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Nonlocal Nonlinear Problems for One-Dimensional Parabolic System 

E. M. CRRZANOWSKI 

Es werden zwei nichtlokale nichtlineare Probleme für cin paraboiisches Gleichungssystem 
bet rachtet, undzwar geht es darurn, eine Losung des Systems 

iU(X, t) =Di!,,(x,t) + 1(x, t, (x, t))
 

zu finden, die 'entweder die Bedingungen 

i2(0, t) = (t) für tE (0, T),	 -	 -


ü(x,0)=(x) für'xE(0,1), 

i0, t) — (x0, t) = (x0, 1, 2(x0 , 1))	 - 

odei die Bedingung 

	

-	f (x, 1) dx = (t)	 -	 S 

erfillit. l)azu konstruiert man einen Operator L: C(Q) - C(Q) als einc Summe von vier 
Potentialen und zeigt, daB dieser Operator genau einen Fixpunkt besitzt, der auch cinzige 

• Losung des Problems-ist.	-:	 - 

PaccaaTpuuaIoTcn Ju3e Heioiamiiue,, HeJIHHefluhIe iIpo6.rIeMI1, a IlMellilo TpeByeTcn IIalTn 
peweiiue dHcTeMbs napa6oJlH4ecKIlx ypaBHenuf 

r1 j (x, t) = D 1(x, t) + 1(x, t, (x, t)), 

yx1oHi1erBopH1ouee riiiGo yCIOHHflM 

(O, t) = . (t) zn t E (0,'T),	
S 

'(x,0) = (x)	nn x E (0, 1), 

Z( 1, 1) — iZ(x0 , t) = i(x0, t, Z(x09 t)) 

.i11a60 yCJ10BIIIO	 S 

f(x,t)1dx=(t). 

IJIH aTOr'O CTpOMTCR onepaop L: C(Q)l-- C(Q), cFnajtbIBaioujmnc q 113 4TbICX flOTeHIila.iOB, 
H Joxa3bIBaeTcH, 'ITO OH IIMT eJIHCrneHIIvIo IIenoJII311aHyIo To4iy, MOTOR CCU, TaI*He 
eu1IIcTBenHoe peweiiue nocTaBileuhlotI npo6JleMM. 

In the paper two nonlocal, nonlinear problems for a system of parabolic equationss- -are con-
sidered:,	 - 
to find a solution of the system	 - 

	

•	i(x,t) = Di(x, t) -)- T(x, t, (x, t))



hi 
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• subject to the,conditions 
.i(O, t) = (t),	t E (0, T), 

(x, 0) = (x),	X  (0, 1), 

Z(1, 1).— (x 0 , t) = (x0, t, (x0 , t)) 
or

ü(x, t) dx = (t).  

For this an operator L C() - C() being a sum of four potentials is constructed. It is shown 
that the operator L has only one fixed point. Moreover it is proved that the fixed point is the 
only solution of the considered problem.	- 

I. Formulation of Problem I	 I 

We shall consider the following Problem I: to find solutions of' the system 

'ü(x, 1) = Di 2 (x, ) + T(x,.i, i(x, 1))  
for

t) E Q = {(x, 1): x € (0, 1), t € (0, T), T < oo} 

subject to the conditions  

ü(0, t) =	(t),	LE (0'/'),	 '	 (1.2) 

(x, 0) = Y(x),	x  (0, 1),	 S	 •'	 (.1.3) 

(l, ) —i(x0 ,	= h(xo i t, (x0 , 1)),	 .	 (1.4) 

where , x0 is an arbitrary fixed poimft of the interval (0, 1), D is an n-dimensional 
scalar matrix, 91, , h, I are n-dimensional vector-functions. The boundary condition 

'(1.4) is nonlocal. 
The theory of nonlocal linear boundary value problems for single' equations has 

been developed mainly in the last twenty years by A. V. BIZADSE and A. A. SAMARSKI 
[1], J. A. ROITBERO and Z. G. SHEFEL [10], A. F. NEPSO [8], A. A. KEREFOV [6] 
and others. A linear problem of type (1.1)—(1.4) has been formulated and solved 
recently by M. M'AJcTIRowsKI [7]. 

As a physical example of such a situation one can mention the problem of deter-
mination concentrations of n-components in the (ii ± 1)-component fluid. Concen-
trations-of n-components are to be determined from the boundary date (1.2), (1.3) 
and the nonlocal nonlinear condition (1.4). 

2. Solution of Problem I 

B a solution of Problem I we shall mean a vector function ii, continuous in Q, and 
having continuous derivatives il,	in Q, satisfying conditions (1.1)—(1.4). 

Problem! will be solved under the following assumptions: 

(a 1 ) System (1.1) is a parabolic system in Petrovski's sense, i.e. for any'eigenvalue 2

of the matrix D the inequality re 2 > 0 is satisfied.	 -	- 
(a2 )	(t) is continuous and bounded for £ E (0, T). 

(a3 )	(t) is piecewise of the class G'(0, T).	 '	/
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• (a4 )	' (t) is bounded for t E (0, '1').	 - 
(a5) (x) has a bounded variation for x E (0, 1). 
(a6) (x) is the sum of its trigonometric Fourier series. 

(a7) For every x € (0, 1), sup f If(x , 1, z)II dx < C for every z € R", where C is a 

positive constant indeendentlyof a. 
• (a8) T(x, 1, a) has second derivative with respect to x, pi'ecewise continuous for land 

•	a fixed. 
(a9) ,7(x, 1, a) is continuous and bounded in	 - 

Q = {(x, 1, z) xE 0, 1), 1 E (0,'J'), z € R}. 

(a10) IIT(x, 1, a) - 1(x, 1,	IE 	K Iz - zIjE where K is a positive constant. 
(a11) /(0, 1, a) = 0 for every € € (0, T) and every a E R".	- 
(a12) h(x, 1, y) has for I € (0, '1') and y E C' piecewise continuous first derivatives. 
(a13) Ih(xo, 1, y) - h(x0, 1, y')IIE,,	H (y - y IIE, where H is a positive constant. 
(a 4 )	( 1) - (x) = h(xo, 0, (x)). 

•

	

	To solve this problem we recall some properties of the fundamental matrix function 

M introduced in [7]. The function M is of the form 

• •.	M(a, I) = 1 + 2 E 'exp [-k2 i2D€] cos knx	 (1.5) 
•	 k=1 

and belong to the class C in the-.domain 

•	P = (x, I): x  (-cc, +do), 1€ (0, +oc)}. 

The corresponding partial derivatives can be obtained by the term-by-term diffe-
rentiation of the series (1.5) and	 • 

urn 38M(x,€) 
=0, for s = 0,1, 2, ...,x +0, +2, + 4, + 

£-+O	ax 

Each column of the matrix function M is  solution of the homogeneous system (1.1). 

Theo rem 1: 1/ ü is a solution of Problem I, then ii is a solution of the system of 
Volterra integral equations 

(x, I ) =	ff[M(x - s, € -	 71)]) .- M(x ±s, € - ' T(s,,, 'i)) ds dij 

•	 S
	

f [M(x - 8,1) - Af(x + s,€)] i(s) ds	-•	•	(1.6) 

I s) D(s) ds + fM(x -1,1 - s)D(s) ds, 

where
= ii(1, 0.	-'• S	 • •	 ( 1.7)
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'. Proof: Any solution of Problem I can be represented in the form (cf. [7]) 
it

	I) ='	(x, 1),	(x, I) EQ,  

where

- i1 1 (x, 0 = f f [M(x s, I - i) - M(x + s, I - )] T(s, ?j, (s, ))dsd, 

'12 (x, 0 = - / i1f(z, I - s)D(s),ds,	 - 

u3(x, 0 
= 4f [M(x - s, I) - M(x ± s, t)]Y(s) ds, 

U4(X, 0 =f M(x - 1, 1 - s) (1, ) d. 

From the nonlocal condition (1.4) it follows that the function (I) given by formula 
(1.7) satisfies the system of Volterra integral equations of the second kind 

•	' (1) = P(x0, 1) + D  M(x0 - 1, 1 - s)a(s) ds, -	 (1.8) 

where 

P(x0, 1) = h(xo , I, (x0 , I))	M(x0, I - s) D(s) ds 

+	[M(x0 - s, I) - M(x0 +s, I)]	) ds 2 f 
+ 

ff [M(XO —  8,1 - ) - M(x0 ±8,1 - )] T(s, , ü(s, )) ds d. 

The solution of the system (1.8) can be written in the form 

(t) = P (XO, , I ) +	A"P(x0, 1),	 (1.9) 

where the operators A" are defined by the formula 

•	
A(t)DfM(x0-1,I—s)(s)ds,	A=A(A) (k=2,3,..). 

Thus we have	 - 

	

i	 F

00

1 
•	 i4(x, 1) = f M(x - 1,1 —s) D [P(x0, s) + E A"(P(xo, s))] da.	(1.10) 

	

0	 ,•-I	- 

\'
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Since x0 isan internal point of the interval (0, I), the kernel function M(xo — 1,1 — s) 
is continuous. Therefore, applying Bielecki's theoreiii [9: p. 31], we can easily'prove 
that the series E A k(.) is convergent (in the norm topology) and that the resolvent 
of the operator A is of the form (1.10) what completes the proof I 

Now we st 

	

- - L(x, 1)	[M(x - s,t -j) - M(x ± s, I — )] T(s, m (s, )) ds d?) 

-	-J M(x, 1— s) D(s)ds + f [M(x — s, t) - M(x ± 5,1)] (s) ds 

+fM(x - 1,1 — s)D(s)ds,	 (1.11) 

IIuI1 = sup fflu(x, 1)IIE e 2t },	 2) = jjjI- ii2 II 2 , A > 0. 
XAD 

The matrix norm is defined by J IDII = sup IIDE,,. 

Theore m 2: If the vector functions 5, ip, 1, h and the matrix D satisfy the assvmpt ions 
a 1 —a 14 (indT is small enough, then the operator L: C() —* C(Q) defined by'(l.11) has 
a unique fixed point. 

We have to prove that 

2 (Lu', Lill) :!E^ C 1 (ii', i12), and C < 1.	 (2.1) 

To prove inequality (2.1) we shall use the following lemmas. 

' Lemma  1: If the vector function / satisfies the assumptions a 7 — a9 , then 

ff [M(x — s,t — ) — M(x + a, t - )]T(s, 71, u1 (s, )) dé d?) 

ff [X(x — s, I — ) - M(x + s I — )] T(s, u, 2(s, ) ds dj e21 
21  

	

where C1	C1 (K, J IDII, A), K is the Lipschitz constant from the assumption a8 . Besides

lim C1 (K, JIDII, A) = 0.' 

Lemma 2: 11 the matrix D satisfies the assumption a1, then 

I f llM (x, 8)II d8	C2
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for T <- (2n
4 ,	. (n = 1, 2,	x € (0, 1)), where C2 is constant and a is not


greater than the dimensional of the matrix D. 

Lemnia 3: If the vector functions h, , 91, satisfy the assumptions a 2 —a 14 , then the 
vector function defined by (1.8) satisfies the inequality 

a(', )2)	C32(i, j2) 

where = (x, t, iii), i = 1, 2. The constant C 3 depends on C1 and T(H - the Lipschitz 
constant front assumption a 3 ) and can be written in the form 

(1 . + cT VecT) (H + C1;, 

where c is a positive constant depending oh the norm JIDII.	- 

L e in ni a 4: If the vector functions h, f, , and the matrix D satisfy the assumptions 
-a 1 - a14 , then	 . 

sup 
[O 

M(x - 1, t - s) D((s) - 2 (8)) ds e  

where C4	MDII . C2 C3. 
The proofs of the Lemmas 1-4 result from simple calculations. The Lemmas 1-4 

imply a following one. 

	

Lernma'5: the assumptions a 1 —a14 are satisfied and -	 - 

11< MDII C2(1 + eT VT ecT)	 S 

then.	- 
(Lii Lü2 )	C 2(', i 2 )	 ..	S 

where 'C = C1 ± C4 and for sufficiently large C < 1. 

From Lemma 5 there follows inequality (2.1) and Theorem 2. 

Theorem 3: The unique fixed point of the operator L is the required solution of 
Problem J.	 .	 . 

Proof: From the following equalities (cf. [ 7]) lim 2 (x, t) = (t), lim ü0(x, 1) = 0, 

Jim ü3(x, t) = lini -ü3 (x, t) = 0,	lim -ü3(x, t) = (x),	lim '11 (x; t) = urn -ü 1 (x, t) 
X1	 X-1 

urn -ü1 (x, 1) = 0 and from the properties of the matrix function M it folldws that 

i(x,t) is a regular solution of Problem I I 

3. Formulation of Problem II	 / 

We shall consider the following Problem .11: to find solutions of th6 system 

= Di3 + P(x, 1, (x, t)),	/ (x, 1) € Q,	 /	 (3.1)


subject to the conditions 

(0, 1) = T1(t), ."	t € (0, '1'),	 (3.2)
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(x, 0) = J2 (x)	XE (0,),	 (3.3) 

1	- 
f v(x, 1) dx = / 3 (1),	1 E (0, T),	 (3.4) 

and

/2(0) = T(0),	13 (0) =f/2(x)dx. 

The nonloc'al boundary chdition is given in the integral form (3.4). According 
to the physical situation mentioned above' the condition (3.4) is concerned with the 
increase of the gradients of concentrations of fluids at the end points of the interval 
(0, 1).	 - 

Indeed, taking into account a diffusion equation 

	

•	= Di3	+ i(x, 1, 3(x, 1)) 

and integrating with respect to t we get	- 

(x, 1) = (x, 0).+ f j (X, T) dT 

/	12(x) +.f D(x, ) d ±f P(x, , x, t)) dr.	- - 

Hence	-	 - 

	

1) dx = f12(x) d+ D f[x( l , r)	x)] dr  

± ffP(x, y, (x, T). dr di  

which is equivalent to the following differentiated condition because of compatibility 
condition (3.4):' -	 -	 ' 

D[(1, 1) -	1)] + JP(x, 1, (x, 1)) dx = /3 (1)	- 

or	

D-'/3'(t) - D-Ff P (x, 1, (x,t) ) d.	(3.41) 

•	We are looking for sol'utions Of Problem IT in the form.	•	-. 
(x, t)= ü(x, 1) + V(x,  

*hereV(x, 1)	(1 - 2x) T (1) + 243( 1 ) . This permits to transform Problem II into 

	

- the form	 - 
• ill = Dii X ±1(x, 1, ü),	(x, 1) E Q,	 (3.5) 

•	ü(0,1) = 0,	 1 E (0,T),	
5	

(3.6) 

•	(x, 0) = (x),	•	• x 	(0, 1),	•	 (3.7)	• 
ii(1, 1) - i (0, 1) =	(t),	I E (0, '1'),	 - (3.8)
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where
T(x, 1, iL) = F(x, 1, i -- V) - (1 —2x) Ti'(t) - 2xf3'(1), 

(x) = T2 (x) - (1 - 2x) T(0) - 2x13(0)1 

(t) =D- '13' (t ) - D 1 Li(x,t,(x,t) + P(x,t))dx, 

- 91(0) 
The problem (3.5)—(3.8). is the nonlocal problem for the derivative V x and can be 
solved similar methods like Problem I. 
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