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Fredholmness and finite section method for Toepl~itz operators
inl?(Z, X Z,) with piecewise continuous symbols II!)

A. BOTTCHER

In dieser Arbeit beweisen wir hinlingliche Bedingungen dafiir, daB ein diskreter Toeplitz-
operator mit stiickweise stetigem Symbol im Raum 7. iiber der Viertelebene noethersch ist
und- ebenso dafiir, dal auf einen solchen Operator das Reduktionsverfahren anwendbar ist.
Dabei wird entscheidend von Bilokalisierungstechniken und vom lokalen Prinzip von DotvoLas
und KrupPNIK Gebrauch gemacht. Teil I dieser Arbeit war den Beweisen fiir die Notwendigkeit
der entsprechenden Bedingungen, den nétigen Definitionen und der Formulierung der Haupt-

resultate gewidmet. -
t

. )
B nanHoit pabore NOKA3WBAWTCA [OCTATOYHBIE YCJIOBHSA IUTA HETEPOBOCTH OfIePATOPOB
TeMIHIA ¢ KyCOMHO-HETPEPRIBHLIMI CHMBOJIAMH B MPOCTpaliCTse P Ha KBaJipaHTe, a Takike
LA NPMMEHHMOCTI MeTONA PelyKUMH K TaKUM oneparopaM. MeToiH HacToAwmef paboThr
CYMIECTBEHHO OMUPAITCH Ha OHAOKANBHYIO TEXHHKY H HA JOKAIbLHBIN npuannn Jyraaca-
Kpynuuxa. Yacts 1 paGorel 6ula nOCBAIEHA NOKA3ATEALCTBAM HEOOXOMUMOCTH COOTBET-
CTBYIOUIMX YCJIOBIH, BCEM HY#HBIM onpejeienuam u GopMyaupoBKe TaaBubx pPesy:IbTaToB.
. \ . - I
In this paper we prove sufficient conditions for Fredholmness of discrete Toeplitz operators
- with piecewise continuous symbols on the space IP over the quarter-plane and for the appli-
cability, of the finite section method to such operators. The methods used here aré based on a

bilocalization technique and the local principle of DovoLas and Krupwsik. Part I of this work -

_ contained the proofs of the necessity of the corresponding conditions, the necessary definitions,
and the formulation of the main results. . .

This paper continues the paper [1] and it is devoted to the proof of the sufficiency

part of the Theorems 1 and 2 of [1]. All definitions and notations used here and not
being explicitly explained were introduced in [1].

§ 5. Further auxiliary propositions on one-dimensional Toeplitz operators
With regard to a theory of the finite section method for two-dimensional Toeplitz
operators some one-dimensional results have to be precised. This is the purpose of
the present séction. , ' ‘ :
Set ' ) )
R Fp = {{An};ono: An ImP, — Im P, ”{An}” = sup ”AanHQ(l”) < QO}"
n

Gy = {{4a)320 € Fp: |4, Pulleany >0 (n — o0)}.

By A, we denoté the closure in F;, of the collection of all sequences of the form

. ! r 8 ‘ 1}
‘ ' {Au} = {2 n.,lyn(aik)}s
7=1 k=1
1) P{.ll‘t I appeared in No. 2 (1984) of this journal. . ) .
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where r, s € Z,, ay € PC,. Fmally, let, I be the set of all sequences {A,} € F, which
~ are of thc form . "

{A) = (P.KP, + WKW, +Cib, S

where K, K, € 8 and {C,} € G, (the operators P, and W were defmed in Section 2). .

Asin [2] the mclusmn L= A -can be proved and then in the same fashion as in
[8] it can be-verified that I forms a closed two-sided ideal in the Banach algebra A,
and that A,/L, is commnta.tnve Let 7, denote the canonical, projection of A, onto

A/, N, the maximal ideal space of A,/I,-and I'n  the Gelfand map of A,,/I into
- C(Np). Note that {Ta(a)} € A, if a € PCy(T). )

Proposntxon 3:Leta € PCyT). If T(a) € Gy for eoerjr € [p, ql, l/p A+ 1lYg=1,
then 1,{T,(a)} € G(A,/L). | »

~ Recall that « € PC,,(T) 1mp11es T(a ) €UV 7€ pq) ;

Proof: Applymg the local ‘principle of T. C. GorBere and N. Y. KRUPNIK (4]
with the method of [8] we find that z,{T',(a)} is Jocally equivalent at ¢, €T to
1p{Tw(ay)}, where a, is defined by ‘

ault) = alty + 0), arg t, < argt < arg f, +n
ST alty — 0), arg g — < arg ¢t < arg o,
"t € T..Let O, denote the closed “lentiform” domam in ¢ which has as its boundary
" the two clrcular arcs S

{(1 — s,(w) alto — 0) + s,(u) alty + 0): € [0, 1]}

{(1 — s5(w) alto + 0) + s,(w) alte — 0): w €0, 11}
(recall thé notation (2. 2) of Section 2). According to Theorem I7 of Section 2 we have'
T(ai) — 21 € IT,{P,} for A 4 Oyh.

Now, let %, be the Banach algebra. playing the dominant part in {8}, i.e. A, con-
sists- of all sequences {4,}%,, A,: Im P, - Im P, for which there exist operators
A, 4, € £(I?) such that 4,P, >A A*P, — A* W, A, W, - A, W, AW, - A,*
(the convergence in the strong sense, the asterlsk denotmg the Hermman con]ugate)
I, again forms a closed two-sided ideal in ;.. Let us by 7, denotc thc canonical pro-
]ectlon of A, onto A,/1,. :

The results of [8] now imply that v, {T's(a;,) — AP,} € G(U,/L,) if only T(a,,) — i

- € IT,{P,). Then 2 does not belong to the spectrum of 7,'{Ty(as)} in A/, i.e.

24 SpquI"/]; (‘tp'{Tn(al._)}) .
Hence | _ :
- specy, (rp4Tu(ae )}y = Dy,
By [7: 10.18] we conclude .
) SpCCQ[p/] (T,,{T (Qg,)}) >D fo. ‘ (1)

'On condition that T(a) € GL(I") for every 7 € [p, q], l/p + 1/g = 1, from Theorem G
of Sectlon 2 follow$ that 0 ¢ D,* for every ¢, € T. Thus (1) shows that 7,{T, (a,o }
(A,/1,) and application of the local prmcnple of [4] gives t;{Ty(a)} € G(A,/L,) U

Pr.oposnuon 4: Let N € N,. Thén there exist v € [p,q] (1/p +Vg=1), L €T,
and u € [0, 1] such that . '

(P, 2t Ta(@) (V) = (1 — s,(u)) @l = 0) + 8(w) alt + 0) -
for every a € PC,(T). '
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Prodf: Let W be the Wiener algebra of all functions on T with absolutely con-
vergent Fourier series. Define the map w by .

w: WA/, ar ,{Ta(a)} .

Obviously, w is a continuous algebraic homomorphism. If gy is the complex. homo-
morphism (continuous multiplicative linear functional) associated with N ¢ N, e,
N = Ker gy, then gy o w is a complex homomorphism on W. Consequently, there

isa { € T with .
#u(rp{Ta(a)}) = a() T (2)
for every a € W. For & € T define the function a, ¢ PC, by '

1,arg19<argt<'arg19+:rz " . .

tv=
as(t) {0’ argd — z < argt < arg &

and the complex number ¢ by

¢ = pu{eTale))) | S 3)

) t(’5 g‘iven by (2)). From the inclusion (1) we get the existence of an 7 € [p, g] and of a-

# € [0, 1] such that

o= (1= 5(u) - 0 +-s,() - 1 = sy(u). , : 4)
Now, the identity a; + a_; = 1 gives
q’N(Tp{Tn(a—C)}) =1— s,(n). ' : ()

Thus we have evaluated PN at 7,{Ty(a;)} and at r,,'{’l’,,(a,_¢)}. Let ¢(#) be the value of ¢ |
at 7p{T,(as)} for 3 € T, & + +¢, 1.e. define c(d) by

- o(d) = ou(tp{Tn(@s)}). ' _ (6)
We are going to prove that o ‘ A )
o) = (1= s(w) aolt — 0) + si(w) aolC +0). M

For this purpose we choose a function b € W Being identically 1 in a neighborhood
“of { and identically 0 in a neighborhood of # and —#$. Then, obviously,b - ay ¢ W
and we have . "

a9() = b(L) as(l) (since b({) = 1) .
' = on(tp{Tu(bas)}) ’ (because of (2)) '
= ou{tolTa(®))) - pa(cp{Talao)})
= b({) () S (because of (2) and (6))
=) ‘ (since b(¢) = 1).
Hence ‘ » - -
largd < argl{ < argd + = EEE

e(d) = aqll) ={0,'arg19 —m<argl <argd,

\

| = (1 = s() @t ~ 0) + 8,(w) aolt +0), |
sixfce as(l — 0) = (¢ + 0) for ¥ &= +¢. Thus by (3—7) we have expressed

A q;N(rp{T"(a,,)}) for every @ € T in terms of 7, x and ¢ such as it is desired. Considering

13*

N -
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.
finite linear combinations we get

fpzv(rp{’l’,.(z)}) = (L — 8,(n)) 2(& — 0) + s,(w) 2(¢ + 0)
for every y € PC,. _ .
Given an arbitrary function u € PC,(T) we can find a; € PC, such that

{Tw(@) — {Talala, >0 (5 — o0).

Hence, first of all;
= lonlral Tat@)l) — eulro{ Taley)})| 4
S TW@) = (Talala, >0 (j>o0). ®)

<

Furtherinore .

ITula)) < {TalaMla, = sup [Tula — a)]

= lim iﬁf 1T5(e — ep)ll = IT(e — «;)lieus) = .|]’1'(a, — a;)lleua
and _ i
(1 — s:)) (@ = @) (€ = 0) + s,(p) (@ — ;) (¢ + 0)] L
< max (1 — su(d) (@ — @) (§ = 0) + s4(2) (@ — ;) (¢ + 0)]
(. OETX{0.1] ,
w€lp.q) A . .
— max |(1 — se(A) (@ — a;) (& = 0) + (2) (a — @) (¢ + O)]
ENETX [0.1) : L
. utipgl . . . ! ,
= max {II'n,0,T(e — a;)licay, 101w — aj)lley!
< max {|T(a — aj)lly,, iT(a — a)lig,}
= [iT(a — aj)llees = IT'(¢ — a;)lgqe - )
Thus ‘ ) _ o _ :
(1 — () (@ — a;) (€ — 0) + s,() (@ — @;) (¢ + 0)| >0 (9)

as j - co. Combining (8) and (9) we get the assertion in full generality @

§ 6. -Somle lemimas on Banach algebras
. The simple facts stated here will be applied in the Sections 8 and 9.

. Let U be a Banach algebra with unit ¢ and § < U a closed two-sided,ideal. Suppose
-that A/ is commutative. By j we denote the canonical projection of U onto A/F,
by N the maximal ideal space of %/ and by I'y the Gelfand map of A/ into C(N).

For concrete examples put A = B, I = {, or A = A,, F = I,,. In what follows &@

always denotes the projective tensor product. Put %2 = A @ A/A @ J and denote

by j, the canonical projection of % @ %A onto A% Then U2 = {e} ® AARF is
naturally embedded in 9% and let clos U? denote the closure of U? in U>.

Lemma 4: clos U? us contained tn the centre of A2,
Proof: Tt suffices to prove that ,
jale ® @) alb ® €) = jalb ® ) fale ® @) (Y
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.

for arbitrary «b, ¢ € 9. But since A/J has been supposed to be commutative, we

 have ac —-ca €'F from what (1) results 1

Lemma 5: Define the map o: ‘21/3 — clos U? by & 7u > fale @ a), a € U. Then
(i) o #s defined correctly, .

(i) o 7s an algebraic homomorphwm - Sy
(iii) o 7s continuous. . .

Proof: (i) Let ja = jb. Then a—b 6\5, hencee@(a—b ) € ‘2[®.\5, i.e. jo(e ® a)
= jale ® b).
(i) 1s obvious.
(iii) We have !
S lire @ @)l = inf fle @ a +elice AR
Sinflle®@a+e®@kl:keJ} =inf{lla +k: keJ) = (ja) B

" Thus clos U2 is a commutative Banach algebra with unit. Let M be the maximal
ideal space of clos UZ and Iy the Gelfand map. Then

v
.

N E 9A Ly gys ™ o)
lo
AR Qlj—";QP = clos U'-'h" c(M).
Lemma 6: If me€ M then n = g‘l(m) {a € W/: oa € m) belo’ngs to N. If @n

~

denotes ' the complex homomorphism - on clos U2 associated with m, 7.e. m = Ker Pm>
then g, 0 ¢ 1s a complex homomorphism on QI/\S and o~ Y(m) = Ker (¢, 0 o).

Remark: It is easily shown that, vice versa, for every n € N there existsanm ¢ M
such that n = o7 }(m), but thls fact is not needed for our purposes..

Proof of Lenima 6: Let m € M, m = Ker Py @ = P cp. By Lcmma 5 ¢isa
continuous algebrai¢c homomorphism of QI/S‘ into C. From .

. plje) = pno (7‘3) = ?’m(?z e® e)) =1 .
we get p=+0,ie. n=Kerp 6 N. The equahty n = o~ Mm) follows from the equi- "

valences

ja € o71(m) & oja E(m S ppoje =0 gja =0 7'a € Kerp =n 1
Lemma 7: Let a € . Then for every m ¢ M
(Teja) (m) = (T'yja) (™(m). '
P~roof: If m = Ker ¢, then, by Lemma 6, n = g‘l(m) Ker (0 0) € N, hence
(Fyeia) (m) = pmgia = (pm 0 0) ju = (I'yja) (n) B '

$ 7. The local principle of R, G. Douglas and N. Ya. Krupnik

Our proofs of the sufficiency of the conditions of the Theorems 1| and 2 are based
upon the local principle of R. G. DoucLas and N. Ya. KruPNIK (see [3] for the case
of C*-algebras and [5] for the case of Banach algebras). This local principle reads
as follows: o ‘ .

Let G be the centre o/ @ Banach algcbm A, o a closed subalgebra of € and N the
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maximal uleal space. of Q[O For M ( R we denote by SM the closed two-sided ideal gene-
mtedbme‘lI ze. .

!, M._clos ZAka A, €U, X, € M.

. anally, let 7y denote the canonical projection o/ A onlo ‘)I/SM Then for A €A
Aeam@n,,AeGm/s,,vMem g

§ 8. Sufficiency of the 'condit.ions of 'Th'eorem 1

Put B0= B, ® B,/%, ® K, ‘B 1= 93,, & 23,,/9 & By, By, = B, ® B,/B, ®ﬁ\
and denote by &g, 0y, &g the canonlcal pro;ectlons of 8, ® B, onto B,% B!, SB,, -
respectlvely For.a € PC,(T?) we have W(a) € B, ® B,. In order to show that
. W(a) € ®(I? QI7) it is sufflclent to prove that a0W(a) € G% . On the other hand,

aoW(a) € GB,° follows from «,W(a) € GB,! and «,W(a) € G'% 2 (cf. [6]

Let us, for example prove that «, (a) € G'B,% We set U1, g ={}® QB,/QS ® Ky,
and denote by clos 11,2 the closure of 11,2 in 8,2 By Lemma 4. clos 1,2 is contained
"in the centre of 8,2 and is therefore a commutatlve Banach algebra. Let M, be the
Thaximal ideal space of clos U,? and Iy, the Gelfand map of clos 11,2 mto C(M,).

Fipally, we ‘define the map y: 9, /9 —>dos 1,2 by. y: 0,4 > o] ® A), 4 € B,,
(cf Lemima 5). Thus .

4 I ", - .
B, 22+ B, /R, =2 C(N,)
|y .

a e, '
B, ® B, 7 B2 Dcelos W2— C(M,).
For M ¢ M, define J,; to be the closed two-sided ideal generated by M in B2
J":CIOS ZA,X A €§Bp2)X EM} !

1

Let m;; denote the canonical pro;ectlon of B,% onto B, /J,, In Proposition 5 below
we shall prove that

: a2W<a)—a2( (w,>® Iy e Jy,

“where (&g, u0) € T X X [0, 1] has to be chosen in accordance with the identification of
N, with T X {0, 1] as that point-on T X [0, 1] which corresponds to N = y‘l(M)
(cf Lemma, 6). Finally, in Proposition 6 1t will be proved that .

ﬂMD‘z(’[ al ) ® ) € G(B,%J ) . N

is a consequence of 1'(a}, .} € G(IP). Appllcatlon of the locyl prmcxple of R. G.
- Doucras and N. Ya. KRUPNIK (Wwith A = B,2% ‘and Yy = clos U »2) then gives
xW(a) € G’SB,,Z, if’ only T(a tou) € GR(IP) for all (Co, po) € T X [0, 11. :

Proposition 5: Let a.€ PC, o(T2), M € M, and N = y“l(M) € N,. Let (Eo, o) be
the point on the cylinder T X [0, 1] which corresponds toN € N, vin lhe homeomorphwm
N, =T X [0, 1). Then ’

aZIV(a) — xy(T(al, ,,) ® I) € Jy C ' ' © (1) .
Proof: At first we consider the case that « is a finite sum of the form

- Zbl C; 77 ) (53 77) Tn’ ' ' ' . ' (2)‘
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where b;, ¢; € PC,(T). Then W(a) = X T(5;) ® T{(c;). By formula (4.2)
Al = X (Tn,0,T(c)) (Cor o) i), teT.
Thus (the subscript p will now be dropped for the sake of convenience)

x;Wia) — (X2(T (a},.) ® I)
—-angb)@T(c) —azsz)®(I’9wT(c,)(Co,,uo)I

N =2 a(T®) ® 1) - sl @ [T(ei) — (InoT(¢:)) (Lo, po) I))-

Becallse o&z(T(b~) ®' I) € B2, it remains te show that

oI ® |T(e) — (TnoT(e) (G, o) I) € M.
ThIS on lts hand is in view of xy(I & A) = yod equivalent to
yo(T(e;) — (FnaT(ci)) (Go, po) I) € M,
ie:to . 8 : .
(FmyaT(ei)) (M) — (Fmyo(InaT(c))) (N) I) (M) = 0
or to R s :
(FoyoT(cy)) (M) = (T'moT(cy)) (N).

But the latter equality immediately follows from Lemma 7. Thus, for functions of
the form (2) the relation (1) has been proved. '

' Foranarbitrary function a € PC ,(T?) we can find functions a,( ,n) = 3 bD(&)e;N(n),
(&, 9) € T2, of the form (2) such tha.t oE

IW(@) — Wapllewam 0 (> o0). ‘ s B
From (3) we get
lea W (@) —0aW(gi)lig,e >0 - (j > o0)
and in ol‘der to prove (1) for the general case it remain_e to show that
17}, ) — TL@hplle, >0 (G —c0).

This follows by an argument used already in the proof of Lemma. 3: with the help
of Lemma 2 we can show that {7'[(a;)}, )ty forms a Cauchy sequence in SB and
then from (3) we can conclude that its limit is just 7(a}, ) 1

Propos1tlon 6: If T(al,) € GL(IP) then ‘ .
ﬂ.-uaz(’l'(a}.,,) ® I) € G(B,YJ ).

Se.He

Proof: First of all, we.show that T-(a} ) belongs not only to &(/?), but even to
SB,, Indeed the spectrum of o,7'(a},) € %,,/S'\,, is in virtue of (2 1) Just the curve

{(1 — sp(w) @bt — 0) + s,(u) acp(t+0) teT, pe [0 1]}.

Since 7'(a},) has been supposed to be mvertlble in ({7), Theorem @ of Section 2
shows that the origin cannot lie on this curve, i.e. op,T(a},) € G(B,/RK,). Thus there
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~

Is a regulanslzer R € B, (modulo §;). From 7-1(a} )—ReS‘ fa— SB we get
T~V al,) € Bp. Now (71 (a(“) RN(T@ ) =1Q® id implies

ENT VAN l(a’(.y) ® I)- 7‘.4!0‘2(7’(“(_;‘) ® 1) = myoo(l ® I),
i.e. wyoeo(T(ab,) @ I).€ G(B,2Ty) B

§ 9. Sufficiency of the conditions of Theorem 2

The Theorems & and G of Sectlon 2 and a little gcometnea] consideration give the
following result,

Lemma 8: Let a € PC,(T). If T(a) € G&(I?) and T'(a) € GR(I%) then T(a) € G’S(l')
for every r € [p, q]. Furthermore, T(a) € GQ(I?) if and only if T(a) € G&(19), where
1/p + 1/g = 1 and a(t) = a(1/t),t € T. :

Before procceding to the subject of this section itself, it is necessary to prove
still one auxiliary fact. :

Proposition 7: Let a ¢ PC,(T?) and suppose that W(a), W(a,), W(a,g), W(a.)
€D(IP QIP). Then T(al,,) € GR() and T(a?,c,,) € GR(I") for every r,v € [p,q]
(/p + 1/g= 1), € T and p € [0, 1]. : ’

Proof: In accordance with Theorem 1, from W(a), W(a,) € ®(I* Q I?) we get

T(a}:..) T((a,),, . u) € G(IP). Since (ay)},,, = (ap,,)~ (recall the notation a(t) = a(]/l),
te 'l‘), we get T(ap,;.,.), ((a,,(”) ) € G&({?). Applying Lemma 8 what results is

T(ape,) € Gﬁ(l") Y welp, g V(G ueT X0, 1] (1)

Furthermore Wi(a,) € D(IP ® IP) 1mplles by Theorem 1 T((az p“) € Gfﬁ(l”) for every
(¢, ) €T X [0 1] and from’(a,)y ;. = al,_, we obtain

T(a}:,) € G2P) W (6w €T X [0, 1]: BC)

Due to W(“lz) € ®(I” @ I?) we have, again by Theorem 1, T(( (112 o) € GL l”) But
(@12)p,eu = (@he1—)~, thus by Lemma 8

T(a5e,) € G (& p) € T X [0, 1]. B (3)
From (2), (3), and Lemma 8 we get -

T(agr,) € GR() V ve[p,qlV (6, p) € T X [0,1]. (4)
Analogously one can prove that ' |

T(a}e,) € 620 VvelpalV GweTX 0,1, (5)

T(ag:) € GRI) Voe[p,glV ¢, weT X [0,1]. A (6)

Now, récglling (3.4), it is easy to show that the following equivalence holds
T(ahe) € G W v e [pq)V (L) €T X [0,1]
& Ta2;,) € GP) W ve[p,q]V G p) €T X [0, 1].

Thus from (1), we get ' : ‘
Tlage,) € G2P) Voelp gV GmeTX[0,1] G

\ ?
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and from .(4) - - o - L.
o T@,)e680) VoelpdV (G weTx[0,1]. )
Combining (7), (8), and Lemma 8 we arrive at '

T(at;,) € GRU) WV r,ve[p, gV (¢, weT X I[0,1].
_ Similarly, (5) and (6) give '

Tlageu) € GRY) Vrv€lpglV (L, p) €T X [0,1] 8
Now we are in position to proceed in ahalogy to the Frcdholm theory cons1deredA
in the preceding section. Put

) ‘ A= A»p@Ap/Ip@Ip’ :Apl =AQ4/1,®A
s A= 4,0 4,/4,01, o .

‘

and denote the corresponding canonical projections by 8, £, Bz, respectively. Note
that {IW,.(a)} € A, ® A, for a € PC ('1‘2) (Wy(a) are the “finite sections” of W(a)
defined by (3.5)). Tn the same way as in [2] we can prove that W(a) € IT{P, ® P,}
if only Bo{W,(a)} € GA,® and W(a), W(a,), (az), W(ays) € GR(IP & IP). The usual
standard trick [6] may be applied to derive ﬂo } € GAL® fromr ﬂl{W (@)} € GA !
and B,{W,(a)} € GA,2 . ‘

We shall prove that ,{W,(a)} € GA2 by means of the local principle of R.G.
DoucrLas and N. Ya. KRUPNIK. Lemma 4 ylelds that the closure clos U,? of U,?
—{ } ® A,/A, ®T, in A2 is contained in, the centre of A,? and is therefore a

commutative Banach algebra. Let M, denote the maximal ideal space of clos U2,
Iy, the Gelfand map and & the map of A,,/I,, into clos U defined by é: r,,{A }
— f}2 {P, ® A4,}) (cf. Lemma 5). Thus

’

T, : N,
A, g AL,

. ' g
A,® A, A2 :closU2—-*C('\l)
For M ¢ M, let
: J‘,—clos {3 4;X;: A,EA,,,X € M}.

C()

*, Then J‘, isa closcd two-sided ideal in A% We denote bv g the canonical prolectlon
of A% onto A,%/Jy. For M € M, we ha.ve, by Lemma 6, N = 6~YM) € N,. Due to
. Proposmon 4 there exist 7 € [p, q] 1/p+1/g=1),ue(0,1]and L €T such that
(T, el Ta(@)}) (N) =1 = s,(w)) a({ — 0) + s,(u) a(¢ + 0)

for every a € PC,(T). Now in the same way as Propositio‘h 5 was proved, one may
show that

\ N ﬂ{ }_)82"1(“'(/‘ ®P € Jy.

Combining the just proved Proposition 7 with’ Proposmon 8 proved be]ow we
obtain that under the conditions of Theorem 2 -

n;\lﬂ2 ,In(a'r.t,p) ® Pn € G(Apz/JM)

for every r.€ [p,q), L €T, u€[0, 1], M € M,. Applying the local prmcxple quoted in
Section 7 (wnth A= A,,-, Ao =clos U 2) we get BoAW o)} € GAL®
8
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Proposition 8: Let a €. PC,(T?), M e M, and (r;{, u) be the triplet corresponding
to M by Proposziwn 4. If T(a,. c,“) € GR(1) /or every v € [p,q] (1/p + ]/q = 1) ‘then

ﬂuﬂz{ (a';'p)@P} G(A 2/JM

" Proof: By Proposition 3 we have o ' . .

p{T(al . ) € G(AL/L,). - ' ‘ 9)
Furthermore, T(a,“,) € G for every v E [», q] and Lemma 8 gives that
T(al,,), T{(als,) ~) € GR(P). " 0)
" From (9) and (10) we may with the method of the proof of Satz 3 in [8] derive that .
- there exists a {R,'} € A, such that R,'T (a,“) =P, + C,’, where {C,’} € A, and
O >0 (e >o0) R
Thus . ’ o : ) .
‘Bl Ry ﬂzT(arc'p)®P} , - T 7
—ﬂzi’+(’ ® Pu} = fo{Pa @ Pu} + Bo{Ca’ ® P} LTy
In' case HC I > 0 we have C., ®P, = C’,. ||(" 1712 @ (IC V2, Py Put '
) § C. G713, IICn'II > 0, .
{o, , Gl =0
IC M Py, |IC'l| > 0.

Similarly as in [2] the mclusion G, = A, can be proved. Consequently, {D, & K}
€ A, ® A,. Since, moreover, {D, Q E,;} €¢I, @I, = A,®1, and C, ® P,
= D ®E’,,,’ we get Bo{Ch’ ® P = f{D, ® E,} = 0. Now (11) gives the invert-
. 1b111ty of By ,,(a,“,) ® P,} in A.?% implying, of course, the mvertlblllty of
ﬂ;\!ﬂ? (a’r,c p) ® Pn} in A g/'\s\l 1 L ’
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