulcblBamcn aBToMoeJIbFiHMl1 
pelIlehInfiMlI Gojice ilOCTb1X ypaBueHnfl, Harlpnnep, ypaBHeiinfl nepBor'o nopnjica 
(rnna FaMnJIhToIia-fI coöii) [10, 12]. Tei caMbiM 3Ha q nTeJIbhio PCHPIiOTCR Teo-
peTn'IecKne BO3M0?KIIOCTLI nccJ1eoBa}I nn. 

flpiuiep: Ljin y paBhieliliR (1) c /c('I') = 111 Q(T) = (1 ± 7')1n (1 + T), fl > I 
(pamlepHHe HohicTaliThi JJJIH ripocToTbi onylheHbI) uoHa3aHo, 'iTo ero peuieiinn Ha 
pa3nnToii eTauhhl iipoiecca ropemin (To 00Th upil t -> t) np1l6i1uicehm0 OlInChiBa-
IOTCH OBTOMOJICJIbHbIMH peweh-(iIHM It ypanhieHnfi BiIa 

av	 2 
- 

I + V (•) 
+ ( 1 + v) 1ri (1 + v), 

HOTOpbIe Jlel'HO nccieyiocci. B 'iacrhiocru, itpn ft = 2 I1teeT M0CTO ropenite B S-pc-
+HMe nJIo}aJln3aLIln ropeHHn Ha • • = 2, npii fl < 2 ropenite np0lICX0JWT 
B HS-penMe (JioKaJlIt3at.Hn orcyTcTByeT), npii fl > 2 nmeeT MOCTO LS -peiIi. 

S. 060611eiiia 

IipoJeMoIIcTpiipoHaiIiIi.!e MeTo;bI o6o6t1ahoTcn iia MHOFOMHh1H ciy'iafl, Ha CJIyIafl 
3aBMCIlMocTu cO3(MI)HIHelITOB ypaBliellitil nepeioca OT HOOpp,IlllaT, tia cHcTeMbI napa-
6oiin4ecKIx ypaHHe}i ill, y'iuITh1Baloui1x COBOtylhliOCTb lieJIHHeflHocTb JU4CCt4flTHBilhlX 
I'po'eCcoB.
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