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ypaBlielirlil 3flaepa 

A. A. ,E3I111 

In der Arbeit vird eine neue invurianto Form der Eulersehon Gleichungen der 1-lydrodynamik 
vorgeschlagen und werden einige qualitative Eigenschaften der Losungen dieser Gleichungen 
angegeben.	 - 

B CT3TbC iipeiio+eiia HoBan ItILBapIlallTIIaH (opMa L'n(poulHaMI1'IecHltx ypaBileiiiih hiJ1epa 
H CT8IlOBJl1Ibl iieoropie Ha'IecTBeIIIIbIe cnoficTna peiueiiiifi 3TlIx ypaBIIellH1. 

A new invariant form of hydrodynamics Euler equations is introduced and certain qualitative 
properties of solutions are established. 

B 1IjIOGFOM cTaLuo1LapHoM cJiy'(ae 1-jlaccu qeclafl opa aarnicu 
ypaBHelIllii 3fiiiepa, ilpil OTCTCTBL1H BHellllirlx ClUE, iiiee'r BIIR 

au	eu	ap	 av	av	al) 
ax	ay	8x	 ax	ay	ay 

a	av 
—+—=o. '-	 - ax 

Ilapa yHF 1111 (u, v), yOBJ1eTBOpHlOIJ(aE1 (1), MoeT pacemaTpliBaTbeft l-aK3a,[(aIoll(aR 
l-leicoTopoe qOCTaTO qllo rjiajwoe BeFTopHoe IJOJIC U. I)ll3l1qeClal1 EIHTCPHPOTaLI, HH 3aF-
1lo'4aeTca B yTBep?fceHlIIl, 'ITO 3T0 noJie RBJIHeTcU rio jieM cicopocTei ueHoTopol'o Tele-

111tH H)eaJthl1oii (1-1eB13lofI H 11ecHi1MaeMoii) siIoCTIa. I'lHTerpaJJbHble 11I11L1C 
06hIHtloBe}Illoro ul44epeI1rJItaJIbHoro ypaiieii 

_ v(x,y) 
dx	u(x, y) 

6 yJLyT ii ni itau it ToKa cooTBeTcTIty1ouero Te'feHun. 
C ducTeMoli (I), HecMoTp}i na ee tayiJytoct npocTory, cBB3atl IeJ1bIfi pnj 

epeiiieiinix MaTeMaTli qeciclix npo6JIeM, upit 1I3y4eHH Ii KOTObIX udILoabaoBaJlllcb 
- Gamble pa31-foo6pa3Hble iioixomi. 04HH Ha 1-IHX CBH3aI[CnplIBJIe qeHHeM 4OpM 3afllICH, 

11CfIOJIb3iOU1 ,lX .rH (epeL-i IaJb}10-reoMeTpnecKua ()OpMaJlu3M. Ha HM Mb! H 
XOTHM oCTaI-ioBlITbCR u odt-IOBILOII qacTil cTaTbu. B 3aHJlloquTeJlbHoM § 4, CTOHllüM 
}lecloJIbio oco5irntot, paccMoTpel-lbI neicoropie cIleIHaJ11,11bIe cBoücTBa rr.aoctix 
Teqe}lHi. 

§ 1. IIllIlapflaIlTIIhIt) oopmm ypaBlieluiul )ft2ICpa 

HaFl5orIbwefi 1I3BGCTI-IOCTbIO IIoJIh3yeTcFL HHBP11HTH3J1 3auHcb, 11pCgTIOHeHHaR B [1] 
H 11CflOJIb3IOLIt-I aiia1oFillO, cyluecTByIoEIylo me?Kgy rI1 po1nlHaMivxec}ulMH ypaBHe-
HHHMI4 HypaBHeH14FDlll JBi1HeHlIH TBePROI'O TeJla C OHOi 3a1cperIJieHH0 TO qKO [2]. 
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1Iocieuine MOi'yT 6hITI, 3arllIcaI-Ib1 (B IIeoTatLuoHapI-IoM cJly4ae) Ii Bl1J 

dt
	 -	 (2) 

i'e w - 3J1e1eI1T lIeFoTopoii aJireôphl Jut W, a B: W X W –( — cIIeLwaJlbHblM 06pa3OM 
ollpejke.rleIiHaB öitjiitiieihiaii oiiepai.iin. Eciii W — a.nreôpa Jill rpynni SO(3), TO 

w - iieiiop vriloHofl C1OPOCTH B clicTeMe 1OOpIiHaT fceCT10 cBHa}iliolt C TejioM, 
If yueH (2) — HjtaccIl qecKne ypaiieunri aithepa. Eciit me 3aMellllTb SO(3) 
na S diff V — rpyiiny coxpaiiionuix 06'b61 14JM1eOMOpHl3MOB O6JIaCTII 1', TO 

-	-.	aHaJ1oloM ypaliHeHilUl (2) OyjyT (B cTaLwolIap!1olc.ny qae) ypaBHCH1131 3KBIIBaJIOIIT-



ui,ie (1). 
B 3] 6i,i.ia nocajwiia jajta qa omictaiiiin aarlltcll paBliellilil (I), llo3Bo3nlo[4e1 

•	vim:3aTh }oM6uHaTopHbiu (pa3iiocTHiiü) aiiaiioi' aTlix ypaRl-teHilil Ha npHMoyl'oJlhnoii 
ceTEe, paccMaTpltBaeMoii Klil 2-1epl1Mh KOMHJICHC (B CM1ICJ1e TCOPIIII roioiio I'll i). 

•	1-Ia 3TOM IlyTri iipeicje Bcero cJ!exveT OTMCTIITh, q ro U = (u, v) ecTecTBdHhlo pac-
• •.

	

	MTI)llHTb Hall 1OBelTOp (iiiii i-op:iy), aocioJibcy 110CJ1CJkHC ii: vpaBIlellllii (1)
(div ii = 0) CCTI, He 1T0 lIHOC, HH 3arIuCb 1-11-ITe['pathHol'o 3aKOHa coxpaHeHuli: - 

f*Urfd*U=O,	 (3) 
•	 Q 

:-- B KOTOPOM lInTerpupOBaHiIc BeeTC1t 10 npOH3BOJIbHO.Nly o6heMy Q, jiemauAe.iiy i 
paccMaTpllBaeMoii oöJIacTlI. Oiiepaiun d B(3) - HI-tewliec gi ,iq4epeHLlIIPOBaHfte, a * - 
TaI HaabiBaeMhili onepaop leTpl1'4ecHoro coIIpHMe}lnn, coriocTaBJiillolluth q)opMC 

•	-	CTCJ1CH11 p iopy cTeneH if n - p (n-pa3tep1IocTh llpocTpaHcTBa) , ,TpailcBepcaJtbl-iylo" 
• . -V	 1 I1CXOJHO1 [4]. iaKIlM o6paaoM, nepimii qjteH ieno q iu (3)-- icjlaccu qecInui HulTerpaJi 

	

- -	OT HopMaJIbHofi COcTaBJ1aioIueii U, B3HTbIfI 110 rpauI4Ie aQ o6ieia Q. COOTBeTCTHCHHO 
•	 HocJIeJU(ee na ypaRHeHilfi (l)-osiaiuo GhlTb 3auIcaulo H 4iopMe 

d*1i0.	
V	 (4) 

•

	

	
I13BCCTIIO .iaJiee, LITO KOHBCFCTIIBIIaH rpyiiiia 4JIeH0B B 11CBh1X ItBYX ypaBHeHHHx 

(1) (JIeHbI, coepncaIIHe u, V H MX npoIlaBO;uthle) IIpeJcTaB.r1HioT co6oii 1IpoH3BO)ulyLb 
- -	 Jlii [4], B3HTVIO OT U rio Be}Topy JIlL, i'eJ : A' --*T1 - 0nepanlIn, C0HOcTaBJ1HI0ukan 

• -	.	I(OBCKTOPY BCRTOp. OcTaeTcH IICIIOJll,3OBaTb lcJIaccua qecKyuo CBH31. I0143BOJHO1 Jut 
D4 c BHeIJIHHM ;ll4)4)epeH1l-lpoBaH1leM d ii B11THHIIM yMllO?HellHeM [4]: • 

-: -' -	 DU =	dU ± d(, U), 

r,-.e ( , ) - cBepTKa aewropa C RoBeRTOPOIM, a	ouipejieuiecn npui UpOH3BOJIbHOM 
BKTOC 71 it 2-KoBe}cTope 0 palieu-(CTBOM 

B HOTOPOM ç - Buleluliee yMHoeHHe. Bb!paan cooTBeTcTByloIuuuM o6pa3oM DuU, 
ilOJly'IHM JJlH u1epBoi napi ypaBulelilili (I) 3antcb Bna 

	

V	 (JU) dU + dy =0,	 (5) 
re	- 

•	 y = p -F- (JIlL, U)'	 (6) 
-• V	

- 	 Hcil3BecTHaa (!yH1c4un (c1aJinp, .iin lcoTopoI'o dy He 'ITO HIIOC, KK grad y). 

	

•	Ecjiui BCHTbCH i 10opulHaTul0u aauiiicu, TO :)aMeula (6) cooTBeTcTByeTrIepexoyIc 

	

-	iraK Ha:bIBaeMofi OpMe	 [5] yparnen un 3fthepa. B [3] 6bIJl iiopo6uio
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paccopeu Oil IlcaHHblii riepexoji, it pa3HoCTHhLe ypaBHeHlIH, H 11yiuIpyeMue 3a111lcbIo 
(4)—(5) Ha IIpfIMOyL'oJIblIoIi CCTRC. 

B aiiuoii cTarhe Mbi oruiweM uepexoj 1c 1I1-113apI1aHTI10 4)opic ypaflHeIII1rI (1), 
IICIIOJI b3yIOILuIii 11HMM 6riiiaiciie 1c cTaHapTHhIM I1pOte)ypaM iipiti-cJia juiOii. .riijpo-

IIuaMuldH . 
Hapijy C vcioeiiei cojIeHo1laJii,HocTu (4) pacciopitt Jpy1'yIO, Ba?RHeiiInylo 

xapalcTcpllcTuI-cy nojul 11 - Biixpi.. Mbr BBeeI cr0 C0OTHOIUCHIICM	- 

At = * w.	 (7) 
MM XOTUM, q l, o6m nplI n = 2 BhIXb 6EJJI ci-caJinpOM, a upu n = 3 - BITOOM (B CO-

oTHeTcTnuu C icjiaccu qecicou TpaJuILueii), qTo It O6bIICIIHCT rldnoJIh3oBaIIue B. (7) one-
1 J111I •. 

I 1pItHoIIMMii iituice 4iopMaJIII3M itcaaeT 1{pe3BM4aiilIo BhIIIyl-cJIbIM 11 HC1TOpbIe ripil II - 

iIInuaJlbHbIe pa3JIHuti ie-icv BvIepHbIn (tiiociciii), TCXMCHblM 14 n-MepiibiM (n 4) 
cjlyqas(MIt. MT06M iio 11 k , (epKIIyTb aro, mbi 6yei uuorja clIeuuaJJbHo ylca3blnarb HBIIO 
aaBHcIlMocTb OT fl (pa3NlepHocTI1 npocTpaHcrBa) cTelLeuhl BX01.HIIUIX B paccMOrpel-IIIe 

opii. Tali B (7), B006lte roBopil, a) E A'' (npocTpaHcrBy Jw()(f)epeH1uIaJIhHhIx (1)0PM 
CTCIICIII-1 n = 2).	 . . 

.DopMy y E A'' H33OBM ituawcumeAem no.iii U, ecui 

d * (U	;.) = 0, 
rite ,-. - HHewHee yMHoMceIIIIe. i'aici-tt oipa30M, CCJ!H X - MlioMcIITC11b, TO J1,tR 
U -'S z € 4n1 ciiona BbfltOjlHneTCn cooTHolueHile, aHaJtOrII q IIOe (4). 

OnpeeJIeHIIe: Ho.rre U Ha3oHeM 9üJ!epoeb!M, ecjtii ero BIIXh HBJ1HCTCH O1HOBpe-
MeHH0 MH0?FcI1TeJIe31, TO ecTb	. 

d*(U'w) =0.	 (8) 
PaBeHcTBo (8) - acro I1cl(oJIb3yeM0e B rI1JpoJI-IHaMuFce cJle.lcTBttC ypalIHeHuft 

aiitepa [2]. Eciu 3aMeTwrb Teriep, qro co = ± * dfl (aiiaic 3aBI•ICI-IT OT n; eoo6ire 
** = (- 1)P'), re p - cTenenl, opii, a n - pa3NICPIIOCTh IIpocrpaHcTBa), TO 113 (8) 
c.r!eJyeT	 -. 

d*(U,-*dU)=0. .	 (9) 
r1peLuoJIoI1M Tellepb, "iTO o6jiacm V, B !OTOOI BeLyTcn paccMoTpenl(H, o-

uocuana. i'orja Ha (9) cJIe.1yeT cyHecTBoBal(ne cicainpa y TaKOrO, 'iTO 

* (U /'\ * dU) = (ly. -	 (10) 
ilpu n = 2, 3 aro cHOBa (nocJIe ITpncoe)uHeHHn (4)) o6bi'IIIan 3arincb ypal)HeuhIu 

fiJiepa B 4oprte Fpo1eKo-JIaM6a. PaBeHCTBO (10) 3IcBHBaJICHTHO 7 icoHe qilo, pauencTBy 
(5), 1(0 CYIJ1CTBHHO lICIlOJlb3CT pi-IManoBy MeTpH}cy Ii TO, 'iTO U € A'. 14HrepecHo, 
oJHaico, OTMeTIITb, 'iTO CIiCTCMa P3I10CTII bIX ypawieuhl ii, u1nyIulpyeMan (n COOT-
HCTCTBI-IH C PCLICILTamif 143 [3]) Ha rtpaMOyrOJIbHOfl ceTi-ce 3aILHcbIo (10), OTJIII LI3CTCH OT 
CUCTCMbI, rJOJIy'CHHOii 113 (5) H [3] 

§ 2. I1eFOTOpbIe OOI!flC C3CCTHJtH 

HaK oT1eqaJiocb, tilluapualirilan aariitcb (10) HeciMa yoöHa, H 'iHCTI(OCTII. iipii HhIHC-
tieiiuti noupoca , Kllitle cnoilcTBa ypailneuuil 9flitepa cneIu(1)u4uihI jjin n = 2 i-ijiu 
n = 3, a FaIclIe - npucyEuII I(pOLI3B0JIbHOiI pa3MepIiOcTu. 13 JW HH O M na)aI'pa(j1e MbI 

, B OCHOHI-(OM , , ,o6iiiie CBOHCTBa. 

26*
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flpH1eHnn c (tO) onepalop * it oiioan (Illielulle) na U, noJIv4uM 000T11011ICll lie 

U.'\*dy=O, 

3a1oILee TaK Ha3hIuaeMyIo mcopey 13epny.2uut. ,LJ11 iiepexoa 1- IuIacdH qecHoii cc 

lbOpMe Ha0 BC[IOJI baouaTb CBH3b y0 7), JaBaeMyio paBeHcTuoM (6). 
Hpoereiiuiee 1ICT11 BltaJlbHoe peweline ypaBlieHu n (9) Mornio noJIyyTb ,JIojIaraH 

dU=0.	 (11) 

CooTBeTcTBy1oIJee Te'{eHlle Ha3blHaeTcH nonienquaiinu. [lone, yJoBJ1eTBopRIoIIwe 
vpaBHeHIinM - (4), (ii) 'apo,ta'tecoe. Ha^Kaaft ero K OIIIIOfieHTa (rnailcan)HBJ1iieTcH 
rapMoI(ueelcou ()y1II-c1.kHeiI. 

Co.enouôaJbnoc,nb (dnpaBenI1BocTb paecTa (4)) 3HB1,lBaJiC1lTHa, 110 HpaLHeii 
Mepe .10HaJ1bHO, cyueeTBouaHn10 tfiopmbr V E A'_ 2 Talcoli, 'ITO * U = dtp. flpit n = 2 
(n = 3) H.naccIIqecaH 4yHIIHu (BeTop) TOIa. OH cHF13aH C Buxpem COOTIIO-
lJIeILLleM

w= ±* d * dlp .	 (12) 

Eciu 14crIonb3oBaTI JJ1H * d * eauapHoe 6603i-ia4eHBe * ci *	: AP –* 
TO, icOI 11CTJHO 3aMeTHm, flpH Bb16ope ip Bce1'a Moai-10 rLpeuIoJ1araT1	 - 

(13) 

Ilpif nbrno,rIHeFIHu 3T01'O ycJloBHa, BoduoJIb3oBaBull4cb pallelieTBOM d + ôd = —A 
(o6oi5ueHue i-cnaccn qeciiix cooTHonleHnii div grad / = Al; rot rot — grad div 
= A), MOneM t1jCTBHTh (12) B fflIjC 

—A'=cv.	 (14)

[[pit n = 2 j(oIloJlHuTeJlbHOe yciioiie (13) BNuaaeT it (14) BhLIIOJLIIHeTCH aBToMaTIl-
qeciii. 

OjlIH 113 duocoSoB IIocTpoeliuH pelueHilil ypaBHC1ltM 3finepa (1IapHJy C pac-
CMOTCHh1CM noTeHII •IaiTbIIh1x Te qeulili (ii)) — anpnopiioe aaIaHHe BUXH co, noojie 
qero aataqa oTbIeIauua U eTalloBuTen JIHueiiHoü. BlIxpb, oHaHo, 021aeI1 5hITb aony-
cmuMbtM, T. e. yJoF11eTHopnTh ypaHileulilo (8). Bo3IIu1caIo1Iylo 3ecb npo6Jle1aTuL-y 
MU FT03I)O('11ee PaC01OTPIENT 11 § 4 upit m = 2. B csiyae 11pO1I3BOJIbHOrO fl MU BbI-
Hy?hJCI1hI Ol[M11TbCF1 JUillib liel-cOTopbIMlI o6[LuiMlI 3aMeqaIiMHMI4. 

YpauHeulle ci * U = f E An IlilojIHe HUTCFHCMO II, cJieJoBaTeJ1hu1o, o6nee pewe-
Bile Cr0 aaBlIcuT OT fl - 1 1Lp01I3BoJlbI{0Ii yiwii. B gacTi-iocru, ILpOH3BOJIbHOC 
peulellue cooTHeTcTByIoilero oJIJ1Op0HO1'0 BHCHIU1 M0HeT6hITb HpeCTaBJIeHO e 
Bilge

* U = dp 1 ''	,- dq2,,.. 1 .	 (15) 

110JcTauhlII ([5) u (8), MOaeM ucicam JO11yCTIrMIiii BhTXX cv HaK pewee ypaBueHl4i 

ci * {* (d 1	d1)	co) = 0.	 (16) 

Hpii n = 2 eHlLCTBeIlHaH (I)yHKIIIa tp, Bxo/HILan B (16), ecTb ne 'ITO I4HOe, HaI 
paecopeua BbIEEIC (f)yHKI14H 'roHa y. BMTe1aiotraa B aTOM cnyae MB (16) aaucu-
MOCTb p H (0 UO0JII4T OCIIOBOiI PCC1OTPCHH B § 4, crteiwrn'niix Ajlff rtnocioro 
CJIy'4a[. 

llpii n.	3 MOHI10 BUJeJLMTI, cueul1aJ1bHbIti HaaCC TC4eHMII, nojiaran co = cb, re
— e1caJ1xpHaa)yHIuITn. Raic 3TO cnejye lix (7), yiuiin, AORMHa 6bITb iipn 3TOM 

rapMoi1I1'Iec!ol1. Mouo 906liBaTbCfl o6patieiiiin B HJib Hpyrnoh cIo6F14 B (16) aa
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c'leT B13JHhIH 3aBucllMocTu, o6paiiaioiieil B FIJ18 oripegejulTeiii, Co CTOJI61.aMI1 
d d 1 , 41. 

Ilpii n > 3 3arlHcb (8) B tfIopme (16) BpFilk Jin HeceT coepaeiiiiyio HH(0MIwJO 
o6 3hJIepOBblX TeqeIIuHx. 

Cjeiaet 1-LexoTophie 3aMeaHHH o IfeCTauI .IoHap11oM cJiyae. CTaH)apT11afl IfIopma 
HecTaIk1IOHapHbIX ypaBneILItfi B liaujeii 3armCH uMeer B1I 

all 
+*(l1*dU)+ly=0.	 (17)

at 

(C go6amenuem ypaeeiui (4). Yo6iio, cJ1eLyR 'rpajiitirii, 1-13MeIIIlTb aiiai nepei 
dy). 11pu1eHHR ii. (17) onepaop * H joiioan (BHeIuhie) CJleBa Ha U, MOH noJty-

HTb IrIlBapHal-ITI-fylO (f)OpMy OHOPO 113 i.naccu'eciux 3aFoHoB coxpanellun. )iin 
3TOTO 3aMeFHM, '{To 

U *dy = dy , * U 
It

fdy * U	 * U) — fyd* U = 0, 

eCjin V - MH0I'oo6paalle 6e3 1'paH111h1, 143111 Ha rpaI-1I4Ie BhInoJIll}IeTcH yCJIoBIIe yJv 
-	= 0 M111 llIv = 0 (rob! noilb3yeMc)l TeM, '4T0 d * U = 0). 

CJ1eoBaTeJ!huIo 

f Tt	-i -at f	 2 at 

H ocTaeTcH IIpOIIHTeI'pIIpOBaTB rIocJieJUIee paBeHcTI3o no t B npeje.nax OT 0 lto T; 
(Kpyr.ruIe cio61i - Hh1BapHaI1THbIi CIaJ1J1pHHii iBapaT HOHeHTOpa C}cOpOcT1l). 

C pyi'ofi CTOpOHhI, npHMeHIu{ i- (17) onepaop d, a 3aTe1 - oriepaop *, uloy-
ritro Taii lIaabjBaoMoe ypacnenue I'eJ1b.4e2Oiibla ô.iu etexp: 

+ * d * (U w) =0. 

§ 3. JI1yMepHb!e ii 0CCCIP1MCT1PI1IbIC Te q eli Jill 

3.1. He o6patianci H CTaiI,apTHoMy LJ1OC1cOMy CJIy'lalo, P3CCIOTPH1 Haum ypaB-
I4eHUH iia yByMepi1oti cepe pa;iiyca r. BocrioJIb3ouaBuhlICb O6bI4Hocf 4)OpMOii C()ep1I-
qecici-ix oopirHaT: x = r cos q, y = r Sifl 99 cos t, Z = r Sin 99 sin 9, , Mo?HeM CqIITaTI, 
C4epy napaMeTp1I30BaHH0Ü nepeeuiiiii 0 r, 0 0 < 2. rIpecTaB1iB U B 
tinge

U = u(, 0) (iq, ± v(p, 0) dO 

H 33MeTHB, T0 roeTpuecKIlii TeH3op 1-IroecT HoMnoHe}mr	= -r2, 922 = r2 sin2 q,
912 = 0, MO?ieM 3aru-Icam [7: r'ji. V 

It

	

	v dg) — sin qud0. sin (p 

Bodnojib3oHaBiJluci, (4) It BI3OjH (J)yI(Ht1tlo ToHa tp COOTHOWeHIIeM * U = drp, noJ1ylIM 

- vg,	V,	ipo=(— sin )u. sin (p
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CooTiIoweHIie AleHI jy BiixpeM If ()yHicqHet1 Toia flI4MCT BHTt 

a

	

- (p,sin q) + .- -) = r2(sin q') (i).	 (18)
a19 Sill 

YcioBue JOnycTt4MoCTI1 BMxpa: d * (U /- co) = 0 iieejjzeiio flP11BOWT 1 CBH3II 
Woo -	= 0, mmetoigeft I4HBapuaIITiIbIii xapai-crep H Ty ae 4opMy, 'ITO It H IIJIO-
CHOM CJiyae.	 . 

YpaHFIeHte (18) nujuleTcH 1OOpil4HaTHOi 3armchlo ypaBi-teB tin (14). floctejiiee 
papeititino (oj1Io3laHo, C T011-IOCTB!0 ko IIocToHHHoii), Ha ItoBepxHoCTIl C()bI JTilmb 
Jipli yc.rlOBIlll OpTOI'OHaJIhIIOCTIa a) 1-OHCTaHTaM (tuin CJ1OBIII1 f * w = 0). HpocTeiIl1ee 
fliJIepoBo TeqeHite - BpaIreHIIe	 ?K11wocTI1" Kai iieioi'o: (q, 9) = ,; u = 0, 

V = — sin q; U)	—T2 ctg 9) (ripit 9)	0, IT FcooPJUIIIaThI lie RBJIHIOTCIl peryilnpHhIMu
it Hawu COOTHOIflHHH TepaloT cMMcJI). 

3.2. B iiaieCTBC BTOpOI'O itpiiepa pacCMOTpHM C. TO1EI-Ipeuua BBCCHHOUO IopMa- 
JIu3MaocedHMMeTpH q HbIe eqentin [6: i-u. 151. flycTb (x, r, ) - it-tJiHHjpH'ieciuie lO-
Op)HHaTbi (y = r cos t, z = r sin ) ii oct x - OCh cuMMeTpttu Te'ieuiin U = (u, v, W).. 
COOTBeTCTBCHHO 

U = u(x, r) dx + v(x, r) dr + w(x, r) dt. 

fo iL OcecuMMeTplI'ItibIM flIiHHTO ITOH IlMaTh JJJIOCHOC OCCCUMMCTpIt4HOC Te'ieH tie, T. e. 
npenoiaraeca jLonoJrniiTeJLI,Ho w	0. Cuoua, corJiacHo [7: rut. V] 

* U = ± w dx dr - rv dx _ d + ru dr d&	 (19) 

PaBeIIthBo (4) (c yeoi w	0) HPHBOiLHT H HJIaCCII'iecHOii ()OM 3arIttcu B ILI-IJIHH-
--	piiectux ioopiutnaaxpaBeHCTBa I(y.lLlo JulIepreHquhf: 

rux+ rvr+v =O .	 S 

0JLH0BpeMeHH0 paBeHCTBO (4) Bu1e'ICT (no Hpaiillei aepe .JloHaJIbHo) cyIIecTLioBaI1ue 
HOBCRTO	= Wi dx + 1P2 dy ± W3 (!Z TaHoro, 'ITO 

* U	(Zv	(lp2 x - Vj) dx dr +	- u1•0 dx " cli9 

+ (ip3 .r - V2, o) dr , dt9. 

Cpawieutte C (19) TtaeT 

1P3r = — TV,	1P3.x = ru,	tP2,X - Wir = 0.	 - 

flocuiejit-tee paaelicrilo tie !rpeiLcTaHrlaeT ltHTepeca, a i-ia iLBYX iiepuix CJICuLYeT cy-
1ILCCTBOBHU 4yHI-LITu S(x, r)	W3(x, r), Tat-c lia3bIBaeMOii 4yiiiii-iu CTotcca [6), 
1iO3BOJIflIOHCil 1IPCiLCTBHTh U H BI4jk	 - 

U - 1 Sr dx - I dr.	 - 

flpll aTOM na JlIoSoh MepHiwoHauTbHoi IIJIOCFcOCTI (iiaripiiiep, Ha HJ1OCHOCT11 z = 0) 
JIHHH1-i S(x, r) = const 6yyr JiI-liit-IIiMH Tolca Te qeHua U. 

BBOiLFI B paccNiOTPeHlIe BIlXh Q = a) 1 dx ± a) 2 dr + w3 dO H aalIicbIBan COOTHO-
meHile (7), BHJLIIM, 'ITO H Q OTJIH'lHa OT iiyuia JIIIwb HOM!IOHCHTa a) 3	w(x, r), a cano
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PBHCTBO (7) aII3nBaJIeHnLo cHaJifipiloMy PBBCLICTBY 

Szx Srr +Sr ,	'	 (20) 

cBHaJIBaIoueMy 4yHK1I .1H S it w. 
YcJroBne ' 3t1JIepOBOCTII Te'{eIIHH, oupejexneoro 3aJaHl4eM BHXpH C) 11 }LaiJeIIHoti 

113 (20) (iipii coorBeTcTByIotlwx rpalii141-IbIx yc.rIoBHHx) ()yHKLwei S(x, r) (ycJIoBue 
d * (U , w) = 0) 6yjeT iieem BHj	 -' 

•	SxWrSrC)xSzw=O.	-	 '(21) 

IaRIIM ofipa3oM, Kai aTO TIOIa3bIBaloT upiiueeiiuie CooTIloIueHHfl, HH Xb w = w(x, y)' 

	

HBJIBIOI1I1üC1L JW TIYCTHMUM B r1JIOCFOM cJiyae, He MOHCT 61ITb, 13006I1e I'oBopII,	, --

oTo?HecTHJIeH C rn .ixper w(x, r), OUyCTHTHM B ocecuMMeTpH1ecoM. 06u.ai 3agaa, 
o coILocTauiIeIIIllI nJiocio1y TeenHIo ,,COOT BeTcTByloluero" 
ocTaeTcR iiepeweiiuoh. 

3.3. 13 3aHJIlo'leILHe 0TMeTHM, qTo FJiaccu qecHlIe ripoiejyp [6: cp. 70] oThicHalluB, 
HaupuMep, BI1Ja ollepaTopa A H cep1'iecKI1x lwopiIIF1aTax Ta1*ce eCTb 'IaCTHbIII 
cJTy'la 11 !tpUMCHCHHH jII(4lepeHlI1aJbIro-reoMeTpu4ecIoro ()opMaJ1Ii3Ma. 06u'nio 
1iCIOJIb3MhIC Upli )TOM TaI HaabIBacMhte ,,IlapaMeTphT itaMa" CTb ue 'ITO iuioe, ia 
KOl1IT NBapaTHbIe IIJ HoMnolleilT Yll' 922, 933 MeTpI1ecHoro relIaopa.  

§ 4. Crpyi'rypiute cBolicTna 1I.I0CRJIX aiL TTepoBhI Teqeilnil if aaa'ia. 
0 110HYCT11.110.11 nnxpe 

I'IecMoTpn iia Ra ^Rwuyiocn npocToTy ypaBHenI4u (1), iioni,iia ucLIOjlb3oBaHH51 111)H 
MeIIHTejthHo K HUM 06hj q IIhIx MCTO,tOI1 ncCJ1eyoHaHun ypaHHeHHii B qaCTIIMX npoll3-
BOJ1llhIX, dBHaa}ILlbIx C paccopeiiiie peweullhl TCX UJILI UHbIX F1111L1HhTX 3aaf, 
HaTaJ11HBaeTcH Ha fl11HlUI1111.flh1IbI TpyHoCTH. Oiiti CHH3aHh! ; B 1iB1O oepenb, 
C 0TCTCTBI1eM ocTaTo qHo o(iiitx Teopem CyI[ecTBoHaHlift II CJUHCTHeHHOCTU peilleliuhi. 

TaH, npii paccMoTpeultIt ypaBlielulli (1) B upoCTeflhJieft hIpaMoyl-oJIhuIohi o6JiacTu 
- V : lxi	c, 0	y	1 JJ1H I'pahlu'IHOhI 3aJa'1 11, 3aRJ1ho'La1ohIeticH. JlanphhMep, B 3aJa- 

Hull (jyHKl1TnuHa oTpe3lax xl = , 0 1, (f)yHK1Hl4 V - Ha HXHI 11 HH?E11e6 
CTOOHX II, O11OJLHHTeJ1hulO, 3aaHlhhj }Id 'I3CTH rpaHuibr Bh1XH 141U aBJieh1uB, Cy-
hlecTl1oBaHlle U CHHCTBCHIIOCTb peineiitia ylaeTcu rioia Ola3aTh Jillhllh npn BechMa 
+ecTlch1x 101-10r}h11Te.mhHblx. ol'pahlu'Ieultflx [8], l'apallTupy}ohlulx oTcyToTBue B V 
ocoix T04eii jiojui U (ToleK, r,re u2 + v2 = 0). 1Ipiipojv oiiuiaiouux rpyxt-
uocTei HJIJI hOCTpH	CT	 • 

YT Be p Kj e H It C 1: Jiycrnb r,5(x, y) - eeKJulaoco paccm0Ju1te 90 fiaKcUpoeaniwi 
molocu P E R2,-/ - flp0U380J1 bit WI . ?,./taKa5t /?JflK1u5t, onpe -9eieuua€ ita [0, o), /(0) 0. 
7'o0a rne'teiiue, onpe9e.u1Jie.oe fnjn,q tie fl moa (x, y) = f(rp), .96.'lepoeo. 

oHa3aTe.Ibc,T HO: 4OCT3TO'1I10 paCCMOTpCTb cJiy4ahi P = 0. Tora	
S 

U =	V = 1r'XIr ;	w = -Ag' = 	 S • 

11 MOH-0I0 JanticaTb 11pecTaB:le1(ue 

vw = p(r) x/r,	—nw = ç(r) y/r,



408	A. A. 4ianu 

oyja c.rieJLyeT cyluecTiloBaM tie yJtinit14 y, BxoTrleti B ypailhielitul Jii.epa (n (opMe 
Fpo1eFco — J1eM6a) I 

C iz e CT Bile: B o2pannienJtoü o6iacmu V cyuecmeyem conmunyy.4t paaIuLauLbtX 
atLIIepoebx me'Lenuü, yEIociiemcopuouux yciwouiut U = v = p = 0 na apanutfe V. 

J1eicTBnTeJIbHo, ocTaToq llo ópam BhIwenpHBeeHHyIo )ytI1L1410 llhl114TH0 B V. 
C1a3aHHoe OUPBbIBCT riOlicHil MeTOOB iia yqeuiia CTPYITYPHh1X CBOIICTB aiepo-

rn,ix Teqeli14 (ur114 CO0TBTCTBJOLuHX BeicTopilbix rIoJIei), OjH03HHO onepeJIe.riHeMMx 
T0L 14.1114 IIHOft CI1CTeMO1 yCJIOBIIÜ. hog CTHTpIlblMM CROIICTRaMH lIonl4MaloTcH, B 

0CHOBLIOM, xapaicep 11 padnoJo?KeHHe oco61Lx TOWH nojiii U. B [9] 5u.na rlpoBegeirn 
acC1livaIiIH no 3T0My flPI43HaRy HCHOTOporo iuiacca noTeIIIHaiIhnbix TeqdHtII1, 

onpegeineix H apffmoyroabmtHe clicTeMoll 1'paH1,141IblX ycJloBHii, H paCC1OTpeH, B 
OT)LJIhHLIX CiiyaHx, BOflOC o5 1,13MeI-ICHIIH cTpywcypbl MIX TeeHh4fi TIPI4 iiepexoae 
OT Co = 0 il 3JlHHbIM 31-la4eHHHM w = const. Buriir ya3aii JcpuTII1ecHIIe 3Ha{e-
utia riapaepa co, npu nepexoge qepe3 HqTophle y BeHropHoI'o 110.1114 IIOHBJIIIIOTCII 

oco6ble TOqKH Tina iiepa (u03Hlt1aeT BlIXph). 
Lia HeIIoTe1IL1iiaJibHhIX Te qeilu ji OHHM 113 uaiiôojjee TIPOCTbJX H pacnpOCTpaHeItI-lhlx 

cflOCO60B agaiia 0g1-1031-la tflIO onpeRe.TielIlIoro HOJIfl U B oô.iiacTH V HBJLJICTCHL 
3agal-ule BI4XPH CO 14 He1TOp0ii CHCTMbI rpaHH'tHblX yCJIOBI1fi gim ()11FLI1!1 ip, 1103-
BoJia101-6i onpe rjejjHTb ee 113 ypaBIIeuI4rr (14). 3aya'ra omici-aiiva Te qeHufi CBOgHTCH 
1t14 3TOM R J1IlFIeii}-IOrl, HO 0J1J1OBMHh1O, HaN OT.Nie qaJIOCI, B § 2, HelIa6eMtho 14031111-
HaeT npo6JieMa T kOFIYCTIINIOCTPI I3Ilxpfl, ii6o ite upli .r11060M 3aaHHu w Haiie11IIaH 01114-
CaIIHhIM I3hIuIe CIIOCO6OM (Jy1IIcLI1H To1a 1/) 6y TteT orrpege.maTb afiiepouo TeqeHile. 

B [10] 6iijio iipoBeeHo paccMopeiine 11J10cIl4x Te qeHilfi, OTBC'laIoluI4x C1414314 

co = ,u(ip) 1311l V =	 (22) 

BhITe1caIO[Eefi 143 (17). 3TO paCCMOTpCIIHC OCJO3IIHCTC11 'reM O6CTOiITCJIhCTBOM, qTO 
i1J1accH1ec}coe yTBepiyLeHi4e 0 3auuduMocT14 (y11RIU1ii, CBa3aHH1x cooTHoiJleHlieM (17), 
HOCUT, uoo6tue roBopa, JIoFaJ1huLbJii xapaicep II oIuipaeTcit Ha npegnos1ofceu11e pei'y.ri-
HI10CT11 110.1114 1'paJUIeHTOB )vHiLIIu 1p, W. I-ho, 130 Bca1OM criyae, iai-goe Teqeijije, 
JJ11 1OTOpOr6 cyuecTByeT XOTH 6b1 oyu-ia H3 cBaaeii (22) (c goci'a'rouo i'.riajwoti ()yHK- 
wiefi It 14.111-1 v) nHJIileTcl1 3iLrIepoBhIM. 06pa'ri-ioe I3HO He Beer. 

VT B p geii n e 2: 96,Lepo co meqenue, omoe'lalou(ee oynniflism 

Ip = x - 2 4 ,	w = 12x2, 

ite aonycaem nepeoü UI ce.claeü (22) e opecmnocmu np..-iwa x = 4-1/3 u crnopoü - C 
oipecmuocrnu npii.tou x = 0. 

I -IellocpegcTHeHuan iipouepia ITOUO yTBepHc)4e111-IH 3JleMeIITapIIa. 
Ycjioui-ui, ubIacHalolul-le IIeo6xojIM0cTb gun attJ1epoBa Te qeuiia uajiu qun no 

IpaiiIlei-i NlCPC ogiiof't 113 cHa3eü (22) I103BOJI11I0T yCT3IIOB14Th (CM. [10]): 

YTBepKgeHile 3: B o6inacmu I > y > x > 0 ue cylqecmeyêm d!L4epoea memettaa C 
oitxpe.itt a)(x, y) = xy. 

1 -laj111411e cooTHoIlleHuH (21) B ocecMMMerpll q }IoM cJiyae oTKpnIBaeT 1303MO?1H0CTh 
IlpoBegeHHlI 11 3gecb at aJLorl-I4H bIX IIocTpoeHnhI. 

3aga'na 0 gorlycTilMoM BUXC cylgecTl3eI-1I-io ycJ1oal1}1eTc}i tipu ilepexoge Or jioca.rii,-
HbIx paccMoTpeIrIiuI ic i'pauhi'1HrM 3aga4aM. Iipl-IBogHMbIlt 1111aC ripitMep noHa3hluaeT 
cviueclBeH Hylo IaIlucuMocTh 71011ycTI-IM0CT11 OT rpanu1uux yCJI0BIT.
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HycTb V oUpeeJIeIia HPBCHCTBMII lxi	x, ll	42. PaccToTpit1 B V ceMeft-



CTBO 4yHIuIiü CO BHJ 

w = /9 cos y,	/9=const, 
ii HaüIeM peluel-Infi ypaBHeHHH 

-	= w -_ cos y,	 (23) 
npI1coejlIHI4B J- HOMy rpaiiie ycJIoBnn 

( — c, y) = — cos y,	, y) = (x, ±42) = 0. 
CooTHeTcTByIonoe petuelilie CAHHCTBCHHO 14 jaeTC14 4)y11}cIHeii 

(x, y) = (x) cos y, 

-.., + = 9,	(—c) = —1,	= 0, 
HJIII

(x) = /9 - (sli 2c' [j9 sh ( + x) + (1 + j9) sh ( - x)]. 

H11 upir IaKoM 3HaqeH1,111 /9 0 COOTBeTCTHyIO11kee rime U = ipy, V = tPz He 6yeT 
afiJiepoehiM. B TO e BpeMH, ecnt ocuo6o;u1m peiueiiita ypaiieirir (23) OT rpaHH-
HHX yCJIOBIIO, TO IIH J1!060M /9 6YjkYT CIICCTBOBTb cooTI3eTcTBy1o11j11e (fy1IR1HH 'roia, 
OiLpeeJ1HIo1IU1e )iiJIepOBhT Te qeHiul. Haripiiiep 

p=j9cosy,	19=const. 
C npuBeieHHbIMl1 paceMoTpellrI14MII CBH3II, KaK 3T0 O4eBr1HO, IIIHpOKH!i icpyr 

3a(a, ocTaiot4xcH noica MaJIo 11ccJIeoBa1r11h1MI1. 

JI14TEPATYPA 
[1] A piiojir, B. 1'I.: Sur la geometrie differentielle des groupes de Lie de dimension infinie et 

ses applications a I'hidrodynamique des fluides parfaits. Ann. Inst. Fourier 10, 1 (1966), 
319-361. 

[2] J'i r-:3E p , E. B., JOJDKMICHHit, D. B., it A. M. 06'xou: CIrcTelbT I'uJpojuIIIaMn'IecHoro 
TIIflU it ux IlpItMerleHIle. FI:tJL-no 1-I ayHa: MocHna 1981 

[3] 4ElIIn, A. A.: l - IeioTopb1e MokeJiiI, cmI:talInl,Ie c ypaniieitnnit af3iepa. JH()4eperI- 
IrlIaJIblIble ypaiuciiiin VI, 1 (1970), 17-26. 

[4] CrE p III;E pr, C.: Jleinniit no u44epeH u IIaJI1,Hoii reoMeTpitH. I43-13o Mrip: Mocitna 1969. 
[5] RO'IHH, It. E'., Fciti;:ii,, M. A., it H. 13. P03F: : TeopeTitiecIari 1'npoanfla1I1Ha. (1)113- 

MaTrn3 1963. 
[6] Miuln-TotcoH, JI. M.: TeopeTlr'iecitan I'ItapOailIiaMHHa. I 113q-no Mirp: MOCIBa 1963. 
[7] Tic PAM. ?K.: .LlI(l()epeIIqupyeMbre Mlloroo6pa3lIn. H-no Finocip. JIlT.: Mocina 1956. 

481 AJ1ERCEEB, 1'. 13.: EiiJICTBeIliioCTb IIeEoTOphIx Te'ieiIilO I1JeaJ1h1I0iI HIIJI.EOCT1I.	iIiia- 
iitia cniouiiiofl cpejui XV. 1-10nocit6itpci- 1973, 7-18. 

[9] ,E311II, A. A.: 06 OaHOri ujiacce Hei-cTopi(uX noJIeli. HoInJ1eIccllbIui a1IaJuI3 it cro 
flp1IJIOaeiittH (cOopilirit craTeil). I43a-130 1-layna: MocEita 1978. 

[10] T poujiiiit, 0. 13.: 0 IreitoTopux cuoficToaX 3t1J1epoitb1x nojiefl. Juj(epeuqrianbilb1e 
ypaniteitirit, IS, 1 (1982), 138-144. 

Manuskripteingang: 07. 04. 1982 

VERFASSER: 
flpo. ap. Au Ei-ccEit Aui ERG EEIIH'I JE3II Ii 
MaT013TII'1ecic1Tu FIIICTIITyT iii. 13. A. Creitjiona Al-I CCCI' 
CCCP . 117966, FCII - 1 MOcicBa, pi. BanriJIoria 42


