Zeltschrift fdr Analysis
und ihre Anwendungen
Bd. 3 (2) (1984), S. 153—166

Maximal inequalities and Fourier multipliers for spaces
with mixed quasinorms. Applications

/

!

H.-J. SCHMEISSI;R

Es werden Maximalungleichungen und Fouriersche Multiplikatoren fiir Systeme ga'nzejr'
+ analytischer Funktionen exponentiellen Typs betrachtet, die zu Riumen mit gemischten
Quasinormen gehéren. Als Anwendung werden 4 Typen von Riumen von Funktionen mit
dominierenden gemischten Glattheitseigenschaften eingefiihrt. Beziehungen zu klassischen
Riumen von diesem Typ (Riume von S. M. Nikol’skij," T. I. Amanov, P. I. Lizorkin) werden
behandelt. Als Spezialfall sind die Sobolev-Réume mit' einer dominierenden gemischten Ab-

v

leitung enthalten.’ : . ‘ -

. PaccmaTpuBaloTea MakcHManbHBE HEPABEHCTBA M MYJbTHHAMKATOPH (DypLe WIf cHcTeM
QYHKUMIT 9KCIIOHEHIHANbHOrO THIA, MPHHAIEHAWMXCSA MNPOCTPAHCTBAM CO CMCIIAHHBIMIL
KBaciHOpMaMHl. Hak npunomeyns onpenenanTca 4 TUNbl GYHKUHOHANLUKX NPOCTPAHCTB C
AoMitHHpYylowelt cvelwannoft nponssogHoit. MccaenyoTeA . COOTHOIWEHHS K KIaCCHYECKHM
npocrpancrsam Takoro Tina (C. M. Hukonsckoro, T. WU. Amanona, I1. U. Jlnzoprnnua).
B paccMarpusaemeix Kiaccax cojepiaTes, B HACTHOCTH, mpocrpancrBa Co6olesa ¢ ToMi-
HupYytouelt cMeWaHHOI NPO3BOHOIL. ) :

\

The paper concerns with maximal inequalities and Fourier multipliers for systems of entire
analytic functions of exponential type belonging to mixed quasinorimed spaces. As an appli-
cation 4 types of spaces of functions with dominating mixed smoothness properties are intro-
.duced. Relations to classical spaces of that type (spaces of S. M. NtkoL'skw, T. I. Amaxov,
P. I. Lizork1x) are treated. As a special case the Sobolev spaces with a dominating mixed
derivative are contained.

,

- - ’

1. Introduction . -

.

In connection with the study of eigenvalues of integral operators, A. PrerscH [12, 13]
introduced the spaces [B},, B ,] of functions f(z,y) of two variables to describe
smoothness properties of the kernels of the operators which ensure mappings between
Besov spaces. This idea was taken up by H. TRIEBEL [26, 27}, who described such
spaces within the framework of Fourier analysis. Tt was more or less obvious that
the-spaces considered are related to those of S. M. Nikor’sk1y [10], T.T. Amaxov
{2, 3], and H. TrieBeL [21—23], which are characterized -by dominating mixed
derivatives. Triebel’s approach was in keeping with the recent developments in the

' theory of function spaces. However, a systematic investigation by means of Fourier
‘analysis in the sense of the modern theory of the Besov and Triebel-Lizorkin spaces
(¢f. H. TRIEBEL [24, 25]) remained open. The first step in this direction was done
in the paper [14]. : ' . ' S
The aim of the paper presented here is twofold. First we want to establish maximal

~ inequalities and Fourier multiplier theorems for various types of spaces with mixed
quasinorms. These spaces are found to be the basis for the treatment of the indicated
unction spaces. Second ;we want to clarify the relations of these function spaces to

:

.
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Y

the classical Sobolev-Lebesgue spaces with dominating mixed derivatives in the
sense of P. T, LizorrIN and S. M. NikoL’sk1Js [9].

The paper is organized as follows. Section 2 contains all deflmblons needed and
sonme preliminaries connected with classical Hardy-Littlewood maximal functions
and mixed quasinormed spaces. In séction 3 we state and prove our-main theorems.
Section 4 deals with possxble applications to the function spaces of Besov-Triebel-
Lizorkin type, the comparison with the classical spaces, and remarks concermng
integral operators.

Our treatment follows H.-J. SCHMEISSER [17] where the essential results can also
be found. ' A

s - ¢

) ‘ :
2. Preliminaries ’ AN

2.1. Spaces with mixed quasinorms
I}

Let (X, S;, wi) (z =1, n)i be n .given, totally o-finite measure- spaces and .

P = (Pr-:r»Pn) & glven n- tuple with 0 < p; < oco. It is supposed that none of the
spaces (X S;, p;)” admits only the constant functions. A function f(x,,..., z,)

measurable in the product space !

i N -

kX) S: /‘):(ﬁ Xi’!:’_‘TSi,.]_"Y/‘i) . '

~

is said to belong to L,,(X) if the number obtained after takmg succcssnvelv thc Pr-
: quasmorm in x,, the p,-quasinorm in z,, ..., the p,-quasinorm in z,, and in that

order, is finite. The number obtained in such a way will be denoted by |If | Le(X)Il..

Tf O < p; < oo we have in particular: T . )

Xn X,

: b S TR ] “\L
~ M Le(X ||—(f (f (_f A2, vae, 24)|P? dﬂl)p. d‘uz)l’:...d,u,,)pn_ (2.1)
- X, : . .

This is the definition of the spaces Lz with mixed quasmorms given by A. BENEDEK
and R. Paxzo¥E [5]. Let us recall that a quasinorm satisfies all conditions of a norm’
except the triangular inequality. That must be replacéd by

If+gll < c(ifil +lgl), ec=1.

For abbreviation we shall put

‘. I/ ) La( Xl = I1f(@1, -5 @) [ Lp (X0} | oo | Lp (X)- o L (22)

In the case that p; = oo we have to modify in the usual way

N

1 | Do (Xl = ess sup |/(z)]-

TEX \

If X, = Rl is the real axis and w; is the Lebesgue measure we set L, (X;) = L,
(¢ = 1,'2 "), ‘LX) = LzR,) = Lz, and , g : :

1Ll = W 3 By | o Bl (2:3)
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Our definition also covers the ‘spaces consxstmg of all systems of complex numbers
/k—'/(k. ..... k) (’C =0,1,2,...) with

e | 41l = ( 5_% ( y ( 2 e ",;p.)ﬁ)ﬁ—i )p_l,.

kn=0 ks=0 kl
= Wkt U] ==+ 1 Ly} < 00 ' ' o (2.4)
For p, = .-+ = p, ="p thesec are‘the usual spaces L, and [,. Of special interest to

us are certam combinations of (2.3) and (2.4). That means .we consider spaces of
systems /k( vk = (ky, .., ky), x = (24, ..., 2,), where k; = 0, 1, ... and z; € R;.-Now

we.take, in the sense of (2 1), (2.2) successively, L, and [, quasinorms, 0 < p, ¢ < oo,
in different orders. For n-tuples D= (P1---» Pn).and § = (¢, --., ¢x) With 0 < p,,

| ¢i < oo we define the quasinorms

/&) | S = Wfitrete (@1 s Ta) 1 Lp, 1G] o 1L, | Bl . (2.5)
/(@) | SL5IN = koot (@5« s Za) Woy | Lip,| - V| Lpll (2.6)
Ife@) | La(l@ = Wk ad(@1s s @) gl - llg, | L] - in,.ll- (2.7)

The corresponding spaces are denoted by Slz(Lz), SL,,(l ), and Ljz(l5). Note that in

' (2.5), (2. 6), and (2.7), I, is connected with summatlon to the ¢;-th power over k;

=0,1,... and L, with integration to the p;-th power over R, with respect to thc

. Lebesgue measure da:

Let us mention that the above spaces can als6 be obtained as iterated cases of

vector-valued Banach function and sequence spaces.

Finally for the sake of simplicity we want to introduce some abbrevratlons Ifr
and § are n-tuples we wrlte i .

FSEF <5, F=38) . iff r <sr< 8is Ty = 8;) C=1,..,n),

F ol S (1) 4 Sy eeey Tn - 82), - )
T i= (Jry, ...p A1) (4 complex), ' N
78 1= (r,8y, Fees TaSa), ) . '
FEi= 7S .. T,0n (r;>0;7=1,...,m)

a® 1= {(a%, .., a®) (@ > 0),
o= (r® .10 (1> 0), Lo -

(7'- 5)::27-&. - o .

Further we agree upon 0= (0,...,0), I =(1,...,1),...,% = (0o, ..., 00). Z,*
denotes the set of all n- tuples E=(ky, ..., k,) with rion-negative integer components.

2.2, Inequalities for the Hardy-Littlewood maximal function
In this subsection we want to recall R. J. Bagby’s extended maximal inequality {4].
Let (X, S, ) be a product measure space as defined in the preceding subsection
and let R, be the Euclidean n-space. We consider on R,,)(A locally integrable .
complex valued functions f(z, t), z = (2, ..., %,) € Ry, t = (4, ..., t,) € X and define
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the Hardy-thtlewood maximal function with respect to E R, by
(a1, )(x) = sup |B(z, NI™" [ If(y, ) dy. ' - (28)

o0<r<oo Blz,r)

Here B(z, r) denotes a ball with radius » centered at € R, and |B(z, r)| is its Lebesgue
" measure (cf. E. M. Stein [18: Chapter 1]). Then we have

\ .
Propos1t10n 1 (R.J.BacBy [4]): Letq = (91,-'--,%) be a m-tuple with 1 < g; < co

and let\l < p <'oo.
There exists a constant ¢ > 0, mdependent of f(z, 1), such that -

(MG, 0) @ e D) LR S e fi, 0 LX) LRL. (29)

Remark 1: (2.9) is a generalization of the famous vector-valued maximal in-
equality of C. FEFFERMAN and E. M. Ster~ 7). Of course, in (2.9) first the norm

-1 Lg(XOll = |-l Loy (X )] - | Lo (Xl
is taken with respect to (.= (t,, ot €EX = n X and the measure u = H,u,

After that the norm in L,(R,) is taken with respect to z € R, and the Lebesgue
- measure. We are especna,lly interested in thc cases that Lz(X) = Lz(R,,) (and Sl;(Lz),
SLs(lg) Lyllg): - -

N
,

" 2.3. The spaces S;*H and S;mW
Let z = (71, e ¥y) and P = (j)l, ..y Py) be n-tuples with — o0 < % < oo and
1<p< . F and F-1 represent the Fourier transform in the space of tempered
distributions S'(R,) and its inverse, respectively. For f € L\(R,) we have
(Ff) (=) = (27)7"02 [ f(§) e~ dE,
: R, .

n BN . (2.10)
(z, & = Y ;.
i=1 : .

Then we define, if it~makes-se’nse,' ‘ ; /.

1/2) | S5*HIl = l P IT (1 + i P | (Ry) (@.11)
and . ) . )

Sz*H = {f(z) € Lp(R,) | /(=) | S"‘Hll < °°} N (2.12)
If M = (My, ..., M), M; non-negatlve integer, we put ' V B

S,—,"‘W = {f € Lz(R,)| D¥f(x) ¢ L3R,); 0, =0,1;2=1,..,n}) . (2.13)
and further ' < o

V@S = 5 D) | LR, | (214

\Here all derivatives have to be understood in the sense of distributions and Dt Ealf,
«; non-negative integer,-means .
" plelf- o :
0,1 0xy%r . [: 0,00 I = 2 i

If all p; are equal we write S, "H and S, W, respectlvely
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Proposition 2: We have

SFW = S;AH. L N . (215)
Remark 2: The proof of (2.15) can be carried out analogously to the isotropic
case p, = -+ = p, (see for example H. TRIEBEL [20: Theorem 2.3.3]) using the

Fourier multlplner theorem for Lz of P. I. L1zoRKIN [8].

The spaces S;»W and Sz*H generalize the classical Sobolev-Lebesgue spaces with

a dominating mn\ed denvatlve treated by P. I. LizorriN and S. M. Nikor’skis [9]. .

to mixed norms. Now, let us establish an 1mportant mequahty of Bernstein

"' type, which will be used later on.

Proposition 3: Letd = (dy, ..., du), B = (Py, -+ Pn) be n-tuplées with0 <d < &%

and 0 <P < 2. 1/x>J+é—%,
/orazz/esz~11 P

‘ i=1

Proof: Letl = (I, ..., I,) be a n-tuple of non-negative integers. We set
, Ql- - Ill - X II,., g ) ” .
where Io=[—1,1], I =[—2!, —2-1)y (21 2‘] (l = 1,2,...). Further let y, be
the characteristic function of I, and .

then there exists a ‘posz'tz've' constant ¢, such that

+ 22z Ff | L3 || = clIf(z) | S*H]|. (2.16)

FACIRSl TRCIV I THCY ’

the characteristic function of @;. Using these notations the equivalence

11 (1 + zit)ie Ff | g ~ |n Ry, (z) Ff | Sly(Ls)

(2.17)

- can be derived Now, Holders inequality. for integrals Wwith respect to 3 is successi-’

vely applied to the right-hand side of (2. 17) from 7 = 1 up tg 1=mn. Thus it can be ’
estimated from above by .

¢ |Z+7 2Ny Ff | Slp(Ls)il. ' | R
Usmg Holder’s mequahty for series, and because of the assumptlon & =%

(d +——-—)>0 2——1 )weobbamfrom (2 17)

< o |l Foyi(z) Ff i Sta(La)|

[7 (1 + 22 77| Ly
i=1 )

= ¢ |2%() Ff | L)l -
Tt is easy to see that the last express1on is an equivalent norm in S;*H. Hence, the

Proposition is proved I

Remark 3: For n =1 the Proposmon follows from H.TRIEBEL (23, Lemma
1.5.5).

¢
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s
3. Maximal inequalities and Fourier multipliers

-

N Dei'init.ions

Tn view of the desired apphcatlons to function spaces, let us introduce the analytic
counterparts of the spaces with mixed quasinorms from (2.5)—(2.7). In the following

definition 9 is said to be the set of all systems {fz}z¢z + of tempered distributions
cfrom S'(R,) with ’

CSwpp PR F NS @ Il S1 T =1, ,m), keZy. (3.1

Then by the Paley-Wicner-Schwartz theorem each fz is an entire analytic functlon
of exponential type.

' Defmltlonl:Let.‘0<ﬁ,q§E>_o. We put _ . .
’ Sli(Lg*) = A 0 Sl(Ly), - , - . (3.2).

SLs‘(ia) = A'n SLily), Ly (3.3)
Ly*lg) = A n Lyly). SR 34
" These S}\)aces are equipped with the quasinorms from (2.5)—(2.7). We are interested _
_in the followmg maximal functlon -~

Deflmtlon 2 Let-a > 0 and let {/k(x)}kez + € 92[ Then we define

v /E*(x) _ sup_ _ |/k(x — ¥ ) - . ' ': . - (3.5) ,

~“"Hu+mww

Rem&rk 4. This ‘construction of a maximal functlon is analogous to J. PEETRE
[11] and H. TrIEBEL (25, 2.2.3].

.The aim of this subsection is the proof of some mequa.htles for the maximal
functlon (3.5) in the spaces (3.2)—(3.4) and of Fourier multlpher theorems That
. means we prove mequahtles of the form

1F~ez(&) Fi@ | <e (=) RIP

“whete {q),,(x)}key + is'a system of infinitely differentiable functions on R,. Here the dot
denotes one of the spaces from Defmltlon 1.

N

: 3.2. The fundamental Lemmata'

We follow some ideas of J PeeTRE [11] and H. TRIEBEL (25, 2.3.3). In the sense
of (2.8) we put \

(Mf) (.’Z = (M/(xb vee 1—1: ’ er: LR -T,,)) (xi) ’ (7’ = 1;~-": ”’) : (36) ’

for 2 locall\ mtegrable function /(z), = 6 R,. Further we denote

of o n
(a4nm5;u» ) @ = £ |

if f(z) is & continuously differentiable.function. N

(V/) (z)=




N\
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lL.emma 1: Let g(z) be a continﬁously differentiable function on R, and let0 <7 < ‘o0,
a = 771 Then we have for 0 <6 =1

cup _17E = 9)

R TT (1 + Jya o DO X

i=1

7y Tn 1
= ¢sup w 4+ 578 (M,, ( My(M, |gimy m)v,,-. )Z.. . (3.7)
YR TT (0 i) ‘

: Prbof: Step. 1:Let @ = [—1,1]X -+ X[—1, 1] and let us put * -
llg(x) | CHQNl = sup lg(x)] + sup |(Vg) (2)].
. z€Q zeQ

T}hen we pr(;ve .
Hg(x)! CH I~ SUP I(Vg) (@)1 + lig(=) | L#(Q)l- ' - (3.8)

If w € @ is chosen, such/that, lg( u,)| = min [g(z)|, “we obta,m as a consequence of the
mean value theorem z€Q

lgl)| = ¢ (lg( w)| + sup lVg(x)I) =c (llg(x) | Lz (@) + SUP lVg'(x))

for arbltrary v € Q. The other direction is obvious because of [Qi < oo. —
Step 2: Let v € Qs = [—98,8] X -+ X [—6,0] < R, and let g(x) be contmuously
differentiable. Then it follows from (3 8 -, ;

- 1 1

lgv)] = cd ™ ... 8 ™ llgly) | L (@)l + cb sup (V) ()l s

’

4 where ¢ 1's"1ndepéndent, of 8. This estimate applied to the function g(x — z — ), with
fixed z and z, and v € Q yields for v = 0 -

lglz — 2)] = 77" llglx — 2z — ) | Li(@)ll + ¢d sup I(Vg) (@ —'y — z)l (3.9)
The substitutions z; + y; = u; ’(i =1,...,n)give
gz — 2z — ) | L@ < If(@ — <) | Ls(Zy X -+ X Zy)l|
with Z; = [—(1 + |zl]), 1 - |z]]. It holds that
1 1 . 1

. ( (O PR i dui)'T So(l 4 [z (M gl (z) ¥
. \Z B
and thus :
Mgle — 2= ) [ L@l < e TT (1 + lail) (Mn ( (M, |gImym )) ().

‘Together with (3.9) this inequality leads to (3.7). Hence, the Lemma is proved @

Lemma 2: Let {fz(z)) € U and let {pz(zx)}icz,+ be a system of infinitely dz//erentzable
functions. If ® > @ + 271 then we have _

(F g F k) (@) < cllpe(2Fy) | SFH|| /k , (3.10)
where ¢ s independent of k € Z,* and x € R,. ~
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Proof: We choose a function yp(z) € S(R,,j with the properties
po)y=1 if |5 <1 (F=1,...,7), suppp() < iz |z <2
. (Z=1,..,n) .
a}r]idt put op(z) = @(x) p(2 Fx). Recall that 2-Fz = (2 5z, ..., 27kag,). Then it holds
tha

(FloeFfz) (= — y)l S ¢ [ [(F%08) (z — y — 2)| [f2(2)] dz
. 2

< ofi*@) [ I(Flen) (@ — y — )l | [T (1 + 125Gz — 2)j%| de
. R, =1

S o) 1"7 (14 [2kglo) [ |(F-o5) (& — y = 2)
J | )

H (1 + 12%(z; — 9 — 2)))*| dz.

Division by ]] 1+ }2“'y,| 3 yields -

(F- ! oeFfe)* (x) = c/,*(x)

H (1 +. |z;])% (F~2pp(2F- )) (2) | Ly(R,)||.

The right-hand \side can be estmmted with the help of Proposition 3, (2 16) Thls

gives
(F- 'PEFfE)* (%) = ofi*(2) ) llpe(2¥y) w(y) | SFAHII,
with z > a + 2-1. Furthermore it holds that
I#2(2%9) v(9) | SFHI < cly) lpi(2Fy) | SFH].

This becomes clear for # with integer components by means of Proposition 2, (2.15).

The general case follows by the interpolation theorem of H. TrIEBEL (21, p. 239/

formula (49)). Thus the proof is complete B
Lemma 3: Let {fz(x)}icz,+ € U such that sup]l/k( | Lo (R} < 00, for all ke Z,*.
If @ = 771, then we have
_ oo\ (1T . '
f&* (x) = c( ( (M) fem) ---)'"“)'" (). : ’ (3.11)
Proof: From Lemma 1'it follows, with g(z) = fe(@ k), k€ Z,*,

et e fre( et 0 @y

i=1 i

' Ts . Tn .l_
R R YR AT A Jos e @
It is easy to see that - '
(Mig(..., 275, ) (@) = (Mig) (z, ..., 270, ..., )
and hence by iteration ‘
' ) _ 2 r;. L
(e, (o1, | fe@ ) =
| noo\rm\Lo
YA BT I =) A
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This identity applied to (3.12) implies

/s*(x)gca_z"z—h () @ + e 5 (o, .(M;n/z|'x>'?:)L.-)%<x>.

Now, we choose a function w(t) (L€ R,), infinitely differentiable, with (¢ ) =1 if-

te[—1, 1], supp y(t) = [—2,2). Clearly, by definition fz(zx) = (F ! H y;(2 ksy;) F/k)(
-~ and therefore

—\ %k n
-k (%) (x) = (F_l2_k‘y,'.n W(27k’yi) F/F) (x) .
=t ‘ :

. n
Setting oz (y) = 2%y, [T w(2 %y;) it follows with the help of Lemma 2 that
. i | | .

9k (ZL;)* (@) <o

i
/

fe¥ (@),

Yi Hl v(y;) | S.°H,
i= ‘

where # > a@ + 271, The first factor on the right-hand side can be estimated by a
constant. Next we use the inequality (3.13) and obtain

Ts

1 .
/e*(x) = cbfi*(x) + c67® ( Mx [y .. )'— (@), 0<9 <L

" If we choose 6 sufficiently small this gives the assertion of the Lemma, taking mto
account that sup |fi(x)| < oo B :
k.z

" 3.3. Maximal inequalities
Theoreml Let0<p<oo 0<qg <.
(1 I/a > min (pl: . )pn qs, - ,9;-) l tken . .
Ife*(z) | Stg(Lp)ll <'elifa(z) | Se(Lp)ll - ( (3.14)

for all {fz(2)} € Slz(Lz4).
11) I/ @i > min (P, <oy Dis 15 -+ o Qi)_l; then

- lIife*(@) | SLy(lg )H = cllfe(=) | SLz (L) o ' (3.15)
for. all {fz(x)} € SL-“(lq) ' .
(“l If a; > r,nln (pl.: ey Dis 1y ooy Qn)_l: then '
Ife*(@) | Lylla)ll = c life() | Lt | (3.16)

/Or all {/;(x } € Lz*(lg).

Proof We use Lemma 3. All assumptions are satisfied because of the Nikol'skij

mequahty for mnxed quasinorms of B. STOCKERT [19] Theérefore (3.11) yields
Tn 1
‘:

e*(@) | Ll S o |\ Ml My lfel" .0 (2) | Ig

st

—
SIS
S ——

~ .
In '

Mo MR o (@) Ly (1g)

=c

11 Analysis Bd.3 Her;. 2 (1984)

,

-
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Here B’ = (py, + -, Pp1). We have r; = (2;‘1 and by aséufnption

RNy
7'" T"
o=zl o1 G=1,..,n).

[

>1 (:1::41',...,71/'— 1),

\

: Therefore we can apply Bagby’s maximal mequahby from Propos:tlon 1 to the
rlght-hand side. This yields v
: |i

. Trr) 1
o (s 8, e 2 @) it 3

Successive a'pplicatio.ns of this procedure lead to the desired inequality (3.16). In
the same way we can prove the other'cases (3.14) and (3.15) 1

(Moo My fel o) | Iy (a)

LES

fe*e) | Lpla)ll < ¢

T— g

3.4. .Fourier multipliers

First let us introduce some notation. f 0 < 7 < o0, 0 < § < oo we set

, ) . 1 ’ \
%B(p, @) = min (py, ..o, Pis quy 05 i)™+ 5

i

' xir(ps q) = min (pla ceny Dis 1y o Qi)_l

;,',II(I/)’ Q) = min (pb :"’ Pis 4 3‘;: qn)_l +

and %8 = (x,5, ..., x,%) ete. '

-

Theorem 2: Let 0 < P < 00,0 < § <o and let {pi(x))iez,» be a system of infinitely
. differentiable functions. ' :
‘(i) If # > ®B, then

H(F‘lwiF/E) (@) | Slg(Lp)] < o §g£+ll¢i(2iy) | SFH| (=) | Stg(Lg)l - (3.17)

for all {fe(z)} € Sla(Lz4). v o
(i) If = > =z, tleen ’ .

E e F/E) (z) |SL,,(£ = °Sup, |I¢k(2"y) | S*H|! |If(<) | SL slall  (3.18)

/or all {fz(x)} € SLz4(l3).
: (m) If% > 74, then

CICE e FrE) (2) | L)l = ¢ Sup I|%(2"?/) | S*H| H/k(x) | L,,(l I (3.19)
/or all {fz(x)} € Lz*(ly).

Proof: The proof is an immediate consequence of Lemma. ‘2, Theorem 1, and
((F~ gz Ffz) (z)] = (F'geFfe)* (z) B
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4. Applications

4.1. Spaces with dominating mixed smoothness of the Besov- ’I‘neb(,l leorkm type .

Leb P he the class of systems ¢ = {g,(t)}j2, of mfmltely dlfferentlable functions,
ha.vmg the properties:

supp ¢ < [—2, 2], SUPP o= [ 211, —2"1] VIZTLEM) L (=12, (4.1)
' . . \

Z—;"_”~¢‘(t)| S c27im (l =0,12,..), ] S 4.2)
Sab=1. " : C4.3)
=0 : - N

. TheSe.'are the systems of test functions widely used _ir’l.the theory of function spaces
(cf. H. TRIEBEL [20—23]). If {pi()}i2 € @ we put

oi(z) = H% zeR,, keZ,*.

) Definition 3: Let 0 < p < 00,0 <7 < o0, > <7< o We define:
(i) S,—,,;B {f€ S'(R,) |1 € @, such that ’

_ If | S5.2BIl = 125 (F-'ge Ff) (@) | L3] Lgll <.o),. T (44)
(i) SBjz = {/ € S'(R,)|3 ¢ € P, such that . : '
If | SBEll = 125 (P Ff) (=) | Sig aall < oo}, . (4.5)
(iii) SFz;={f € S'(R,) |3 ¢ € P, such that
If | SFhgl = I (F1geFf) (@) | SLz0p)ll < o0}, .. (48)
(iv) S;aF = (/€ & (R ) |3 ¢ € D, such that v , _ '
N1 S5l = |18 (F-1giFf) (2) | Lpll)ll <.o0). - . (4)

Remark 5: The spaces (i)—(iv) are spaces of functions and distributions with
dominating mixed smoothness properties All spaces are quasi-Banach spaces
(Banach if 1 < 7, q). For different ¢’s the quasinorms (4.4)—(4.7) are equivalent
to each other. This and the other basic propertles can be derived from Theorem 2.
.We refer to [14—17]

Remark 6: The spaces S- B generalwe the spaces S"ZTB (1 S'p, = oo, 0 éf o)
of T. T AmaNov [2, 3] and the spaces B%Z (0 < p, ¢ < oo, glx) = ]]( + a2))
=1

of H. TrIEBEL [21—23] to mixed quasinorms. For the details we refer the reader to

H.-J. ScumEeisser [16]. The spaces SB-,, wefe introduced by H.TRIEBEL [26] in
the case n = 2. They are investigated together with the spaces SF-q, which are the
counterparts of the Triebel-Lizorkin type, in H.-J. SCHMEISSER [14 15]." These two
- papers deal with the main properties such as Fourier multipliers and representation
theorems. For nnbeddmgs we refer to a forthcoming paper (see also [17]) The spaces

S iF gencmlue the spaces F92 (0 < p < o0, 0 < ¢ = 0, g(z) = n (1 + x; )'«'-)
i=1"
of H. TriEBEL [21—23] to mixed quasinorms. The rela.mons to the spaces S—'H (see
2.3, (2. 11)) are considered in the next subsection. . “

11#*
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'4.2, Sobolev-Lebesgue spaces ' ' .

Looking at the theory of the isotropic Triebel- leorkm spaces F7, (0 < p < o0,

0 < ¢ = o0, —00 <7< oo} and at the definitions of S- iF, SF-q, 1t, is natural to
ask about connections to mixed L,-spaces and to Sobolev spaces. The answer is
given in the followmg theorem, ’

Theorem 3: Lel i < P < 00, —00 <7 < oo. Further let m be a n-tuple of non-
negative vntegers. Then we have :

SF =Lz | - | - (48)

S5oF = S7W, . ,. \ - (4.9)

/ST F = S57H. o -  (4.10)
Further 1t holds that ‘ .
ISFgmlnEf:z)CL”CSFp max(p.2)’ ’ o~ ' (4.11)

Y SF;"mmm b) =8W = S]ﬁ:'ma‘((p ) . R . - (4.12)

SF} iz < S7H = SFL ‘ (4.13)

p.max(p,3)’
‘where .

min (5, 2) = (2, min (pl, 2), .., min (P1s +- s Pasy 2))
max (?: 2) = (2’ max (pl‘y 2); ..., ID8X (pl: ey .pn—b 2))'

Proof: The Littlewood-Paley theorem ‘(4.8) is a consequence of P.T. L1ZORKIN
. [8, Theorem 2 and Lemma 2] (see also [3, Lemma 15.2]). Formula, (4. 8) and Defmmon _
3 (iv) give

M

F’H(1+§“F/|Lp . (4.14)

rx.«”lf"‘l]_]1 (1 + £3)2 (&) Ff | Lp(ls)

We put _
wel&i) = 27T(L 4 E2)2 g (&),

- 01«(5) = ‘k‘(l + Et ) (Ph(Ei) (kl = O’ 13 2: eees 1= 1) -":~n):

/k(x F"H (1 + &%)? @ (&) Ff.

Because of (4 1y and (4. 3) the following two mequalltles hold:

Ife@) | L)l = X
Y =4

’F “ﬂl %F (2"‘F“<.vz+iF/) (@) | Lals)||

SR F) (2) | L] < I IF-0riF/fe) (@) | Lol

where the sum overl € Z,* isfinite. Now we apply Theorem 2 (iii) to both inequalities
with Y and g instead of ¢, and considering (4 14), we obtain formiula (4.10). Then
(4 9)is a consequence of Proposmon 2.



Maximal inequalities and Fourier multipliers _165 \

3
\

The. imbéddings (4.11)—(4.13) follow from the more gene;al ones
SFE inga = SaF = SFL ' |

pmln(pq) pmax(pqp ) .
min (P, q = (91’ seey min (7)1: coes Pi-1s Qi): ceey min (pb coes Pn-1s Qn)) s (4~15)
max (7” Q) = (QI: .voy IDAX (ph .. 'abpi—!: qi): LRRS] max (7’1: vovs Pa-1y Qn)) 3

which are a.consequence of elementary imbedding properties of the spaces Lz(l5),
and from the just proved formulas (4.8)—(4.10). Thus the proof is complete 1

Remark 7: The theorem states that the Sobolev-’chesgue spaces Sz"H with
dominating mixed derivatives are contained in Sx'z & asa special case. However note

- that this is not true for the spaces SF-- This s personal information from Prof.
A. PiETSCH, Jena, who has constructed a count,erc;\ample In fact he has proved that
SF’%E = L; it’and only if 7 = 2. We can only prove the useful imbeddings (4.11 to
4.13). ' - » ‘ -

Let us. further mention that Littlewood-Paley theorems for mixed Lj- sf)aces in
. the sense of (4.8) are not new. We refer to P. I. L1zoRKIN (8], BEsov, IL’omx, N1koL’-
SK1J [6] and S. I. AcaLarov [1] welghted case) \

- 4.3, Remarks on mt.egral operators

" H. TrRIEBEL [26, 27] found that the spaces SBW and also SF,, ; are very suitable for
the description of smoothness properties of kernels of integral operators (sec also
[14] for the F- casc) But this is also true for S-- and S. F. !

. Let B, palB), Fy, (R;) be the usual Besov and Triebel-Lizorkin spaces, respectively
(cf. [20]) Here — o0 <r<oo, 1=p . g=soo. If K(z,y) € S};‘;, w.B(Ry X Ry)
1<, pSoo 1=<0,¢< 00, —00 < t, 7 < co) then

/

v S‘.ng(nl - B (Ry). - : : ©(4.16)

If I\(x 3/) € S(utp'))(v .q)F(Rl XRI) (1 < u g 0, 1 é P < 0, 1 é v, q é o,
| —co < t, 7 < o) then » N . '

o R: F,(R,) — F} (Ry). - o (4.17)
Here R, o . _ : .
(Rf) (v) = [ K(=,y) f(x) dx S " o

- ‘ s 1 L
is the corresponding integral operator. Of course — + — = 1. The proofs of (4.16)

and (4.17) are obvious modifications of Tnebel’s proof in [26] see also [17, 8. 1] We
omit the details.

As a corollary we obtain from (4.17) and Theorem 3 mapping properties of integral -
operators between L,-spaces and Sobolev-Lebesgue spaces.
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