
Zeitsehrtft Mr Analysts 
und Hire Anwendungen 
Bd. 2 (4) 1983, S. 367-373 

3aaa 0 MaJIoc'rllorlepaTopllblx 6E0KOB II npocTpaHCTBaX L 

E. M. CEMEHOB it B. C. 1IIPEJ!hco1I 

Für ein gegebenes p € (1, co) wird in der Arbeit ein Operator A koiistruiert, der inL be-
schränkt ist und für den IIQeAQf I IL 5 L ^ I für beliebige Mengen e, / [0,11 mit positivem Ma13 
gilt. Hierbei jst Q der Operator der Multiplikation mit der charakteristischen Funktion der 
Menge e. 

Jjiis aaaHHoro p E (1, co) B paOoTe H0CT0CH TaKOl onepaop A, 'ITO A orpaHll'leIt is L, i t 

IQeAQf II L9_*9 ^t 1 3J1R .uIo6bIx MHOHCCTB e, / [0, 1] IIoJIol+MTeJ1hHofi Mepi, re Q5 - 
onepaop MIIO}fl1UH sia xapaHTepncTu4ecHylo yl1HuuIo MlIoHecTna e. 

Fora given p € (1, oo) the paper deals with the construction of an operator A, which is bounded 
in L, and for which IIQeAQfIlL,L9 ^ 1 holds for any sets e, / [0, 1] with positive measure. 
Here, Q denotes the multiplication operator with the characteristic function of the set e. 

143yafl npO6JIeMy cTn I'll BaeMocTn JIuHeiiHoIi I'pynhlhi öaHaxoBa HPOCTPHCTHO [1], 
B. C. MuTariilI upIiwei H c.meyioneii . aaae. IlycTa I :E-, v	oo, e - IlaMepli-
Moe rIo,tMHoaecTRo [0, 1] ii Qe - olipeaTop yiiioeiiiia iia	- xapaHTepIIcTls4ecIyIo
()Y11ILWI0 C. BIIJCT Jill 

iflf QAQ1 II i, ,,_,. 9 = 0	 (1)
me.mf>O 

jj.riis jiio6oi'o jIt4HeiiHoco orpaHlIeHIIoi'o uLoILepaTopaA? B [2] (1) 6bIJloRol<aisano 
.rin / it i t.-in C. 3aTero 11. MAKKAPTH ii B. C. M14THrI1I1 (CM. [t. upetJi. 4]) nOcTpOu.rlll 

upoCTOfi npliaep I430MeTplTHoro B L2 orsepaopa A, iis o'ropoi'o IIQeA QJML * +L. = 
)JIH iscex e, / c 10, 1], me, iiV > 0. Ciyaii, sorta p == I, 2, oo ocraJicis Heiayqeu-
iiisia. OcHonliMia pe3yJlbTaTOM HacTonneii pa60Tbl flaJifleTcis 

Teopeiaa 1: Jiycmt I < p < ox). Cyuqecmcyem maiwti o2pana'ennbü o L,, onepa-
mop A, 'mo 

11Qe 4 Q/IIL p_' L p	I 

Oji.ct .iiFO6biX e, / c [0, 1], II1C, 111/ > 0. 

Liri noc'rpoeniin oiiepaopa A i-iaia IIHHO 6y;eT 1I3ylITh l(KOTOhlC cBoiicTBa 
cucTeMbi Xaapa. 1-Ianoi Ii lIM, 'ITO Cucme.%w. Xaapa }la3bIBaeTca opTorollaJihilaB 
clicTeMa yHicI.iIf1

(
I, 

ZOO ) = 1, 7 k() = -

0

k—l/2 
2"	 2" 

k—l/2	k 

2" 
kJIci ocTaJIE,HbIx. I E [0 1 11

(n = 0, 1, 2, 
k = 1,2.....2")
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- Ha [0, 11. Xopoiuo 113BecrlLo, '4T0. clicTeMa Xaapa o6pa3yeT 6a3HC n I i t ôeayc-
•	

-	 JioBubIfi 5a311c B 1(1 < p < cx). '4epe3 Cn,k = cfl .k(x) ThI 6yeM 050311a'iaTi, icoai-

()1I1UiHTbI (bypbe (J)yHHtIIH x E L 1 no ciicee Xaapa; 06o3Ha'iI11 zl,,' 
= ( 2 

B pa60Te [3] 113ya.T1cH l3onpoc 0 uoseiwiinu F03 MTLHeHTOB )ypbe no cMeTMe 
Xaapa 4yiiiciiiü 113 11OCTHCTB L (1	p ;;E; oo). B cieyIou.eft .oenie 3TOT

3YJ1bTT ycuJIHBaeTcB. 

--	Jlenna 1: Eciu 1 <q <+ g; 2, mo çyiqecmeyem maca.c Koncmanma M(q, s). limo 
00	/ 2"	\q/8\1/q 

•	 (	2" ( L' Icn.kI)	)	lk!(q, s) ix IIL .	 (2) 
\n=1	\k1	/ / 

Lo K3 areji bOTH 0 Pacc1oTp11M 1Ba3ItJ1nHei11bIil onepaop 

(kl=l 
Jx(t) = 	kIn)	x(2-,,2-I)(t) 

n

00

1 	I 

it - S - -
	 11offaMeM, 'ITO OH neer cjia6i,iii Till! (r, r) yin juo6oro r E [1, s]. [IyCTb D = 

•	 .	 n: Z C8 	4 it Vi - MnHHMaJLhllbIi 3jieMeHT 113 D. Tora 
tk= 1	 J 

•	 rn{t: V3x(t)	1} = ' 2	:E^: 2—m+1.	 (3) 

	

-	 nED 

•	Cncreia Xaapa o6Jiay aeT CIIOiIOTBOM opTor'oHaJLbF!ocTlr B L (1	P.	oo) (Cm. 

	

•	[4: 2.c.)], II03T0My 

2'"	 r	 00	2"	 1	o	2" 
f	 di ^ 5	'	' c,,,y,,k(i) di ^ 2 5	' •E Cfl kyfl "(t) di.	(4) 

•	o k=1	 -o n - m k=1	 o n=1 k=1 

	

-•	 Ta
1	2	 12	 2 

5	C7(t) di = 5 Z C' ?C,Jk(t) di = E l cm . ,1 1 2 
•	 o k=1	 0 k=1  

	

- -.	 -	

Cm kl3 2_ m3 ^ 2-n ,	 (5) 
k=1  

TO 113 (3)—(5) rioJ1y'iaei
002"	 F 

	

•	 m{t: V8x(t) ^ I}	21"+1 I L' E cn.kzn k(t) di. 
n=lk-1 

	

-	OTcIoJa jiii jrio6oro r> 0 

	

••	 • rm1/r {t: V0 x(t)	r} ^5 21+11t	C7 

	

•	
•	 n.k 

B ciiy lIHTepnoJI!IwIoHHoii TCOMb1 MapIuH!eBn qa onepaop V 0 orpaHH4eI[ 113 Eq 
B +L, 'A.Tifi IIO6OI'O q * E (1; S). 3T0 HPHBOJHT It (2) I	- 

•	 S	

• • I4cnOJIb3yH CTa11JapT11b1e coo5pafl-e}1HH J130hcTBeHHOCTI1 (cii. [5; XII, 2]), riojiy-
'faeM
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CJIeycTB iie 1: Ilycmb 2 15-. s <7) < co. Cyuecmeyem maaa icoucmanma N(p, s), 
'mo

/ co	/ 2'	\p/s\i/p 
lIXHL ^ IV (?), s) (	' 2"( L' ICnkI	 (6) 

\n = i	\k=1  

3aMeT1, oriepaTop V HCOI'pal{u'eH B L, ii L. (s < 2). eCTB1ITeJmHO, ecii 

N 2n 

XN(t) = 2 Zynk(t),
fl=1 k=1 

TO
N	

(
n +l)

N \i/8

II J's tNIIL =	 2"I--= 	2"2") = N118. 

n=1	 L	 n=1	/ 

2"	 N 

(1)yHwnn r(t) = ' 71,k(t) OpTOHopM1pOBaHh1, CiIeJOBaTeJIhHO I I XJVIIL,	E 

= N.
 

110ToMyHepaBe11cTBo II V8xIl ;5 C I I X IIL, HeBO3MO1IO. 

Eciii yN(t) = 	2"?',,'(t), TO IIYNIIL, < 2 rii uo6oro llaTypanblloro N. TaH KaH 
n=1

N 

II VyN IIL, =	L' 2" (2- 2-+ )	N, 
n=1	 L, 

TO ollepaTop V 3 I1eO1'paHIITeH B L1. 
TaKH1 o6pa3oM JIeMMa 1 nepec'rae'r 5bITb CfIPa Be lVIHBO 11 upw q = I it q	a < 2.

C jpyro1i CTOPOHbI oiia coxpaH qeT cuily ripu q = a = 2. 
FIyCTb j, n = 1, 2, ..., k = 1, 2, . . ., 2". flocTpollM TaKylo 11ocJIejoBaTeJIhHocTb 

m(m, k, ), tn'o itan .rIIoóMx 83JTHHb1X Ha6OpOB (n, k, j) ?n(n, k, j) IrpuiluMacT pa3-
jiu qiwe 31-fa qeHhlH it m(n, k, j)	n. 0lrpeeJ1uM CHCTCM 4)YHI1U4I1	 S 

q'fl .k,j(t) = 4(t) rfl(flk))(t), 

re Tm(t) - (JiyH)czfuu Paae.itaxepa. 
Jllersirsi'ä 2: Hycmb 2 :!c^ p :E^: oo. Toaa 

4.k,j\2\h/P	E tn.k.j9n.k.j (7) 
\ n.k	 Il

Lp - 

)I o KaBaTeJI h CT BO (DyHKIulu Paeiaxepa opToro}IaJIbHbI. IloaToMy 

2" 
n.Fc,j	 L,	'I, n/c	5	) 

H
.L' 2n,k.jPn,k. j .2; .E 'n.k.J 'n.t-,j	E 2"( ,7 

n,k.5	 L,	n.k	5	' L,	n.k	\ 5	/ 

	

BTO oallaqaeT, 'iTO onepaop J: {A i}	!	uMeer JwH1,14HYI0 tiopmy 1aK 
n,k.j 

onepaop 113 12 (2", 12) B L2 m 118 1(2, 12 ) B L. Hp111eHHH H aluM AB ym napaM 
loMnJIeKcHbIfi MeToJ( KaJ1bepoHa (cm. [7; I, 18.1]), noiy'iaeT, 'iTO 

IIJI I z,( 2-.I.--*-L3 ^ I 

)j1H juo6oro q E [1, 21. Ta1iuM O6pa3OM 

.^' 2n.k.j9n.k.j	^ (	' 2-"(	' 2/c5\QI2\1/. 

n,k.j	 11
L,	\ n/c	\ 5	/	/ 

FlepaBeucTBo (7) cIHJIHeTCH JW0I1CTBeIIHbIM K flOJ1'iHI-1OMY I 
24 Analys is Bd. 2, Heft 4 (1083)
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J1e.iia 3: Ilycmb 3a0anbl ma,ue nocJzeo6arne4bnocmu1utce, O n , Sn, (I ^ ^ en), 
.mo

1	< Sn .2	•..	,,	2. 

	

-	Ecjut.

= 2' X."() 

,t I < p < oo, mo iioanpocinpancmco [n}p Oono.iut.qeto C Lp.

	

oKa3aTeJIrnH ocTBo:OILpee.onepaTo.R :	.	-•--- . 

•	.	

(k=Sn . ,+i 

8nj 
1? (E 'n.kXn ' = .2' .L' .	.	 X C fl J Ufl. 

n.k	/	n j=i 5 n.j+I - 'n,j 	/ 
Hciio, qTo RU = U	F! :iioöi,ixn, j. IIoaToMy/m ioKa3aeJ1bcTBajonoj11IHeriocTI.I 

	

•	 .	 B L /ocTaTo'nIo npoBeplaTh oI'pal-IH4elIHocTb I? B J. 
BBeie.t o6o3Ha qeH I-Ill: 

	

•	 S	 1	- 

	

• : •	 x(t) =	Cnk/nk(1)	II d, =	 Cnk. 

	

-	 n.k	 Snjfj - Sn.) k=s,+l 

- . .	Cnceia Xaapa ii, c jlegoBaTe.nbno, duTeMa{ u i} - 6e3vc.oBHe 6a3I1CHe uocemo- 
•	• .'	BaTeJIL,H0cTII B J,. FloaTooy H cimy nepaBeIlcTBa XLIH4HHa 

C7J	II(	(r-..k 7k)2)1/211	
= c;k'/	,	 (8) 

n.k	 \ n.k	/	,,.,, 

-	 1	 sn.,+	\i/2 
•	 d-,U9	( •2 (dnjU,1)9'/2	= (.E	' Y)	.	(9) 

	

•	 n.j	 L9	n.j	/	L9 -	\ n.j	k=8,,,+ I	/	L 

3)ieci  3HaK 3}BHBaJIeHTHOcT1-I	03lla4aeT JUIyCTOp0HH lie }IepaBeHcTBa C HOHCTaII'raM II, 
3aBucHu4nMI1 TOJ1bI-O .OT P.  

Ecn x(t) . -- cyMMIlpyeMaH 4)yHfau-I}l, TO .LtaFCCUMaJlbfloü f)ynhtueu Ila3blBaIoT 
II)y}IIUIIlO	 . 

•	Mx(t) = sup	lx(8)1 ds,	 -.
Al 

	

•,	 I'Je suprelliuffi 6epeTcn no BceBo3MocIlb1M II1-ITepBaJ1aM, cojepau.I1M TOLIHY 1. RCHO,
'iTo  

(k=Sn.,+l 

8,,.j,, 

kt,?tn'(t)I,	.M 	2d	Cn kZn 1') (1)	- 
/ 

ii J1106MX n, j floaToMy 113 (9) BhITeKaeT HC3BHCTHO 

•	 8,,	 2 

	

• -

	 IIIPL 5 C1 (E (dnjXn ) 2 ' 12	^ Ci	(M 
L

CnkXnk))
2
)

1/

n.j	 /	L9	 n.)	 S±1 

	

•	JrLfl o1eHIH npaBoi '(acTil 1Ioc.neJHero HepaBeHcma 1I1iMCI1IIM IICpaBeHCTBOq.(be(-	- 

(n=l

I/2 
(I)epMaHa-E. CTeiHa. Ec.Hil  L' Vn 2 (1) E L (I < J) <	), TO

 -	
I/2	 / 00	\1/2 •	-	

•• ( F (MVn ) 2 )	•ç C2 (	' 
co •	

•	 \n=i	/	L,,	\n=1	/	L	 -
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rje C2 3aBIICHT TOJIbHO OT p [8]. TaluiM o6pa301 

11

(/ 8 )2)112 
lIl?xIIL9	

V 

12	 ^' ( 4	Ct,knA 	 C1C2 (Y' (cn,kxflk)2\12 
n.j \k3,±1  	L	 n.k	 /	L9 

IlpuMeunn 3IthIIBaJIeIITl(ocTb (8), uoiy'-iaet IRxh L ;S C3 IIxIIi, I	 V 

Taiiai 

? 4 (t) rm(t) =	L'	Xm'(t),	
V 

To . 4)yF1H9lIIl q7flk,(t) yyOBJ1eTBOpH1OT yCJLOBUHMVJ1eMMhI 3. floaoiy cnpaBewiiiBo 

C ii ec TBV II e 2:Ec.v 1 < p < c, mo [nkj]p öonoiiniieuo 8[ P . V	

V 

,LoKa3aTei1bcTBO Teopebi 1: J!peJr1oJroai1M BI(a qaJle, 'ITO p> 2. 06o311aqIII 

=	yk(j) = 2n/Pyk(t). 

-- HCHO, qTo Iin,k.jIIL = IZn k Il L = 1. OrlpeeJ1IIM JIuHeiiHhIi oncpaop 'I' 113 [.k.j]p B 

V	 I < 	
V 

V	 > 
• 1) citjy (6) npu s = 2 ii (7)	

V	 V	
V 

	

2. 1n.k.J72'+k	N(p, 2) (E (' AkjP/2\", 
\n.k  

V	

(	
;.2kj\P/2\1IP	4n,k,jn,k,j	

V	

V	

V	 V 

\ n.k \ j	/	/	n.k.j 

rIoJ1yeHIIbIe HepaBCHCTBa 03Ha qaloT orpaiiiieiioc	'1' 113 [con k,j]p B I it er'o iiopa 
1-IC J1peBOCXOUIT N(p, 2).	

V 

	

Eciii 0608Ha quTh '-iepe3 li lI I)OCKTO P 113 L, iia (con.k,jlp CyueCTBOBaH11e HOTO	"	V 

pOI'O JWKa3aHO B Cj1CCTH11U 2, TO oncpaop A = TR O1'paHH'IeH B L,,. floHaaeIl, 
'ITO Oil yjoBJIeTBOpaeT yCJI0BIIHM TeopeMbi 1. 

•

	

	IlycTh e it / 113MepIIMble 11o1MHo?icecTBa 113 [0, 1] II0J1OMHTCJibH0ii Mephi. Kati 113-



BCCTHO, IIO'1T14 icanjai To q Ka H3M)l1M)I'O MHO?ICCTBa nBJi}IeTca ero TO'1KOM UJIOT-
11OCT11. flO3TO1y	JIio6oi'o s > 0 Ha1yTcn TaKile l4HjCiChI n, Ic, j, 'ITO I :!E^ Ic :!E^ 2'	V 

I!c^j:,,^22"±k,	 -	 V 

rn(/ n LINk) > 2( I - e),	m(c n LI ,, + k) > 2 — ( 2 '+k)( I - 

VTOra QkJ = 3n.k.j + , re (t) npl .IilliMaeT 311a'IeH1,I11 0, ± 2"IP H xpoMe Toro 
m{(t: (1)J = 2 IP } <e2". OTcIoLa	 V	 V 

= l (n,k.j + ) = X+ + A	it QCAQJfl.k.I = t"+k ± -e+ il, 

rje i(t) apuhlItMaer 31-la'leilIta	 -	 -• 

0, ± 2(2"+k)1P H m{(: Jii(t)l = 2( 2 ± k)/P} < 2_(2".	 V 

laK KaK

IIQe A Qj.k.jlLp	IIL+IIL - lAII L - IIliIip	I - (II A IIL,L + ) 1IP,	V 

TO H CIlJ1' 1Ipo1-I3B0JlbFIOcT11 E> 0	
V	

•	 V 

•	 V	

IIQeAQIML;L9	i.	 •	

V	

•V - 

24*	
-	V
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TalcnM o6pa30M Teopeia I jOHa3aIIa jJix p > 2. Eê.mn nce I < p < 2, TO 1IyiI-ibIMIi 
cBoiI0TBaMH o6J1ajaeT oiiepaop A* , I1ocTpoeI1Hii no q uc.nv p' > 2. Teopeia 1 noi-
HOCTh!O xoicaaaa I 

fIpouTpoeHHh11 oriepaop A 3aEnicIl'r OT p. l-ieTpyJwo npoBeplIm. 4T0 A eoi'pau-
u L, ecjiu r > p > 2. C ipyroi CTOpOHbT A eem npeJwiI 1oIIeHoMepI1hIx oriepa-

TO 1)OB B Lr j.nn 2	r	p II lLOTOMy 

hut IQe 4 QfIIL,—#L, = 0. 
me.mf-+O	 - 

- ABTopa1 He yLa.rIocJ BhIHCHHTb, cyllecTByeT All in }aKOii-J1H6o napi 'J) = 212 
paTop, orpaHHfeHHb1ik B LpH yoBJieTBopRIouuTiI yCJIOBIllO 

> 1	Ve, / c O, I I, me, m/ > 0 

in Bcex p E [v P21 . B 3TOM lIanpaBJienuu yaJiocb iIOsiyniTb 6oiiee c.na6hlth 
peayJlbTaT. CnpaBcJUiHBa 

TeopeMa 2: Cyuecrneern rnaicoü onepamop B, "mo B opa1-u'en C aicôo L 
X(l<p<co)u

1 

ojiji. .iiw6i,x I1ee&podcôeJ-u-x unniepeaiioe (ce, 9), (y, 6)	[0, 11 u .'u06o2o pE (1, oo). 

LolcaaaTeJIbcTBo: )IJIH xvKgoro it 3 na figem itapy TaFculx qI4ceJi I 1,,, 
j,, :!z^ 2", "iTO MHo?feCTBO To"ieK {(i2", j2")} uaoTHo B KBagpaTe [0, 11 X [0, 1]. 
OriepaTop B ou1pee.anM iia yiuiuix Xaapa cJIey1ou.il1 o6pa3oi: 

	

Ixn"'	k = 

137 k = 
	k = In, 

	

71,k,	k+i,j. 

B cii.riy [9] onepaop B CCTb 1130MOp()I13M L ita ce6n. 
Ec,jii-i nocJxegonaTeJlbHocTb 'roqeK (12"n, j2"m) CXO u1TCn k BHyTpCHHCII 

TO'He 11)lTMOyrOJlbHl4Ha (y, 6) X (CV, fl), TO /J,Ji}1 gocTaToqulo 60.IbIIIIIX HOMCOB rn 

QI3Qy. o 4 ': = 

lloaToly	 1 9 

,Liui oirepaopa B, IT0CTpOeHHOI'O B TeopeMe. 2, Ha1gyTCR TaIHe MHOflWCTBa e, / no-
JIOMIITejibiiolR Meph!, "TO QBQJ eeTb HyJIe8oi orEeparop.	OCTTOHO 3aMeTuITb, 
'ITO - MulOeCTBO	 - 

= U sulPP Znk = U (A n u 4,,i)
-	n=3 

ilMeeT iiepy :^_, -. Cyeuine B Ha OflOJIHCHHC Cg ecTb TOMACCTBeHHblh orlepaTo.p. ho-

3TOMy eCJiii e, / c cg, e fl / = 0, me, fl3/ > 0, TO Q6 13Q1 = 0.
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