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Smgularly perturbed elhptlc problems of second order
with a smgular line

H.-G. Roos and L. ToBIskaA:

Fir einige Klassen singuldr gestorter elliptischer Probleme, wo die Charakteristiken des redu-
zierten Problems parallel oder senkrecht zur singuliren Linie verlaufen, werden gleichmaBige
asymptotische Approximationen konstruiert. Die Approxnmatlonsordnung ist abhingig vom
Verhalten der Koeffizienten des reduzierten Problems in Umgebung der singuliren Linie und
von den Eigenschaften des betrachteten Gebletes

A HeKOTOPHIX KIaccoB CHHIYAAPHO-BOSMYIEHHBIX JJNMNOTHYECKAX 33Jla4, B KOTOPHX
XApAKTePUCTHKU BHPOMACHHON 3ajauM NapamnjeNbHH MU MIEpNEeHAMKYAAPHH K 0C000if
* KPMROIf,, CTPOATCA' paBHOMCPHO-ACHMITOTHYECKHE ATMPOKCHUMALNH. [lopanok annpoxcu-
MalU{H 3aBUCUT OT CROHCTB KOXPOUUMEHTOB BHIPOMKIEHHON 3anauy B QKpCCTHOCTH ocoﬁoﬁ
KPHBOA M OT XapaKTepa paccMATpHUBAEMOit o6aacTu.

For some classes of singularly perturbed elliptic problems, in which the characteristics of the
reduced problem .are parallel or perpendicular to the singular line, uniform asymptotic -
approximations are constructed. The order of approximation depends on the behaviour ‘of
the coefficients of the reduced problem in the neighbourhood of the singular line and on thov
properties of the consndered domain.

t .

1. Introduction
'We consider boundary value problems of the form’
Lou, = eLyu, + Lyu, = 0 in Q
U, ‘—— q ’ /‘ / in a-Q’

(1.1)

where L, denotes a linear uniformly elliptic second order differential operat-or.:

o 0
ax,- —}—Za, +a0 (@ = 0),

. 1, ;—l
L, is a linear first order differential operator:
Z b A N . ‘ I' B3 . .
i=1 T .

and ¢ is a small positive parameter. BN
®, is called umform asymptotic approximation of u, on the subdomain Q = .Q lf
. the mequa]nby
' e — Dllz = sup lufz) — B2)| Sk (0> 0)
. £ERQ . . ’ . !
" is satisfied for a positive constant K independent of . In casc of & = O we shall
omit the subskript £ and only write |I-||. The asymptotic behaviour of the solution %,

36% _ o ' ¢
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of (1 1) depends on the characteristics of L(,, in particular on'the existence of smgu-
Jar (or turning) points. A point z* € 2 is called a smgular point if and only if
biz*) = 0 for s = 1, 2. For isolated singular points the asymptotic behaviour of the
solution u, of (1.1) have been investigated by many authors in detail (see, for instance
[2, 4, 8,10—13]). In the case of a singular line, up to now, only very special problcms
of the type described above have heen considered 1, 3, 5—17, 16].

Our ‘main objective is to construct uniform approximations. of the solution’of
typical classes of (1.1) in which the characteristics of L, are parallel or perpendicular
to the singular line. For this purpose let us assume that z, = 0 is the singular line
* and that Q can be. dcscnbcd by

_ {(xl, Z,) | _1 <z < +1 —hi@) < 3’2 < fo(21))
or

{(xl: xz) | _1 <x1 < +1 0 < 2y < fo(zy)}

bv means of smooth functions [ 12 with f1. 2(:tl) =0 and f{,, 2(:t:l) > 0 on the open
interval (—1, +1). As a result 2 is an admissible domain in the scnse of [15] and the
existence ‘of a uniquely determined classical solution u, of (1.1) can be guaranteed

- for sufflclent,ly smooth coefficients of L, and L. ’

2. A'singular line perpgndicular‘to the characteristies

We consider the singixla,rly perturb‘_ed‘problem L ‘ \
Lau, = é¢Lyu, :t x2 =0 in .Q .

' z | @y

=9 on 8.Q B

A unlform &symptotlc apprommatlon will be constructed by applying the method

of matched asymptotic expansion. ln dependence on-the behaviour of the charac-

teristics near the boundary we use following notations for the smooth parts of the
boundary: ‘

I'y = (z.€ 92 | b() - »(z) =0}, - 'ro;fxeag|b(x) o(z) = Of; ~

where b = (b,, bs) and » denotes the outward dlrected unit normal.
First we assume that

= {(z1, xz) [—l<z < +1 ‘—f (“’1) < Z, < /2(‘”1)]

\Iow let fl o vanish at 2, = £ 1 pf thcv order mi,,

!

glrn=f:(zx) = (xl)’ glz,=—/.(:c.) = gl(xl)
and ! be even. Then,- without restriction of generality, we can assume th"a;_t
. Ly = —z,2%* —"and it holds
oz, i

I'_ = {(zy, ‘”0) | 'U" = fz(xl)l, r,= {(xb ;) | 2, = —fr(z1)}

‘Consequently, the solutién of the global problem becomes gg(xl), such that the hound-
ary condition on I", does not satisfied and local correctors are needed.
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In thc neigh.bo'ur'hood' of I'ylet { = ‘Lﬁ(%) and
. ’ . az
L, = f'_l (—a(xl) 7 h (xl) —) + L *.

' Consbructmg a local corrector v = v + &v, .with |[Lo] < K - ¢ such thab the bound-
. ary ¢onditions on I', are satisfied by v + g, we obtain -

hi(z:) f(=) +x2) .

a(z,) £

Wo(xu C) [91(‘51) - g?(xl)] exp (

On I'_ v, satisfies Volr. = (gl — gz) exp (—/1 /‘ i} and is éxp.onen'tially
small for |z,] <z, < 1. In the neighbourhood of z, = 1 vo|,~ behaves as
. . ‘“lmﬁ+min(ﬂu’.m.* s ‘uf
pexp | — z ) For arbitrary posntlve 7ot holds ,uexp -

1 1 :
< Ke', such that |v|r | < Ket with s, = max (2km1+ + min (m, , mo*), 2km, ,
+ min (m,~, my7)). Summmg up we obtain . .
: ' N 1
‘ILe(ua - (g2 _l' v))l g Ke in Q; luz - (92 + ‘l))l § Ksa, o
1 a ’
on 9. The barrier functlon Kle"l — K252*+lv,(x2) thh

P /ﬁk“ ' : ‘ T
2k+1 _ 2k+ 1 ' . ,
v,(xz) = f fexp ( )dp dg I ‘ :
l 2 I a
yields the estimate [u — (ge + v)| < Ken + Kaz"“ [17] Because of 8 =2k
+ 1 we obtain -
a 1]

Theorem 2.1: Let Ly = —x,2 Er and let the smgular lme lie in the mtenor of .Q’

Then, it holds tkat

1

ll“e (92 =+ )] S Ken A
with sl =-max (min (m,*, m2+) + 2km,*, min (m,", m2 ) + 2km,7).

Considering the- subdomams x2 >0 and z, < 0 respectlvely, we obtam analogous
problems Let . :

= {(x,, a’2) 1<z < +1 0 < :z:2 < falm)} .

Agam g2(2,) is'the solution of the global problem. Settmg C = Jt holds
‘ - ' F2k+1 '
]’ _ E::;: a(m.)a_2 _ Czk 9 + S%L * '
] e — i 1 acz ac (A
. Requirihg ' ‘ ,
273 'l" Cz" 5 =0, " lmo = gu(m) — golzy)

362 C
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we obtain

. (gl(xl) —92(231)) ) (2k+1
A fp( m)

t2k+1 A R L
w1th A = fexp( 2Ic T ) dt. Now u, — (g, + v) satisfies

2k

L (ue (92 + m)| < Ke?*+1 in Q,

— (92 + V)lzy=0 = O, o
. Tue — (g2 + V)2 =prza| = Ke™, 8, = {2k + 1) max (m,*, m,"),
where the last follows from the estimate -
°°e}'{ _ﬁ_ dt < K;e'"‘“l;”’.
u | oxp|—gp)dt = -
‘1
w2k T

Then, because of s, = 2k + 1, the barrier function

..
L . 1 .
Klﬁs' —_ K282k+l v,(xz)

ylelds .

Theorcm 2.2: Let Ly = —z,2%* 2 and let the singular line belong to the bmmdary
" of Q. Then it holds that S Om

1

e — (g2 + V)| S Ke¥
*with s = (2k + 1) max (my*, my~).

The case

N

Q=(z, )] ~1 <z, < +1, —f1(z1) < 22 < 0O}

is analogous to that which has been 'consider'ed_ first. Setting glz,=0 = go(;) We obtain
1

lee — (go + v)[‘ < Ke* with s, = (2k + 1) max (my*, my7)..

0.
Now let [ be odd, I = 2k — 1. In this case the sign of J-z,%! —a— is of decisive
importance. Flrst we consider T2

0 .
Luc_sLlue—a:f"la—:;:O in Q
u, =g on &

~ with . .
C2 =z z) | 1<z < +1 —hE) <z < fol@)




. Singularly perturbed elliptic problems 567

Because of I'_ = 9Q the solution of the giobal problem'becon‘les .
— {92(3"1), z, >0
Nlx,), x, <0 .

and at z, = 0 a free boundary layer ongma.tes By setting { = x—f in the neigh-
bourhood of z, = 0 we obtam

v

e
. 21 o d %1 '
L, =¢ 2% {—‘a(xl) ng — f2-1 6{} + g % L,*.i
" The requirements :
3 . l . o g1 — G2 g2 — 1 \
o T T T e =T e = S .
yield ' ) . . ‘
=0 _"0 t;xp 1 2k} dt with A* = | exp 1 12k ) de.
~ 24* a 2k a2k -
. o -
Theorem 2.3: Let Lo = —x,%- "i and let the singular line lie in the interior
of 2. Then it holds that 07

1

A : Ellnel iflb=1unds, =2
“ut_(ggjglﬂ)”éK in el i .

&8 otherwise
with s; = 2k max (my*, ms=, my*, m,~).

Proof: According to the construction we have

<Ll (u‘ (gZ + g1 + v))

Since v is a function of boundary layer type, it follows that

2% —1 .
< Ke % in Q.

“E0 ol =g 47 with || <Ke¥ (N arbitrary) -

in the domain |z| < z, < 1. However, analogous to the aBove, we obtain'o'nly

K ||u[—(g2_;g"+‘,v)

.. . . L 1
with s, = 2k max (myt, my~, ml ,myT). Now we can conclude that K,s" - K, 52"

1
< Kee

r.

X w,(x,) and Kle lln gl — K282w,(x2) 1f k=1ands, =2, respectxve]y, wnth

l
P

Ry o T T

o 0
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_are barrier functiohs for u, — (92 + 9 + v) "Because ofA-

[w,(:vg)lSKllnsl for k=1 and lw(2s)] < K for k> 1

we obtain the a.ssertlon of Theorem 23 8 "

In ‘the case Q = {(2),%,) | —1 <2, < +1,0 < 2, < f4(2y)} a boundary layer
of the above type appears and it does not change so much. A

Now we consider an other typc of a smgularly perburbed problem, né,mely '
. Lzuc = eLluc + x22k’1 — =0 inQ

u, =g - on o

where Q = {(&,, )| —1 <z < +1, —/1(?21),_§,__2 <,_[2(:§L)J Here we have,

' I =22\ {(1,0) u(—1,0).
" Therefore we cannot impose conditions on the solutlon of. the global problem U (x,)
Let 92 be the local correctors in the neighbourhood of the boundary, such that

lL 2. < K2 and o2 + U satisfy the boundary condntlons for 2, = f,(x,) and
‘Zy = —fi(x)), respectlvely Then, it holds -

v”=vo‘?+w”+82’v2”

“with

”ol = (g1 — U) exp(

&

f2 ! fl(xl) + 232
a 4

. 0o = (g2 — U)exp(—%%ﬂ).

If a“, a, and ao do not depend on z,, then we can 1mprove the accuracy of the.
' approxnmatlon by requiring

eU | | o o
allw+Q1—+aoU%Q. : . ol

I follows |Le(wee — (U + ot 4 1)2))| < K¢

"~ In the domain |z| < 7y < 1 24! and v,? are again exponentlally small for 2, == f,(7,)

and z, = —fi(zy), respectlvely In the neighbourhood of |z,] = 1 we obtain the
conditions _ )
UMy =g(1) end U-D=g(-1) .
by requiring : : _ ' : SN
. . . - l : . -

00 ey=suiza] + [90%z,= —peeal S K& (3 >0). .

Since a, = 0 we can determine the solution U(z,) of the global problem as the umque
solution of the boundary value problem

eUu U - ‘ |
w‘*‘(axa?l‘ﬁ- aoU‘—.O - ~‘ _ c e

C U =g, U(=1) =g(—1).

an

LS
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]
For s we obtain, as above, that

s —85— max (mm (my*, mo*) + lmy*, min (m,* ,mz*") + lmy,*,
" min (my~, my" )+lm1 ,mm(ml , My~ )—i—lm2 ).

By raeans of ‘the barrier function

1
: Kls" — ng exp (—stl)
we immediately obtain o

Theorem 2.4 Let Ly == 2,21 %and let the singular line l1,e in the intérior -
. 2
of the domain Q Fwﬂwrmore let a,y; a,, ay be mdependent of z,. Then it holds

1

feee — (U + v + vo“)ll < Ken ,

with the above defined s5, where U(xl) denotes the solution of the boundam/ value problem .
(2.2).

Remark: In the case k — 1 au, a, and a; can also depend on x, Then, we reqmre

20
ay(z1, 0) 7 P al(xlr 0) + ao(%1, O) U = O
. 1
set @, = U('x,) + &U\(2y, :c2) + ! + »2 and deter‘mine U, from
o oU - 82U ‘ oU -
zz 6:.!:21 [_au(xn Zg) — au(xn 0)] z + [al(xn ) — al(xl, 0)] 'a?l' '

+[ag(zy, 25) — ao(xl, 0)] U.

g It always hold s Z 2. s = 2 holds if and only if m,*+. = Myt = my~ = M, - = 1and
k = 1. The assertion of GRasMAN [6], that s = l for k = 1 is not valid."
The cases .

= {(z1, %) | 0 < xz < fozy)} and Q2= {(xb Z,) | —fi(zx) <z, < 0},

respectively, are less interesting since the solutions of the global problem, namely‘
gl(x,) and g,(2,), respectlvely are uniquely determined.

3. A singular line parallel to the characteristies

We now consider :
Lo, = eLyu, + 7 1 P _ 0 inQ »
o 3:1:1

u, =g onoaf

w1th Q= {(a:l, 2) | — 1<z <+ 1,0 <z, < f(z,)} and- assume that the lines
= const. intersect 92 at exactly two points (except z, = 0 and z, = sup f(z,)).
Furthermore, let us assume that f(z;) < f(0) for all z, 5 0 such that

= {(z1, %) | —1 <% < 0,z, = /(x'l)}’ :
= {(x, %) | 0 < 2, < +1» z, = f(z1)}:
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Lequ be the solution of the global px“obleml

ou . ' .
A . : -

% i3 a smooth function in 2 except a neighboﬁrhood of (O,"f(O)). Near the singular -

linex, =01let{ = x—f and let v satisfy
e ‘
T

‘ d22(’¢1).0) 6—4.2 - Cl % = 0, 'Ulc=o =g — u]z":o..
/1

This boundary layer probleni has been studied in [16], because of the singularity of

o o -
—_ —1, izati > ied.
oz, 00’ o at ( 0) a regularization Im(,t,hod has been applied

Theorem 3.1: Let .Q = 0Qn{z | dist (z, 1‘+) > y] Then it holds

I, — (u -+ 0)l, < KeFEHT.
Proof: In 2., for corresoondm regularization, we Ha.ve‘
z f g reg
.. > :
1——3
- L(we — (u + v))] £ Ke* 2000,
. - 1 g

[, — (u + V)2, < K®*H0 0 Ju, —(w +0){r. =0, lu,—(u+0) <K
according to the construction. Now, let y = p(x), 2,) be a smooth function with

oy .
py=0in Q,, p=1in .Q\.Q and 8_ = O We construct a barrier fupction 8, by .
setting” 9% B

S, 72) = Kyylay, 2,) + Kzew“ exp (stx) (Ks + Vz(aéz))
with : : ' :

11 9 2 L
Vi) = & 2@+0g,2 S, , | m x, 2 3 2)
. 2("-rl) 241

and appropriately. chosen ‘constants Kl, K, Ks, ‘K,. S,.4(+) denotes the Lommel
function. As a result we obtain that S, majorizes u, — (u + v) in 9,. The restriction -
to 2, yields the assertion 1 .

Remark: Of course, it is possible to construct a local corrector in' the neigh-
- bourhood of I',. For the study of the asymptotic behaviour in the, nelghbourhood
of the pomts (O f(O)) and (1, 0) we refer to [14, 9].

The case'Q = {(z,,%,) | —1 < 2, < +1, —f1(7)) < 2, < folzy)) and l even is not
" interesting, since nothing happens along the singular line. However, if I = odd, the
problem becomes more difficult. For I = 1 this case have heen consuiered by BarTON
[1] and Gorgov [5].
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