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The Laguerré*Transform of some Elementary Functions

H.-J. éLAESKE and O.1. MARICEV

In der Arbeit wird die \erallgemcmerte Laguerre-Transformation einér Klasse elementarer
Funktionen berechnet, die oft in den Anwendungen auftritt. Das Ergebnis wird zur Herlcltung

einer Loésung einer gewohnlichen Differentialgleichung verwendet.

B nmauHoii paGote BHunCAAeTCA 0606uEHHOE npeoOpasosaunite Jlareppa oaHoro kaacca
(yHRUIIT, KOTOPBIE YACTO BCTPEYAIOTCA B NpHMeHEeHHAX. C NOMOWbIO no.nyqeuuoro pesyith-
TATA PelIaeTcA 0jlHo obbikHOBeHHOE AuPPepenuHanbHOe ypaBHEHIe.

This paper deals with’ the calculation of the generalized Laguerre transformation of a class
of functions, which often appear in applications. The result is used for the derivation of the -
solution of an ordinary differential equation.

0. In'[2, 3] an operational calculus for a generalized Laguerré transformation was
developed,  which is of importance for the solution of differential equations of the
“kind !

[8.4] (¢ n=f. . (X}

Here k is a natural number f a suitable functlon and S, the so- Lallcd Laguerre
differential operator

© S.a(t) = e't*D[e !t**1D] z(t), D =djdt. . (0.2
In 3] the generalized Laguerre transformation '
o . .
SO (0) =-f e L) [y dt = Fo(v) . (0.3)
. 0 . N

was investigated, where L, are the Laguerre functions of the first kind

v '

Il +o+v) ' ‘
Lt - F(—v,a + 150, a>—1. . (0.4)
O=ra oo s e o
In [3] under suitable assumptions it was proved, that the gcneralizéd Laguerre
transformation of the différential equation (0.1) yields - .
X)) = (—» )KFav), : : B (0.5)

where X,, F, are the generalized Laguerre transforms of x and f respecblvely
The mversnon formula of (0.3) is given by

£ : _
A . ra 4+ LYYy
, /(l) = flia(v) P(l + o + 'V) (__1 + e—2:liv) ('il‘ " (0'6)

()
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\

(see [2: Theorem 6.1}), where y < ¢ < 0 and y is the order of growth of fif ¢ tends
to infinity, that is ' '

fly=0@), —1<y<0, i~ +oo.
Applying this to (0.5) we get lmmedlately a formally derivation of a solution of (0.1),
namely

’ ra 4 (a) .
2lt) = (— 1) f ) +.f: T 0.7)

(¢)

In this paper we derive the transform (0.3) of-a class of elementary functions,
which often appears in applications and then the result is used for the solution of a-
special differential equation of the type (1).

Here and in’ the following terms which are standing on equal places inside the
brackets {...} correspond each other. The set of natural numbers is denoted by N
and Ny, = N u {0}.

1. The function, which has to been' transformed is )
sin bt” > : » L
— $i-1 a—pt” : ' 1.1
o= e L >0, b{Zho, S
that is we want to calculate the integral
1= [ prmremm—t 500 po g
: cos b’
0 .
' ' sin b’
— x(e) | 42-1 o—ptr i . . . .
3 [t € '{cos bt }] ) , ‘ (1.2)

Because 6f the a'syn'lptotic behaviour of L,(“j(t), (see [1.: vol. T, p. 278, (3)]) N
L) = —a tsinmal(1 + a +v) et 2711 4+ O(t™)] . (1.3)

ift - 400 and of the boundness of L,*)(¢) in a neighborhoud of the origin the inte-
gral I converges under the restrictions

1

' b{;} 0,7 > 0, Re (p) > 0
s or [Re(p)= O\ and (1.4)
Re(#) > Re(?) — 1], Re () > {_“ ._’,}.

&

In the language of integral transformations this is: The generalized Laguerre trans--
form of f is an entire function of » if Re (p) > 0 and a holomorphic function in the
halfplane Re (») > Re (2) — 1 if Re (p) = 0 (under the restrictions (1.4) for the other
parameters). SN )
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Remark: The integral J may' be considered as

1=wﬂ vrrm“}meyz+m‘

cos b

sin bt
cos-bt

% r-1Q [zi“'*“)/'—' e"‘""{ }Ly(a)(tl/')] (») .

= y-1 {ga [t(l-f—a)/r—l e—Pt—.t"’Ly(a)(ll/r)] (b)}, '
Oc¢ ! ’ . -

where M, &, F,;, T are the Mellm- Laplace- Fourier-sinus and Fourler -cosinus
transform respectively. .

For the calculation of / we are substltutlng (under the condition p>0)
cos B = p( b2_—}— P, = (p + b2) ver g = ft .

, - sin (6~ sin Bx) : ' : "

«— p—07Tcosfn K

Al(ov) = ' .{(,os (677 sin ﬂn)} o ' - (19)
2(‘) - tﬂ*’rl e—tL (a)( ) e . ’ ) \

With these abbreviations/the integral (1. 2) can be written as the Mellin- convolutlon
of le and K,, that is’

I =fK1(:z:t' ) Ky(t) t1 dt = K(2),
; o ‘

with ‘

\

Ris) = MK (s) = [ e Kyde, =12 . .
0 N : .

and by help of the convolution theorem for the Mellin transformation we have,for
the \/Iellm transform K of K S - N

R=R,R,.

" By means of the formulas [4: p. 139—140: 3. 8(1), 3.9(1), p. 130: 1.4, 1.5 and p. 21:
10.40 (1)] we have .

\ |

Ry(s) = rI(—slr) {_z‘o'; Zg:f:} 18] <| 1/2 Re (s) < {g} _
and ' : ‘ - .
: 1 s+a+Al4v—2—3
K2(8)=r(v+1) [ 1—i—s ]
A . —Re(x 4+ 4) <Re(s) <14 Re(y— 2). .
,Hérg (see [4]) as usual L . o
. \alx a‘2: ey ‘ ) . . A
F[bl, b, ... b]_,illp‘f)[;il,rb’] S

.
The condition |8| < 1/2 can be fulfilled if P> 0. The case Re (p) >0 after the

ca,lculatxons follows by means of analytical continuation.
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" With the help-of the inversion formula of the Mellin transformation wé obtain

K(z) : (2mir)yt | I —slr,a+itsl4+v—24—s
. ' ' v+ L1.—i—s
o " (a)

X{._\Sinnﬂs/r}ﬂz“d& " | o (L.7)

cos nfs/r

_Ré'(a +2) <a = Re (s) < min (1 + Re‘ (;, —7), {3})

As usual (a) denotes. the vertical straight line from a¢ — 700 to ¢ + 7co. The cal-
culation of the integral (1.7) is possible by left- or right-shifting of the path (a)
‘accordirig-to the convergence of the integral. Using a conclusion-of a theorem ‘of
SLATER ([4: Theorem 17, p. 48]) we obtain nnmedlately in the case r > lorr = 1,
lxl < 1 _ .

, Do ~ ‘

K@xy= 3  Res_ [K(s) z*]. . L

. k=0 s=—k—a—1 ' S :

“The poles in the pomt,s s = —k — x — 4 (k € Nq) are simple ones. In the case r < 1
or7 = 1,.]x| > 1 we have to shift the path to the right. There we have two series of
poles in thc points s = kr and s = 1 +v — 4 4+ (k,l € Ny). In common these are
simple poles. Double poles do appear only, if for a value of k € \ does exist such a
L € Ny, that the dlophantlc equation

N

kr:l—f-v—/.ﬁ—l

. f . . o - )
is solvable. The corresponding sum of residues we denote by 3. The sums of the
k=0(31) -

residues in the remammg points kr and 1 4+ v — 2 + ! we denote by ¥ and }’
k(pl)  U(pky

respectively. The calculation of the residues in the snnple poles is trivial because of

the wellknown behaviour of the Ffunctlon For the calculation of }' we develop

k3

K(s) t- "w1ths=kr+a= 1 —,—v—)—Ll——e mtheLaurentsenesmO<[sl < R

with a suitable R and look at the coefficient of the power ¢7'. This is the residuum

which we were searchmg After some calculations we obtain the*

Theorem: With the abbreviations (1.5) and the conditions (1.4) the integral I in
(1.2) ca.n be calculated to :

LR (k + o+ Dl k+1+v +a
3 — 1) .
2 1);’[ B+ Ly + Lk+a+1 ]'

» {sin (aplk + o + )-)/7’]} gh+otd, ' (1.8) .

cos [B(k-+ o + 2)/7]

z'f-\r>lorr=],[x.|<1»"‘

~
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. and

kr 4+« + 2, 1—{-1:_,_]‘” —sin fnk) .
- - k kr N
I- k()';'z)( 1) [k + 1,y 4+ 1, —kr 41— ;.], { cos ﬂnk} (;.8)

+r E (=1
()

—sin [7f(t +» — 2 + 2)/7’ pi-rri-l
cos [np(1 +v — A+ Ur '

),P[(}.—v—l—l)/r,.l +v 4+« —}—l]
L+ 1,v+1,—v—1 .

1)k +a—r o+ A+ kr .
+16(231)( ) r[k+1k7—vw-/ 1~/ —kriv + 1)

cos prk

: . aflr cot afk _ .
(=2 — k) + {—nﬁ‘/'r tan :zﬂlc} — 7! log.z]

‘z/r<lorr_1[:z|>lcmd!ll F/F

> {—sm ﬂ1k} [‘P(a F k) — W 1) — W(kr + 7 — )

. With help of the theorem above one can calculate as well tabulated integral
’ t,ransforms as new ones. The conditions (1.4) are fit for the Laguerre transformation,
. but they are not necessary for the convergence of the integral (1.2). As an application
we consider two special cases.

“l.r=21=1/2,6=0:

In this case the integral I is well known. With the remark of Section 1 and [1: vol. f,
6.10(11)] we have

[ = 29[ e"'L,(°)(t2 ) ()

Ny 200 +1,v +x + 1
. v+ L+ 1.
. a>—12Re(p )> 0. , o
Here @ is the confluent hypergeometric funcmon of second kind, sometimes denoted
by ¥. We want to sketch a proof of this formula by means of the theorem: From
“(1.8') we get immediately . . '

]G( 1/2 —v + 12 P24y, | (2:1)

E 02t o, + (1 — K/2)
E+1,v+ 1, (1 — k)2

s w2 —1,1 4+v4+a+l )
*_ I 2v+)+1
2’ b [[ L+ 1,v+ 1, —v —1 ] ’

., I=3 (—1>*P[(

k=0

(*)

Because of F[(l — k)/2] = oo if k is an odd integer we subst,i,pute k2> 2k in the first
.. sum. Using repeatedly the duplication formula of the Gamma function

I(22) = 22717712 (z) P(z + 1/2 ;o . (2:2)
and the functional equation ‘ . o ,
P(z) I'(l —2) = afsinnz | _ , _(2.3)

1, Analysis Bd. 3, Heft 3 (1984) T \



Left-shifting of the path of integration yields
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we. get after a short calculation . =
] = 2—2«1"' 2a+ 1,‘1’ + 24 + 1
. N 14 + 1: & + 1

vye)
. {F [” + o+ 1] Frle _1/6; —v + 1/6; p/4)

—1/2
+ 1/2

:

-+ (p2/4)’+1/2P[ ] v+« + 1;v 4+ 3/2; p2/4)}.

Using the connection {1: vol. 1, 6.5 (7)] between the confluent hypergeometnc

functlons of the second and of. the f1r$t kmd respectively

. ’
1—c¢

Gla,c; z) =,P[a—c—{—l

] 1Filas ;@)

e 1 . .
+ F[c a ] 27 Fia—c+1;2—¢;2)
we have with « = « + 1/2, ¢ = —» + 1/2, x = p?/4 at once (2.1).
2. i=1,r=—1,b=0: - i
In this case we want to ,calcul#te the integral

[ = —Qt=2 eVt L (1/0) (p), . (2.4)

which is not tabulated yet. Here we will not use our theorem, but calculate directly
the integral with help of the method of the proof of the thecorem (because orr = —1).
The integral (2.4) may be written in form of a Mellin-convolution

I—fK p/t () 1 dt

with K, () = e, Ky(t) = L(t) e~'++1. Using [4: 3.1 (1)] we have
Kl(s) = I'(s), .Rc (s) >0

Py

and usiné‘[4 :10.40 (1)] and the multiplication theorem of the Mellin transform we get

R,(s) = [s+o¢—}—: V—S], —a—1 < Re (s) < Re (v).

Because of the convolution theorem of the Mellin transform we get with (1.7)

I = —(2n5)! f r [" § t :“]L 1_1 - ‘S] ptds, 0<a<Re(®).
o vt |

-, —k+a41,v4+k
e 1 ) &
( 1)1[ kE+1,kv+1 ]

P e et A Pty S ) F
( ”‘F[ lta4+1Ll4+1,v4+1 |2

Mg

I=—
k.

I
-

ibg

-~
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Analogous to the first example by substituting k — k + 1 and using (2.3) for I'(x — k)
and I'(—a — 1 — 1) we get after a short calculation (because of (2.4))

-

B2 e ML) (p) = D) Faolv + 151 — ;25 9) p -
F';a’v+b‘+1 atl 1A . . . »
+ [v+1,m+2 P le(v+a+1,¢x—}—lv,oc+2,p),
_Re(p) > 0. o 2.4
Here, as usual )
R o (a)s 2" ' <
1Fala; b, c;2) —'éo ®n () 71’ 2] < oo s . (2.5)
and . .
_ _T'la 4-n) S - o
(“)o‘— 1: (a')n T Iw(a) ’ n € N (..4.6)
are the Pochhammer symbols. .

-

3. Finally we look for a particular solution of the inho/mogeneous Laguerfe diffetential :
equation (of order « = 0) S

Sey(t) = e'D(e D) y('l)‘=e‘é‘ - @

~

in the interval-0 < ¢ < co. Taking the transformation $© (see (0.3)) on both sides
of this equation and using the result (0.5) with £ = 1 and & = 0 for the calculation
of the §(©-transform of the left hand side and the formula (1.8) for the calculation -
of the J©-transform of the right hand side (witha = 0, i = 1,7 = 1,p = 2,b = 0)
we obtain: immediately ((1.5) yields cos fz = 1, that.is § = 0 because of 1Bl < 1/2

and z = 1/2): ‘ )
o, & E+v+1 ), ., @ f—y—1\__
_VAYM'_ 2 léo(_”?r[k + 1% + 1]2 _k‘§>(“’ k )2 =
that is C IR .
CY(r) = —(2v)71 (2/3y+). o T (3.2)

Using (0.6) with « = 0 we obtain a solution of (2.1) as the inversion of the fxnage Y
with respect to the transformation J(: ‘ '

y(t) = 3'-1.f v—i(2/3)-~L,(z) (1—e%)dy, - —1<c<0. . 33)

(c)

By means of right-shifting of the path of integration we get

©oy(t) = —(272/3) X Res [v1(2/3) L.(t) (1 — e~2iw)-1]. : (3.3)
. v=0 ) . o
The poles in the points » = n E N are simple ones. Only in the point v = 0 we have
+ a pole of second order. Developing the integrand of (3.3) in a neighbourhood of » = 0
we obtain with : - :

L) = 2: (=) (k)28 = 1 — (1) v + 0(?),

:



_ _H(;i‘(_e Ei ‘(t) is, as usual, the exponential integral

-

’
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o ' / . :
where
' olt) = Zk (k)™ = Bi () = O — log ¢

(see [6: 1:3.2, 33.]) ] C is the Euler constant after a short ca]cu]atnon the result

y(t) = —3{log (2/3)z i+ C—Ei () + Z no2/3)" Ln(0)]. (3.4)

/ . S

¢ . ’ f )
Ei-(t) = [tletdt, t+0, L ' (3.5)

.—00 |

where the. integral takes its Cauchy principal value when ¢ is positive. One quickly
verifies, that (‘3 4) indeed is a partlculary solution of (3.1).
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