v . . Zeltschrift fir Analysis
: und ihre Anwendungen .
, . . . Bd. 3 (4) 1984, S. 367 — 369
-~ 1 N

A Remark on the Qualitative Spectral 'l‘heory of Sturm-Liouville Operators

N

" E. MULLER-PFEIFFER

-

Benélchnet N(/l) die groBte Anzahl der Nullstellen nichttrivialer Losungen der Sturm-Liou-
villeschen Gleichung . . .

v —(p@w) F @ u=Au,  —co=d<z<b=co, . :

so ist unter einer gewissen Vdrahssetzung dic Anzahl der unterhalb A gelegenen Eigenwerte
eines bestimmten selbstadjungierten Operators (Friedrichssche Erweiterung) gleich N(A4) — 1.

Lean N¢A) — nauﬁom,mee YHCIIO HYJell HETPHBHAJIBHBIX peulemm ypapHenun H_[Ty p\m-
JInysuansa

—(p(x)u’)’—}-q()u:Au, —coSa<x<6Soo,

TO NpH nenowopow npennonomeunu 4YHCIIO COOCTBEHHKIX 3HAUYEHMIT OlHOlO ca“oconpnmen-
*HOT'O onepaTopa (pacnmpemm ®pugprxca), MeHbINX A, paBHo N(A) —

If V(A) denotes the maximal number of zeros of the non-trivial solutions of the Sturm-Liou-
ville equatlon

SN

—(;p(x) ') + g(z) w = Au, —c0 = a<z<b=s oo,

then under ‘;ome hypothesis t,he number of eigenvalues of a special selfadjomt opcmtor (Fried-
richs ewtensmn) is equal to N(A4) — 1 below A.

Consxder the Sturm-Liouville expression
-/

dp=—(p@)p) +q@)p, —coSa<bsoo

’

and the symmetric operator v

i . .

A=Ay, @€ D(d,) = Cp>(a,b),
where . ‘ . L
p(x) >0, a<z<b, peC', greal and gecC.

"Concermng the symmetric forms

alp, ¥l = fm’"@' dz + qu dr, @,p€C™(a,b),
a .

| . .
a*(p, y] = fpw pdz+ [q¢tePdz,  p,p€C™(a,b),

i
’

q*tx) = max (q(:.v),'O), g (z) = m.in‘(q(x), 0),

b
@ ¢v)=[aoepde, @,y Ca,b);
[3
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' assume the inequality

- 9, @) < cia*(g, 9] + ¢, g2, @€ Co=(a,b), - .

with 0 ¢, <1 and 0 <¢,. (-,-) and ||| denote inner product and norm in the
Hilbert space®Ly(a, b). From (1) it follows that the operator 4, is bounded from below.
Let A be the Friedrichs extension of 4,. We assume in the following that there are
eigenvalues 7,k = 1,2, ..., K (K < o0), below the essentidl spectrum o.(4) of 4.
There are connections between the number-of zeros of certam solutions of the diffe-
rential cqua.tlon

.9/u_Au 3 -—05I<A<do,

on the one hand, ‘and the number of elgenvalucs below A of self-adjoint extensions
of 4, on the other hand (sce [1: pp. 1480, 1481]). In the following casc where the
Friedrichs extension A is considered these connectlonb will be described more pre- ’
cisely. . . ¢

\

Theorem: Consider all solutions of the differential e_qm%lion
Su = Au, a<zxz<b, —c0o <A < o0,

and let N(A) be the mazimum number of ‘zeros of the different non-trivial solutions on

(@, b). If N(A) is finite, then 'there exist exactly N(A) — 1 eigenvalues of the operator A

on the interval (—oo, A). In the case where N(A) = oo the interval (—oo A) contains
" infinitely many points of the speclrum o/ A.

Proof: Let the spectrum of 4 bq denoted by ¢(4) and suppose _ .
% <A <inf oi(d), (g, A)no(d) =0 ‘ 2)

The elgenvalues A (k = 1,2;...) are to be denumerated in ascending order Note that
each 2; is a simple mgcnvaluc of A. /1 can be a regular point of 4, an eigenvalue’
(A = Jp4y), OF A_can be equal to the lowest point of o,(4). The elgcnfunctlon u be-
longmg to 4 has exactly k — 1 zeros on (a,b) [1: p. 1480]. By these zcros x;,
j=1,...,k — 1, theinterval (@, b) is divided into k subintervals (z; ), z;).7 = 1,...,k,
xy = a, xk =b. By Sturm’s comparison theorem, that can also be applied to the mter-
.vals (a, z,) and (z;_,, b) under the hypothesis (1) [2], a solution of &/u = Au realizing
¢the maximum number N(A), of zeros has at least k zeros on (a, b), because u, has
at least one zero on cach interval (zj.,, z;). By using a non-trivial solution u, vanish-
ing at z,, for instance, one- easnly can see that w4 has at least k£ + 1 zeros. Let us now
assume that a not 1dentlcally vanishing solution u, has at least & + 2 zeros on
(a,b) and let &, ..., &, be the first &£ + 2 of these zeros such that @ < &, <
< &y < . Then on the interval (&, &) there are k zeros of u,. The restrlctlon @
of uy to (&, &) is an elgenfunctnon of the Friedrichs extension 4 of the operator

Ao?’ = L, @€ D(Ao) = Cy>(4,, §k+2):

belongmg to the eigenvalue A. A is the (k + 1)th eigenvalue of A. Hence to the left
of A there are k eigenvalues of A. We set &, = « and £.,, = # and consider « and 8
as parameters. If the endpoints « and B of the interval («, 8) tend strictly monotone
to a and b, respectively, then the eigenvalues of the Friedrichs extension A,p of the
operator

Ao pop = ﬂ% . @ € D(A.po) = Co™(a, B), .

are strictly decreasing (th;e spectrum of A, is discrete) [3]. Thus, it follows that there
exist 'at least k 4- 1 eigenvalues of the operator 4 to the left of A.In view of (2),
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however, we have only k eigenvalues of 4 to the left of /. Consequently, a solution u,, -
realizing the maximum number N(A) has exactly k + 1 zeros on (@, b). Hence, the
equality &k = N(A) — 1 is proved. .

To handle the case .

(—od, 4) no(d) = 0 S - '

‘a non-trivial solution u, of u = Au will be compared with tl\le'eigenfunction U,
‘not having any zero on (g, b). By assuming that u, has two zeros on (a, b) the Sturm
comparison theorem implies that %, has at least one zero between the zeros of u,.
Since this situation is impossible, the solution u, has at most onezero on (a, b). Of
course, a zero of a non-trivial solution %, of &u = Au can be realized on (@, b). Thus,
we have N(A) — 1 = 0. ;

Finally, let N(A) = co and consider a non-trivial solution u, of &/u = Au. Assume
that there are only finite pomts of the spectrum of 4 below /4. These points are
eigenvalues of 4, say 4y,..., 4. Choose k + 2 zeros &,,..., &, of u, such that
a<§H <o < E,Hz <b and consider the interval (&, &.,,). Now, we have the
. situation as above and, analogously, we can conclude that there are at least k4’1
eigenvalues' of 4 below A. This contradicts the hypothesis that therc are only k'

eigenvalues to the left of A. ThlS proves the Theorem.
¢
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