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On an Evolutlon ‘Equation for a Non-Hypoelliptic Linear Partlal
Dlﬂerentml Operator from Stochastlcs

K.. DoOPPEL and N. JAcoB .

Neulich hat E.B. Dyngix [2] einen nichthypoelliptischen linearen partiellen Differential-
operator von gerader Ordhung (mit konstanten-Koeffizienten) eingefithrt' und untersucht,
der aus der Theorie der mehrparametrigen stochastischen Prozesse entstanden ist. Von diesen
Betrachtungen von DyNEIN  angeregt, haben die Verfasser in der Abhandlung [1] schon

. ein verallgemeinertes-Diricblet-Problem fiir diesen Differentialoperator gelost. Unser Ziel -in

der vorliegenden Arbeit ist, das Cauchy-Problem fur die entsprechende Evolutionsgleichung
(in der Zeitverdnderlichen von erster Ordnung) zu untersuchen; ein solches Cuuchy Problem
konnte Anwendungen auf Fragen der Stochastik haben. ’

Hepanno E. B. JTnnkun [2] BBea M uccinenoBad HerunepGonuyeckisi nuHedHui anddepen-
LMAJNbHHI ONepaTop 4YeTHOro MOPANKA C MOCTOAHHHIMH KO3pPUUMEeHTaMH, BOZHUKIIUNCA B

' TEOpPHH MHOronapaMeTpuyeCKMX CTOXACTUYECKHUX NPOIEeCCOB. Boaﬁy&\uenu paccymneﬂuﬂmn

E. B: InHKuHA- aBTOpPH panee pewnan B [1] aasa aroro onepartopa oGobmenHyio 3agauy
Hupuxae. Ileab Hacroswell paGorsl — uCCIeN0BaTh 3aauy Howmn nna coorsercTBymomero
BBOJIOIMOHHOr0 Yp4BHEHMF, MEPBOr0 MOPAAKA OTHOCUTENLHO BpEMEHHOM TlepeMeHHOH .
Takaa sanaua Kowu Mor 6u UMETH NPUMEHEHUA K Bonpocam CTOXACTUKH. ;

"Recently E. B. DysEIN [2] introduced and studied a non- hypoelllptlc linear partial differential

~

operator of even order (with constant coefficients) which originates from the theory of multi-
parametric stocha.stlc processes. Motlvated by the considerations of DYNKIN the authors have
solved a generalized Dirichlet problem for. this differential operator in their work [1]. Oun

‘aim in the present paper is to investigate the Cauchy problem for the corresponding evolution -
equation (in the time variable of first order); such a Cauchy problem could have applications ) '

to some questions from the stochastics.

. 1. blntrod'uc\tion

1.1 We consider in a bounded open set @ <= R" (which satisfies some conditions, cf.
Property P in 1.2) the non-hypoelliptic linear partial differential operator L(D) of
order 2k (k € N, k =< n) introduced by E. B. Dy~kin (2]; the exact definition of
L(D) will be given below in 1.3. In this paper we want to investigate an initial-

‘boundary value problem, which we call the Cauchy problem for the ‘abstract”
“evolution equation

d S
7 0 + L u(t) = f()

where L~ is the closure of the differential opei'ator L(D) in L¥@), f ‘a given function

-defined on the positive time axis with values in L¥@) and the solutions u(t) are

searched among functions defined on the positive time axis with values in a certain
subspace of L2(G’) which coincides with the domain D(L™) of L~.

1.2 Let us first recall some notions; notations and results from our carlier paper [1] .
Let G be a set in R® with
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Yy oL

RN

Property P: The bounded open set G = R* is the Cartesian product
L E=6{xX G ' '

ofboundedopensetsG = Rms (1 S] <k), ml + - +mk =n, R = R"‘sx >< R,
with sufficiently smooth boundaries &G; (1f the boundarles 0G; are of class'C* all our
considerations surely will be valid). : '

_We ‘write )
_ ’aG-_Glx PX Gy X 86y X Gy X - X Gy ;o
By N," we denote, as usual the set of all ordered systems of.n nonnegative integers
* (multi- 1r'1dnces) For o« = (oc,, ceoran)y € Ng® and B =(By, ..., Ba) € No» we write

Joof = &y + -+ +oc,,andoc$ﬂ1fa,$ﬂ,forlsl<n N

l With », k, m, € Nasin Property P we put '

l,—O - Zm, (237310)

For:each § (1 =9 ﬁ k) we define m; multi-indices &, No Wlth &, =1 each having
its only nonvanishirg coordmate in the ¢;-th posxtlon I + 1=y Sl + m;. We

introduce the set - .
\ F—{a€N0|oc—Zl'e,,}
, i=1.
" Note that I'" has m, ... my elements. Further, we write
. . LT >> ) . ) k ~ N . . )
- -I-‘.’:-={7€No"ly=28:‘} (1<j<hy: : o
, 1= . : : :
: 1% -
1.3 Now we can mtroduce the dlfferentlal operator
L(D) = ¥ D
) aEl’
where we use the abbrevna.tlon IR )
o D = D,“l. D= with D;:= — —l i
_ 6:.1:,‘

"This operator ilrzs also the expression
. LDy=4y ... 4
where 0 : : .
4; = Y D,y . (I=j=<k

denotes the Lapléce operator .whlch' z;.cts on functions defined. on subsets of
Rmi(= R”) As’ we have shown in [1] the opera.tor L(D) is not hypoelhptlc

1.4 Let C¥@®),. Ic € Ny be the linear space of all complex valued functions » which

* are k times contihuously differentiable in G. By C¢¥(G) we denote the space of all

functions » € C¥@) each having a compact support in G. We write also Cy>®(G)
= N C’o"(G) Further let be

kEN,
C*"(G) = {u € OXG) ID“u € L’(G), o 6 No , lozl = k}
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’

In C (@) (w1th K from 1.2) we associate Wlth ‘the opera.tor L(D),the sesquilinear

form . . o : r.
) B(u, v):= 3 [ Doulz) D“v(x) S Co oLy
. L . a€lr ¢ : ! . Lo ’ .
We put N A T ,
(u, v)r: _B(u v)—{-(u,@)o E 7 . o (1.2)
where (., .), denotes the scalar product in Lz(G), (u,v .) /'f u(x) v(x) dz. Thus, we '

- e
have a- scalar product (i, .)r-on C*"(G) w1th the corresponding norm [}.||r. We denote
the completion of C,*(G) with respect to the scalar product (1 2) by H" (. For the
closure of-C,®(G) in H'(G) we write Hy"(G). ,

On the space H(G) the sesquilinear form (1.1) defines a sca]ar product equwalent
to (1.2), in particular-one has the inequalities ° :

B(u, u) < |lulir® < c*Blu,u) forall wée Hy" (G) V . (1 3) -

with a constant c* (cf. [1: Lemrna 2]). The norm mduced by B( o )\on E(, (G) Wlll
“be denoted by [{[-[llr-

The elements,of Hy () can be interpreted as functions with generalized homo-
geneous boundary data: Namely, for each u € H," (G) n C+-Y@) the relation

Diylpe =0 ' _ ) ' o (1)

“holds for all £ € Ny” with B <y for some.y € I” (1 =j S k) (we proved thls asser-
tion in [1: Theorem 4], cf. also [4: p. 28)).

Further for every w € Hy (@) the strong L?- denvatlve D exists. for a.ll T € No°
with © < ¢ for some o € I" (the corresponding assertion for u € H'(G) is not valid;
cof. [1: Lemma 1}, and also [5: Theorém 1]).

‘Because the relation (1.4) is valid- for functions u € Ho (G) n Ck- l(G) one can
app]y ‘partial mtegratlon for functions from the set X := Ho (@) n C°°(G) and gets .

fD“u(x) D“v(x) dx = sz"u(q:) v(z) dz L . : (1.5)

.G ’ G’
" for all u,v € X and a]l x 6 F (cf. [1: Lemma 5]). -

1.5 In the Hﬂbert space Lz(G) We assocnatc to the dlfferentlal operator L(D) a
“linear. operator L by

D(L) := X(= LXG)), | |

 Lu:= L(D)u forall ue X, NN .
This operator is_ densely defined and hes an adjoint operator L*, and by.partial
mtegratnon one sees that D(L*) > X and that L* is also densely defined. The ope-

“rator L is therefore closable with the closure (smallest closed extension) L™ ;= L**.
~ On the other hand, we have on X a scalar product defined by - :

o)y = (LD, D) o) + (- (e
The completion: of X with' respect to. the scalar prodwct is.-a Hllbert space H®(@). -
- In [1: Theorem 6] we proved that the domain of the closure L™ of L in L¥G).
coincides with the Hilbert space H¥(G), D(L~) = H®(G). On H%(G) we have hence
the scalar’ product (u, Vy = (L™u,. L v)o + (u, v)g. . Partlal mtegratlon in (1.5)
.yields U

.

xww=@ww¢%'; | S ,’»_qm
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forall u € X and ¢ € 00°°(G) and since (1.7) depends contmuously on % in the topo-
: ]ogy defined by (1.6) we ha,ve further

B(w, $) = (L'w, ), . . R

for all w € H¥(@) and ¢ € Cy®(Q).
“ In[1]'we proyed that the elements of H*¥(G) have the same boundary behaviour
as the elements of H (@), ie., -

"HW(Q) n Hy'(G) = HH(G). | * ‘ A ‘(1 9)

.- 1.6 In[1] we proved the existence and uniqueness of the solution of a generalized
Dirichlet problem. We formulate the results for homogeneous boundary data:
For a given / € L¥*@) there exists a unique element u € H"(@) such that

Bu, 8=, d)h o : o (1.10)

holds for all ¢ € Cy>(Q). ’
From' the regiilarity result of [1: Theorem 9] it follows that the solutlon u of
(1 10) lies in H'®(G). . _ , . :

\

2. The resolvent of L~

\

2.1 We first derive a priori estimates for the operator L. Take a finite open mter-
vall J:={t € R| —T <t < T} and let @ be a bounded open set in R* with Pro-
perty P. The set of all functions which obey the condition | .

w(z,.) € Cy>(J) for each z. €Qq,
(., HeX - for each te J
, will be denoted by (G X J) On this set we introduce the norm

nwum,m = f f {|L(D) wlz, t)12+|aﬁw(x, O + |wlz, t))2) dt dz (2.1)

o
l whe;'e we use the notation X for the differential operator ofat.
Lemma 1: The estimate ) .
HE(D) + €9 33 0l 6s 2 [0eargns — l0lEges
holds for each 6 € R with n/2 <6 < 3/2 and for all w € %(GXJ)
' Proof Forw € ‘€(G><J) we have

{

HE(D) + e 52 } lons = | [ ILD) + o o w(xj, ) dt da

< -T G

= ff {IL( D) w(z, t)|2 + |a,2w(x, )2} dt dx + e"n + e~
~T G ) . E

= llolffcaroxs = nwno,w +2Rele) , (2.2) -

with . A

r
f f L(D) wl(z, t) 0 2w(z, t) dt dx.

-T G -
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By partial integration one gets (note that the boundary terms v‘a..nish)

,,'_ f [ X D.2w(z, t) 0 w(z, t) dt dx

T G €l

_f sz wx, t) D,* 9,2w(z, t) dt dx

—T G o€l
= —f f);|D oz, t)[2dtdx
—-T G a€l

Thus one has x€R, » 0. We get therefore by the assumptlon 2 Re (e"’r)'
= 2x cosG = 0, and (2.2) gives the desn'ed result @

. Lemma 2: Let G be a bounded open set with Property. P. To the operator L~ there
-exist two real constants ¢* > 0'and 2o > 0 such that!) :

L™ = AT) wilog = (1 +14]) liwllo.c
for all w € H®(G) and for all 1 € C with |A| = 2, and Re 2 g 0.
"~ Proof: We choose a real valued function ¢ € C;=(R) satisfying the conditions

1 for 1
olt) = {0 for |f =2

-and 0oty =1 elsewhere For an arbltrary functlon we X and an_arbitrary
¢ € R we define the function w by

w(x, ) = u(z) o(t) e, A ’ p 5

'Now let us take T > 2. Then one has € %(GXJ), and we get by Lemma 1 for .
06Bn[2$6$3n/2 .

Jolfamnsrs < WED) + ¢ 83 6l gy + l0lBors- . @3
We estimate now ic first term on the right hand side of (2.3):
IHLD) + € 8,2 wlf gy

T BN ’ .
= f [L(D) w(z, t) + e®ulz) eit{g"(t) + 2iug'(t) — plo(t)}|* dt dx
-T G, : \ 3 ' :
- T - ‘
<2 [{le®))? |L(D) u(@) — u® eulz)[® + fulw)[ 0" (t) + 2ipe'(t)* dt dx
~-T G .
< €, [ IL(D) ulz) — p? eu(z)? dz + C, [ |u()*dz
: G ) . G . :
T = GHLD) — w e ulfs + Collulle | L e
" . with two positive constants C, and C, (independent of and.T).

1 B_y I we denote the identity operator on L¥(G). . K v o !
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The secon_d term on the right ha‘nd side of (2.3) satisfies the estiniate ‘

i T .
”w”o oxg = f f Ju(z)- Q(t) e”“lz dt dz < 03 ”“”o G ! (2.5)
-T G . s o
with a thu'd positive constant C,.
By (2.1) we receive for the left hand term of (2 3)

PR ~

;|w|;(,,2,GxJ2ff {|IL(D (f,s )|2+|a,2w(x, 1)z 4 |w(x,t)|2} dtdx
L-16 o
. R = 2 |L(D) ulf; + 20 nunoc+2nunoc ,
Sz ) e EEPY ¢ X )

From (2.3) we get by the estlma.tes (2.4)—(26)

(2ut +2—C, = - C3) [1ulld ¢ <c L (D) — * e} ul'

d We choose 2 = 1 + (C, + C3)Y2. Then for all 2 = ,u e with u 6 R, u2 = /0 and
nf2 =0 < 3nr/2 the mequallty

B, I(ZD) = 2) tfoc = +|i-|>nunoc

with c* 1= +C, 12 is valid for all u € X. By contmuous extensmn to H”"(G) we get
the assertlon of the lemma | : :

-

2 2 Analogously to the elhptxc case wWe prove now

Lemma 3:. Let G be a botinded open set wuh Property P. Then the range of the ope- '
“rator L — JI:  H®(G@) - L¥@) coincides ‘with the_ whole space Lz(G‘) /or all 2¢C
with Re . < 0, “and the operator L~ —2 I 13 bzyectwe .

Proof ‘Let be 1.€ C, Re'A < 0; and take an arbltrary element f € Lz(G) We have
“to prove. that there _exists a umquely determined element u-€ HO(GF) with
(L~ = M)u={f. : . : :

: We define .

B)(u, v) = Blu,v) — )(u v)o. for all u, v E X.
Now one has by (1 3) (as Re 2 S 0) the estimate . :
‘ReBy(u, u) = Blu, w) — Re Aw, whog = |ulll®. . @

On the other hand the sesqutlmear form B;(, -) is bounded on X, |Bi(u, v)|
< (1 4+ 12) Jlulir llvllr. As By(- ,*) can be contmuously extended to a bounded sesqui-
hnear form with property (2.7) to H," (G), we get by the theorem of LaXx-MIiLGRAM
(cf. [3: pp- 41—46]) the existence of a unique element u € H,"(G) such that (£, P)o.c -
= By(u, ¢) is valid for all ‘¢ € Co®(G). By the regularity result for the solution
u € Hy"(G) of the homogcneous Dirichlet problem - mentloned in 1.6 we have"
u € HW(G). :
- "By partial integration (see (1 5)) we get further

o U bloe = Bi(u, ¢) = (L~ — AI) u, ¢), 4 |
or all ¢ € C,™(G). This proves that the operator L~ — A1 : HW(G) — LXG) is bi-
jective B : - . o R ,
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2.3 By Lemma 3 the domain of the resolvent ().I Lyt of the operator L
coincides with the whole space L2(G) for all 2’¢ C with Re A < 0, hence for every

such A the operator (Al — L™)™1 1s bounded Furthermore we prove the following
estlmate for the resolvent.

Lemma 4: Let G be a bounded open set with PropertyP Then the resolvent (AI L‘")‘l
of the operator L~ satisfies the estimaté .

‘ 14+ |l| ,
* for all 4 € C with Rel, = 0 where ¢ is a posilive constant.

AT — L)) < —— (2.8)

Proof: . The operator (AI — L™)™* is bounded for every 4 € C with Re ).' = 0. i :e',
for every such 2 there exists a posmve constant ¢; such that ||(Al — L™} < ¢;.
Then every 4 € € with Re 2 = 0 has a neighborhood U; in € for whlch

V)
WAL — Ly = 2c,, for all A’ &U,. N

Thus, the resolvent (il — L~)~! is uniformly bounded on each compact subset of
the half plane Re ) S 0, and we have W1th a constant ¢, > 0 (whloh is mdependent
' of 2)

- A_"

AT — L)y Y < e o L ‘(29)

" for all 7 € C with Re < 0 and ])l < 2o (for )0 see Lennna. 2). On the other hand
-'by Lemma 2 we have,
~ * .

).I'—L~ 1 S _— “(2.10)
S S T ' @.10)
for all 2 € C with Re 2 S 0 and |i| = 2,. Hence with ¢ := = max {c* co( + o)} it
follows from. (2.9) and (2.10) that the rela.tlon : " ,

A — L)) < —2 0 I .'

It 7S T | | L
holds for all i€ CwithReA=<0 I : o C

‘3. ’l‘he Cauchy Problem

N

3.1 We will now mvestlgate the generalmed Cauchy problem mentioned in the

" . Introduction. Because of (1.9) this problem is an initial-boundary value problem-

* with generalized homogeneous boundary values on 9¢G and w1th non- homogeneous

" initial values on.G.

Problem C: Let G be a bounded open set in R* wzth Properly P Further let?)
f: Ryt — L3(@) be a given um/ormly Holder continuous (with an exponenl B,0<p=1)
function on Ryt with values in L¥G), f € C° ‘(Ro" Lz(G)) and uy a given element o/
H®(GF), We want to find all functions @ : Ryt — H®¥(G) from the class’ OO(R(,*, L"(G))
-n CI(R+ L2(G)) which solve the generahzed ewlutwn equalwn )

—u(t>+L~u(t)=f(t for 't >0 S o
at T . - o

and satisfy the initial condition u(0) = u,.

2) We use the notations R+ := {r € R | > 0} and Ry* := R¥ u {0}.

A
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32 We are now able to use for this problem the 4theory presented by A. FRIEDMAN
in [3: Part 2, especially 2.1—2.13, pp. 101—158] (cf. also [6: Pp- 856—109]). For this
theory it is not necessary that L™ is the closure of an elliptic differential operator
but that : ‘ :

D(L™) = H®(G)
is dense in L*G) and that with a constant ¢ > 0 the estimate

a

c . . )
o _ 1+ _lll' _ . . -
" is valid forall 1 € C with Re 2 < 0. These conditions guarantee that the operator — L~

is an infinitesimal generator of an analytic semigroup of bounded linear operators in
L*@), with the help of this fact: one proves the existence and uniqueness of the -

AT = Ly <

fundamental solution V(-, 7) for the opera.tordit -+ \LN.
By a fundamental solution we mean a fuhction3) . ,
V() {teR|T <t < o0} X {re R|z =0} > B(L¥G))

with the properties: o o : '
I. The operator V(t, 1) (E Q(Lz(G’))) is strongly continuousin ¢, rfor0 < v <t <<oo.

I1. The derivative a—at V(t, 7) exists in the strong topology of Z(L¥®)) aﬁd belongs
to B(LA@)) for 0 < 7 < t < oo and is also strongly continuous in ¢ for v < £ < oo.
I11: The range of V(t, 7) lies in' D(L~) (= H""(G’)) for allt, 7 with0'< 7 < ¢t < o0.
IV. The function V(. 7) is the solution of the Cauchy problem

’

%V(t,'r)—{—LNV(t,r):O for t<t< oo

“and V(z,7) = I. I .
Finally we get from the considerations of A. FRiEDMAN [3: p- 109].

!

~

Theorem 5: Problem C has a unique solution u. This solution has the expression

5 . : , _
u(t) ;= V(t,0) ug + [ V(t,5)(s) ds. ) v ,
. 0 .

The authors would like to thank I. S. LovAIVAARA for his comments while writing
this paper. ' ’
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