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The Convergence of Galerkin and Collocation Methods 
with Splines for Pseudodifferent.iai Equations on Closed Curves 

G. SCHMIDT-

'5-

in der vorliegenden Arbeit wird die näherungsweise Losung von Pseudodifferentialgleichungen 
nuf geschlossenen Kurven mittels aalerkin- und Kol!okationsverfaliren unters,tcht, die als 
Ansatzfunktionen polynomiale Splines benut5zen. Es werden hinreichende und im ailgemeinen 
notwendige Bedingungen für die Konvergenz clieser Verfahren in Sobolevriumen angegeben. 
I) npeLJ1araeMofi pa6oTe paccMaTpliBaeTcfl npllOJlillueIiIloe pewelilie liceBao,1u44epeHl.ur-
a2lhuiblx ypaiiiieuitfi iia 3MilTbIX lillBhIX MeToaMII Fa1epI-nIHa It los1jIoi-ca!lIll, B HOTOI)hlX 
npit6iiuieiiiioe peweulie Illuerca B miac no.1iilloMI4aJ1hHoro cnjiaüiia. JaioTca gocTaToqubie 
ii, Haii rlpanihrlo, Tai0ie I1C06X0Ll11Mhle yCJJOBIIJI CXO)LIIMOCTI1 3TI1X MCT0OB B HP0CTOIICTB3X 
Co6oena. 

The present paper studies the approximate solution of pseudodifferential equations on closed 
curves using Galerkin and nodal collocatkn methods with polynomial splines; We give suffi-
cient and in general necessary conditions for the convergence of these methods in Sobolcv 
spaces.	 S 

1. Introduction 

Various physical problems can be reduced to pseudoclifferential equations on closed 
curves. These equations include for example linear differential equations, certain 
classes of first and second kind Fredhoim integral equations, singular integral 
equations with Cauchy kernel and integrodifferential equations. There is a sizable 
literature on the numerical treatment of such equations. 

It is the purpose of the present paper to investigate the spline approximation of 
elliptic pseudodifferentiale'quations via standard Galerkin procedures and via -nodal 
collocation methods. We shall give conditions which are sufficient and in special 
cases also necessary for the convergence of these methods in Sobolev norms and 
establish'quasioptimal error estimates in a range of Sobolev spaces. 

Let 1' he a simple clàsed C--curve in the complex plane given by the equation 
z = z(x), x E O, 11. We identify functions u(z) on f with 1-periodic functions 
u(x) = u(z(x)) on the real axis R. Let A be a classical .pseudodifferential operator 
of order . 2n € It on F, whose coniplete symbol a(x, ) ( E it) has an asymptotic 
expansion 

a(x, )	Ea2_i(x, ) as	oo,	 (1.1) 
1=0 

where a271 _ 1 are 000 for IF 0 and positively homogeneous of degree 2n - .1 with 
respect to . Throughout the paper G denotes the set of all infinitely differentiable 
i-periodic functions on it and Ii the periodic Sobolev space of arbitrary real order 8, 
i.e. the closure of C with respect to the norm 

Hull., := {1 5( o 1 2 + -T I i4 12 I22zk12811/2
0*kEZ 

24*	 S
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where ftk = f u(x) e_' d. Note that the inner product in the Hubert space Jj8 

(u, v)8 = ioo + ! UkVk 12Al 23	 (1.2) 
O'skEZ 

extends to a duality between H8+T and H8-r for arbitrary r E It and 

(u, V), 
sup= M'°8+T	 (1 ..3) 

V 

Clearly, H8 is continuously and compactly imbedded in fit for t< sand, moreover, 
imbedded in the space of 1-periodic continuous functions C for s> 1/2. 

The pseudodifferential operator A with symbol (1.1) has the representatiori [1] 

Au(x) =	a(x, 2k) e 2	+ f K(x, y) u() dy, 
O4kEZ	 S	 () 

where u € C and K(x, y) is a smooth kernel. We note, that A is called elliptic if its 
principal symbol a2 (x, 0 0 on R X{± 1 } . Then it generates a bounded Fredholni 
operator in Sobolev spaces, A € L(H, 118,_fl), s E It, whose index is equal to the 
winding number (2r)' {arg a2 (x, —1)/a2 (x, +1)}. Our aim is to investigate the 
approximation of the equation 

Au=f	 ,(1.4) 

by Galerin and nodal collocation methods using polynomial splines. 
Let A = be a 1-periodic mesh of the real line, i.e. Xk < Xkfi, XL-4 = Xk ± 1

k-oo
for some fixed ii € N and all k € Z. By Sd(A) we shall denote the space of all 1-peri-
odic, d - I times continuously differentiable splineof degree d subordinate to the' 
'partition A. We have S(A)	11 8 if and only if s < d + 1/2. The spline spaces' 

(A ) provide the important approximation property (cf. 6]): 

• Let hA = max (xkj —xk) . I/s<d+ 1/2 and srd+ l then /or any u€ HT 
k 

and any partition A there exists u4 € S(A) such that	 - 

Ilu - u jIIt	c(t) LT-t flj 

/or all t	s, (t) denoting constants ind,ependent of u and A. 

The standard Galerkin method for approximate solving equation (1.4) can be for-
inulated as to find a spline uj € Sd(J) satisfying the Giilerkin equations 

(AuA , v)0 = (/, v	for all vA € Sd(A).	 ••	'	(1.0) 

The nodal cothcation of equation (1.4) reads as: Find u d € SM) such that the 
collocation equations 

Au(xk) = f(xk )	(k = 1, ..., n)	 (1.7)

are satisfied. 
We study the problem under which conditions on A, the right-hand side / and the 

splines equations (1.6) resp. (1.7) are uniquely solvable for all sufficiently fine 
meshes A and the sequences of the approximate solutions {u4 } converge to a solution 
of (1.4) in certain Sobolev norms.	 ,	 - 

(1.5)
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There is a large literature on Galerkin methods and the following fact is well known 
(cf. [3, 14]): 

Assume that A is coercive elliptic,.i.e. 

Rea2 (x,E) >0 on Rx{±1},	 (1.8) 

and dim kerA =0. For /€ HT- 2 , ii :E^:r 15^d +1, n <d+ 1/2, the Galerkin equa-
tions (1.6) are uniquely solvable for any mesh A with sufficiently small h A and the

	

approximate solutions u,1 E Sd(A ) converge in the. norm of IP, 2n— d - 1	t 
to the exact solution u as h l -* 0 with optimal order 0(h1). 

Obviously, this assertion.is valid if the principal symbol of A satisfies Re9a2 (x, ) 
> 0 for some .number 0 € C. In Section 4 we shall prove that the assertion holds if 
the pseudodifferential operator A is strongly elliptic, i.e. there exists a functions 

€ C su'ch that 

Re(x) a2 (x, )> 0 on R X { + 1.	 (1.9) 

Moreover, we shall show that in a special case the strong ellipticity is even necessary 
for the convergence of Galerkin's method. 

Although in practice most numerical computations for solving equation (1.4) 
employ collocation procedures, hitherto the convergence of these methods is rather 
completely studied only for certain special equations, as for Fredholrn integral 
equations of the second kind and for ordinary differential equations. Recently it was 
shown in two papers that the nodal spline collocation converges for strongly elliptic 
operators. In [11] S. PRöSSDORF and G. SCHMTIDT state the L 2-convergence of the 
collocation with linear splines for ' a singular integral equations on the unit circle if 
and only if this equation is strongly elliptic. In [2] 1). ARNOLD and W. WENDLAND 
developed a new and elegant technique to investigate the nodal colloëation with 
splines of odd degree relating the collocation equations with certain nonstandard 
Galerkin equations. They proved the convergence of nodal collocationusing splines 
of arbitrary odd degree d> 2n for strongly elliptic pset1odiffercntiaI equations and 
obtained quasioptimal error bounds for any right-hand side / E H( 1 )I 2 . Using 
these ideas and some facts about projection methods the author considered in [13] 
the convergence of the nodal collocation using splines of arbitrary degree d 1 for 
pseudodifferential operators of order zero, i.e. for singular integral operators 

a(z) u(z) + b(z) Su(z),	z E P 

Here
r Su(z) = 

1	u() 
- J r 

is the Cauchy singular operator having the symbol 
In the present paper we generalize the results of [2] and [13] to pseudodifferential 

operators of arbitrary real order 2n and for spline spaces S(A) of degree d> 2n. 
In order to formulate a special case of the results in Section 3 we define: A mesh A 
is said to be y-quasiuni/orm (y > 0) if nun (xk,1 - xk)	yhA . The set of all y-quasi-

k 
uniform meshes for some fixed y we shall denote by 19, Then we can prove:

(1.10) 

Let dim kerA = 0 and  >0 be fixed. For / € H 2'3 , 1/2 + 2m <r d + 1, the 
collocation equations (1.7) are uniquely solvable for any zl€ 9, with sufficiently small hA
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and the approximate solutions u.4 E Sd(zl) converqe in IF, 2n	t <d + 1/2 and
• t < r, to the exact solution u with optimal order O(h t) if d is odd and the opera-
tor A is strongly elliptic or if d is even and the operator AS is strongly elliptic. 

Note that in [131 we proved the necessity of these conditions for the convergence 
of the nodal collocation in special cases. 

Comparing these results we can state: The spline collocation converges for a wider 
class of pseudodifferential equations but for a smaller set of right-hand bides than 
th& standard Galerkin method. MorCOver, the Galerkin Procedure achieves higher 
rates of convergence. - 

The authoris grateful to Professor W. WENDLAND for hringin to attention the 
paper [2]. Also, he thanks Professor S. PRöSSDORF and Dr. J. ELSCHNER for many 
helpful discussions. 

-	2. Galerkin method in Hs 

In this section we collect some results on Galerk-in procedures in Sobolev space' s IF, 
which will be applied in Sections 3 and 4. As a rule the results can be easily deduced 
from standard literature [3, 15] and we shall only sketch the proofs. 

Let Xh (O < h < 1) be a sequence of finitediniensiorial subspaces of JJ8 for, all 
.s <in E It having the approximation property 
A 1: if s < m and s r in + 1/2 then for any  E HT and any hthere exists uh E Xh

	

such that	 - 

	

-	:!E^ c(t) hT-' I'Ir for all t <. s, 

c(t) denoting con-slants independent of u and h. 
At some places weshali additionally require that the subspaces possess the inverse 

property	 - - 
A 2: for t :E^ s < in there exi.cis a constant c such that 

IIvnIIs	ch' 8 Jjvh	for all h and all Vh E X5. 

The G'alerkin method in H for approximate solving equation (1.4) is defined as to 
find an element UhE Xh satisfying the equation	 - 

- -	-	(Au, v= (f,'vh), for all vh E-'Xh .	 (2.1) 
Obviously, equtions (2.1) are well defined if s < in - n and f E Hr for r> 2s - m. 

- As usual we consider the pseuidodifferential operator 4 as a bounded operator from 
fls+n in H8-" and write (2.1) as projection equations 

P:_n.hAUh = P,,, ,,f,	-	 - -	(2.2) 

where P8*;,, denotes the formal s-adjoint operator of the orthogonal projection 
- -P3,,,: H8 " -- X,, defined by 

	

• (PS+fl.hu, v,,)3, = (u, Vh)+ fl for all vh E Xh	 (2.3) 
and	 • 

(P fflhU, v),	(u, Pl+n,h 	for u € Ff8-n , v E 118 + n .	 (2.4) 

Hence, the Galerkin method 'in JJ3 is the projection method {Xh, F +flh }.- We shall 
• write A € 17({Xh , P flfl }; H') if equations (2.2) are uniquely solvable for all suffi-

ciently small h and all f E H' -2" and if the sequence of solution {uh} converges in 
the norm of H' to an exact solution of (1.4) as h — 0.
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Lemma 2.1: Assume A coercive elliptic (1.8) and dim ker, A = 0. Then 
A E rI({X, :+fl,h; IJs+n) .	 S 

Proof: In light of the results in [3: Th. 9.21 and [8] it suffices to show that A 
satisfies the inequality 

•	Re(Au, U)3	c IIniJ+, + c1 

for some constants c> 0, e > 0 and c 1 and all u E C°°. Let Lis define the mapping 
A l , t E B., by	 •	 - 

A tu(x) =	d, 12'tkl' e2'" + It0. 

O+kEZ 

Obviously, Al is a pseudodifferential •operator with symbol	t• Furthermore, 
•	WA8 flt+8 and (u, v) = (A tu , A tv)3_ for all s E It and u, V E Ceo . Hence, (Au, u)3 

= (A 23Au, u) 0. The psendodifferential operator A 23A is of order 2(s + n) and has 
•	the principal symbol 11 28 a2 (x, ). Because of Ie 11 23 a28(x, E) > 0 on RX{+1} 

the Gitrding inequality [9] yields 

Re (A 23Au, u) 0 = Re (Au, u), > c llu ll	±-c1 IUiifn_e • 

Next we consider the convergence of the H'-Galerkin method in a range of Sobolev 
spaces. To this end we formulate a special case ofa general convergence theorem of 
projection methods {X h , Kh } with uniformly bounded projections Kh. 

Lenma 2.2 [13]: If di" Xh = dim im Kh and IKu - u 2 ,, — 0 as h - 0 for 
all u E H_ 211 then the following two conditions are equivalent: 
:() A E ll({Xh , Kh); Ht); 
(ii) there exists A E L(Htn , H t ) and the finitedimensional operators Kh AI X , are 

stable in Ht, i.e., there exist constants c > 0 and h0 > 0 such that	 S 

llKhAv,llt_,fl ^ c IINIII for all It < h0 and vh E X. 

• If one of the conditions is satisfied then the approximate solut ions uh converge to the 
exact solution  with qua.sioptimal rate 

•	lu - Uhljt ;5 c inf lu - Vj,I!. 
vhExh 

In order to use Lemma 2.2 we consider some properties of the projections P3+. 

Lemma 2.3: Let the spaces X satisfy assumptions A I and A 2. Then the pro jec-- 

lions P,,.,h are uniformly bounded in Hr for 2(.s + n) .- m <r < m and 

IIu —P, , u	cht I JUJ
Jr	

S	

(2.5) 

'for2 (s + n ) —m - 1 /2t _:!-,r_:!E^m+l/2, tim, 2(s+ it) —m<rand for all 
u € Hr. 

Proof: We use an argument of NITSCHE [10]. Let s + n < r < m and u € HT. 
Choosing uh from A 1 and using A 2 we conclude 

•	lu - s+n.hlr	IIu - UhlIr + IlUh	Ps+nhUIIr 

^5 c (IluIl ± hs + n_r (llUh _ u118+fl + Ilu - P,+nuil,+8)) ^5 c lI U lIr.	
S 

For2(s±n)—m<r<s+nwchave	 - 

(P8+flhu, w),+ ,,	(u, P,^flhW),+fl 
IIP3+n,ñU llr = sup	 = sup	 c llul. 

	

wO	1 Wl12(s+n)_r	u,*O	I! W I! 2(3+n)r
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• -
	Thus, for , 2(s + n) - m < t <m estimate (2.5) follows immediately from the uni-

form boundedness and from A 1. For 2(s + n) - m - 1/2 t 2(s.+.n) - m we 
obtain.	 .

(u - P3+ hU, w)3+ 

lu -	hUll, = sup 
•	 wO	ll'l1IC3+fl_t 

-Pj+flhU, W - = SUP j flf	 ^ I I U - 
w*O wJ EX h	 11wl12s+n_t 

lw - Whll2($+fl)_,, ^ ch"-' llu - P3+4ull,,	- X sup inf -	
w*O WhEXh	lJWll I($+fl)_	- 

ch' I lull, 

where 2(s + n) - rn < t <rn, t1 r I
By duality (1.3) and (2.4) we derive 

Lemma 2.4: Let Xh (0. < h < 1) satisfy assumptions  1 and A 2. Then the pro-
jections are uniformly boiended in H f for 2s - m < r < m - 2n and for 
2s—m— 1/2:!9t:!E^r:5:m —2n+ 1/2,t< m-2m,r> 2s—mwe have 

lu - P + ulI,	ch' llullr for all u E H.	 (2.6) 

We are now in position to prove 

Theorem 2.1: Let A E H({X, P + }; H8+) and Xh (0< h < 1) satisfyassump- 
tions Al and A 2. Then A E li({Xh ,-P +flh}; H) for 2(s + n) - m < t <rn. Wore-
over, for / E H' 2", 2(s + n) - m < r m + 1/2 the approximate solutions converjje 
in the norm of H', 2(s ± n) in - 1/2 :5; t <rn and t:E^ r, with optimal order to 
the exact solution: 

llu - uhll, :!E^ clmY' llullr < chr	11f11--2.  

Proof: The main step is to show that the operators P + Al. are stable in H' 
Let 2(s + n) in - 1/2 -_E^ t < s -i-- n. Since A E L(H', I1_2hl) is invertible we obtain 
error estimates in spaces of lower order by applying Nitsche's trick [15. There exists 
V E H2 (8+ tI) with llA*vil2	= 1, where A* E L(H2(8+)_, H2 -') is the formal s-ad-
joint of-A, such that Mu - uhll, = u - uh, A*v),. Hence 

-llu .	= (A(u	un), v)3 = inf (A(u - uh ), V - Vh), 
VhEXh 

II A (u - uh)113fl inf v— VhllS+fl	ch' I lu - uhll$+fl 
VhEXh 

and, consequently, 

llA-11 - (P:+ A l y ' P flhfll, ^S chs+ 
for allall / E H8-. We set / = 99h E im	and remark that	 • 

•	 K'Ph, W), (92h, +fl.h'0)s = sup	 = sup	 - 
w 'O 3+71 w+O I! +. 

•	IIPS+fl.hwll2S+fl_t 
llll-fl sup 

•	w*O	W5	 - 

for 2(s + n) - ni < t s + n. Applying the inverse property A 2 we obtain 
-	

• ll P + wll3+,_,	cM 3171) llP3+n.hwlls+fl	 llwll3+71
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and, hence 

il'7'hlls—fl ^ ch(t -2n	-n) IkPhlIt-2n 

The results of [4: Th. 4.1.3] imply , that the last inequality holds for all t < s +'n. 
Hence,	 - 

II(A ' - (P,, , .A ) -1 Pa*^flh) ThIll ;;E-^ C 1htlt2n  

and, consequently, 

lip n.5Av5 ll t _ 2n ^& c JIV11111 for 2(s + n) - m - 1/2	t	S + 71. 

	

In order to prve the stability of the operators P,flhAixh for S + n	t <-rn we
assume that the exact solution z E H i . Then,' using (2.5) and A 2 we derive 

lu - Us j i g	Il - Ps+nhUIit + IP8+n.SU	UhIlt , 

C()ulJ g +	 - U IIs+n + lu	U II8+)	C ftU. 

Hence

II( A:' - (P.n5A ix.) - ' :+flh)'/II ^ C 11t11t-2n 

for all / E H t- 2n . Since due to Lemma 2.4 im P,fl5 H 2" for £ < m we have shown 
that the operators	 - 

2(s.+n)—rn-1/2t<m 

are stable. In view of Liiima 2.2 this implies together with Lemma' 2.4 the first 
assertion and estimate (2.7) for 2(s + n) - m <t <m. Using once more Nitsche's 
trick we obtain (2.7) for 2(s + n) - m - 1/2 < I 2(s -l- n) - m, which completes 
the proof I 
3. Convergence of the collocation method 

In this section we connect the nodal collocation using splines of degree d with a - 
Galerkin method in H', where j = (d + 1)12. Thus, we can apply results of Section 2 
in order to study the spline collocation. 

First we introduce some mappings. By 8 we denote the pseudodifferential operator 
with symbol	defined by	-	 S	 S 

00	 -	—1 

S0u(s) := ' U$, ell ikx -	 UL. e'"".	 - 
k=O	 k '	 - 

Obviously, 80 E L(H8), s E R, and' 8o1 = Sol). Further, we define onediniensional 
operators J. and J4 by 

Ju := fu(x) dx and Ju;=	u(xk) (xk+1 - xk_,)12. 

The following theorem goes back to .D. ARNOLD and W. WENDLAND and is'fundamen-
tal for our further'considerations.	S 

1) It is well known [7] that S. represents the Cauchy singular operator (1.10) on the unit circle r= Z: I z l = 1.	 * 

/	 I
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Theorem 3.1: Let u E IP for S > 1/2. Then the following conditions are equivalent: 
(i) u(x) = 0/or k = 1, ..., n; 
(ii) ((I	J 4- J) u, v4)1 = 0/or all odd d ^! 1 and all v 4 € Sd(A); 

(iii) ((I - J ± J4 ) u, S0v4), = 0/or all even d ^ 0 and all v 4 € Sd(A). 
Proof: (i) +4 (ii) see [2], (1) -- (iii) see [13]	I 
We see that the collocation equations (1.7) can he written as equations using inner 

products of Sobolev spaces. Since A E L(H", 113_n) the equations (1.7) are well 
defined for s + n < d ± 1/2 and s - n > 1/2, which imply in particular relation 
d > 2n between the order-of pseudodifferential operator Aand the degree of the 
splines. Setting s = j = (d ± 1)/2 all requirements are fulfilled an4 we obtain from 
Theorni 3.1 that the collocation equations (1.7) are equivalent to 

((I - -F J4) A, v = ((I - J + J4 ) /, v4)1 
for u4 , V4 E Sa(Ll) and odd d> 2n 

and to

((I - J ± J4 ) Au4 , S0v = ((I - J + J4 ) /, S0v), 
for u4 , V4 E S(z1) and even d> 2n.	 - 

We note the error estimate /or the trapezoidal rule  

JV — J4 ) uJ	ch llu ll	 (3.1) 

for ll u E JJ8 and all meshes A if 15 s :!z^ 2, and for all y-qtiasiuniform nieshesith 
fixed y > 0, if 1/2 < s < 1 (see [6]). For arbitrary meshes the error estimate 

- J4 ) ul	ch lu ll.	 -	.	 '(3.2) 

is easily establihed, where 0 < e < s - 1/2. Thus, one can expect that equations 
(1.7) are uniquely solvable for all sufficiently small h4 if for odd, d equations 

(Au4 , V4)1 = (f, v	for all V4 € 5 (/I )	 .	 (3.3) 
or if for even d equations	 -

/ 
•	 (Au4, 80v4)1 = (/, 50?4)1 for all v4 E S'd(A)	 (3.4) 

are uniquely solvable.	 - 
• .

	

	 We remark that (3.3) is the Galerkin method {Sd(A), P,,, 4 } applied to operator A,
where P14 is the orthogonal projection of Hi+" onto Sd(Ll). introducing Sa(L1) 

S0Sd(11) and denoting by P1+ ,, 4 the orthogonal projection of H'" onto S d(A) we 
see, that (3.4) is the Galerkin method {Sd(A), 4 nA applied to the operator AS0. 

In order to prove the hypothesis we shll vriteequations (1.7) as projection equa-
'tions using some interpolation projections Qa4 with	 •'	 - 

jut Qd.4 = im	for odd d, 
resp.	- 

ml Qd.4 = irn P +4 for even d.	- .n. 

The existence of these interpolation projections follows from Theorem 3.1. 
Let d be odd. Then the interpolating element Qdlu E im P,,,. has to satisfy 

((I - J + J4 ) Qd.d u, V4)1 = ((1 - J + J4 ) u, V4)j
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for all VA E Sd(A). Hence 

fl4( - J ± J) Qu =	flA (I - J + J) U 

for all uE Hi-". Since im P7 1 contains the constant functions and (1 - J ± J4)-' 
(1+ J - JA) [2] we obtain 

= (I + J —JA) P 1(I - J+ JA) =	+ (J - J)  
-	 (:3.5)

Analogously one obtains for even d 

Qd.A. = j+n.l + (J— J4 ) (P 1 — I).	 (3.6) 

Thus, the nodal spline collocation for equation (14) is the projection method 
{Sd(J), Qd.A). 

We are now in position to prove 

Lemma 3.1: Let: the degree of the splines d be odd. Then 

A E Ii({Sd(Ll), Qd.A}; Hi+2) if and only if A E Ii({Sd(4), P,! n.zi} Hi+). 

If d is even then 

A € 17 ( {Sd(4 ), Qd.A}; H 1 ) if and only if AS0 € 17({8(zl),	}; Hi+"). 

Proof: Since the finitedimensional spaces Sd(Ll) and d(Ll)isatisfy approximation 
• property A 1 with m = d ± 1/2 and h =-h4 the projections P) , ,,,	,, and Q 
strongly donverg . in Hi-" to the identity operator. Thus, we can apply Lemma 2.2 
and have to study the stability of the finitedimensiorial operators as h, t - 0. 

Let d be odd. Since j — n> 1/2 we obtain from (3.5), (3.1) and (3.2) 
• - QIl— - 0, hence the operators QaAAIs d( A ) are stable in Hi +n if and only if 

are stable. For even d we derive from (3.6), (3.1) a,nd (3.2) jP,!,, 
• - Qd.AIP-- O and hence,,the opera t orsQdAA sd( 4 ) = Qa.A A Sol a A ) are stable in H+71 
if and only if •P;+njASO I d(A) are stable I 

We can now give conditions for the convergence of the spline collocation. We 
remark that in the casof odd degree d this condition was already established in [2]. 
Here we give a different proof. 

Theorem 3.2: If dim kerA = 0 and for odd (1> 2n the operator A is strongly 
elliptic or for even d > 2n the operator. AS i strongly elliptic then -A E Ii({Sd(Ll), Qd,l}; 
Hi '"). Furthermore, for / e Hr-2n, j + n	r :E^: d + I, we have 

-	jJu — U4JJjñ	ch i	If Ir-2n .	*	 (3.7) 

(S denotes the Cauchy singular operator . (1.10).) 

Proof: By.O we denote the operator of multiplication with a no 	function- 
9(x) € Coo. Obviously, - Qd.AO'Qa.OA = Qd,AA and .9— ' E /7({im Qa.A, Qa.A}; Hi- 1 ). 
Hence, A € •fI({Sd(J), Qd.4}; Hi+n) if and-only if OA € 17({Sd(z1), Q}; Hi+ fl ), and 
because of Lemma 3.1, if andonly if 

-	OA € 17({Sd(J),	 Hi+) for odd d	 • (3.8) 

foj
OAS, € H({d(A), P 1 }; Hi+') for even d •	-	 (3.9) 

-
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and some nonzero function . Due to Lemma 2.1 (3.8) holds if Re 19(x) a2 (x, ) >0 
on It x {± 1 }, i.e., if A is strongly elliptic. (3.9) is valid if Rei9(x)a2 (x, ) /I > 0 
on It x {± 1 }, i.e., lithe operator AS is strongly elliptic.. Estimate (3.7) follows from 
Lemma 2.2 and A 1 I 

Let us derive equivalent conditions for the strong ellipticity of A and AS. Since 
a2 (x, ) is positively h.oinogeneou .s of degree 2n with respebt to , there holds 

a2 (x, )	(a2(x, ±1) 0 + ILI)/2 + a2 (x 1 —1) (1	/!)I2) 

= II2(x)+d(x)/II) 
with	.

a2,,(x, + 1). + a 2 (x, —1)	. a2 (x, +1) - a2 (x, —1) c(x) =	2	.	d(x) =	 2 

Hence, Re 19(x) a 2 ,(x, E) > 0on RX{+1} 1ff Re 19(x) (c(x) ± d(x)) >0 on R. The 
last relation holds for sonic function 0 E C if and only if c(x) + 2d(x) 0 for 
xE B., A € [-1, 11 [11: Lemma 4.4 ] . Thus, we obtain that A is strongly elliptic if, 
and only if	

0 

iza2(x, +1) + (1 - ) a2 (x, —1)	0, for x ER, u E [0, 1].	(310) 

Analogeously,' operator AS is strongly elliptic if and only if d(x) + 2c(x)	0 for
x E It, A € [-1, 1], or equivalently, 

	

a2 (x 1 +1) - (1 -'y) a2 (x, —1) + 0 for v E It, IzE [0,I].	(3.11)'. 

We now investigate the convergence of the nodal spline collocation in a range of 
Sobolew spaces. To this end we rewark that the spaces Sd(zl) and Sd(Ll) satisfy the 
inverse property A 2 with m d + 1/2 and h = hj if all meshes under consideration 
are y-quasiuuiform with fixed y > 0 (cf. [61). 

Theorem 3.3: Su'ppose dim ker.A = 0 and A E	. If A satisfies (3.10) and d is 
odd or if A satisfies (3.11) and d is even them A E ll((Sd( A ), Qa.); H1 ) for 2n ± 1/2 
< t <d ± 1/2. Moreover, for any right-hand side / E 2n -F 1/2 < r d ± 1, 
the approximate solutions uj converge in the norm of Ht , 2n & d + 1/2, t < r, 
to the exact solution uwith 

[u - u	;S ch	If1I-2n .	 -	 (3.12) 

Proof: Due to Lemma 2.4 the projections and are uniformly bounded 
in H'-21, for 2n + 1/2 < t <d + 1/2. Hence, using error estimate (3.1) and repre-
sentations (3.5), (3.6) we conclude that the in'terpolation projections Qd,J strongly 
converge to the identity operator in H 1 - 2" as h4 -. 0. Thus, the first assertion is 
proved if we show that the operators Qa. AAts4(4) are stable in H'. 

Let d be odd. Because of Theorem 3.2, Lemmas 2.2 and 3.1 condition (3.10) yields 
the stability of P,' flAAl d(d) in H" as h4 -*0. The proof of Theorem 2.1 shows 
th'at'

II P, ,, . Av jIIt_2	c 11v i jJ 1	 .	 ( 3.13) 

for all -quasiuniform meshes 4 with h 4 < h, all v 1 € Sd(J ) and 2n	I < d -f- 1/2.
Formula (3.5) implies 

-	VI1I_2,, = 1(J -'J4)	 - I) v	chT Ik'IIr 

for v E JJT, r> 1/2, such that 

IIQd4 - Pj 4-n.1	—>0 for 2n + 1/2<t<  d + 1/2, t-2yi
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which proves the stability of Qa.4A Is d(4) in Ht. If d is even then condition (3.11) im-
plies the stability of ,F flASoI d() in H1 for y-quasiuniform meshes and 2n t < 'd 
+ 1/2. (3.6) yields lIQ - P ±,.I!t-2 —O for 2n + 1 12 < t < d + 1/2 and, conse-
quently; the stability of 

Qa. 80Isdn = Qd AIs8t4t in H1. 
In viewof Lemma 2.2 A E 1i(Sd(A), Q); Hi) and estimate (3.12) holds for 2n + 1/2 
<g<d+'1/2. 

In order to establish (3.12) in the remaining case 2n	£	2n ± 1/2 we first con-



sider the case of odd d andremark that because of (3.5) v so lves the equation 

P ± Au ± (J - J4 (P fl , d - I) Au, =	(J J) (Pj.  

Denoting by u 1 ' the solution of the Galerkin equation 

= 
 

we obtain'  

	

u') = (J - J4 )	- IY(/ - Au4 ).	 S 

Hence; using (3.13), (3.1) and Lemma 2.4 we derive 
lu4 -- u4'llj	c 11 P -'8A (u4	u4')lI1_2 < ch" 21' lAu4 - tIlr-2n 

^ ch 2 11/I1r-2n. 

Theorem 2.1 states that Ilu - uj'11 1	chT lfIir-2n and therefore 

flu -'U4 1 :5 c(h"t II/1Ir-2n + h12" 1I/I1r-2n)	ch1 11h11r-2n. 

The same arguments prove estimate (3.12) in the case , of even d I	' 
4. Convergence of the standard Galerkin method 

I 

The example of the Galerkin method using trigonometrical polynomials, which con- 
verges for the operator-of multiplication witli a nonzero function if and only if this 
function has the winding number zero [7], shows that in general Galerkin methods 
do not cánverge for strongly elliptic operators. In this section we shall demonstrate 
that the standard Galerkin procedure with splines converges for strongly elliptic 
pseudodifferential equations as it is stated without proof in some papers. Our proof 
utilize's essentially results of Section 3.	- 

First we consider relations between Galerkin methods in different Sobolev spaces' 
and using splines of different degree.	 -

Let us denote by D', 1 E Z, the pseudodifferential operator 

Vu =	Uk(2)' e' + o 
OkEZ 

having the symbol . Obviously, for sufficiently smooth u and 1 E N we have 

D'u
= (-.	

u + Ju. Furthermore, D' maps H8 (s E R)-isomorphically 'onto 118-1 

'and I1Dtu l18_1 = lluIh, Using the periodicity of the splines we obtain	S

= D'S(A) for I :5 d. 

In difference to Chap. 3 the orthogonal projection of H8, s < d + 1/2, onto the sub-
spaces Sd(Ll) is how denoted by P8 . 4 , d . it is easily seen that 

P3 _j. 4 , d_g = D'P84dD 1 ,	1	d.	 (4.1)
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;Le III III a '4.1: Let s + n < d + 1/2 and the integer I !E^ d. Then A € 
fis-!: n) if and only if A-€ TJ(FS d(zI), ' P	; H). s+n.l.dJ 

Proof: it suffices to prove the assertion in one direction. Let A 
Ps s+,iI.di' H 14 n) and suppose that the operators P s-1+n.d-1Ajs_(4) are not stable 
in H3-i+nl as h - 0. Then there exists a sequence {v4 € Sd_,(4)} with IIv_ + = 1 
weakly converging to sotiiev € J-18-1+n such that	I - 

-	M'3-1+ ,l,I.d_ 1AvdII3 _1_ fl -* 0. 

Since P_I+d_IAVA weakly , converge to Av in 11-9 - 1 - 11 we obtain v= 0. 
Using(4.1) Ave get on the other hand 

= D'P. fl4dD'Av4 = D'F ± , dAD'vA ± D'P,,Kv4, 
where K = D'A — AD-1 is a pseudodifferential operator of order .2n - 1 — 1. 
Hence, jKvII3_ -7* 0. Because of  

,AvI3 _ 1_ = P+ fl4d(ADv + Kv4),_ 

we derive IIP+fl.4,dADvJIs_fl -^ 0, which is impossible since D'v € S() and 
= Ii	= 1 

Theorem 4.1: Let the pseudodi//erential operator A be strongly elliptic and 
dim ker A = 0. Then A E H({Sd(), P .ZI,d}; H) for any d > n - 1/2. For / € 
n r d -F 1, the approximate solutions u 4 converge in H', 2n — ci -'I	I	n
to the exact solution with the rate 

Ikt — u4 j 1 ^ ch(' 1fIIr-2n. 	 ,	 (4.2) 

I/LIE 9 then estimate (4.2) holds . /or 2n — d —1	t	r	d -Fl, I < d ± 1/2,
r > 2n — d — 1/2.  

Proof: Setting in Lemma 4.1 s = 0, 1 = —(d + 1) lye obtain that A € T!(FSd(4). 
P , LId} ; H) if A € TI({Sd±I(/J), ^1+,,.A,2d+1}; H H-n). From Lemma 3.1 and Theorem 
3.2 Ave know that the Ga1€rkin nietliod in Hd+I with splines of arbitrary odd degree 
2d + 1 > 2n converges for strongly elliptic pseudodifferential operators. Etiniate 
(4.2) follows from Theorem 2.1 I	- 

Using Lemma 4.2 Ave can also show that in a special case the strong ellipticity is 
necessary for the convergence 

of 
the standard Galerkin method. 

Let A he the singular integral operatdr 

Au(x) = a(x) -u(x) + b(x) Su(x) 

4 }; Ho), i.e., Galerkin's method with piecewise and suppose that A € 1100w), i'  
constant functions converges iii HO = V. Due to Lemmas 4.1 and 3.1 we' obtain 
A € Ji({S(A), Q1,,}; H'). But [13: Th. 4.8] states that A must be strongly elliptic. 

We want to mention that the Galerkin method can converge for degenerate and, 
in particular, for not strongly elliptic operators if the subprincipal symbol a_1 (x, ) 
= a2j (x, ) — (2i) a2a2 /9x 0 satisfies additional requirements. The convergence 
of Galerkin's method with splines for such operators was considered by ELSCHNER 
[5] and' as a special case of the obtained results one can formulate:  

Suppose that A is elliptic with dirnker A = 0, but not strongly elliptic and satisfies 

Rea,(x, ) -0 on R  {±1}, 
Rea(x, ) > 0- on	nea.:= {(x, +1): Rea2 (x, +1) = 0}.
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Then for f E JJT2n, n ± 1/2 :5: r ^ d + 1, n < d, the standard (Jalerkin equations are 
uniquely solvable and the approximate solutions u4 converge in the norm of H' 1 12 to 
the exact solution-with 

- u1,_ 112	ch1ir_i_(n- 1/2) I/Ir-2n 

Consequently, the set of the right-hand sides, for which Galerkin's method con-
verges, and the order of convergence is smaller than in the strongly elliptic case and 
this cannot be improved in general (cf. [5]). 

Finally we remark that all statements remain valid for the more general case of 
systems of pseudodifferential equations of the same order on a system of mutually 
disjoint G°°-eurves. We only mention the equivalent conditions of the strong ellip-
ticity for A and AS (cf. [12]):	 - 

det (iia2 (x, +1) + 0 - y) a2.07, - 1 )) 0 

and respectively 

det ( 1ua2 (x, ±1) - 0 - 1u) a2 (x, —1)) = 0 

for. x E It, a € [0, 11, where the matrix function a2 (x, 0 is the principal symbol of 
the system of equations.--	 -

/ 
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