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Nonloecal NonlinearVProblems for One-Diménsional Parabolic System

E. M. CHRZANOWSKI . -

. . . -

Es werden zwei nichtlokale nichtlineare Probleme fiir ein parabolisches Gleichungssystem
betrachtet und“zwur “geht es darum, eine Losung des Systcms

Uy(x, t) = Dig,(z, t) + (x, t, u(z; b))
ZLI findén,‘ die-entweder die Bedingﬁngen '
WO, t) = () fir t€(0,T),
Wz, 0) = p(z) fiar =z €(0,1), ; . . -
W1, 8) — Tz, t) = h(zo, L, Wy, 1))
. oder die Bedingung |

1

[ Az, t) dz = g(t)
- 4 0 \ . . i N

erfilllt. Dazu konstruiert man einen Opéra.t,or L: C(Q) - C(D) als.cine Summe von vier
Potentialen und zeigt, daB dieser Operator genau einen Fixpunkt bes:t/t der auch Canlée
. Lésung des Problems ist. s . N

Paccma'rpunalo'rcn IBe HeJIOKANbHHE, HEeJIHHElHLe PosIeMb, a HMEHHO TpeﬁyeTcri namuu ,
pemeune CHCTEeMBI napaﬁonuqecmm ypaBHemm .

Uy(z, t) = Duu(x t) + /(x,t A(z, t))
ynosieTBopsolee JU60 yCIOBHAM ‘ L
» (0, ¢) =-g(t) anma t€(0,T), "
Tz, 0) = (&) A =z € (0, 1), "
17(1,’t) — (%, ) = R(Zqr £, (2o, t))
.nlu6o ycmoBuo

1 ' . : . .
- } s
f u(z, t) de = §{t).
0.
Ina aroro crpoutca oneparop L: C(Q)i—» C(Q), CKJ1aJIbIBAIOUIMIICA U3 YETHPEX MOTEHLIMAIOB,
U IOKA3LIBACTCH, ITO OH MMEET €J(MHCTBCHHYIO HEMOABHUKHYIO TOYKY, KOTOpaf €CTh TaKMKe
CAMHCTBEHHOC pemelme noc'ran.nennon npo6aembl. :

In the paper two nonlocal, nonlinear problems for a system of parabolic' equations-are con-
sidered:. - )
to find .a solution of the system - P

. Tz, 2) = Dz, t) + [ (2t Wz, t)
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subject to the,condjtionsl
O, =), e,
%z, 0) = p(x), z € (0, 1),
AL, 8) = Wl 1) = B2, t, (g 1))
or ! : ' ) o
1 : . ’ ) N
[ iz, 0) dz = go).

0. : . ,

For this ani operator L: C(Q) - C({2) being a sum of four potentials is constructed. It is shown | :
that the operator L has only one fixed point. Moreover it is proved that the fixed point is the
only solution of thc considered problem.

1. Formulation of Problem I Do )

We shall COI’lbldeI‘ the followmg Problem I: to flnd solutions of the system

t(x, t) = Diizl(z, 1) + [ (2,4, Uz, 1)) S (1.1)
for —_— ' : . _ ‘ .
(x,0) € Q={x8:2€(0,1,t€(0,T),T < oo}

subject to the co'nditions

@0, =J(),  Le(OT), , A , (1.2)
i, 0) = Pla),  z€ 0,1, \ '. )
"L, 0) = dilzo, 0) = k(o t, o, 1), » (L4)

where z, is an a.‘rbitrarv fixed point of the interval (0, 1), D is an n-dimensional
scalar matrix, @, 9, h f are n- -dimensional vector- funcblons The boundary condition
(1.4) i1s nonlocal

The theory of nonlocal linear boundary value problems for single equatlons has
been developed mainly in the last twenty years by A. V. BizapseE and A. A. SAMARSKI
[1], J. A. RorrBERG and Z. G. SEEFTEL [10], A. F.NEpso [8], A. A. Kererov [6]
and others. A linear problem of type (1.1)—(1. 4) has been formulated and solved .
recently by M. Mascurowskr [7).

- As a physical e\:ample of such a situation one can mention the problem of deter-
mmatlon concentrations of n-components in the (n -~ 1)-component fluid. Concen-
trations.of n-components are to be determined from the boundary date (1.2), (1.3)
and the nonlocal nonlinear condition (1.4).

2. Solution of Problem I

By a solution of Problem T we shall mean a vector function #, continuous in 0, and

having continuous derivatives #%,, %, in Q, satisfying conditions (1.1)—(1.4).
Problem I will be solved under the following assumptions:

I (ay) System (1.1) isa parabollc system in Petrovski’s sense, i.e. for a.ny ‘eigenvalue 2
of the matrix D the inequality re i > 0 is satisfied.
(as) ¢'(t) is continuous and bounded for ¢ € (0, T').
(a3) @(0) is piecewisc of the class C'(0, T'). ' L

~
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(ag) @'(¢) is bounded for ¢ € (0, 7).
(as) w(x) has a bounded variation for z € (0, 1).
(ag) ¥(z) is the sum of its trlgonomebnc Fourier series.

~

(a;) For every z € (0, 1), sup f If z2(2, £, 2)|| dzr < C for every z € R®, where C is.a

posiblve constant independently of 2. _

- (ag) f(z, ¢, 2) has second derlvatlve with respect to z, piecewise continnous for tand
z fixed.

(ag) f(z, ¢, z)\s continuous and bounded in

Q:{(xtz)':z;f(O 1),¢€(0,7),2€ R, *

(a, ) IIf (=, ¢, 2) — f(z, ¢, 3)||g, S K|z — leE *where K is a positive constant.
(a1) f(0,¢, 2) = O for every ¢ € (0, T') and every z € R

(a10) 7(x0, t, y) has for ¢ € (0, T') and y € C’ piecewise cormnuous first derivatives.
(a13)

(a14)

||k(:v0, Ly — k(:co,t Yle, <Hly — vy ||E where H is a positive constant
P(1) — P(0) = h{zo, 0, F(zo))- :

To solve this problem we recall some properties of the fundamental matrix funct,lon
11/[ introduced in [7]. The function M is of the form

Ay
Q1q

o

Mz, )y =142 Z exp [—k322Dt] cos knzx : (1.5)
] B k=1 . ) » ) —

-and 'belongé to the class C* in the:domain
P=lmp:we(—oo, +60),£€ (0, +-00)}.

The correspondmg partml derivatives can be obtained by the term by-term. diffe- '
rentiation of the series (1.5) and

M@, - . I

lim 0, for §=0,1,2,:...,230, +2, +4, + ---.

=0 ox®
Each column of the'matrix function M is a solution of the honlogeneous system (1.1).

Theorem 1: If % ¥s a solution of . Problem T, then 4 7s a solution. of the system of
Volterra integral equations -

xt —ff[M(x—st—n (x-{—st—n]/(s,n, sn))dsdn

%%f[M(x—s,t)—M(x'+'s,t)]¢(s)ds : ' ('1.'6).
0 . . ’ .
—fM(xt s)D@(s)ds—{—fMz—]t—s)Dg(s)ds

where . : . .
g0y = 1, o). R , | - (1.7)
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~  Proof: Any solution of Problem I can be represented in the form (cf. [7])

4
ﬁ(x’ t) =3 ’a’i(xa t); - (Z, t) € Q’

e

K 4
N t=1

where

. ¢,
iy, t) = %[f[M(x_‘s,t—n) — Mz + s,t — )] f(s,,ls, n)) ds dn,
S fﬁ{ t—s D 5(s),ds,
@) = & f (2t — M(z + s, 0] 9(s) ds,

Uy, t) = fo—lt—s) (ls)

From t,hé nonlocal condition (1.4) it follows that the function §(t) given by formula

! (1.7) satisfies the system of Volterra integral equations.of the second kind
7 ’

’ t .
G = Fao, t) + D [ My(z— 1,t — s) §(s) ds, , (1.8)
0 .. L )
where
t

F@o» t) = };(xo; 3 ’U‘(xO) t)) - f Mz(zo: t— 8) D(—l’(s) ds

v 0

N '

+ _f[M(:ro — 8, 1) — M(z, ]w(S) ds

1 | ‘ S "
+ Eff[M(xo — 8yt n) — Mz +5,t — ) (s, m, s, m) ds d.

’ o ) 4 _
The solution of the system (1.8) can be written in the form

90 = Flzo ) + 5 4Bz, 1), | S (1.9)
where the c.'perators‘A" are defined by4 the formula

, t ‘ ,
A3(t) =D [ Mo(zo — 1,t — §)B(s)ds, A% = A(4*10) (k=2,3,.0.).
0

AN

Thus we have

fM,(x— 1,t— s)D[ Mo, 8) + fAk(F(xo, s))]ds. "(1;10) ,
k=1 . ' PN
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Since z,is an internal point of the interval (0, 1), the kernel function M (xo 1,¢t— )

is continuous. Therefore applying Bielecki’s theorem (9: P 31], we can easxly prove

that the series 2 A“( -} is convergent (in the norm topology) and that the resolvent
k=1

of the operator 4 is of the form (1.10) what completes the proof |

Now we sét,,

]

Lii(z, 1) =% ff (M(z —s,t — ) — M(z + 8,6 — )] f(s,n, (s, n)) ds dy
o 0 : - )

o “mew—@wam+%J%M“**”—M@+%m¢@“.
0 ; 0 ‘ C

¢ I . .
+ [ Moz — 1,t — s) Dg(s) ds, R y (1.11)
0 » \
llulls = sup {lu(z, D, e}, i@, %) = @ — @%;, 2 > 0.
Z,l€ . .

The matrix norm-is defined by ||D|| = sup 1D%ig, .

Zyt=t
fml

Theorem 2: / the vector functions @, 9,1, h and the matriz D ) satvsfy the assumptions
a,—ay, and 1' s small enough, then the operator L: C(R) - C(Q) defined by:(1.11) has
a unique fixed pornt.

We have to prove that
o LAait, La#?) < Coy(dt, 4%), "and C < 1. . (2.
To prove inequality (2.1) we shall use the following lemmas.

Lemma 1: If the vector function | satisfies the assumplions a,—ayq, then

t 1 ’ . .
%ff[M(x—s,t—n) — Mz + s, ¢ — )] f(s, n, wi(s, n)) ds dy
0 0 . .

: t 1 s
‘—%ff[M(x_S’t_n)—M(x+‘9”t_77)]f(3,77,a2(8,77)d8d7; e 4t

é Clgl(a’lx 17’2)’

. ' o
- where C, = C\(K, ||D||, 2), K s the Lipschitz constant from the assumption ay. Besides
Jim Cy(K, ||D]], 4) = 0., N :
" A—o0

Lemma 2: If the matriz D satisfies the assumption s, then

H
[ M=, 8l ds < C,
) ‘ ‘
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(2n — 2)? ' o - e
/or T < 4— (n=1,2,...;2€(0, 1)), where C; 7s constant and « s not
greater than the dimensional of the matriz D.

Lemma 3: 1 f the vector functions h f.@, % éalwfy the assumptwns a,—ay,, then the
vector /unctzon g defined by (1.8) satusfies the mequalzty

91(9‘ g% S Caoa(it, 72)

where § g = §(z, ¢, u‘), i = 1, 2. The constunt 03 depends on Cy and T'(H — the Lipschitz
constant from assumption am) and can be written in the form

Cy= (1 +cTYT e7) (H + ),

where ¢ is a positive constant depending o the norm 172)/ : -

Lemma4: ] / tke vector funclwns h f, &, w and the mutnxD satisfy the assumplwm

a,—ayy, then v '
¢ .
- sup { J Moz — 1,0 L 5) D(GM(s) — §¥(s)) ds
t - .
.where Cy = ||D|| - C; - 03

The proofs of the Lemmas 1—4 result from simple calculations. The Lemmas 1—4
imply a following one. o v -

~

e—"} < Cyou(@, @),

Lemma’s: If the assump'tzl'ons a,—a,, are satisfied and
< ! = |
— ]

DIl Co(1 + T V7' eT)

2

then
o L, L) < Coult, ),

where € = C,+C, and for A suf/wunlly large C < 1.
From Lemma 5 there follows mequahty (2.1) and Theorem 2. o !

Theorem 3: The unique /2xed point of the opemtor L s the requued solution of
Problem 1. .

Proof: From the followmg cqualmes (cf [7]) hm uz(x, t)y = @), llm uo(x t) = O
lim #y(z, ¢) = lim ug(x, {) =0, llm us(x, t) = w(x), hm il (2, ) = lim ul(x, t)
z—_)Ohm i,y (z, t) i_a_and from the propertles of the matrix functlon M 1t f;l—fci;vs that

=0
iz, t) is a regular solutlon of Problem I §

3. Formulation of Problcm I : ' : 3

.
‘We sh&]l consider the fo]lowmg Problem II: to find solutions of the system
"By = Dbz + Flz, ¢, 3(a, t)), Nz, €Q, h / (3.1)
subject to the conditions _ T
30,8 = f.(0), ) t€0, 1), ‘ S (8.9)

A
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7

82,0) = [ol),  ze@OH, | - (33)
1 . . '
[ 3@, ) dz = [ot), te(0,T), L (34)
0 . :

F40) = 70, 740 = f fola) da.

~The nonlocal boundary condition is given in the. mtegral form (3.4). According
to the physical situation mentioned above the condition (3. 4) is concerned with the
increase of the gradlents of concentrations of fluids at the end points of the interval

(0, 1).

Indeed, tak}ng into account a d_iffusiori equation

{8y = Dibye + F(z, 1,3, 0)

and integratiﬁg with respect to ¢ we get

Hence

t
iz, t) = (2, 0) .+ [ 5=, 1) dr
A AUARIF e i

t . ¢
= [2(@) + [ Disalz, v) dr + [ F(g, 7, i, 1)) dr
0 .0

1 1 y - .
J @, ) de = [[o@)dz + D [ [5:(1, 7) = 5,(0, 7)) dr
0 ’ 0 ' .

0

I

—}—ff xtv(xt)drdx—/()
00 .

which is equ1valent, to the followmg dlfferentla.ted condition because of compatlblllty
condmon (3.4): _ _ N ) : |

~

. 1,
D[i:(1,2) — ©:(0, 0)] + [ F(z,t, b(z, ) dz = f;/(¢)
0 . .

or )
B 1 . H
g Ua(1, ) — 050, ¢) = D7Ify'(t) — DV [ F(x,t, 9(x, t)) dz. (3.4)
\ - 0 .
We are looking for solutions of Problem IT in the form., o -
0E, 0, =0 + Py, |
. Where\V(x, t) = (1 —22) f1(8) + 2zf (). This permits to transform ’Problen'l'\II into
_ the form i i : . K L .
iy = Diizz + [ (2,4, %), @hHe, , L (35
#0,¢) =0, , L€0, 1), } (3.6)
i(z,0) = P(z), . T z€{0, 1), ‘ (3.7)

(1, 0) — 80,0 = G, . €0, 7), - (38)
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where , .
fla,t, ) = Fz, ,i + V) — (1 — 22) ['(¢) — 22f5'(0),

)
" P(2) = fa2) — (1 — 22) [1(0) — 221 (0),
1

G(z) = D1 /(t) — D™} f,ﬁ(x, t, iz, t) + V(z,0)dx

[

0 =o0.

The problem (3.5)—(3.8)_is the nonlocal problem for the 'derivative u, and can be '
solved similar methods like Problem T.
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