
Zeitschrift für Analysis 
und ihre Anwendungen 
Bd. 3 (2) 1984, S. 133 —152 

He06xoIt1hIe yCJIOBHH OIITIIMa.316IIOCTH 1Jth ducTeM, OH ucblBaeMblx 
HeJIHHeIIHhIMU 3JflhI1flTlldCRllMH YPDHCHIIIMII IF)	- 

Y. 1. PAhTYM 

Für das Stcuerungsproblcm der Koeffizienten eincr elliptischcn Differentialgleichung in 
- Divergenzform .mit niehtliriearcn niedrigsC-en Glicdern ivcrden notwendige Optimalitats-

bedingungcn hergeleitet. Es wird der Fall bctrachtet, daB die Menge der zulassigen Stcuer-
funktionen nicht konvex ist, die höchsten Koeffizienten der Gleichung von den Steuerfunk-
tionen abhãngen und zusätzliche Einschrankungen (lurch Gleichungen odcr Ungleichungen mit 
Funktionalen in Integralform vorhanden sind. 

Iiin aaJa'i onTitslaJlblloro ynpaaieiiiin xoJ4I1IuIdHTaMII 3JIJIIIHTH'1ecHIlx ypanHellelfi 
1uI3epl •eIITIloro BuAa E3TOpOI'O nopaa C HCJIHHeftIIhIMH MJlauJLlMII 'lilellaMu BhIBO3HTCH 
iieoCix ouieue ycioiuin onrnMaJlhHocTIT. PaccIarpllliaeTcn cJIy4aü, iorjia MIl0HOCTB0 
7onycT11Mb1x ynpaLiJinlol.ullx (lyII!-uulu lie flBJTCfl nblnyl<JlhIM, capuiiie 1o3J4IIEiIeHTM 
ypaBHeilIi11 3auucHT OT ynpaaniounx y1IKLIli1 11 fliICTCTBIOT AOF1OJT11llTC41hHbi. e orpallu-
q eHuhl H lime paBCHCTB ii HepaeeHcrB C 111-ITJThHb1MII 4yHI-cuHoiiaJlaM11. 

This paper qonsiders necessary conditions of ojhimality for systems governed by second 
elliptic differential equations in divergence form with nonlinear terms. The set of admissible 
controls is not assumed to be convex, control appears in all coefficients of operator and the 
case with integral constraints is considered. 

4.  

B 11epBOl 'laCTI'l pa6oTbi [1] 6aiio [iOJI9HO 11pecTaBJIe1Iue tJI}1 rJIanHoü q acTil nP11- 
paukeHIM p"' \ypaBHeHllfl COCTOIIHHH CUCTeMH npu it'roJibaTbix BapuaIi1nx. B 
riocaeApoigem npzi noionui pe3y jibTaTOB [1] 6yycT gaiio npeicaieiiue jijth rJiaBHoü 
qacTIl iIpFIpaIueHnH ())yHKulouaJIoB IT Bb1ueyeHhr Heo6xouIMbie ycJLonHH -011TilMaJib-
11OCT11. 

l-lanoii111M nocTal-foH}cy 3aa q H H ocHow-Ihie pe3YJ1JTaTh1 113 riepnofi qacTl4 pa6OTLl.


	

B n-1epHozu eBIJIHjoBoM rlpoerpal-IcTee 1t' (n > 2) C 3JIeMCILTaMII X	(xe, . 
x) 3a!aHa orpaiiiieiiiian cTporo JHII1WIIUCB3 o6iacm Q c rpal1itiefi aQ =	u 
1', fl I' = 0, rje f' COCTOUT 113 ioiie q iioro 9cjia K0MrI0HeHT CHH3IIOCTII, i-oTopaie 
HI3JIHIOTCH OTK1,1TMMH MIIo,1ecTBaMI1 C rpaHwueft, HMeIoIueii nyieuyio Mepy (no (n— 1)- 
MepHoil mepe Jle6era Ha EQ). 3aaHhi rai*ice orpaIinelI}IIle MH0?fcecTBa Q1 c R5', 
Q2 c:	H0HCTaHTa r> fl. ii 4)yHFUHI1	 0 

a0=ao(x,u,i,y1,...,yn),	x=x(x',v,z), 

a10 = a10(x, u, z),	ajj = a11 (x, u),	i, j = 1, . . ., n, 

Fk- = k(X, U, Z, Yi, ..., Yn),	Ok = 'k(X, v, z), 
k=O,1,...,ko,ko+1,...,ko±mo,	1 10 0 ,	MO	0,	- 

or!pe)eJIeHHbIe AJIff x  Q, ' E I', u E R", V E Re. , z ER	R', y	(yi, •.., y,) € 
BelTop-yIIK1uIn (a 10 , ..., a 0) 6y3eT B - JaJiI,IlefiweM 0603FIaqaTbcn 4epe3 a, T. V. 

1) '-lacm I pa6oTbl 6iia ony(iIt1onaiia n J\'. 2 (1984) aToro ypHaJTa.

'0
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a (a10, ..., a 0). MI-1O?HCCTBaQ 1 H Q2 onpeAeji jilOT MHo?RecTBo.EouycTHMhx ylipaB-
jiei-iufl a = (u, v), coepaiiee Bee Tell 'FOJIb}co Te napi 1i3MepHMhIx na Q 11 F COOT-
BercTBeHHo BeKTop-lynKI14l u = (u 1 , ..., u,11), v = (v1 , ..., v 1) T611x, qTo AJIFT BCex 
x € Q H x' E F u(x) € Q1 ii v(x') E Q2. MHoaecTBo L P C CMaTp1tBaeTcR B TOHOJIOI'HH, 
nopO1ceHHot1 FIPFIMOrl CYMNIOrl CooTBeTCTBy1onero q ejia npocrpal-icrB L2(Q) H L2(f'). 

flpH HOMOI11I4 HoIlcTaHmI r onpeejraocg HOCTHCTB 

L(r) L 2? (Q) x L;(Q) x	x 4(Q) x L 1) (F), 
r-2	 r-2 

	

•	L(r) L 2r (12) x 4(12) x	x 4(12) x Lj)(P) 
r+2	 r 

C 3JIeMCHTaMH 

g = (g0, g1,..., g, gfl+) € L(r),	I- (to, fi, .., I, t+i) € L*(r) 

H 511Y1HHetHo1opMotI 

((I, g)) 	fig dx +f tn+lgn+l di',. 

COOTBeTCTBYIOI"eit JBoücTBeI-u1ocT14 ne*cy L(r) u L*(r) . O11pee.rIneTcH Tae noj-
npocTpaHcTno W	L(r), 

W{w€ L(r):w=	 z  W21(Q),zlr,=0} 
H onepaTop npoeTiiponaHnn P: L(r) -±W, IOTophIl1 anoiy aiieMeHTy g € L(r) 
COHOCTaBJIHeT aJieMeHT w = Pg, coo6[4aIoui4	HflIyM 4yH1uoHaJIy 

((w, w)) - 2((/, w)). 

no w E W. CoriplMICeMblIrl H P oneparop P', j CTBylOr1Hti H3 L*(r) B L*(r) , TaKHe 
gBJISleTclr OFpaHWlHHbIM JmHeiHhIM onepaTOPONI IIOCRTIlP0BHI4H H cooTHouleHne 

= 0 V 77 € W 3HBIIBaJIeHTH0 cOOTnomeHnIo P'f = 0. 
DyHrnU1M a0, a 0, a1 (i, = 1, ..., n), x Aim Ka?+cgoro )HKCHpoBa11HouO a € . onpe-

JJeJIaIoT onepaTop A(a): L(r) _*L*(r), 

•	 A(a) g	(ao(x u, g),	a 1 (x, u) g + a10(x, u, g0), ...,

(4.1) 
' a,(x, u) g, + a 0(x, u, Yo)' (x', v, g^1) 

jI 

1lpH.noMon.H 4yHK1.Hi3 Fk, 1 k onpeeJIH1oTcH )HHLHOHJIhI 

• Ik : E X L(r) --> R,	k = 0, 1, ..., ko + mo,	
42 

Ik(a, g)	f Fk(x, u, g) dx +f k(x', V, gn+i) di'. 

B 4opMyJIax (4.1) 11 (4.2) H H Aaabtierauem HPHMHHCTCH BB1HHR B HepBOtI 
4aCTH paôoTbl ynpoluenHan aanMcr, 3aBHCIIMOCT14 YHHLtH fi Or	['MHTOB. 

PaecMaTpHBaeTca c.riejyiowan 3aJaqa. 

	

"1• c-±	3a)aa 1: MlHIi1H311poBaTb yniwoax 10(a, w) no a € L' WE W flH orpaHu.

4CHHHX

Ik(a' w) = 1- 0, = ' •	0	
•	 (4.3)  

I, 0,k=ko+1,...,k0+mo
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icorja a H w cnaiii cooTHomeHileM 

((A(c) w, 71)) = 0	V € W	 (4.4)


HrnI, 1T0 TO Me caMOe, ypaBl-IeHHeM 

P'A(a) w = 0.	 (4.5) 

B nepBorl qacT14 pa60mi ye 6iio oTMeeio,.'n'o BanaLi1OHHOe paeiicmo (4.4) 
B pje HOHHTHbIX c.myaeB 000TBe'rcTByer onpeje.nerniio o6o6neHHoro pei.udnnsi [2] 

paehix aaai Aim aiuinn'riecioro ypaBHeHIlH. PeayJbTamr pa60TbI [2] 110 CBO1CT-
BaM o6o6ueHHhIx peweliHu 6y/YT qacToHdnoJIbaoBaHbI B gaJlbHeiimeM. 

flperIoJIaraeTc BMIIOJIHeHHe cJzeyIouHx yCJ1OBI1t A: 
A 1. byHIWun a 0 , a, 0 , a15 (i, j = 1, ..., n), ,, Fk , bk (k =0,1, ..., k0 + m0) yoi-

JITBOPHIOT yeJIOBmO RapaTeoopu. 
u A 2. MaTpH1 A(x, i)	(a17(x, u)) (i, j = J, ..., n) IIBJIIIIOTCH CHMMeTpHeCHI1MM H 

BHOMCHO no (x, u) € Q X R"i OFpaF1HeHHhIMH H flOJIOHflTeJIbH0 o[IpeeJ1eHHMMil. 
A 3. CyILecTBy1oT ()HKHH h 1 € L2(Q), h2 E L 2r (Q), h3 € L2( _ 1) (f') TaKITe, 1TO 

J1fl BceX X E Q, x' € 1', u € ö Q1, V € ZiO Q2 

1a 10(x, u, 0)1	h 1 (x),	i'= 1, ...,	 . 

a0(x, u, 0,0)1 5 h2(x),	(x', v, 0)	k3(x).	 S 

A4. DyHK1H14 a0 , a1 0 (i = 1, ..., ii), x ilMeloT nepie qacTHhle HPO113BOHh1 110 

(z, y) 14 cyuecTByIorKoHcTaHm! /10 --^' 0, fL j ^ 0, 0 < p, q < 1. ()yHH!.UlI1 114 E 4(Q),


	

h3 € Lr..i (P) 11 HCflbIBHhIC MOHOTOHHO Bo3pacTa!oIuue ()yH}WHH	 - 

	

= y(t),	Y2	y2(0,	t € it,	Y. (0) = 0,	y2() .= 0, 

	

/	2(i—q)\	-	 /	2(1_p)\ 

jy 1 (t)j	ki + ti r_2),	I y2j	ki +	r	 €	, 

TaFdHe, qTO JJ1H Bcex X € Q, X ' € F, u €.Q 1 , v € ëQ2 , z;z', z" € it, y, y, y" E R


	

HMeIoT;MecTo oie-uc	(i = 1, 2, ..., n)	 - 

a 
TZ

a1(x, u, z) 1u0 F 
Lh4(+ IzIr_2 

az
a (x, u, z, y) ^ [114(x) + Izl T	+ lYV] 

u, 
ayi

fL [h4(x) + jzj + IYV] .5	
5 

x(x', v, z) ^5 [h5(x') ± S 

a(x, 
u, z') - a, u, z")jo(x .i(x) + Iz'V	± Jz"1T2]. 

th

>< y i (Iz' - z'' I)	 , 

a(x, u, z', y') - a(x, u) z",y") [Gil' ±Q y1(Iz' - z"I) 

+	zo[G,] P Y2(IY	- Y" 1)	..
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a0(x, u, z', y') -

	

	a0(x, u, z", y")	
,L0G1	( Iz' - z'I) ayi
+ NAP ?2(IY - 

2	 2	 2	2 

G.	h 4(x) + Iz'l	+ lz"I72 + ly 'V + ly"IT,
2 

V, z)—-'(x v z	/20[h(x) ± Izl 

+ z"I r_ ]	( z' - z"I). 

A 5 Ljii Ka J oro x E E ii rno6blx / E L*(r) ypaHileHue 

P'A(o) w = P'/ 

•	owo3naqHo paapeuio oTHodHTeJthlIo wE W H rei caMEilM oripe;eine HeHBhIVIO 
- 4yI1Hw110 w = D(u)'/. 

Kpoiee Toro, CYIICT131OT	 a R eupepanie MOHOTOIIIlO Boapa- 
cTa1or1I4e 4yHHUIH y n	Ta)cne, 'ITO J111 cex	E E, /, /1 , /2 E' L*(r) 

11 D ( a) /ll ^ '/( i H- IJ P '/Il)	 •	 S 

IIP() /' - D() /2 11	'/4 (1 .+ !l'/'l! + 11 P '/2 1j) lI'(/'	/2)11. 

A 6. )yHF4u4n Fk, k (k = 0, 1, ..., /c0 + m 0) uMeloT nepBbie 'IacTHbIenpon3Bo-
HbIe no (z, y) ii cyr1ecTByIoT HoHcTawra u 2	0 ii 4)yHlwr11 

h6 E L 1 (Q), h 7 E L 1 (T), h8 E L2(-Q), h9 E L 1)(fl, h10 E 4(Q), 

h11 E L_ 1 (r)	•	
/ 

Talule, 'ITO JJIH Bcex 

•	x E Q, x' € F', uE 6 Q1, v €	Q2, z, z', z" € R, y, y', y" € R' 

• HMCIOT MecTo oieiiii (i = 1,..., n; k = 0,1,..., k0 -4-m0):	-	 •	 f 

jFk(x, u;0, 0)1 ^5 .h6(x),	Vbk(X', v, 0)1	h7(x') 

U, z, y)	2 [h8(x) + jzj	+ 

•	 •	 F(x, u, z, y) I g; Y2 [h8(x) + IZIr_2 + IYI]' 

V , - Z )	P2 .[h9(x) + IzI] 

Fk(x, u, z', y ')	 (x u, z", y")	u2[021 2 Iz' - z" 

+ /22[021 IY. — Y"I 

•	
Pk(, u, z', y') —	F,(x, u, z", y')	/22[02], I Z' — z"l 

ayi	
ayi	

+2lYYI,
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-	 2	2	2 
G2	h 10(x) + k'V — °- + Iz S ir2 + lyllr + y,,Ir, 

V, z') -	k(X, v, z")	2 [h 11 (') + z'1 2 +	- z". 

B gaMbHeftwem 6ygyT I1HMHHbI TaH?ie )onoJ1HnTeJIbHbIe yciloBilfi. 
A 7. Cywec'rByeT ROHCTaHTa C, HOTOp8H neoTpmi.taTejibna I1H n	4, TaHaH, qTo


JIH BCex x' E r, v E i Q2, z E R 

(x', ,v, z)	c. 

A S. flpll n ^_> 4 ()YHHLU414 a g0 (i = 1, . . .,n) HBJIIIIOTCH a(I(HHHb1MH no z. 

B gaabHeflinem peruene	BHHHfl (4.5), COOTBeTCTBytoajee Bhl6paHnoMy a E I, 
6yiieT o6o3F1a'1aTbcI iepe3 w(a).	 S 

• -Yc.roB1H Al—A6 o6ecneq iBal0T, 'ITO lipu HHOM 4IIIFcCIIPOBaHHOM a E L'onepaTop 
A(a) ii )yHK41401-laJIh1 Ik(a,) (k = 0, 1, ..., k0 ± m0) IIMeIOT nepyio flpOII390JHyIO 
bpewe no g E L(r). 3TH Iip01431107HbIe. nai'nicjienHbie Ha aJleMeHTe g E L(r), 6yjyT 
o603naaTbdn 'Iepe3 LA(a, g) t LIk(a, g) (k = 0, 1, ..., k0 + m0) cooT13eFcTBeHH0. B 
cn.riy ycJIoein A 5 qjin HagjLx- a E E, g E L(r) onepa'rop	- 

P'LA(a, g): W -* L*(r)	 S 

fiBJIneTca OFHH4CIIIIbIM II ilMeeT orpaHu'Iel!IIbffi O6paT}IhIfi oliepaTop. To me caioe 
CBOCTBO IaMeeT'onepaTop P'L*A(a , g),'rje qepe3 L*A(a , g) o6o3ua'IaeTca conpaMeH-
HL.II K LA(a, g) onepaop (coriiacHo 61uiimeiiioft ()OMb1 ((, •)). 
- flocKoJuy r > n it oöjtacm Q HBJIBeTcH cTpol'o JnanInl4 — LeBofi, TO Ha OcHolle 

3JIhTTOB [2] i-epygHo noiaaam, '-ITO, CCJIH BbInoJIHeIIbI-ycJIoBna A l—A.5, A7 
It w ciBjiaeca peWCH iiem ypaBHduHci 

P'L*A(a , g) w = P'/,	 - - 

to E L	(Q), f E L(Q), i = 1, ..., fl, /n+I € L_ 1^(F),	e> 01 
2+ 

TO JLeMCHT w iiMeeT npeycTaBJIeIIHe, cor'JracHo onpeeiieiino npo .cTpancTna W, upit 
I10MOI1jII (I)YHKWIII Z E C(L), c, >0.  

flycm Tenepb ajie rie llTbI a0 = (u°, v°) € E, w0 w(a0 ) ()HHCHOBIIKI 14 BhIôpaI-I Ha6Op 
- B napaMeTpoB	 - 

-	 -_ (a°, 60 , X I ,	•, 8 , 'l,	., X", C1 , . . ., C3, 

• , NMI U ..., U8 I V 1 ,	•, V. 

i'e 0 < 60 :!E^: 1, HOIIapI1O pa3JIHI-lbIe TO'IKIT X k It x' s' rJpll Ha ;viemaT Q it1' cooTBeT-
cTBenHo, nocToaHI-able MTPHW! Ck 5IBJIHIOTCH Cl4MMTHHhIMII Ii nOJIOKHTeJIbHo wipe- 
3eJICFI}lbIMH, ocoHcTaHml• 'k IiOJIO11TeJ1hHb1 H u i', vl -L- TO'-1K14 MHoncecTB Q, ii Q2 COOT-
BeTcTseI-IH0. flepeMelIHhIe napaepi e 14 Bhl6upaIoTcII, 113 MHO+cecTB E € (0, en), 
rme e0 - ocTaTo'IHo MaJioe noJlO?}cHTeJIbI-Ioe 414C.JiO, ft E B(60), rje 

B( 0)	€ R"+-: 60	 (i = 1 ...,s + rn)}.
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CeMeIicTBo ynpaBJIeHHll {o'(/9)}	onpeAejiFieTCII ciiegyiomHm o6pa30M 

= (u'(j9), vt(S)) ,	 S 

• 

U80) (x)

	

	Fu,xEE(k,€,Th,k=1...s

1u°(x),xUE(k,e,/9), 

k 
- I v", x' E S(k, e, /9), k = 1, ..., m, 

VV) (x) = j vo(x' ), x' U 8(k, e, Th'	 (4.7) 

1	 21 

•	I	 _i_1 
S(k, e, /9)	jx' E F: i9+kxk Ix' - x"i <et1J	k = 1 1 ... I M. 

B nepBoi 'iacTH pa60Tb1 [1] 6bJJiO HoKa3aHo, 'iTO cywecTByloTMHoHecTBa Q' 
F' c I', nOJuioi MPbI B Q 11 F cooTBeTcTBeHHo TaKile, 'iTO, ecJlM IIOIIap}Io pa3JIH'iHbIe 
TO'lKH x' 11xtk ripariecar MH0?KecTBaM Q' H F' cooTBeTcTBeHHo, TO pa3HOCTb 

-	nMeeT npe)cTaBJIeHHe 

- w0 =j w, /9)	 (4.8)


sje

= 0O) i' Iwk(E, /9j = Q(VS)	 (4.9)

k=1 

paBHOMepHO HO j9 E B(i50), i 

w"(e, /9)	
(	xk

fflk 

wok = 0,. a +1 = 0, w"(, /9) (x) = k(o), x  E(k, e, /9),	 (4.10) 

Iw"(i', /9) (x)	c1 
lx _xk1n'	x  E(k, E, /9),	k =1, ..., 

rje KoHeTaliTa C1 He 3aB11cI1T OT E 11 /9 11 

	

-	 Vz(Ajk,A2", C1' , b"),	k = 1, ..., s.	 (4.11) 

3jech H a aJ1bHeilIueM MT14LhI A 1 ", A 2", aeicopa b" onpejieiaioca cor'iiacHo op-
• riyai (3.11) 113 [1], a 3aBl4cvlMocTb 4)yHKIU4M Z OT A11', A,k, Ck, b -- corjiaco 4)0p-

lyi1ai (3.4)---(3.7) 143 [1].	•	 /	• 

0.

)irui BbIGpaHHbIx iia6opa 93 m € B() iia ica oro 4)yHlillttOHaiia Ii onpee.rnri 
Bei1H1HHy	 - 

I•'(8,i9) 

L' /9k 12>E' ( k) [F 1 (x", uk, w°(x") + w"(0)) - F1 (xk, u°(x"), w°(x") + (,i"(0))] 

± '/9k_(/2)J' tFi( Xk, uO(xk) , wo(xk) + wk(x))	F1(x", u0(xk) , w0(xk))
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IS a
	 1 

- ' - F(xk,.u0(xto ), w0(xlo )) w1 1'(x) dx


	

j=1 a!,I	 J 

•2,1[ø(x, vk, WO - 1 (x'k)) - 1 1 (x'k, v0(x' k ) , w+1(x'k))] 

k2(k) {((A(xk, Uk) - A(xk , u0(xk)))(UP(xk) + k(o)) , V(xk)> 

+ (a(xk; uk, w00(xk)) - a(xk, u0(xk) , w00(xk)), Vi(xk)) 

+ [ao(xk, uk , wo(xk) + a(o)) - ao(xk, u°(x"), wo(xk) + a(0))] pi(xIc)} 

-	

-'

	

(fl 	S_1[,(xk, vk, w +1(x'k)) -	vO(x'k), w+1(x'k))] ,i(x'k) 

ki 
k_ 2) f [ao(x'k u0(xI ) , w0(xlo) + wk(x)) - ao(xk, u0(x c ) , w0(xtc))	S 

•	 - '	 ao(xk, u°(x!'), w0(x)) w, k(x)] vi (xi) dx, 
,==1	Yj 

•	 i=O,1,...,k0+.m0,	 •	 (5.1) 

re w° = w( o), w	(V , ,, ...,	E W - peweiie BapHaIHOHHo['O paBeHeTBa 


((w, LA(c, w°) )> - K(LI1(&, w°), )) = 0 V 77 € W, 
•	 (5.2)


i=0,1,...,ko+m0, 

8n-I - o6i,eMeJnII[t qHoro ulapa.B R'', E'(k)

	

	f dx, a j1oM e HThI wk (k= 1,..., s)

Cz,z)<1 

onpeaciieHEJ cor'JracHo opyxe (4.11). .Ec.rrn Bce fl i - 1 (i =	s + M), TO Bern4-
q IHa I•'(8, j9) 6yeT o6o3HaaTbcR qepe3	BeaiI1uHhI I'(8, fl) onpeeiie

flpH npOH3B6JIbHOM pacnpeeieu roieic x', . . .', x 8, x".... . x'm, ecm TOJIhHO OHM 
HBJIflIOTCH TO qHamu JIeera [3] AJIH Bcex BcTpevalou.u4xcH B(3.11) It (5.2)yHIIugx. 
- I1ycT1, Tenepb 3aaHbI Ha6ophr 

{c°, 60, x', ..., x, x" l , ..., x', C 1 , ..., 631 

m, U1 , ..., U8, V', ..., Vm}, 

{o0, 60, x* l , ...,	 x*mC1*,..., ü8*, 

...,	u', ..., u8 1 v', ..., Vm} 

C OJ1,11HHOBbIM IHCJIOM TO4eK £4 OJUIHaHOBhIM1 3HaqeHH}1M14 yrIpaBJTeHH. (DyHK[uH 
z(A 1 ", Ad', Ck, b k); onpejexinowiie 3JIeMeHThI WC, HelipephiBRo 3aBI4CHT Or MTL4L 
A 1 k , A 2 1 , Ck If BeHTopoB b", HoTophre, B CBOIO oepeb, onpe)eJuIloTcH npu HOMO[LU - 
31-laeHIJtl B TO'IFe x = x' nojuie . onpeeJ1eHHh'x 4)HHcHpoBaHI!blx 
()yHFcIu41. 143 yCJIOBB A1—A6 (cBoiicTBa HenpephlBllofi 3aBIId14MocTI4 no (z, y)) 
TOI'O, WO oJIacTb £1 RBJ[HeTCH crporo JIHnwL1LeBot caegyeT cytLecTBoBaHHe riiio-
HecTB 01 c Q, ]'I	P iiojuiofl iiepii n Q 11 1' cooFBeTcTBeHHO Tafrnx, WO TOqHII 


3TI4X MHO?IeCTB HBJIH}OTCH TO4HaMII JLe6era jjra ^y iwqii fx 

a j0(:, u, z), a1 0 ( . , u°( . ), z), a0( . , uk, z, y), ao( . , u°( . ), z,	•



1'40	V. E. PAfITYM 

a( . , u°( . ), z, y),	F1(., u°( . ), z, y),  

F( . , uk, z, y), F( . , u°( . ), z, y), i = 1, ..., n, j = 0, 1, ..., k0 + m0 , k = 1, ..., 

(., v, ),	(., v°( • ), z),	j(., vk, z),	(., v°( . ), z),	- 

j=01 1,...,ko+mo,	k=1,...,rn, 

iipii JUOSbIX nhIdHpOBaIIIib1x z E lt,y € R'. IlOTOMy, B ClUly YCJIOBiA A'!, A (, CB01eTB 
- -To q c JleSej'a, cooTHoweHwiI (3.8), (3.9) 11 IIpeycTaIe1-lIta (5.1)—(5.2), cy1!1ecry!oT 

MHo?ecTBa Q" Q, més Q" = mes Q,f" c F, mes I" = mes I' TaFcl4e, '-ITO, CCJIH 
TO q EH X 1 , ..., X3, X", ..., x" ita Ha6opa 7 iipiiayiea Q" ii I" cooTBeTcTneI-IHo 
(Tr4 TO'1I-UI i-ic o6a3aTeJihEIo ojpIcHhI 6MTb lIonapHo pa3ThallbIMH),-TOMHoecTBa 

E(o)	Ix € Q: nun Ix- x'I <.5',, S()	fx' € F: mm Ix'	'k1 < 
t	k, ) 	Ic 

coep;+aT Miio*cecTBa E'(â), S'(ó) TaKI4e, 'ITO	- 

' nies (E(ô) \ E'(ô))	 mes (S(5) \ S'(0)) 
msE(b )	 rnesS(ô)	:	0	 (o.3) 

}I qTO	 - 

I'(*, fl*) - !' ( 8,	0,	i = 0, 1, ..., k0 + m0 ,	 ( 5.4) 

HaK TOJIbEO TO'ndH x 1 . ... .X*8 npHIIagJIe?HaT E'(5), TO4KH'x'* l , ..., x'" npIIHaJ1ea'aT 
• S'(6)11 
•	fi* -fl	o,	Ik* - kl --0	(k = 1,..., m), 

II C	- GklI - 0	(k = 1, ..., s)	 - 
iora a -- 0. B CMOM jeiie, paccMoTpllM, HanpuMep, Bernl4w-ly F(x1c , uk , w0(xk) 
+ (0(0)): CouJIacHo pe3yJIbTaTwm riepsoi . acTii pa6omi BeJw qnHa w1'(0) HMT al-ia-
JIOI'II qHbIC (5'4) csoiicTBa. 3JIeMeHT W0 JHHcHp0Bal1, 1-103TOMy, CCJTII To'-uca x k BBJTH- -. 
eTcH TO q HOrI JIe6ei'a j jiii a.r[eMeHTa W0 , TO Bejil-I q ilhIa w0(x*k) '-aie uMeer aHaJIo-
rhl q Hhle (5.4) cBoIcTBa. Ia1uM O6pa30M AOCTaTORHO	CCMOTTh noBeehlHe BeJIU-




'IHHbI F 1 (x*k , uI, z C , y*),: iorja z'' -- z, y* - y u 6—* 0. B cnsiy ycjioBHfi A6 npu 
JOCTaTo'IHO MaJibix z" - Zj, Iy* - MhI UMeeM, 'ITO 

F(x*k, uk, Z* , y*) - F(xk , uk , z, y)f	 - 

2z {h8(*k) + zj	+ Il + l J r [ l z* - z ± Jy* - YU 

•	+ IF 1 (x* k, uk, z, y) - F ; (xk , u, z, y) I. 

flepBoe cJlaraeMoe B I1paBOi qacTu 3TOrO nepaBeHcTBa CTPMHTCR H hlyJhlO flOTOMy, 
'ITO B6J111311 TO'IKH Jle6er'a (I)yhIHIuhI h8 3Ha4eHua h8(x*I ) paBHoMepHo orpaHu'IeIhiI 
B MH0?}cecTBax Tiiiia E'(ô), a BTOPOC cJraraeMoe CTM14TCfl H HJ1lO ITOToMy, 'ITO TO4Ha 
x" imi611pae'rcn HaK To'1Fa Jle6era 4yHIcLulu F( . , u", z, y) AJIfI BOOX 2 B Y. 

Biiojuie aHaJlOI'H q HO, C y'-IeTOM CBOICTB nenpepblBHOR 3aBuduMocTu a.neMeHToB 
OT napaepo (ci. [1]) ii CK0p0CTH yGhIBaHIlII Ha 6ecHohle'IHocTu yiiuii lw"I; 
paceapuaioc uerpa.iu no R".	-	 - -
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Teoperia 5.1: flycmb eunouew.qc4oeu. A 1—A8, a° = (uo, v°) E E, w = 
ce.teücrneo (o)} u ia6op 3 onpeOeiien& no g5opAtyia (4.6),'(4.7), coomeerncmeeKno. 

Ec.iu 
a) ioncmaflma p ua yciweu.ci A 4 paena nyA,o u ,oncmanma q U3 mow we ycJweua 

ne npeeocxoôum 1/2; 
6) cyzqecmeyem Konemaitma c2 max", limo 95YHKIfUU YI u Y2 UJ ycao6u q A4 nAtelom 

o1eHy.

1 y 1(0I . ^ c21 t1,b2(0I 02I t I, t E R;	
S 

• B)	F(., u0(.) , w0(.)) € 4(Q), 

TZ 
F 1 ( . , u°( . ), w°( . )) € L(Q)	 -	• 

-	

v°(.), w +1 ( . )) € Lr i (1'),	 S	 •	 S 

(j=1,...,n;i=0,1,...,k0+m0), 

mo cyueemeijiom Mnodcecmca Q" Q,f" I' no.itnouep& e Q uP coomeemcm- 
eeww maue, 'mo ôizii nonapno pa34u'nbix. mo'e X', ..., X8 € Q", x", ... x" € J" 
u.iiteiom iecmo coomi-wueitua	 • S 

•	
• I( ), w( ))) = J(a0, w°) + eJ'(, Th + M E),	 (5.5) 

i=O,1,...,k0+mo, - 

paenotepno no j9 € B(60), eöe eeiw,'un I'( 3, ) onpeaeAAiomeA no optylat (5.1), 

• ,,LloKa3aTeJ1bcTBo: leopeMy OCTaTOlIIO goiia3aTb .TOJIbRO AJDT 0H01'0 yHIiluO-
Ha.rIa	'	 -•-	

5.	 • 

/	I(, g)	f F(x, u, g) dx +f (x', v, Yn+) dP •	 • -	

- I	

• 

• i'.ze (j)yHLInh1 F 14 0 yJoBJIeTBopn1oT y caoBtifiNt Al, A(; n yCJIOl3tllo B) HaCToaI1ef 
TeopeMh!.	 S 

Pa31-iocrb 61	I(i'(,), w(o(fi))) - I(ci, 200) 14MT npecTaBJIeaHe 

IJI+2 —J3+ J4+ J5+ J6+ J7,	 - 

J1	I(a(),w° + g') - I(, w0 + g'), 

2L -f f[F,uk,wo+g +r6g)óg;	 •	 S 

E(k. e .fi) 0	 .-

.5 . +	F(x, uk, w0 + g' + râ)'oo]drdx)	•	 S	 •• 

az 

5+	

, f'	(x', vk, w 1 + rôg +1 ) ôg. 1 dr;lr,	• • 

k=l
-	S(k.e.) 0
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k	f f [	F(x, U°, w0 + g' ± tog) Og	 - 
E(k.e.) 0 

+F(x,u0,w0 + g' + to)oYo]dxdx 

-	i 

±	f f	(x, v°, WO . + rOgn+1 ) Og +1 dx dl', 
S(k.t,) 0 

(LI(°, W0), w(c(/9))	w°)) 

ja	I(x°, w0 + g1 )— I(a°, w°)— ((LI(a°, w°), g1)), 

•	 6	f ((LI(, w0 + x(g1 + Og )) - LI(, w°	rg1 ), g1	Og)) dx, 

J7	f (LI(, w0 + xg1 ) - LI(, w°), Og)) dx, 

re	
k=1	

S 

floaei, MTO 4yHK1HoHaJThI J21 J31 J61 J7 oLeHI4Ba1oTcfl no Mo/yJ110 ica p o(e) paB-
HOMHO no /9 E B(00). Bee cjiaraeMble 4iyHIwIIOIIaJIOB J2 14 J3 oIenuBaIoTcn OHHM 
H TOM ?'He C1IOC66OM, riODTOMY IIOB)OM OIeHHy TOJIbHO J1H O)HO1'O 143 HMX. Cyn-
ecTBenHbIM 3ecb HBJIHeTCH TO, qTo Bee nHTerpamI B H J3 OflpeeJIeHhI i-ia MILO-
necTBax, Mepa FOTObIX ilMeeT nopii)Oi 0(e). 143 YCIOBW1 AG - H HCPBHCTB reiib-
epa cJiyeT, qTO 

ff ay, F(x, uk, vo + g1 + tOg) 0g dx dx 
-	E(k.e.8) 0 

I rr	 r	 r  
C3 J [h8 + I0 + 19 11 + w00 !	+ jOgj + 16g.Fd dX)2 

E(k.c,fl) 

- ri e IoHcTaHTa C3 aaBncrlT -TOJIbIO OT r i-i /22. CorJiacHo HepaBeHc'rny (4.9) H opma 
16 ' 11 = o ( i/c ) paBHoMepHO nO 9 E B(00). I4HTerpaJI 

no E(k, e, /9) i-ia oci-ioe Hepa-
BellcTBa MInKoBcicoro o1eHHBaeTcn TaFt, 'ITO6bI OHH cJ1aI'aeMbIt cojep ai HaBecT- 
Hb1 4yHR1Im h8, w°. Ec.mii x" - 'rot1ia J[e6era )JIflCOOTBeTCTHyIOI1l4X 4yiii, 
TO 3TOT caaraembi.ii oleHnBaoTcH- epea 0(i1 ) pauoepo no /9 E B(00). Caauaeiioe, 
coJep?Icauee jg 1 j, H cwny COOTHOIIIOHMn (4.10) TaHRe oteHI4BaeTcH uepe3 o(j/). 1-Ia-h 

	

•	KOHCI 

	

•	( f (og + iog0i)2 dx)	IOgI + 6g0 2	o(fc). 

	

•	-	 E(k.e.fi)	 •(Q)	 - 

IlooToMy J2 = o(e) J3 = o(e) .paBHOMepHo no /9 E B(00), icora TO qHIl x 1 1 ..., x8 E Q', 
•.., X" E PH nBjiHIOTcrI Toq KaMH JJe5ei'a IcoHeqHor'o q iicjia I43BCCTHhIX 4)yHIL14li. 

2n	 - 
B paCCM0TpCHH0M npriepe 3T0 I?i-812, 1 w°! 2 , w00I'2.
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B ciiiy ycJ1oBii A6 flOH3BOHH LI(o°, ) Y)OBJITBOPHT yc.lIoBMlo JIiininrna Ha 
IIO6OM 4H}cCHpoBanHOM OrpaHHeHHOM MHoeCTBe H3 L(r). OTc!oa 14 na oienoic 
(4.9) c.TteyeT, 4T0 J6 = o(e), J = o(e) paBHOMepiO HO fi E B(60). 

UocHoJTbKy o6JlacTb 9 HaJIHeTcH CTpOI'O jimniuHixeBO rf , MHoHecTBo .1' nMeer flJO-

	

CTIO CTpy1Typy, TO oTHodnTeJmHo cBOficTB To'{eH JTe6era yHHiu1H, onpegeiieie	- 
Ha P, ilMeloT Tane me cBocTBa, KaI< yH1IHH, onpeeJIeHHhIe Ha 9, B qaCTHOCTH, 

	

JJIH HO qTH I3cex x' 0 € P	 - 

f dP = 1 Se + o(e).	- 

Taini o6pa3oM JJIH TpqeK x", ..., x' € P, HpHnaJ1enall11X HHOTOPOMY MHo?1e-
OTBy fIOJ1HO Mephl B P, ilMeer MecTo coorHoweHI4e 

J12	f [b(x', e(),	- 1(x', v0 , w)] dP	- 

	

k1 (+kck)'	S_ 1e[(x' k, v1', w^ 1 (x'k))	ø(x'k, v0(x'k),w+1(x'k))] + o(e) 

paBHoMepHoHo € B(45). 
TaR KK Toqrni x', ..., x8 nonapo pa3Ju4HM, TO, CO1'JIaCHO o1eHRaM (4.10), B 

aajioi E(k,-e, fi) 

g'(x) - wk(0)I,=	 = 0(e)	 (5.6) 
k'+k 

paBHoMepHO no E B(60). OTc109a, Ha YCJIOBmfi AG H TO1'O, 'ITO rIOnHTeupaJIbnaH 
B 4yI1HtnoHa3Ie  

i'	f [(X, u(fi), w0 + g1) - F(x, u°, w0 + g1)] dx 

OTJIH qHa OT HJIR TOJIbRO B MHoaecTBax E(k, e, ), cJIeJye'r, 'ITO 

-	=	f [F(x, uI', w0 + (,I'(0)) - F(x, uO , w° + (O k(0))] dx + o(e) 

	

k=1 E(k. e.fl)	- 

pannoepo no fi € B(50). B CBOIO oIepeJh, B cHay ycjioBHii AG, CYLUCOTBYOT MHO-, 
aecTBo nOJIHOft Mepbl B 9 TaKoe, 'ITO ee To q idil HBJIIIIOTCH To'IRaMH JIe6ej'a jjui 
(IlHLU1ti F( . , u°( . ), w°( . ) + ), F( . , uk, w°(.) + ) (k = 1, ..., s) gan nponaBoJIbHHx 

= (z, y) E Rn 1 . floaToMy, ecjiii To qifil x1' npHHa jqjiemaT aTOMY MHoecTBy, TO 

J11 = e	f172E'(k) [F(xk, uk, wo(xk) + wk(0)) - F(xI', u0(xk ) , wo(xk) 

+ (0I'(0 ))1 + 0(e) 

palu-lOMepHO no € B(60). i'a!-HM o6paaoM yHHLwoHaJTJ1 nMeeT rpe6yeMoe, corzacio 
4OpMyJIaM (5.1), npeicTaBJieHue. 

cDyHdInoHaJT J5 ilMeeT BH 

J of [ 
G F(x, u0, w0 + Tg') -, F(x, tO , WO)) 9j. 	dx	-
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H, B CHJIy ycJIoBHH AG H cooTHoweHHI (4.9), (4.10), (5.6), 
1 

ff [1' ( F(x, u°, w°'	rw"(è) /9)) — —F(x, u0, w0)) w/'(e, /9)] 
^20 

Xdrdx+o(e) 

paBnoMepHo no /9 € B(60). 0603Haq irI gim € R"',	&o, i,'••. , en), o = 01 

F7(x,) f ( F(x u0(x) w0(x) + r) —	F(x UO(X) w0(x))) dr, 

n. 

B cniyyciona AG ii TOFO, 4TO = 0, mmeCT MCCT0 O1HBH 

JFJ(x, )I	, II,	IF(x, ') — Fi(x, ")l	2' J'	Cl.	(5.7) 

fl0ToMy cy[1ecTByeT MHoecTBo nwuioi MObI B Q' raioe, 'ITO JIH ianjofi ToqIcI4 
113 3T01'O MHOKeCTBa 14 HaaoUi IoHcTaHTbI 6 > 0 CY1UCTBYCT 4yrncII1fl ,(X I, 5; .) 
R - It, M0HOTOHIIO Bo3pacTaIonaH	iienpepiiian C V(X1C, 6; 0) = Q-TaiaH, 'ITO 

sup	f Fi(x, g(x) — Fi(xk, g(x))2 dx <	6;	(5.8) 
OE L ( r )	Ix-x'I< 

g=O. Ig(x)I6

n. 

B 3TOM .merio y6egnTcH HPH noMonø an11po1duMaIwH. 4yiim jim' F j OT3KMH PfIAOB 
BHga

F' '-	' Fi(x, t) F11(). 

Aim 3ayaHHbIx x", 6> 0, y > 0 onpejeiiu jsiH e >0 4yHIwH10 99 = q(e) imii peale-
Hue ypaBHeHHFI

,(xk, 6; eq)]' I2 = [(xk, 6; 

JIerio npOBepum, 'ITO ()) YHIflW II 99 CIICTBYT (yHKEw1 1p HBJIHeTCH MOHOTOHHO) 11 

92(e)	o,	e92(e) --+ 0,	e(e) (x", 6; ue92(e)) e9(e) = o(e.).	(5.9)


B ciu.ny oieiu (5.7) ilMeeM, 'ITO 

(Fi(x, wk(e, /9)) — Fi(x", wk(e, /9))) w)'(e, /9) dx 

^5 2,-2 I ko"(e, /9)12 dx	 - 

+ (	f	 "(e,, 	F'(x, k(E, Th)1 2 dx''12 
/ 

X(	I	w1(e, /9)1 2 dx'' 12	J51 + J52 xJ53. 
F 

Onpejenuii Tenepb IcoHCTaI-lTy 6 HR 

6	sup Iw"(e, /9) (x) 
t>o. 

-	E(6,)

/

/
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If HOHCTaHTy 12 Talc, 'ITO6hI girn Bcex E B(60), t > 0 


-	 1	 11 
• E(k,t,p)c1xERtt:Ix_xkl</2tn 

Cor'.uacno o1eHlcaM (4.10) H flOJtOacHTeJIbHO1 OnpegeJIeHHOCTbIO, MaTpIflbI Ck , ROH- 
cTaHmI 6 n /z cynecTByeT. Torga H3 oLeHoH (4.10) H COOTHOWH11 (5.9) cJegyeT, qTo 

 = O(E),	J53	 8n-1
 ^ 6 
V 

J52	}/(e) (x', 6; /2e(e)),	J52 J 3 = o(e)	.	• 

PBBH0MPHO no fl E B(60). TaHHM o6paaoM	 • 

k ff [i=nl G F(xk , uo (xk ) , wo(xk) + rwk(e, /9)) 

- .- F(xk , uo(xk), w0 ( x lc ))) (0j k(__, i9)] dt dx + 
ayj 

panHoMepHo no /9 E B(60). flonyeiuioe BbIpaKeHHe gJIHJ5 npH IIOMOWH YCJIOBwq A6, 
npeoöpaaOBaHHH }OOHHT 14 CBOftCTB aJieMeHron uk(e, /9) (cooTHoLueHlrn (4.10), (4.11)) 
JierKo npI4Bog14TcR'Ic BMAY 

.,	n	 0 

= e' 9, if [F(xk , u°(x"), w0(x") + (O" (x)) - F(xc, u0(x"), w0(xk)) 

1 
-	- F(x c , u0(x'), w°(x")) ,k(x) dx + 0(e), 

j=layj	 •	 J 0 

rge 0(e) He aaB14cnT OT /9- E B(60) joj nerpai no R" MofceT 6b1Th 3BMCHH HH'rerpa-
xoi no Q. 

l'aldllM o6pa30M B npeCTaBJIeHHH pa3HOCTM 61 Bejrn q nHi J2 , J3, J6, J oleI-1eHbx 
iepea 0(e) 14 BeJIHq HHM J1 14 J5 HHBHh1 K Tpe6yeMoMy Bilgy, ecJI14 TOJIbKO flOf18HO 
pasjiii qHbie TO qKH X 1 , ..., X8, X' 1 , ..., x'" npHHagiiemaT HKOTOPMM M1-1oaecTBaM 
flOjiHoii MPbI n Q H F COOTBeTCTBCHHO.	 - 

DyHK1nOHaJI 

J4 = ((L1(a°, WO), w(o(fi)) - 

nBJIneTcfl JIHHeHb1M no nppaiiieno w(i'(/9)) - H noaToMy MolceT 6blTb npeo6pa-
3013aH flH HOMOUU1 CBO1CTB peweMIR ypaBueHI411 C conpfn1ceHHhlMH onepa'ropaMM H 
cJiegyloweMy BRAY 

•J4=	/i, w") - ((/2, w*)) - ((/3, w')), 

/1	A((/9)) (w° + g') - A(a°) (w° + g'), 
0	

0• 

/2 f (LA(ot(/9), w0 ± g1 + xóg) - LA(ti°, w0 + g1 + rôg)) 6  dr,	- 

A(a°) (w° + g' + g) - A(a°) w° - LA(a8, w°) (g' + ôg), • 

10 Analysis Bd. 3, Heft 2(1084)
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re w" nI3JLHeTCJI peineHi!eM ypaBBeHilK 

•	P'L"A(ao, w°) w = P'LJ(a0,w0) 

• oTHocI4Te.mbI{o W E W. 

113 yCJIOBHR B) H	CJTOBHñ A? cJIejyeT, 'iTO	= (*,	, ...,	,	i'je 
E C(Q) C HK0T0Pb1M a > 0. TaK KK 4)YHKIUIH ip'1' ne BaBHCHT OT_ C H j9, 3JICMeIIT 

/' oT.mn qeH OT HJ[H TOJIbKO B MHO?KeCTBaX E(k, e, /9), S'(k, e, /9) H TaM HO aaBIlcIlT OT C 
ii /9 (coo'rlioweniie (4.10)), •ro, BnoJine aHaJIoI'Ii'iu{O Kaic npii Bh1BoJe flPO1CTBJ1HHIT 

JU1 (I)yHHWiOHaJIa J1 llOKaablBaeTCfl, 'ITO 

- KKP w*))  

=	
/9k2E(k) {((A(xk , Uk)	A (xk, u0(xk))) (w0(xk) + co k(0)) , V*(xk)) 
k=1  

+ (a(x, uk, w00 (xk)) - a(xk, o(xk ) , w00(xk )), V*(Xk)) - 

+ [ao (xk, uk, w0(xk) 1 wk(0)) - ao (xk, u0(xk ) , w0(x) +wk(0))] 1p*(xk)} 

+ EX (/9s+kk)1 Sn_ i [x(x' k , vk, WO ^ 1 (x' k ))	x(x'k, V0(X'o), WO - I(Xll))]V*(Xlk) 

'+0(e)	
• 

panoepno 110 (9 € B(t5a). 
B cii.rIy ycJLoBnaA4HoeIIoK (4.9) iopMa 3JleMenTa /2 B HP0CTP1ICTBC L(r) 01401111-

BaeTcH 'iepea 0 (jIg) panoepno no /9 € B(50). B TO ae BpeMH ajIeMenT 0TJUI'leH OT 
HJ1H TOJIbHO B MHo?KecToax E(k, C, /9) ii S(k, c, /9) . I103ToMy, nprieiiaa HepauencTlio 
reJ1bepa 11 nepexouE K TO qKaM JIe6era B rinTerpaJiax no E(Ic, e, /9) dT w, 2, IIHTe-
r'pa.rIbl OT 1 2w, (j = 1, ..., n) O!4HflB1OTCH 'iepea 0(C) paliuloMepno no /9 € B(ó0). 

•	 B CBOIO o'iepe	upn noMou4rl• CJIOBHR A4 HHTFJ1bl OT /w ii	 oieuiii-

BaloTcg TaKKe 'lepe3 o(e). B cáioi geiie, paccMoTpnl, HanpilMep, uierpai OT 
w 1 (iii unerpaia OT /w ,TpeGylOTCfl 6oiee	riuHie BHKJ1a1Ku). Muu uMeer1 - 

mF	 12 

	

f ./2 v* dl'	'	f 2/Lo {h5 + Iw, + g +iI j	k g ^I	dl' 
r	 k=1 S(k,e.) 

m (S,(k	2(r-1)	r-2 ri	/	 2(r_1)\
^2zoc(r)' 	f	f jh—'+ Iw:dr

.e.)	 1	L\s(k.P) / 
/	• 2(r-1) I-] 

+ ( f Ign+uId 	fr5g = 0(C) 
\sk.•	

• 	 - 

nocjie riejexoja Ii T0qKaM Jle6era ui3BecTHbIx ()yHKLHil. 
•0T1eTMrl 7 'iTO J1O Clix HOP yCJIOBIIH A7, AS, a) — H) He 6blJiII npllMeHeuIbI. 
Beirn'iuiu-ua ((/3, w") Mo+ceT 6blTb npeACTaBJICHa B BL4/4e-	- 

-	((/3, w*)) = J41 + J42 + J43 + J44 + J451 

	

• 

j41 f (a(x, u0 , w00 + 6g0) - a(x, u°, w00) -	a(x, u°, w00) 6g0,	dx, 
az
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J42 f [ao(x u°, w° + g')	a0(x, u°, w°) -E	a(x, u0, w°) g,1] p* dx, 

43f [f(	a0(x, u°, w0 + g' + rag) -	a(x, u°, w0))gj dT] * 
i=1 

ff( x(x', v°, w 1 ± g)—	.(x',v0w+1))	dp dP, 
N	1 ro	 - 

J45 f f U a(x, u0, w0 + g' + âg) - a(x, u0, w0)) Og0 dy* dx.
az 

flpll n 4 oei q Ha J41 TogecTBeH1Io pai3Ha HJHO B cmay yCJIOBHH A8, a 
n	3 rIou1HTerpaJ1bHafl yiiiuiin oLeHnHaeTcT HO MOJJ11O cepxy j epe3 h(x) Vlp*(x)I, 
rje	 - 

[	 2	2 
h(x)	c4n,u0 [h4 (x) ± w00 j T_2 +g0jT_2j c2 bg0j2. 

CoriülcHo c00TH0WeHHnM (4.8)—(4.11) It TeopeMaM Bx0?1enHH [4] gim uo6oro t 

I9oIL2 1	= o(),	IIâ9ntIIIL2(t_j	= o ( 1/ ) .	 (5.10) 
__ 

floaTo1y

IIhILa	CS Jjbg0jj2 = o() 
4r() 

r-2q 
11pM,

q< -, n=3,	q< --,	n=2,	 (5.11) 

qTo BbIrIoJDlReTcH jjrn q E [0, /2]. TaHrn1 o6pa3oM• Bexu q I4na J41 oIeHIIBaeTcfl 'lepea 
o(E) paoepiio no E B(60). 

BHOJTHe aHarIorII qHo no}caabIBaeTcH, 'iTO BeJmq HHa J44 = o(e) paBHO.siepHo no 
fi € B(6), CCJII!	 - 

q<ri n=3,	q^S1,n=2,	 (5.12) 

qTO BbIn0JLHHeTCH ripm q € [0, 1/1 

CoepIueHHo raK e J 5 = 0(e) paBLIotepiio no € B(60), ecjju n = 2, 3, Hhrnj-
HH1OTCH 000THOIUCIIHH (5.11) ii yHKiU4H a0 He 3aBHdnT OT Y.	., 

OTMCTFIM, qTO 8TH oLeHiu noiiyei 6e3 npF1BJ1eIeHun ycJloBHfi A7 It i), T. e. 
npii n 3 BejTM q HHbI, He3aBucsii1I10 OT HenItHefiF!ocTef HO y MOFT 6Mm OLe1teIIbr 
rpn 6oiiee cjtaOblx rrpenoJIonennHx. flyom TCIICPb BbrnoJzHeHbx ycJIoBtiJI A7 it 
ycJIoBHH a), 6), B). Tora	€ Ca (Q) it, B CIIJIV 8T01'O, Be3It4iiHbi J44 it J45 ItMelor

Tpe6yeMylo OLeHHy iepe3 0(e) ii pit q € [0, 72] Ji.nI Bcex n ^t 2. 

llocxoi&iy p'1' € C"(Q), TO (I)YHKIII1R a0(x, u, z, y) ?p*(x) Y1OBJTCTBOfl0T TeMM ?Ee 
ycJIofnMH, 'ITO y1I1-aun F, rioaroiy ceBepwel-Ino Tat	e Hat npii uccJIeoBaHiiu 

10*	 S
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yHKII1oHaJ1oB J51 J7 flOHa3bIBaeTCH, qTo 

8 

= 
k=1R[ [ao(Xk, u0(xk),w0(xk) ± wk(x)) - ao(xk , o(xk) , w0(xk)) 

•	 -	ao(x", u0(xk) , w0(xk)) w k(x)] ,*(xk) dx + oe), 
yl 

J43 = o(e) paiioepiio no fi. E B(60). 
143 H0JI4HHbIX npe;ACTaBJICIIHrl II O1eaoK czegy eT YTRepmg eHMe TCOPMJA I 
CuecTBHe 5.1: Ymeepdcöeuw meopeAm coxpan.voin cudty, ecu ycI06u.c 47, 48, 

a), 6), B) 3MKUb ia yciioeue, mmo /5unuu á 0a1 0 (i = 1, ..., n) ae.,uuomca aç66un-
n&u no (z, y).	 •	 . 

C JI e A CT B iie 5.2: YM6epwc&euus meopet& coxpan.vom cuiiy, eciu n 3, e&noii-
ie,m yciweua A 1-43, yciioeue A4 aAA 6fiyusifuü a10 (i = 1,..., n), ,, YCA06v's 45, 46, 
yc.iioue 6) meope& 5.1, tfiymvqus ao g6Ajzemca aJunnoü no y, m. e., 

a0(x, u, z, y)	a00(x, ?, z) + 2' a01 (x, U, z) yj,	. 
•	 1=1	 /	- 

IC	 - 
1. f/3ynIua a01 (i = 0, 1, ..., n) yOoeiiemeop.vom yc.wauio I- AI'ATEOOPH u aAjt nomu 

ccex x E Q u ecex u €	uteiom nenpep&n&e nepeie ttacmubte npou3e0Onue no z; 
2. Koncmanma q E [0, 1) ua ycoeUii 44 npu n. = 3 ite npeeocoOum mm	 r (j.  - 1); 

3. cyuçecmyiom honcmanmbi I> fl, C6 0 -U YKPU. h € L(Q) maue, -mo 
no'tmu ecex x € Q U ecex u € , Q1, z, z', z" € R u.41e/om .,tecrno coomnouenu. (i = 1, 2) 

I	 2]t+2 
aoo(x, u, z)I 5–:c6 h(x) + jzJ _2j 2 

I	- 2] 
a01(x, u, z)	c6 {h(x) ± IzJ], 

a0 (x, u, z)	-c6 [h(x) + tz!'J, 

a(x, u, Z) < C [h(x) + lz12]2, 

TZ 

-	
a(x, u, z') -	a0(x, u; z"). ;5 c6 [h(x) + I z 'i'	+ IzIll] lZI - z", 

•	(a1(x, u,-z') - - a1(x, u, z")	•	 - 

	

-	 -	n = 3, 
221 

•	6 [h(x) + Iz'	+ i z"i i I Iz' - z"I, 91 = 2. 

- B caMoM jejie, CHP8BCJII4BOCTb CJ1eJCTBI-1fl 5.1 HerioepeACTBeHHO BbITeHaeT H3 TOI'O, 
WO B CI4J1 a(rnHHocTH oliepaTopa A(a°) BejulqMHa ((/, w')) B JOHaaaTeJn,cme 
TeopeMhi 5.1 ToHecTBeHHo paa HyJIlo. - 

CnpaBexi1BocTb yTBep?fceHiuI CJIeCTBH g 5.2 rpe6yeT 6ojiee eTaJ1bHoro pac- 


	

•	cMoTpeHnJT, nocHoJlBKy enep (fyHrn.I4H a0 MoeT He )0BJ1TB0HTb yCaOBmo 44
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H 4yH}cI11H p* MoeT 6!.lTb HeorpaHuqeHnoll. UOCKOJIbFy B oleHicax CJIOB1ffl A5 
BXOHT TOJIb}O Be.Tni q lIHbI P'/, TO Heo6xowMM ToJibIcO cBocTBa ui(4)epeH111py-
MOCTH (A(a) (.))o ff3H oneparopa, )eilcTByiouero 113 W ' B i-ipOCTpaHCTBo L2,(Q) 

'±2 
.0 HeKOTOpL.IM t > fl, 'ITO liMeeT MeCTO B paccarpnaeo cJIyae. TalnM o6pa3oI 

CJTOB1IR 1, 3 o6ecrle'IHBaIoT cyItlecTeoBaHIle npO113BojHOii Dpeine oneparopa A(a) 
H iieo6xotmie cBocTBa 4yiiiciuin a0 B ROK3TJIhCTBC TeopeMi 3.1 113 'nepBoi 
qacTil pa60TH (rI3IeHeHnri iiajo BHCCTH TOJIbIcO B oijeHHe J-IOpMJ,I 3JIeMeHTa /2e) 

IloaToMy yTBep?+çelII4n riepBoil qacTia pa60TbI COXPBHHIOT CHJIy 14 B 
cJiyae. 

B goica3aTeslhcTi3e reopei 5.1 6r,irro oTMe'IeHO. 'iTo yciOiiin A7, AS, a), B) 
neo5xojwMbl TOJtbFO JJ1H oteHFc1i BeJnI q uHbI W3, 16*)) (ycJioBrla 1 it 3 o5edneuBaIoT 
npeJcTaBJIeHHe ii oieiiicii AJIfI ocTaJibHhlx BeJIlI qHH). Tah e 6b1.rlo nolca3aHo, 4T0 flU 
BbinoJiHeHHl4 cOoTi1oineiiH (5.11) it (5.12) yHH1.1,14014aJib!J..1 14J42 uMeloT Tpe6veMvlo 
oLerny 6e3r1plIBJieqeH0H yCJIoBnfi A7, A8, B). 143 a(4MHHocTM (IYHHrHH a0 no y 
cJieyeT, 'ITO J42 0. Taic1I1 o6pa3oM Heo6xoJi4Mo clue TOJIhIcO 0IOH11Tb ()yHicuHo-
HJIbI J43 H J4 , HO 3T11 oLeH1cI1 HC1IOCPCTBCHHO CJiCIOT 113 yCJToBHcI 1, 3, COOT-
HomeHilfi (4.9)—(4.11), (5.10) it nepaBeHcTBa FeJ1b1epa.  

6.
leopeMa 6.1: Iiycmb MnoAneubt UiIU ycAoa .uA meopembi 5.1, uiui ycioou. 

citeacrnamg 5.2 UjZU ciieacrnu. 5.1 u (o'°, w°), w° = w(a°), .ctoemc.' pezueuueit 3aOa-

To2aa cyuecmeyiom ioncmanm& 2 (i = 0, 1, ..., k0 + m0),' ne ece paenie nyiuo, 
ma.ue, 'mo  

1. i=0,1,...,k0; 
ko

2. 21I(c°, w°) = 0; 
1=1 

3. OAs no'imu ecex x° E Q, x'° € F, ecex noJzo1curneirbIto onpe3eIiennblx cuAtAternpu-
ecux nocnzoinnbix .4tamputf C paepnocmu n X n, ecex a> 0, ecex u € Q 1 ,.v € Q2 

L' 2J'(80 )	o,	 .,	 (6.1) 
1=0 

aOe 93 0 = { o, 1, x°, x'°, C, a, u, v} U 6eJuL'iunb I'() onpeOe.fuuomcai no 
(5.2), (4.11). 

,LoKa3aTexcTBo: Upil I'1OMOI1H OpMyJi (5.1)—(5.2), (4.11) icayoMy HaSopy S 
BHa (4.6) MO?HHO conocTaBllTr, B}TOP 

Y	(Y0, Y1, ..., Yk,+mo) € Rko+mo+i, 

Y1	I'(3),	i=0,1,...,ko+mo. - 

BCHT0pH Y onpeeieimi TaFcIce gan IIa6opoB 58, y HOTOb1X T04I<l4 x 1 , . . ., x8 , x' 1 , . . ., x" 
He o6H3aTeJIbHo nonapiio pa3JIII qHbi. Muo?+cecTBo BceBoaMo?Hnbix Ta}dllx BeicTopoB, 
xorja TO q 1-cH x" E Q" n Q", x'k E F" n F" o6o3Ha'IiIM Repe3 K. B citay 4IOpMyJI 
(5.1)—(5.2), (4.11) MHo?*ceCTBOKHBJIHCTCH BhIHHJIbIM HOHCOM C I3epuhIIHOf1 B HJi. 

JJIH cnpaBegJltIBocTlI yTBepaeHrlf 1 It 3 Teopembi YOCTaTO qHO, 'ITOôbI CyLUecTBO-
uaii IIe11yJieBo1 BeITop ( 2o2 'i,	, ko+mo) Ti10, 'ITO 

z AY 1 0 'VY€K,	Aj	0,	i=0,1,...,k0.	 (6.2)
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LOnycmMOpaTHoe, 'ITO HellyJIeBofi B1TOP Co CB013cTBaMLI (6.2) i,e cyllecTnyeT. 
• Torja, corJthdllo cB0fiCTBaM 'OTeJ1HMoCTn Bh1flEJTh1X HOHyCOB [5 CyneCTBy1OT Be1- 

TOP bI Y' E K(l = 0, 1, ..., m0) Talcile, 'ITO 

1 1 1 <0,	i=0,1,...,k0,	1=0,1,...,m0,  
Y11=0,	i + k0+ l ,	1=1,..., rn0,  
Y'=6',	i=k0+l,	

(6.3)
 (6'.> 0) . y0,5	i=ko+1,...,ko+mo	J	 - 

I43)OpMyi1 (5A)-(5.2) ii 000TIIoweH[IrI (5.3)-(5.4) BbTTeFcaeT CyI1ecTBoBaHHe Ha6o- 
poB 58' (1 = 0, 1, ..., rn0 ) C noriapo pa3JI1411fibIM11 (He TOJ1h1O BHVTPH Ha6opa, HO If 
ieimy Ha6opaMH) To'11caMH 143 MHO?}eCTB Q" It F" COOTBCTCTBeHHO Ta111x, 'ITO 

1 Y"- I'(58')	-i- mu	IY,'I	
1	

1 > 0, 32 j=o.1....k,	(1 + rn0) 2  
1=0.1.....m, 

-	i=0;1,...,ko+m0l=0,1,...,Mo. 
flOCicoJIbKy BCe TO'IKH 143 Ha6opOB 93'(1 = 0, 1, ..., rn0) noriapiio pa3JuPulbi, TO 
nyeii nepexoa i Ha6opy 

!8 W  = {, 
1, x01 , ..., x08 , ..., Xm , ...,	x'°', . .'., 'Gm 

..., x' .1 1 ..., x'm,m , 0 2C01 , ..., 0 2 04 ,	Cma8 ,	- 

I	 '-1	 1	 - 

••'	
u01, ..., Um,8, Vol, ..., Vm.m 

MO 

onpeeJ[HeMoMy npii HOMOI4U1 o6i,eiiueiinn BCCX •To4eR 143 Ha6opOB 58, B C14J1 
opiiyt (3.8), (5.1)--(5.2), eopeu 5.1 i-I np14Me'laHHa i reopeie 3.1, nozyaei 

cywecTBoBaHlle ceMehc'rBa ynpaBJIeHilhl 

e > 0, - (Eo, j, ..., em,) E Rm,+l, , >0,1 = 0, 1, ..., rn0, 

•	Taiclix, 'ITO	 - 

I(cr(e, ), w(i(e, 

= Mao,w°) ± e,,11'(58') +	e, ), i = 0, 1, ..., k0	rn0 ,	(6.5) 

['Je-(yIlIuHh1-v)h(, ) HHb1BHb! no (, ) 11 etp1(e, ) = o(e) (i = 0, 1, ..., k 0 + m0), 
• PBHO1HO nO , eCrn TOJIb1O a2- (1 = 0, 1, ..., MO), i'je 62 - 11p0143-

BoJIblIoe 4lllHCHpoBaHHoe 'IIICJIO HG 14HTPBJ1 (0,1). OTc1oa H 143 CooTHollleHntI (6.3) 
if (6.4) ciejyer, wro HH 62 = 1/4 Ii e E (0, e 1 ), re ej JOcTaToqHO MaJIo, CvlleCTByeT 

•	
S Be1Top-4IyHKLnn = ( E) Talcall, 'ITO	 -	 - 

X	1'(58) + D(e,(e)) {°Z t:, + rn0.	
- 

I103TOMy B cHJiy cooT}1oweHnt (6.5) liapa (c(,	w(a(e, () vjoBJIeTBopHeT 
BceM or'paHll'IeHI4HM aagaii I -if coo6niae -r lyHHuHOHaJiy I 3Ha4eHHe, MeHhrnee, 
'leM 4(y0, w°). flOJiy'IelIIIoe npoTwuope'llIe C 0I1TI4MaJmHOcTI,Io napii (00, w°) noica-

-	abIBaeT, 'ITO IIeHyJIeBOII BCFTOP (2, 1,'..., 2k+mo) CO CBOfiCTBaMH (6.2) cyecTByeT:
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HaHoHeL, yTBep?ieHHe 2 Teope .Nlbl HenoepegcTBeHHOCJICT 113 TOFO, 'iTo B npn-
Bee1IHOM go}ca3aTejlbcTBe yTBepFcJeHLIi 1 ' 3 1,ldnOJlb3OBaHbI TOJIbF(O cBocTBa 
.moKaJIbHoro MFIHLIMyMa napi ((10, w°) • 

flpii flO1011U1 yCJ1OB14t A1—A6 HTPYJUIO noIaaan (CM. TaI?fe [6]), 'iTO, ecjut 
MHW-ReCTBO 

OnyCTHMb1X orleparopoB BbIrIyEcJIo ii yi-uwsoHairI I (i = 0, 1, ..., k0 + m0) He 
aaBIlcILT. or a, TO HeoöxoJHMOe ycJIol314e orITI4MaJIbnocTIl uMeeT cJIejymnu4fi BHA: 

Ecu4 (0, w°) - peweie 3aaqH 1, TO CyweCFByIOT }WHcTaHThI 2 (i = 0, 1, 
k0 + 771,0), i-ie BCC paBHMe HJ1I0 TaFcLre, 'iTO 

1.1	;.1>0,i=O,1,...,k0; 

k. 

2. 'A1I1(a°,w°) = 0; 
1=1 
k0+m

3. .A(a0) w°	Aw°, w')) ^ 0 V A E ,	 (6.6) '  
1=0 

1JC W' - peiireu BapnaLHoHIIhIx paB eHCTB 

((w, LA(&, w°) i) - ((LI(a°, w°), ?7)) = 0 V 'i E W, 	
.7


i = 0, 1, ..., k0 + m0,  

oTHocnTe.nbllo w E W. 
lloJly'Iel-lILoe B Teope me 6.1 Heo6xo jWMoe YCJIOB14e 0IITI4MaJIbHOCT11 (6.1) orjn'ia-

eTcn OT YCJIOBIIFI (6.6) npLIcyTcTBueM OJIeMeILTOB w H onojIHH pejIbHbIMH cJlaraeMbIMiI 
'B BHAe nHTerpaJToB no R (eciu w 0, TO 0TH HHTJIbI MKjeCTBeHHO paBHbl 
HyJuo). Hajiit'itie OJECMeIITOB CO O6yCJIOBJI ell O 3aBncuMOcTb10 rJIaBHoii qacTii otieparo-

OH A(a) or yI1paBJTeHul, a HaJIH'ine 1 ,II-oTerpaJlol3 no It" - HCJILIIICIIHOCTHMH 110 Vz 
B orieparope lulu (j)yHK[woHaJIax.. I1pI1Be)eHHbIe B nepHol! '{acTn pa60TbI lipuMephi I 
II 2.KoTopb!e OTpa?KlOT HJILrnHHC HeJILrlIciiHocTetl no Vz, it pa3JIl14uIbIi 1311A iieo6-
XOJ IIMbIX yCJLoHuii onTuMaJTbIIocTH vfca3blBaeT iia TO, 'iTOB jocTaTO'iHo oöiiwx CLITy-
aiuuix paCililipeHile LICXOJIHOLI aaia'iu ilyTeM nepcxoa K Bb(nyKJEo1 o6ojio q ie nio-
?KecTBa OflCTHMbIX onepaopou BoaMoKILO TOJIbFcO Tora, ior'a yHKLUIL1 a0, 
F, (i = 0, 1..... k0 + rn0) HBJTHIOTCR a()4)uHllhIMu no *y. 
B npe)noJIoKeHI1u, '[TO B pacwldpeuHoft 3aa qe IlMeeT MecTo aiiajior YCJIOBpi ii

 Al—AS, npuBeeM IICCKOJIbKO cJiyqaeB, Horga TaKOC paciupeie coxpaue TO4-
Hy10 Ht4-KLII0IO r'paHb M1IHHMH3IIpyeM0F0 (1[)yHFwHOHaiia Ha TjOnYCTKNlblX no BceM 
OrpaHii qeIiHHM aja'iu naparo (a, w). 

Ciy'iait 1: Eciut 

1. m0=k0=0, 
2. 4y111c1uIollaJI Io ite 3aaLIcIIT OT a, HBJIHeTCB ca6o HflbIHHb1M no w E W it 

JyHK1.uin F0 a441111Ha 110 y, 
3. (yHKtu4H a0 a(i)(lmHIIa no y,  
4. 4)yHK[u1u a0 , a10 (i =' 1, ..., ii) ite 3aB11cuT OT a, 
5. MHoKecTHo Q 1 COCTOUT 113 JHX To q eK U 1 II U2 H j.ii aajoro x E Q MàTpllua 

A(x, u1) - A(x, u2 ) uB.TrneTcH liJill noJ1on1lTejtbHo oflpCeJ1eHHo IIJTU OTp11taTeJihH0 
oItpeJeJIeIIHoi, 

mo JlepCXOjk OT W. K BbinyKJIo1 O6OJIO4KC MH0?+cecTBa W COXaHHCT To'iHyIO HI14HIO}O 
rpallb Mu11I1MI131tpyeMoro 4)yH1(I11oHaJ1a.
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Ciiyaii 2: Ec.'iu 

2. 4y1 L4 a 1 , a1 0 (i, = 1, ..., n), F0, 1 0 He aaBIlcHT OT (1, 
Trio nepexoi OT 91 H BbIHyHJTOfi o6o jioq K4 MH0aecTBa 91 C0XPflhlHT TOqHyIo 11HHH!OIO 
rpaHb M14HHMHHpyeMoro 4yHlc4iionaJla. 

Cjiy.4ari 3. .Ec.'tu  
1. BhIHOJIHeHhI ycJioBirn 1-4 c.JIyaH 1, 
2. MHonecTBo M Bcex . MaTpHL A = A(. , u( . )), a = (u, v) E _P, TaKoBo. 'iTo. 
a) M3 npI4HaJ,JLe?Hi10cTI1 M11oHecTBy M MaTpI4u A' H A' cJIe)yeT, 'iTO i1IJ,1060r0 

il3Ml1MOPO M11o+cecTBa E c: 0 M1I0?+ecTBo M coepicuT MaTprny A 3 TalcylO, 'iTO 

A3(x) • JA 1 (x), x E F, 
1A2(x),z.Q\E; 

6) 113 A € M cie1yer, 'iTO MHo?HecTBo M cojepail4T Ta}c?He Bee cHi'isteTpll'iecHIle 
MaTpuIbl, coôcTBel-lI-lhIe 3Ha'ieI-lnri KOTOPEJX c0BnaJa!oT C CO6CTBeHHhIMI4 311a'IeH11IIMII 
MaTp11411 A, 
Trio n epexog OT 91 R BbInyHJIoh o6or1o'iHe MHoHecTBa 91 coxpaHFieT To'iuylo HHHH1010 
rpaHb MHHIIMH3HpyeMOI'o )yHKIHoHaJIa. 

1'IcCJ1eJoBanh1e cjiyiaFi 1 1Ip0B0JHTCa 110 TOR HC cxeMe, IcaH gJIH 6.1IM3Hof 3aa'iI! 
B [7] flTM cpaBHeHnn He06XO14MbIx yCJIOBM1T orTTllMaJIbHocTH B ope (6.1) H B 

opiie (6.6). CBOiICTBa ciiy'ian 2 RBJIHIOTCH 11O'iTII HenocpeJcTBeHHhIM1l.cJTe)cTHvIeM 
113 ycJIOBHR A5 H CBOICTB BrloJuIe HCUpepbIBHOCTII onepaTopa BJ1o?HeHuri 113 W21(Q) 
B L,(Q) II B L 1 _ 1) (f'). HaKoHeU, - cji^qati 3 paccMaTpnBaeTcri C npMuJIe'ieHueM Me-

r-2 

T0JHHH pa60mi [8] 11 CBOflCTB CJIy'iafl 1. 
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