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 Die Arbeit 1 ist Approximationseigenschaften für. gewichtete Sobolev-Slobodeckij-Räume ge-
widmet. 

Pa60Ta noconueiia cBotcruaM annpoI<cI1MaIMI1 B npocTpa}IcTBax iiina Co6oJ1eBaCJio6oje1--
ioro C BecaMu. 

The paper deals with approximation properties . in weighted spaces of Sobolev-Slobodeckij 
type.	 - 

1. Definitions and Results	 - 

Let M be a non-empty closed subset of the , Euclidean-n-space R. Let .Q be  domain 
•	in R with Q c R - M (we may assume, without restriction of generality, that M 

is a subset of the.boundary of Q, i.eM = Q - Q; however this is not impor-
tant in the sequel). If x € R then dist (x, M) = inf Ix— yJ is the usual distance, 
where the infinium is taken over all y € M. We mollify dist (x, M): There exists a 
positive function dM(x) E C(R. - M) and two posilive numbers c1 and c2 with 

cldM (x) ;5 dist (x, M) < c,dM (x),	x € R - M, 

cL the construction in [2: Remark 3.2.3/11,- where dm(x) coincides essentially with 
'(x) (in contrast to the construction given there we do not care about the behaviour 

of d(x) if jxj tends to infinity, but this does not affect our arguments). Let 1 <p < cc 
and —cc < e < cc. If s is a non-negative integer t-hen W 8(Q, e) is the collection of 
all complex distributions / € D'(Q) such that	 I 

•	W,,8(Q, e)I = '	 ' 

	

(1 (D5+) ()j dM'''(x) dx\'IP < 00	 (1) -	 / 
holds. If 0<s = [s] ± {s}, where [s] is an integer and 0 <4 s) < Uthen W(Q, e) 
'is the collection of all complex distributions / € Y(Q) such that 

Ill I W", a )II 

•	( J Jd 1P - [ 8 1+1I (x) D/(x),_dAf:IPt8+II (y) D/(y)P dx d 

?	
) 

xQ 

•	+ Hf I W iJ(Q, - {sp) -	cc	 -.	(2)
holds. These weighted Sobolev-Slobodeckij ' spaces are near to te spaces We(Q, , 
in [2], where	x) is essentially d,(x); 1u	—e and v = u + he  Formula (3.2.3/11) 

i) The preceding paper of this issue.	 •	 S	 • 
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(where the misprint Bs ,q must be corrected by	Theorems 1, 2, and 3 in 3.2.4. 
The differences between the above spaces W 8(0, E) and the spaces WS(Q,	)€
are characterized by the different behaviour of e(x) and dm-'(x) at infinity and that 

- we have Q instead of M in[2]. However in what follows these differenèes are imina-
terial. We give a full proof of our main result and take over only some technicalities 

- from [2: 3.2.3. and 3.2.4]. Obviously, W 8 (Q, e) is a Banach space. - 

Theorem: Let 1 <p <00, s>O and —oc < E < oo. Then 

•	 {f / 7 E W 8 (Q, e), supp/ n M	ø}	 S	 - () 

• -

	 is dense in W 8(Q, ).	 .	 S 

Remark 1: We recall that we mayssume that M is a subset ofO.Q. Ifs is anatura1 
number then W 8(Q, s) coincides with the spaces H3 (Q; dm, s) from [1]. lb [1] it has 
been proved that	 - 

CM(Q) = {w I w E C(Q), supp w n M = U}	 (4) 

is dense in H" P (Q, dm, e). Our theorem (restricted to natural s) is not a new proof of 
this assertion, however--it shows that the 'weighted case can be reduced to the un-
weighted ease, and this simplifies the task considerably. On the other hand, in con-
trast to [1], we deal also with fractional spaces (and only for that purpose we mollified 
dist (x, M)). 

Remark 2: Let Q be a bounded domain and M aQ. Then we have 

W (Q 8 , ) = WO-Q,, e±$P)  

with 1(x) = dm(x) if x  Q, where 1 <p < oc, s 0 and —oc <s < oc,- ct [2: 
- Theorem 3.2.4/3] and Remark 3 at the end of this paper. By [2: Theorem 3.2.4/1], 

C0 (Q) is dense in W 8(Q, e). This extends Theorem 1.1 in [1] to th e fractional spaces, 
- at least if Q is bounded.  

2. Proof of the Theorem 

We prove the above theorem in two steps;	• -	 - -

Step 1: Let s be a natural number. Let 

MW.	I x E R, d j (x) > 2-) if j = 1, 2, . .•	 - -	 (5) 

and	 -	 - 
- •M 1	Mk =	-	if k = 2, 3, ... - -	 (6) 

We assume 
'
MW n Q 4 0 (without restrictionn-of generality). Let V = {(x)} 1 be 

a system of infinitely differentiable functions on R. with the foll'owing properties: 

•	 -	 0	1(x)	1, SUPPVj	M1 , - 5^(x)=1 if X  It. —M;	(7) 

or any multi-index ' there exists a positive number c with 

/ -
	 Drip1(x)I ^5 c2i1vI for all j = 1, 2, 3, ... and all x E R.	•	 (8) 

-	I	S



Remark on a Paper by D. E. EDMUNDS ..	37 

Systems of this type exist, we refer to [2 3.2.31. We claim that-
00 \1/p 

f IIv'j/ I W,8(Q1 41P )• = II! I W,8(Q, e)IIW	-	 (9) 
1 = '	 / 

is an equivalent norm in W,8(-Q, e). It is easy to see that If I W8(Q, E)II can be esti-
mated froni above by c 11f I W 8(Q, €)II . In order to prove the reverse assertion we 
remark that 

•	 II'f 1 W8(Q, e)lI ^ cf 2-i+iP(3HI) I ID 1/) (x)I P dx 
kIss	 £7 

	

;5 c'	2-i'+iP(81) f Df(x)P dx 
S2flM,	. 

	

^5 c"	f dm (8-I1)P (x) D7'(x)J P dx.	 (10) 
-	 I8 QnM, 

Summation yields the desired result. Now it follows easily that 

(	pj) / —. / if N 	(I E Wp8(Q, r)).	 (11)

This proves the theorem if s is a non-negative integer.  

Step 2: Let 0 < s =+ [s] + {s}, where [s] is an integer and 0 < {s} < 1. Again we 
claim that If I W 8(Q, E)Il w from (9) is an equivalent norm in- W 08(Q, e). It is easy to, 
see that If I W 8(92, e)II can be estimated from above by c II! I W 8(Q, cf. (2). 
In order to prove the reverse assertion we use (2) with 7pil instead of /. The terms 

I W,''(Q, e — {s} p)jj can be treated in the same way as in (10). In other words, 
the problem is reduced to an estimate of 

	

f
IdM (tP)_[8J+11 (x) D(ø/) (x) - d IP)_I3I+II(y)	

dx dy (12) 
=1 J	 ix - yn8 z 

QXQ 

with 	[s]. Without restriction of generality we may assume that 

-	dist- (supp Vj , R — .M)	c2', •	 (13) 

where c is an appropriate positive number which is independent of j. Let £15 = £1 n M,. 
Then the sum in (12) can be estimated from above by	 - 

2 ' F f 
Id f 1P)_t81+1 (x) D"( 5/) (x) —	 D(tp51)(y)7 dx 

dy 
I 	 Ix — 
LD,xQ,	 .	 .

dy 
d 1 'P 1 >(x) I D 51) (X) 1 P f Ix - y2+{a)P]•	 (14) 

Under the hypothesis (13)' the second te?ms-in (14) can be estimated from above by 

c f 2_ie +iPI8H-iP((3 kI)D(7p5f) ()I dx 

	

!f I WI81(Q, e -	p)P	c'	W 8(Q, e)JjP,	 •	 (15) 

/
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where we used inequalities of type (10). The first'terms in (14) can be estimated from 
above by a sum of terms of the form' S  

j
 [

I I (D/) ()P f 1dM ( EIP)-(8l+lI (X) Dv (x) __d1('/:)-.I3J±II(y) Drpj(y)JP 
dydx 

D5	 M5	 - 

+
 f

d	y) IDr(y)IP 
(D/)x)—(Dflf) (y)IP 

dxdyl	 (16) 
,	 J 

with + jy j= x l . The integral 'over M5 in (16) can be estimated from above by 
c2+J{3 )P+iP(I31 H P1). This follows from [2:' Lemma 3.2.4/21 (here we need that 
dM (x) is a mollified distance). Consequently, the first terms in (16) can be estimated 
from above bye II! I W13 1(Q, E - {s} p)II P . The second terms in (16) can-be estimated 
from'above by	 V 

C (D! (x - (DI\ ( P 
+ 2i±iU_ #1)	I	' ' /	"	'' 'S''	dx d'f 

J	x - yIn+{8}P 

	

Q5xQ5	
V 

-	 ^	f I IdM (tIP)_(81±I1 (x D/(x) -- dM (eIP)_ (8J + II (y) Dfi/()IP dx dy 
•	

- 	 x -	 V 

QxQ- 

c J/ W 8 (Q, e)jj.	 V	 (17) 
•	This completes the proof that (9) i an equivalent norm in W 8(Q, ). Then we have 

•	again (11), and this proves the theorem if s is a fractional number I 

Remark 3: At the first glance we would try to replace . ' in (2) by. This seems 
to be the better definition of the fractional spaces W 8(Q, ) and it agrees also com-
pletely with our theory in-[2: 3.2.3 and 3.2.4. if M = Q (this is the base treated 
in [2]) then such a replacement is possible. However in the general case M = 3Q this 
is not clear: The difficultie's come from the estimate (17) of the terms with flj <'[s]. 
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